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Polarization dynamics in the paramagnet of a charged quark-gluon plasma

Lihua Dong®" and Shu Lin®"
School of Physics and Astronomy, Sun Yat-Sen University, Zhuhai 519082, China

® (Received 21 March 2024; accepted 10 June 2024; published 9 July 2024)

It is commonly understood that the strong magnetic field produced in heavy ion collisions is short-lived.
The electric conductivity of the quark-gluon plasma is unable to significantly extend the lifetime of the
magnetic field. We propose an alternative scenario to achieve this: with finite baryon density and spin
polarization by the initial magnetic field, the quark-gluon plasma behaves as a paramagnet, which may
continue to polarize the quark after fading of the initial magnetic field. We confirm this picture by
calculations in both quantum electrodynamics and quantum chromodynamics. In the former case, we find a
splitting in the damping rates of probe fermions with an opposite spin component along the magnetic field.
In the latter case, we find a similar splitting in damping rate of the probe quark in quark-gluon plasma in
both high and low density limits. The splitting provides a way of polarizing strange quarks by the quark-
gluon plasma paramagnet consisting of light quarks, which effectively extends the lifetime of the magnetic

field in heavy ion collisions.
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I. INTRODUCTION

The observations of spin polarization in A-hyperons in
heavy ion collision experiments have revealed quark-gluon
plasma (QGP) as spin polarized matter [1]. The polarization
is attributed to vorticity of QGP coming from initial orbital
angular momentum in off-central collisions [2]. Theories
based on spin-vorticity coupling have been developed in
the past few years [3—7], giving satisfactory explanation of
global spin polarization [8§—12]. However, the spin-vorticity
coupling alone predicts an equal polarization for both A
and anti-A, while experiments have found splitting of
polarizations for A and anti-A, with the splitting more
prominent at low energy collisions. Different mechanisms
have been proposed to understand the splitting, including
spin-magnetic coupling [13-15], mean-field effect [16],
direct flow effect [17], helicity vortical effect [18], etc.

While the mechanism of spin-magnetic coupling gives
the correct sign of polarization splitting, it is generally
expected that it cannot provide sufficient magnitude
because the lifetime of the magnetic field is short so that
the remaining magnetic field at freeze-out may be too weak.
Indeed, recent studies suggest the magnetic field alone
cannot explain the splitting at low energy [14,15]. The

“Contact author: donglh6 @mail2.sysu.edu.cn
Contact author: linshu8 @mail.sysu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2024/110(1)/016004(18)

016004-1

evolution of the magnetic field has been studied using
evolution of in-medium electromagnetic fields [19,20]. In
order to have a long lifetime for the magnetic field, one
needs to have large electric conductivity for the QGP
medium, which is not favored by lattice studies [21-24].
Anisotropic conductivity in magnetized QGP has been
considered in different approaches, including lattice [25],
holography [26,27], and kinetic theories [28—35]. However,
the situation does not improve significantly at phenom-
enologically relevant strength of the magnetic field. Other
methods of constraining the strength of the magnetic field
experimentally have been discussed in [36].

Most previous studies have treated QGP as a spinless
fluid, which does not develop magnetization under an
external magnetic field. Indeed, this is true for charge
neutral QGP, in which the spin polarization due to spin-
magnetic coupling cancels among positive and negative
charge carriers. However, the cancellation is incomplete in
a charged QGP, leading to nonvanishing magnetization.
This is most clearly seen in the strong magnetic field limit,
where the fermionic degrees of freedom are dominated by
lowest Landau levels (LLLs), see Ref. [37] for a recent
review. The magnetization by the LLL leads to net spin
polarization in a charged QGP.' In particular, positively
charged QGP relevant for heavy ion phenomenology
corresponds to a paramagnet.

Recently, the magnetic susceptibility of charge neutral
quantum chromodynamics (QCD) matter has been studied
on the lattice in the weak magnetic field limit [38—40], see

'QGp produced at low energy collisions has net baryon charge.
It is also electrically charged for two-flavor QGP.
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also [41] for a study of charged QCD matter. The matter is
found to be a paramagnet in the high temperature phase and
a diamagnet in the low temperature phase. Here we
consider instead charged QGP in the strong magnetic field
limit. With net charge, we can loosely regard magnetization
as spin polarization like in ordinary magnetic materials.
The strong magnetic field limit is merely a technical
simplification. With the apparent equivalence of magneti-
zation and polanzatlon in mind, we shall refer to charged
QGP as a paramagnet and explore its role in dynamics of
spin polarization.

We will propose the following picture for magnetic field
induced polarization dynamics in heavy ion collisions:
while the magnetic field due to spectators in heavy ion
collisions decays quickly, the strong magnetic field can
convert the charged QGP consisting of light flavors into a
paramagnet. The QGP paramagnet continues to polarize the
strange quarks produced at a later stage in QGP evolution.
The polarization is realized as a splitting of damping rates
for strange quarks with opposite spin component along the
magnetic field, which dynamically favors strange quarks
with a negative spin component.

The paper is organized as follows: in Sec. II, we review
photon self-energy in charged fluid consisting of LLL
states and calculate the resummed photon propagator. We
shall find an antisymmetric component unique to charged
fluid, which is essential for polarization dynamics. In
Sec. III, we consider a probe fermion in the paramagnet
and find a splitting in the damping rates of the probe
fermion with opposite spin component along the magnetic
field. It provides a mechanism for polarizing the probe
fermion. In Sec. IV, we extend the analysis to probe quarks
in charged QGP. This case is complicated by the self-
interaction of gluons, which gives rise to completely
different dispersion of gluons. Nevertheless, we find the
similar mechanism exists for probe quarks. We also discuss
implications for heavy ion phenomenology. Section V is
devoted to conclusions and a discussion of future
directions.

We define €723 =
o' = (1,-0).

+1, P* = (po,p), o = (1,6), and

II. PHOTON IN A PARAMAGNET

In this section, we study the dynamics of a photon in
charged magnetized plasma. The case for charge neutral
plasma has been studied extensively in literature, see
Refs. [37,42,43] and references therein. We shall focus
on the difference in charged magnetized plasma. On
general ground, charged magnetized plasma consisting
of spin one-half matter is also spin polarized with

’In fact, the magnetic susceptibility vanishes because the
thermodynamic potential is linear in the magnetic field in the LLL
approximation. The vanishing of susceptibility is due to cancel-
lation between spin and orbital angular momentum contributions.

nonvanishing magnetization. It is known that medium with
magnetization is gyrotropic [44], which is characterized by
a polarization tensor with purely imaginary off-diagonal
components. It leads to splitting of right- and left-handed
electromagnetic waves. We shall see this is also true with
the paramagnet. We will first present photon self-energy in
charged magnetized plasma, which is then used to deter-
mine the dispersion of electromagnetic waves. We will also
calculate the resummed photon propagator to be used in
Sec. III.

A. Photon self-energy in charged magnetized plasma

We will use the real time formalism of finite temperature
field theory in the ra basis [45]. The fields in the ra basis
are related to the counterpart on the Schwinger-Keldysh
contour by

1

ArZE(AH‘Az), A, =A - Ay (1)

The correlators in the ra basis are defined as

Dra(x) = (A7 (x)A%(0)),
Diar(x) = (Aa(x)A%(0)),
Dy (x) = (A7 (x)A%(0)),
Diza(x) = (Aa(x)AZ(0)). (2)

The correlators in the Schwinger-Keldysh basis are given by

DYfj(x) = 0(x°)(A*(x)A*(0)) + O(=x")(A*(0) A" (x)).
Dj3(x) = 0(=x°)(A*(x)4*(0)) + 0(x°)(4*(0) A" (x)).

D (x) = (A*(x)A*(0)),

Dijy(x) = (A*(0)A%(x)), 3)

corresponding to time-ordered, anti-time-ordered, greater,
and lesser correlators, respectively. From (1), we can relate
correlators in the two basis as

DA1(x) = 5 (D () = DAs(x) = Ds(a) + D (),
D(x) = 3 (DI (x) = DAs(x) + DIS(x) - DA (),
DE(x) = 3 (DR () + DIS(2) + DIs(x) + DA ().
Dx) = DA () + DY) = Dis() ~ D). (4)

Using the explicit representations in (3) and 0(x°) +
0(—x") = 1, we easily find
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Dira(x) = 0(x")([A* (x), A*(0)]) = —iDF’(x).

0
DA (x) = 0(=x) (4% (x), A“(O)]) =~ (x),
DI (x) = 5 {A4%(x). A“(0)}.
DM (x) =0, (5)

with Df’(x) and DY’(x) being retarded and advanced
correlators, respectively.

In the Schwinger-Keldysh basis, the vertices can be
obtained from the interaction terms in the Lagrangian
Ji(x)A; ,(x) = J5(x)A,,(x). We can convert the current
density J; , to J,, with a definition parallel to (1) to arrive
at the interaction terms J4(x)A, ,(x) + J¥(x)A, ,(x). The
photon self-energy in the ra basis is simply the correlators
of current density defined as follows:

T4 (x) = (J#(x)J%(0)).
I (x) = (J4(x)J%(0)),
T (x) = (J%(x)J(0)). (6)

Note that we use the ra labeling from the A fields for IT as is
done conventionally. In particular, II,, instead of II,,
vanishes identically.

Now we focus on photon self-energy in charged mag-
netized plasma. The retarded self-energy is defined similar
to (5) with A — J. The results for neutral magnetized
plasma in LLL approximation have been calculated using
both field theory [46] and chiral kinetic theory [47]. The
inclusion of the antisymmetric part in charged magnetized
plasma has also been made using field theory [30] and
chiral kinetic theory [48,49], with the results in momentum
space quoted below,

B Gauul + @3bbP + qoqzulepst

ny =
. 27 (g0 +i€)* = 43
ie’u
+ 2771-2 (C]OGH/)’/M 4 u[aeﬂ]ﬁ/mq{) u/zbm (7)

where we have defined Al*B} = A°Bf 4 APB* and
AleBl = A2BP — APB*. In (7), B is the magnetic field
and u is the chemical potential for the fermion number.
For simplicity, we consider medium consisting of a single
species of fermion carrying positive electric charge. u* is
fluid velocity and b* is the direction of the magnetic
field. ¢ = b*(q - b) + ¢ — u”(q - u) corresponds to spa-
tial components of g perpendicular to b*. The first term of (7)
is symmetric in indices with the pole coming from the chiral
magnetic wave [50] in the LLL approximation. The second
term is antisymmetric and purely imaginary. It comes from
the Hall effect arising from the current along the drift
velocity in charged plasma [48,49]. This can be confirmed
in field theory [30] and in magnetohydrodynamics [51].

If we work in the local rest frame of the plasma, and point the
magnetic field in the z direction so that »* = (0,0,0, 1)
when u* = (1,0,0,0), both [30,51] give ITy = "< g, for
gr = 0. In the LLL approximation, we can express the
electric charge density n, in terms of electric chemical
potential p, =eu and susceptibility y = % as
N, = oy = el %, which agrees with (7). The origin of
the antisymmetric component implies that (7) is valid on a
timescale longer than the relaxation time 7 such that the
Hall current can establish. This imposes an ultraviolet (UV)
cutoff on g, with g, < 1/7z. Beyond the cutoff, the Hall
current has no time to develop, leading to no antisymmetric
part in the self-energy.

B. Electromagnetic wave in magnetized plasma

We proceed to find the polarization modes for the photon
by solving the Maxwell equations in the magnetized
plasma. We start with the Maxwell equations in coordinate
space,

(P = ' P)A,, = Ji = i / &'V (x.3)As. (8)

Using (5) with A — J, we can determine the following
correlator in the ra basis:

057 (x) = =il (x). 9)

Working in momentum space and taking the Coulomb

gauge V - A = 0 in the local rest frame of the plasma, we
can express the Maxwell equation as

QA" — gpA Q" —TTR'A, = 0. (10)

The polarization modes for the photon can be obtained
from the solutions of 3. For pedagogical purposes, we first
solve (10) for neutral plasma x = 0, in which we obtain

~ Angl Ang2
R=B+g@+0B"), A=-"00rd 4 _Zodrdo
B B
%=9" Ai=A3=0, qrA;=0, (11)

with B = ¢’B/27*> and i=1, 2 labeling directions
perpendicular to b. The first one is a gapped mode and
the second one is lightlike.”

Turning to the charged plasma, we can get three roots of
g3, corresponding to three polarization modes of the photon
as follows:

*In the special case when g = 0, the first mode disappears and
the second mode becomes two degenerate ones, as the photon
does not feel the magnetic field. We are not interested in this
trivial case.
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q@=B+q,

1/ _ s
%=3 (ﬂ2+qi+261§— N +u2)2) =X,

Lo _ _
qSZE(ﬂ2+qi+2q§+\/4u2q§+(qi+u2)2) =x. (12)

with ji = e*u/2x* and g3 = ¢7 + ¢3. The first mode is the
same gapped one as the neutral case. The second and third
correspond to the space- and timelike low energy modes,
respectively. The origin of the low energy modes is most
clearly seen in the neutral limit where the two modes reduce
to g3 = ¢35 and g3 = ¢, respectively. The former corre-
sponds to Landau damping, which arises from energy
exchange between the photon and LLL states. In the
massless limit we consider, Landau damping appears as
a pole instead of a cut [52]. The latter corresponds to
photon dispersion in vacuum. The effect of finite density
medium is to shift the two poles. The actual propagating
modes are only the first and third ones in (12). One may
expect to have three propagating modes rather than two due
to collective motion in plasma [53]. Note that the self-
energy (7) contains no explicit temperature dependence,
suggesting the medium is more like a Fermi sea rather than
a plasma. It follows that the number of propagating modes
matches that of the vacuum. We shall elaborate on this later.
Let us take a close look at the low energy modes in the
phenomenologically motivated limit
B9

p>q: xin R X3~ i% (13)
Now we argue that the mode x, actually lies outside the
applicable region of (7) by making an estimate of 7. Note
that 7z is governed by dynamics perpendicular to the
magnetic field, which is realized through the 2 — 2 process
29]]. We can estimate 7 as 7z ~ e*uF((eB)"/?/u, T/u)
for some dimensionless function F. Regarding y ~ T, we
easily find x, > 1/7. Meanwhile, the condition x; < 1/7p
for mode x; leads to ¢ < (ji/7g)"/* ~ eji < ji, which is
consistent with our assumption in (13). To gain further
insights, we plug (12) into (10) to solve for A*. In the same
limit i > ¢, we obtain

Ay i(qq +iqilqs)) -
G=xt L= R
0 q149
&:_l(QIq_l(’I2|q3|)~ IE: Q3 ~ (14)
Ay g Ay laslg

The physical interpretation of this mode is most transparent
if we focus on the regime g3 > ¢, that is a photon
propagating almost along the magnetic field. We have then
2—; ~ —i from (14). This is analogous to one of the circular
polarizations in vacuum, but with the dispersion modified
by the charged medium. This parity breaking mode will

play an important role in polarizing probe fermions just as a
paramagnet polarizes an ordinary metal.

C. Resummed photon propagator

In the previous section, we have obtained the photon
polarization modes by solving the Maxwell equations. These
modes contain pole and Landau damping (also a pole in
massless limit) contributions to the spectral function of the
photon. In this section, we will derive the resummed photon
propagator and extract the spectral function, from which we
will find both pole and Landau damping contributions.

We start with the following bare photon propagators

DZ;(O), D;ﬁ(o)’ and D;: ) in the Coulomb gauge in thermal
equilibrium,
i Q%u,u,
D" (Q) — : (PT + H ) ,
w0 (qo—ie)*=¢>\'" ¢
] Q%u,u
D;Z(o)(Q) = — ).

l

- PT

(q0+i€)2_q2( /”/+ q2
1

D17 0/ (0) = 2msgn(90)3(0%) <2

5+ fy(q0)>
< (Pl G ). (15)

with sgn(go) being the sign function and f,(g,) being

the Bose-Einstein ~ distribution  function  f,(gy) =
1/(exp(qo/T) — 1). The structures P}, and % U, U, corre-

spond to transverse and longitudinal components of
the propagator, respectively. The transverse projection

T T _ _ PuPy00l .
operator P,, is defined as P, =P, —”QT(Qu)Z with
P,, = u,u, —n,, being the projection operator orthogonal
to fluid velocity. In the fluid’s rest frame, we have

Pg():PoTi:P?E):O’

qi4;
7

Using the definitions (2) and (6) and the couplings
Ja(x)A, ,(x) + J7(x)A,,(x), we may express the propa-
gators up to first order in the self-energy as

(D” D’“) _<Df6> Df&) _(D?& D?&)
DY 0 w o D%) 0 w D{(l(;) 0 e
X( 0 Hra)aﬁ(Dg) Df&) . (17)
T1er T4 D?Or) O W

By iteration, we deduce that the resummed propagators
satisfy the following equations:
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<D” D’“) _(Df(;) fof)) _(Df(;) D(’&)
D 0 w D?(;) 0 w D%) 0 ua

O Hra aﬁ Drr Dra
X . (18)
Hur Hau D(/lr O ﬁy

The component form of the above reads

Dy = Drs = DI T Dy

0 larDfis
_ aff

Dii = Dyioy = Dy ra Dy
_ 77

Di = Dyyoy = DyagoyMar Dy

rr af ra ap ar
u— (Dua(O)Hm + D/m(O) aa)DﬂU. (19)

The resummed propagators can be solved by inverting the
following matrix equations:

ra ﬁ ra __ ra
(6“” + Daﬁ(O)H‘#)DﬂV - Dau(())’
(8 + Do 4 ) Dt = Dt
(82 + Dy o 1) Dt = (DI7 ) = DIy D

ra $o ryar
_ Damo)naqu). (20)

We first invert the first two equations to obtain Dj¢(Q) and
D;;(Q), and then use the results to invert the last equation
to obtain Dy;. Note that our knowledge about the self-
energy from the LLL approximation should be viewed as
leading terms in the limit B — oo. It follows that we should
also keep only the leading terms in the resulting resummed
propagators, which gives the following results:

1 1
Dii(0) = <(qo +i€)? — x7 * (qo + i€)* — x%)
A;w(Q)ﬂ + S,“,(Q)
(g5 —x1) + (g5 —x3)

D(0) = D(-0),
D) = ~2iasenlao)(5,(Q) + (@) 5+ £ (a0

2 _ .2 2 _ 2
qp — %2 qo — X1

Here A,, and §,, are the antisymmetric and symmetric
tensors defined, respectively, as

90 0 ,O 0 1,0
A/w(Q) = _? (%”Luewlﬂrr]q/;u/ b — ‘I%eﬂwmu/ b

+q3b[/4€uip6]q%‘upb0> s
SﬂD(Q> = l(_gﬂy(Q% - q%) - q%uﬂul/ - Q%bﬂbu - b{ﬂuu}CIoCb)

l
+? (u{ycb}qa + b{ﬂQu}q%q3)
i
+Eqﬂqy(q26é - q3(4* +43)). (22)

Clearly, the low energy modes found in Sec. II B are
present as poles of D} (Q) and Dy, (Q). The gapped mode
in Sec. II B is invisible after the limit B — oo is taken in the
resummed propagator. From the definition (2), it is easy to
show that D (Q) is Hermitian. This is indeed satisfied by
the corresponding expression in (21) with real symmetric
and purely imaginary antisymmetric components.

III. PROBE FERMION IN A PARAMAGNET

We consider a probe fermion interacting with the
medium. We choose an unmagnetized probe fermion.
This is motivated by heavy ion phenomenology: with
the quick decay of the magnetic field, the strange quarks
produced at later stage are not spin polarized and can only
interact with the medium. We shall consider the high
density limit i > q. In this case the medium is like a
paramagnet, which is able to polarize the probe fermion.
We will corroborate the picture with calculations of damp-
ing rates of probe fermions. For simplicity, we take the
probe fermion to be massless.

A. Resummed fermion propagator and damping rate

A probe fermion interacting with the medium will have a
modified dispersion, with the damping rate given by the
imaginary part of the pole in the resummed retarded
propagator. The procedure of deriving the resummed
propagator is similar to that in Sec. II C. We start with
the bare fermion propagators in the ra basis,

iP
Sar(O) (P) = m,
iP
Sra(0)(P) =

(po +i€)* = p*’

Sy (P) = (3= 1.00) 2msentpo)o(). 23

with f, being the Fermi-Dirac distribution function
fe(po) = 1/(exp(py/T) + 1). For the probe fermion, we
set f, = 0. The resummation equation for the retarded
propagator is analogous to its counterpart in (20),

Sra(P) = Sra(O)(P) - Sm(O)(P)Zar(P)Sra(P)' (24)

016004-5



LIHUA DONG and SHU LIN

PHYS. REV. D 110, 016004 (2024)

The self-energy in (24) is defined by the Fourier transform
of the following:

Zar(¥) = (1:11a), (25)
P (26)
P4z,
where we have dropped the ie assuming the self-energy %,
already shifts the pole of p, from the real axis. Since both
the medium and probe fermions are chiral, the self-energy
also preserves the chiral symmetry with the following
decomposition:

2. =Vt + Ay, (27)

with A, and V), being the vector and axial vector, respec-
tively. The decoupling of left- and right-handed components
is manifest in the chiral representation of Dirac matrices, with
the following explicit denominator of (26):

Py, = ( (P,,+iV,,—iAﬂ)gu)'

(P, +iV,+iA,)s"
(28)

This allows us to treat left- and right-handed components
separately as

G _ i (P, +iV,—iA,)5"
(P iV, —iA e (P+iIV=iA)?

g i _i(Py+ iV, +iA,)o" 29)
(P iV, +iA)G (P+iIVAIA?

Itis clear that the effect of self-energy is to shift the momenta
of left- and right-handed components respectively. The
coefficient A encodes the splitting between left- and right-
handed components. At finite charge density, the medium is
spin polarized. We suggest in Sec. II B that the Landau
damping mode is parity breaking. Thus, we expect splitting
between left- and right-handed components.

Now we present explicit calculation of the self-energy.
Figure 1 shows one of the self-energy diagrams in the ra
basis. The other diagram with ra labelings of fermion and
photon exchanged does not give rise to damping because
the temperature factor expected in the damping rate cannot
enter with the fermion being not thermally populated. The
corresponding self-energy contribution is given by

4
5,(P) =€ [ S8 S0P - O DL(0). (30)

*With our definition (25), the interaction vertex is —e instead of
—ie. The factor i> = —1 appears in the resummation equation (24).

B. Damping in a paramagnet

Now we evaluate the self-energy in the high density limit
ji > g. We have shown in Sec. II B that only the Landau
damping mode survives in this limit. We then evaluate the
integrals with (23) and (21) taking contribution from
g5 = x} only. We calculate separately antisymmetric and
symmetric contributions to be denoted as 4, and X3,. The
antisymmetric contribution reads

& Fosmlg) (1
o] Foor s et —an <2 tf V(%))
8 (5(61% —xi) , 845 - X%))

% (P) =

2 _ 2 2 _ 2
qo — X3 9o — X1

xr(P = @)r A Q). (31)

We first deal with y*(P — @)y*A,,(Q) by using the
following relation:

7YY =gy = g+ gt — ey (32)

Only the last antisymmetric term contributes when con-
tracted with A,,, giving

]/”(P - Q)}’”A”D(Q) = _l(P - Q)aeﬂayﬁYSY/)'Am/<Q)
9
= @i+ aof2) (33)

with

fi=®L-a—-)rr-pr’aL 7.,
f2= @37’ + pogsr’aL v. + 437’ (> —p-q).  (34)

being the coefficients of even and odd powers of ¢,. The
perpendicular vectors are defined as p; = (p;, p») and
similarly for q, and ¥, .

We proceed by making several approximations: First, the
self-energy induces only a small correction to the
dispersion, so for the purpose of finding the damping rate
of an on-shell probe fermion we may set P> = (. Second,
the Landau damping mode is nearly static, allowing us to
approximate % + f,(Q) ~ q—To. Third, combining the on-shell
condition and ¢y, < ¢ < py, we approximate the denom-
inator of fermion propagator as

1
(P —Q)*+ie(po — q9)

1
(p-q+iepy)’

1
zi (35)

dropping Q?> < 2P-Q and ¢qyp,. Then, (31) can be
written as
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ie’T d’q
Z‘gr(P> == /qz(

(27) p-q+iepg)
dgo .( 5 @4 )
x [ —=6| g5 — 5 |sen(qo)(qof1 + qof2)-
q0 H
(36)

We proceed with the integral of g, first. Since f; and f, are
independent of ¢, the integral receives contribution from
the integrand even in ¢, as

d 2
/P@%ﬁ—ééywm%ﬂ+%b>
9o 2

2.2
= /i / dqo6 <‘I% - q;_g) qosgn(qo) = f1- (37)

The remaining integrals are evaluated using the residue
theorem. The details can be found in the Appendix. We
quote the final results here. To be specific, we take py > 0
to arrive at the following results:

0. (P) = —ic1P’y +icyy’py vy + ey, (38)

with
e Tqyy 1 |psl e Tqyy | Ipsl\ p3
= amm \Tp ) T am T )
1
2T 2
C3:e ~('ZUV’ (39)
87| ps|

where gyy is the UV cutoff for g, which can be taken as
quv ~ eji based on the discussion below (13).

The calculation of the symmetric contribution proceeds
similarly. We simply quote the final result, collecting
details in the Appendix. For py > 0, we have

5, =70 +ipL-y.dy +iyids, (40)
with
2T po In L T quy P3|
d =——"-—"", dy=———(1-—,
dr p 4n Pl p
T quy
_Tawy , 41
37 4 D sgn(ps) (41)

where gy is the infrared (IR) cutoff of ¢, . We will discuss
the meaning of the IR cutoff shortly.

Now we can take %, = X4, + 5. and compare with
(27) and (29) to obtain damping rates of left- and right-
handed components, respectively. We find it more instruc-
tive to obtain the contributions to the damping rate from X7,
and X3, respectively. In fact, if we keep linear order in X2,
and X3, the corresponding shifts of the poles from the

vacuum counterpart are additive. The imaginary part of the
shift gives the damping rate. We first consider contribution
from X4,. Using (27) and (29), we easily find the poles
given by

2 . .
. GOp Ci1p3 1C3Pp3 Ic3P3
L:py=p+ pl_ p - D :P—T,
2 . .
c c ic ic
R: po~p— 21’&+ 1P3+ 303 _ + 3P3 (42)
p p p p

We can see X4, causes the shifts of poles with opposite sign
for both real and imaginary parts. The real part would lead
to the chiral shift discussed in [54], but vanishes when
explicit expressions for ¢; and ¢, are used. The imaginary
part gives the following damping rates:

r, ~ 5P _ Taty

L= = S ().
2 2
C3P3 e~ Tqgy

w2 ). (@)

The cases with I' < O are unstable. These include right-
handed components with p; > 0 and left-handed compo-
nents with p3 < 0. The implication is interesting: Because
of spin-momentum locking, both cases have a positive
spin component along the direction of the paramagnet.
Interaction with the paramagnet tends to polarize the probe
fermion by amplifying these modes. In contrast, left-
handed components with p; > 0 and right-handed compo-
nents with p3 < 0 have I' > 0. They both have a negative
spin component along the direction of the paramagnet and
are damped out. This provides a mechanism to polarize the
probe fermion.

Now we turn to the symmetric contribution. This
contribution leads to identical shifts for the left- and
right-handed components,

e2TqUV
—id, = ———id;. (44
iy =p+ i p idy. (44)

Pidz p3ds

Po=p+TE
p

The corresponding damping rate is given by

2T poIn ™

r=d = = (45)

Az p

It depends on both UV and IR cutoffs. While the UV
cutoff is set by gyy ~ efi, the IR cutoff is fictitious. The
appearance of the logarithmic divergence is not new.
By using the resummed photon propagator, we have
softened the [dg/q® IR divergence typical in Coulomb
scattering into a logarithmic one. The persistence of loga-
rithmic divergence indicates the corresponding damping is
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nonexponential in time, which can be obtained with more
sophisticated resummation [55]. Since we are mainly
concerned with the splitting in damping rates, we shall
not attempt further resummation as in [55].

Combining the contributions from antisymmetric and
symmetric parts, we obtain a slightly modified picture: a
probe fermion interacting with the medium will generically
be damped. This is because the damping rate from the
symmetric contribution is parametrically larger than the
counterpart from the antisymmetric contribution: d; ~
T > %
medium being like a paramagnet, modes with a positive/
negative spin component along the direction of the para-
magnet have smaller/larger damping rate, thus interaction
tends to polarize the probe fermion. This occurs at a
timescale 7~ A~ 1~— One may worry that, at this

Tu - .
N% using qyy ~ eji. However, with the

timescale, the probe fermlon has been damped out com-
pletely because of the hierarchy d; > %. This can still

have physical consequence. If the probe fermion is con-
tinuously produced in the medium, the number density can
be maintained despite damping by the medium, but the
polarization mechanism from the splitting of damping rates
always works. We will extend the analysis to QGP case in
the next section, where we will see the splitting of damping
rates can be parametrically enhanced, making the polari-
zation dynamics more efficient.

IV. PROBE QUARK IN A PARAMAGNET
OF QGP

Now we extend the analysis to a probe quark in charged
QGP. A new feature in this case is that gluon self-energy
receives an additional contribution from gluon self-inter-
action. It follows that the dispersions we obtain from
solving Maxwell equations no longer apply. We will
identify low energy modes by finding the resummed gluon
propagator and use it to calculate the splitting of damping
rates for the probe quark.

A. Gluon propagator in charged QGP

We follow the procedure in Sec. II C. The gluon bare
propagator in the Coulomb gauge is the same as (15) except
for additional color structures,

D) = "Dy
DAB( ra 5ABDra 0)°
AB,rr __ cAB 1
D;w(O) =0 DMV(O)' (46)

We have used capital letters for color indices and the
color structure is diagonal §48. The gluon self-energy is
given by

g eB G’ + @bt + q0q3u{”b”}
(g0 +i€)* — g3

2i§ (f]o€"”ﬂ" + u[f‘e’“]’lp"qf> u,b,

H/w AB |:
_|_

- Py — P’,‘J"HL} 58, (47)

with Iy, being the transverse/longitudinal components
from the gluon loop. The explicit expressions in the hard
thermal loop (HTL) regime are as follows:

M = m?(x* + (1 = x*)xQy(x)),
M = =2m*(x* = 1)(1 = xQy(x)). (48)

where m* = LN, g’T? is the thermal mass and N, is the
number of colors. The Legendre function Q is defined as
Qop(x) =3In|*H | —Zg(1 — x?). The symmetric compo-
nents of (47) have been extensively discussed in [56]. The
antisymmetric component is obtained by a straightforward
generalization of the calculations in [30] for a single species
of quark carrying positive electric charge g, > 0, with u
being the chemical potential for quark number density. The
overall factor % comes from color trace in the fundamental
representation tr[r*78] = 1545, The physical interpretation
is the chromo-Hall effect. Imagine applying a chromo-
electric field in color direction A perpendicular to the
magnetic field. The quarks carrying both electric charge g/
and effective chromocharge g will develop a drift velocity
A _ gE

v =08 where the chromoelectric force and ordinary

Lorentz force reaches a balance. This gives rise to a
chromocurrent along the drift velocity

= G E*u, (49)

where we have used y = g;B. To arrive at (47), we need to
fix the effective chromocharge. This is most easily done in
double line basis for color [57], in which the gluon color
index is represented as A = ij and quark color indices are
represented by i and j. The color matrices in fundamental
representation are given by

i 1 AP

It is most easily understood in the large N, limit, in which
the color indices of gluons and quarks are locked.
Naturally, the corresponding quarks lead to chromocurrent
in the same color direction as the chromoelectric field with
the effective charge § = % g, thus the factor § is perfectly

accounted for.
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Since the color structure is trivial in both bare propagator
and self-energy, we can simply ignore it and then use (19)
to obtain the resummed gluon propagator. We assume the
following hierarchy: eB > T?, eB > ug and expand to
leading order in B~'. The resulting resummed propagator

|

contains both symmetric and antisymmetric parts. The
symmetric part exists in the absence of u. It does not lead
to splitting of the damping rate so we do not keep track of it.
The antisymmetric part is given by (suppressing the color
structure)

DM Q) = —¢* Q> {—qﬁ(qé - @3) + q}q3(q} — ) (T — T0;) + ¢* (243 + 263107 — q3(243 + i* + Ty 4 11,)]

+ ¢* 4§ + AE + q3(q3 + i + Ty +11,) + g3 (g3 (11, — 3M;) — TI;101,)]

D4 (Q) = Dt (-0),

DIE*(0) = (0*(@) - D) (5 + ffao) ).

with g = 227’; as analog of fi. It should be understood that
qo — qo + ie is needed in the first explicit expression. The
resummed 77 propagator is constructed using spectral
representation, with Do (Q) — D44 (Q) giving the anti-
symmetric part of the spectral function and f; being Bose-
Einstein distribution for gluons. It is worth noting that (51)
and (21) share the same Lorentz structure, but very different
spectral function. The spectral function arises from collec-
tive excitations as well as Landau dampings. The Landau
damping can give both pole and cut contributions from
gluon-quark (in the LLL state) scatterings and gluon-gluon
scatterings, respectively.

To simplify the analysis, we consider two limits where
either one of them dominates: ji> > Tz, (high density
limit) and ji* <Tly,, (low density limit). Note that
I/, ~ g*T*. The former limit requires parametrically

|

DA (Q) = 2ilm

0*¢*

-1
A/u/ﬂa

(51)

|
large p or small T: ¢g?u > T. In this case, we may ignore
I17,;, and the rr propagator reduces to the QED counterpart
(21) with the substitution ji — ji,

DIA(Q) = ~imsenlan) (3 +1,(a))

y (c%q%—fcj) +5(‘1(2)__5;%>>AW(Q);2. (52)

2 _ = 2
qdp — X3 qp — X1

We have used X, , to denote x; ,(fi — j). Like in the QED
case, the spectral function contains Landau damping poles
and lightlike modes, both modified by density. The latter
limit is close to the usual magnetized plasma limit, where
the density leads to the following rr propagator:

The spectral function contains two poles and cut. The poles
are located at

Q2 - HT = 0,
7*0*(q3 — 43) — 0*¢31y — q3q3 11, = 0. (54)

Not surprisingly they correspond to the transverse mode
and mixed mode in the HTL regime in the absence of
[56]. The location of the cut is at Q* < 0, from Landau
damping. Although the antisymmetric part inherits most
spectral features from the symmetric part, there is one
difference: the transverse mode and mixed mode are
decoupled in the symmetric part, but are coupled in the
antisymmetric part in the form of product in (53).

(0% —T7)(¢*Q*(q} — 43) — Q* @31y — q5qi11,)

|G+ snta) )4 (53)

B. Damping rate of probe quark

Now we can proceed to calculate the splitting of damp-
ing rates from antisymmetric part of the gluon propagator.
Similar to (30), we have for the quark self-energy

N2-1 d*
2 (P) =t [ Gt a0 (PO DE(Q). (59

where the overall factor comes from ! = IZ‘T_I The

integration of Q should be bounded by the applicable
region of chromo-Hall dynamics, which will be fixed by
g0 S 7%

We first calculate the damping rate in the high density
limit % > Ily,;. Using (52), (55), and (23), we have
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N2—1 ¢ / d* Osgn(go)
YA (P) =
ar(P) 2N. (27)*) (P—Q)*+ie(po —qo)

(b o) (A= A=)

)
0~ X2

2
q0 — X1

X "(P = @)y A Q)R- (56)

The y matrices are evaluated in the same way as before,
v 2i 2
(P —-@)r'AL(Q) = ? (g6f1 + qof2) (57)

with f; and f, taking the schematic forms cﬂySy" and ¢,
being real functions of P and Q. We make the following
observation: the damping rate arises from purely imaginary
shift of momentum. This corresponds to the real part of the
coefficients of y°y# in X4,. It is only possible when the ie
prescription is invoked in the integral. It amounts to
keeping the real part of the following:

i
R
“(P=0Q) + isen(po — q0)

= 76((P — Q)?)sgn(po — qo)- (58)
|

Taking P> =0 as before and p, >0, we have the
5((P - Q)*) ~8(2P - Q). The Dirac § function is non-
vanishing for spacelike Q only, which comes from the
mode g3 = ¥3. This is the density modified Landau damp-
ing pole. If we further estimate the relaxation time in the
high density limit 73! ~ ¢*uG((eB)"/?/u) for some dimen-
sionless function G. The condition x; < 1/75 leads to g <
git < pi similar to the QED case. Also, the mode becomes
almost static as x} =~ %
parallel to the QED case. We can easily obtain the damping
rate by the substitution i — j in (43),

< g*. The remaining analysis is

N2 —1@Tqdy

I, ~
L= e sgn( ).
N2 — 1 3T
Mo ———r v , 59
e e () (59)

with gyy ~ gpi. Clearly QGP in this limit behaves like a
paramagnet, which amplifies/damps modes with positive/
negative spin components along the magnetic field,
respectively.

Now we move on to the limit ji? < Iy, Using (53),
(55), and (23), we obtain the following representation:

i(»-2)

N2 -1 da*Q
2(P) =" [

1
o) P 0P Fielpo—a0)” (5 f g(q°)>

0*q*

X 2iIm[

(0% —T7)(¢*Q*(q3 — 43) — Q*q3lly — q5q111,)

}Awﬁ. (60)

As reasoned above, only spacelike Q in the spectral function contributes to the damping rate. In this case, it corresponds to

the Landau damping cut, from which we obtain

N2 -1 a? T
ReSA (P) = £~ p 72
2Nc (277") 2p 9o

vii
%) (q3f1+ qof2)

(61)

X 2ilm{

We can further simplify the integral by noting that
0*q’

(0*-T7)(q* Q*(¢3—43)-Q* @A Tr—q3q3 11,

odd under q - —q. To have an integrand even under

q — —q, we can just keep the following terms in f and f>,:

Im][

)} is odd in g, thus also

fi==ar7r.  fr=ad7r7. (62)

We then parameterize the quark self-energy as

ReX{, (P)

N2—1 dq nTu
N 92/(2ﬂ)4 p (MPr +hyy*y?). (63)

(0* —7)(¢* Q% (g3 — 43) — Q*q31y — q5q7 1)

0*q* ]

q0=P-q

[

By rotational invariance, h; and h, are even and odd
functions of ps;, respectively. Their precise forms can only
be obtained numerically. We use the following parameter-
ization of ¢:

b —cosyp
q:qcosaf)—i—qsinacosﬂ,iyp
siny
b x p
+ gsinasin ff— P (64)
siny

We have chosen p as the z axis and the plane spanned by p
and b as the z-x plane. y denotes the angle between p and b
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with cosy =p - b. We have then p-q=-cosa and
d*q = g*dgd cosadp. The angular integration is per-
formed numerically to obtain A ;.

The g dependence is of particular interest. It has been
shown that the dynamical screening crucial for the damping
rate is the same as the case without magnetic field in the IR
limit [56]. It follows that the damping rate from symmetric
contributions contains logarithmic divergence [58]. One
may expect similar logarithmic divergence in the splitting
of damping rate from antisymmetric contributions. It turns
out that this is not the case. Figure 2 shows the ¢
dependence of h;, for a generic cosy. Both s, and A,
are IR safe. In the UV &, decays more slowly than /;. Let
us define the g-integrated quantities as

ReX), (P) = Hy’y* — e(p3)Har™y°, (65)
with
N2 -1 ﬂ'Tﬁ quv
H, = ¢ dqh,,
1T oW, 7 (27)'p A 4
N2 -1 xTh quv
Hy=-¢_" ¢ dq|hs). 66
=S P i | dalna (66)

We have taken into account the signs of /; and &, (note that
the latter is an odd function of p3) such that both H, and H,
are positive. This leads to the following dispersions:

ipsHy | .
L:py=~p- % + isgn(ps) H.

ip3H,;

R: po~p+ —isgn(ps)H,, (67)

with the following damping rate:

p3|H
[, ~—sgn(ps) <H2 - |3]|?1>1

rssenp) (= P ). (68)

To determine which mode is unstable, we need to compare
H, with %, which depends on the choice of gyy. In the
magnetized plasma limit with the cut contribution, we may
estimate g ~ gy ~ 75! ~ ¢*T, thus qyy ~ ¢*T < m. From
Fig. 2, we see h; dominates over h, in the range of
integration schematically indicated by the yellow band, so
we may consider the H; term in (68) only. It follows that
(68) has the same structure as (43) so that the previous
reasoning applies: the right-handed mode with p; > 0 and
left-handed mode with p; < 0 are amplified with respect to
their chiral partners. This is just the amplification of the
mode with a positive spin component along the magnetic
field, which provides a mechanism to polarize the probe
quark by the QGP paramagnet.

We are ready to propose the following picture for
polarization dynamics in heavy ion collisions: the initial
strong magnetic field first polarizes the spin of light quarks
in the QGP. At not very high energy, the QGP carries finite
baryon density. Because of the mismatch of charges of up
and down quarks, the medium is also electrically charged
and thus can be treated as a magnet. We have analyzed the
high density or low temperature limit and magnetized
plasma limit. In both cases, the QGP behaves as a para-
magnet. The initial magnetic field decays quickly so it
cannot affect the strange quarks produced in the late stage
of heavy ion collisions. Nevertheless, the spin polarized
charged QGP serves as a paramagnet, which can efficiently
polarize the strange quarks. This is realized through the
splitting in the damping rates for quarks with opposite spin
component along the magnetic field. Interestingly, this case

leads to a splitting A" ~ 94%, which is parametrically larger

than the high density case with AI' ~ % ~ 96#.

Finally, let us comment on two simplifications made in
our analysis. The first one is the LLL approximation. For a
realistic magnetic field produced in heavy ion collisions,
higher Landau level (hLL) contribution might not be
negligible. Indeed, interesting phenomenological conse-
quences have been discussed from inter-Landau level
transitions [59-61]. How do they affect our results?
Cutting the diagram in Fig. 1, we easily see that the
self-energy of the probe quark comes from scattering with
either quarks in the LLL states or gluons. The dominance of
either of them corresponds to the low and high density
limits, respectively. For the antisymmetric part of self-
energy leading to the splitting, we need at least one
scattering with LLL states. It is crucial that the LLL states
are spin polarized. The splitting in damping rates for
opposite spin states seems to imply that it is the spin of
the LLL states that is transferred to the counterpart of the
probe fermions.’ If this were true, we would expect no
qualitative change from hLL contributions, because hLL
states are twofold degenerate with opposite spins and their
contributions would cancel in the splitting.

The second simplification is the neglection of quark
mass, which is not necessarily small for strange quarks as
compared to temperature. One may ask, when does our
picture break down? For massive probe quarks, the right-
and left-handed components can convert to each other on
timescales of axial charge relaxation. The timescale has
been estimated as 7, ~ # [62]. If the relaxation timescale
is much longer than the splitting timescale 7y ~ ﬁ, the
polarization mechanism we propose is still effective. The
condition corresponds to mZqu > ﬁ in the high density

limit and -5 > -2 in the low density limit. If the
m-g g Tu

>Note again the spin is entirely canceled by the orbital angular
momentum in the LLL approximation.
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FIG. 1. One-loop fermion self-energy X,,. Black solid circle
represents the resummed photon propagator and the thick line
indicates the probe fermion. The other diagram can be obtained
by exchanging the ra labeling of the photon and probe fermion in
the loop. Its contribution does not give rise to damping because
the probe fermion is not thermally populated.
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FIG. 2. g dependence of h; (disk) and h, (square) for
p- b= cosy = 1 . Both are finite in the IR and UV. The shape
of the ¢ dependence remains qualitatively the same for a wide

range of p-b. With gyy < m, the integration range is sche-
matically indicated by the yellow band. It follows that the
integration of 4; dominates the counterpart of £,.

relaxation time is much shorter than the splitting timescale
instead, the polarization will be washed out.

V. CONCLUSION AND OUTLOOK

We have considered self-energies of photons/gluons in a
charged magnetized medium in a strong magnetic field limit.
Finite charge density of the medium induces an antisym-

metric component in the self-energies. We have found the|

antisymmetric component leads to splitting of damping rates
for probe chiral fermions/quarks with opposite spin compo-
nent along the magnetic field. We have analyzed the high and
low density limits, finding the medium behaves like a
paramagnet in both cases. Applying the results to heavy
ion collisions, we propose the QGP consisting of light quarks
can be analogous to a paramagnet due to the interplay of finite
magnetic field and baryon density. After decay of initial
magnetic field, the paramagnet can continue to polarize the
strange quarks produced at late stage of heavy ion collisions.
This provides a mechanism to effectively extend the lifetime
of the magnetic field other than the electric conductivity.

Several extensions of this work can be considered: we
have considered the strong magnetic field limit with the
LLL approximation. We have argued the mechanism for
polarization dynamics remains qualitatively the same based
on the assumption that only the spin of the Landau level
states matters for the polarization dynamics. It is desirable
to confirm the picture in the weak field limit, where the spin
and orbital angular momentum do not cancel each other. It
is more interesting to consider the scenario with vorticity.
Unlike the magnetized medium, the vortical medium
carries mostly orbital angular momentum. It is known that
an antisymmetric component exists in self-energy for
gluons in neutral vortical QGP [63]. It is expected to lead
to splitting of damping rates for different spin states, which
leads to the polarization mechanism through spin-orbit
coupling. We leave these for future studies.
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APPENDIX: EVALUATION OF THE PROBE
FERMION SELF-ENERGY

In this appendix, we evaluate the probe fermion self-
energy which is necessary to determine the damping rate in
the main text. Let us start from the antisymmetric con-
tribution of (36),

ie’T [ d’q fi
Eﬁr(P) = ——%/—27.
(27) q° p-q+iepy
_ieTyy d3qp1q1 + g €Tpsy [daar' +qr’ ezTy5y3/ d’q
m 7 p- i€po m)’f q- p- i€po ) fi . iep
(27)*n pP-q+ (2z)° ‘p-q+ 2z J p-q+
le2T7/ / dgs
eIy [y g dg / |
Qa)p ) P1q. cos¢ + piqy + i€epg
_ie’Tyy? / dq,
"y [ ¢ cospdq,dp /
(2”)3 + * fﬂ + ‘13 )(PLg) cosd + ps3qs + iepg)
le2Tp3)/ / dQ3
5 [ au(@L-71)dg d¢/ —, (A1)
Qe ) - (4% + 43)(p.q, cos¢ + p3qs + iepq)
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with
q . .
q 7L = i ((p1cosgp — pysing)y' 4 (p; sing + p, cos h)r?).

¢ is the angle between p, and ;. We have used the cylindrical coordinates to calculate this integral.

(A2)

Next, we will use the residue theorem to calculate the above integral. The sign of p, and p5 will affect the integral result.
Therefore, we consider the following two cases that are related to our study: one case is po > 0 and p; > 0, the other case is

po > 0and p;3 <O.
As for the first case (py > 0 and p3 > 0), the integral results of g5 are

/ dg; _im / dgs _ b4
P1q)cosd + pigs+iepy  p3’ (4% + a3)(pLgicosd + pags +iepy) 4 (ips + pLcosg)’

Then, (A1) becomes

A (P) = ie TP3CIUV /5 / d¢ (p1cos¢ — pysing)y! + (py sing + p,cos p)y?
“ 872 ip3+ picosg
_ l.€2TpJ_C]UV 5 3 / d¢ COs ¢ € TqUV 7/5},3
87 ip3+picos¢p  8mjips

Let z = e?, cos¢p == “ , and sin ¢ = Z-1, then we can obtain

=4,(P) =

e*Tpsquy 57{ dz ((Z2 + Dyt 4 por?) | (2= D(pir? = pzrl))
82%jip | =1 Z pi(+ 1)+ 2izp;s i(p (2 + 1)+ 2izp;)
_eszJ_qUV 5 3% dz 241 eTqiy s 4
87°fi et 2 P 1) T 2izps  Saapy |

The consequences of ¢ dz are

PR O s B
=1 2 pL(Z + 1) +2izps  po p) Jamt z pi(22+1) +2izps

Substituting (A6) into (AS), we can get the final result

. 2 2 2
ie’Tq P3 D3 e‘Tq
¥ (P) = ———H (1 ) (7 == (et +par?) | + 2
4 P P 87fip;

We can use a similar method to calculate the second case (py > 0 and p; < 0). The integral results of g5 are

/ dgs _im / dgs B /s
P1q1cosg + pigs +iepy  p3 (43 +a3)(pLgicosg + pigs +iepy)  qi(picosdp—ips)

Then, (A1) becomes

e Tpaquv 5/d¢ (p1cosp— pysing)y' 4 (pysing + p, cos p)y?
87%ji pLcosp —ips
ieszLQUV 5 3/ dg cos ¢ Tqhy s s
v e A
8 ji picos¢p—ipy  8miip;

We substitute z = e'?, cos ¢ =

d sing = 222—‘1 into the above equation,
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sA (p) = £ TPsduv s j{ dz <(z2 +D(pir' +par?) | (&2 =D(pir = P271)>
“ 8niipy " Ju=1 2 \ pi(2+1)=2izpy  i(pi(® + 1) —2izps)
_Mmf dz 241 Ty 53
87%ii W=t 2 po(Z+ 1) =2izp;  8afips

The consequences of f dz are

dz 2Z2+1 27i D3 dz -1
- 2 . - 1 + R K - 2 N - 0
=1 2 pu(z®+1)=2izps  py p =1 2 (poL(z° + 1) = 2izp3)

Eventually, we get

ie’Tq P3 P3 e*Tqt
4 (P) = ———F <1 + ) <r5y3 - =P (pirt + p272)> ————T 53
Arpi p 2t 8rjip3

Combining (A7) and (A12), we can get back to the result of (38).
Let us turn to the symmetric contribution. We start from the following expression:

e? 40sen 2 _ 2 2 _ 2
2(P) = s [ gt (L py(a) ) (P22 A=) o - gipsf0),

(27)* ) (P—Q)*+ ie(po — q0) qy — X3 q5 — X7

We first deal with y#(P — @)y“S,,(Q). The following result is obtained by considering only ~gJ):

7P = D)r8,(Q) = ~2iq3 (POYO +q-y- W).

Then, (A13) can be written as

i®T % <P070 +q-7- 7((‘-731(2')'(1)) dq 242
Zgr(P) = 3~2/ . d3Q/—05<CI% - 3—2> Sgn(QO)‘
(27)° (p-q+iepo) 40 i
We proceed with the integral of g,
dqo ( ‘J%‘]2> 7
——6( g5 — 5 |sgn(qo) = 55
/ g \B T B =
By using (A16), we can simplify (A15) and obtain
ie’T d’q (a-7)(p-9)
25, (P) = / . <p7/°+q7——>-
*) (27)* ) ¢*(p-q+ iepy) ’ 7

In cylindrical coordinates, the above equation can be rewritten as
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(A10)

(Al1)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)
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2 0
Zar(P) = le(sz;)SpO/ (hdqldd)/ (41 +a3)(pras :10615345 + p3qs + iepy)
-2
" %/ (LT J/L)d(ud(lb/ (62 +a3)(praL ii3¢ + p3gs + iepy)
2
" IEZZT)Y /qLdQLd(l)/ (q1 +a3)( pJ.‘Iqu:Sq(; + P3q3 + i€py)
2
- %/ 91(0s-70)(0 Py dﬂd{ﬁ/ (2 +a3)*(pras fzsfﬁ + P33 + iepy)
2
%/ SURE dqldqb/ (2 + q%)z(mquz)ig; + P3q3 + i€po)
te 2Ty,

q3dqs
15 [ g (a, pu)da,di / |
(27)? / H T (41 + 43)*(pLq1 cosd + p3qs + iepy)

162T72P3 qu%
——=— [ q.dq,d¢ . .
(27)? (43 + a3)*(PLqy cosd + p3qs + iepq)

We still consider two cases. As for the case of py > 0 and p; > 0, the integral results of g3 are

/ q3dq; _ in

(43 +43)(pLqicosdp + p3qs +iepy)  qui(ips+ picosg)’

/ dqs _ n(2ip3 + py cos )
(41 +a3)*(pLqLcos + p3qs + iepy) 247 (ips + pycos)’

/ q3dqs _ —pP37
(43 + 43)*(Prqy cos + p3qs +iepy) 243 (ips + pycosg)?’

/ q344; _ ZpL cos ¢
(43 + 43)*(pLgy cosd + psgs + iepy) 245 (ips + py cos¢h)?

We plug (A19) into (A18) and calculate the integral of ¢, to get the following result:

5.(P) = ie’Ty" Po . duv d¢ _ €2TY361UV/ d¢

872 qr J ip3s+ pLcosg 82 ip3+ pLcose
L iequUV/ d¢ (
87%p, ) ip3+ picosg
ie’T 1n oy (2ips + py cosp)de
S 167 g (ip3 + pi cosp)?
ie*Tp3 In QUV/
162°p; g J (ips+ picos¢g

cosp(y' py + 72 p2) +sing(y>pr — 7' p2))

((cos@)*(y' p1 + 72 p2) +singcos p(y*py — 7' pa))

7 (cos p(y' p1 +72p2) +sing(y>pr —v' pa)).

Then we can calculate the integral of ¢ and write

/ d¢ iz
ips+picos¢p  p

/(costﬁ(ylp] +72p2) +sing(y’pi —v'py))de _2 (1 p3>(p 71+ par?).

ip3+ pLcosg pP1
d¢ .
/ (ips 1 pycos b (cosp(y' p1 +72p2) +sing(r’py —y'pa)) = —2lﬂp—(r p1+ 7).
2ip; + py cos)de . . P3
/( (ipz n Pi cos ¢>)z ((cos)*(y' p1 4+ 7*p2) +singcosp(y’py —y'pa)) = —21ﬂp—§(y1p1 +72p2).
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Substituting (A21) into (A20), we can obtain

2 0 - 2 3 . 2
e“Ty"po, quv  ie“Ty’quy | ie"Tqyy D3
25 (P) = L Lo WY + L===])(r'p1 +7°p2).

drp qiR 47’p dnpt

As for the another case of p, > 0 and p; < 0, the integral results of g3 change into

/ q3dq; _ —in

(g1 +43)(pigicosd+ p3gs +iepy)  qi(picosg—ips)’

/ dq; __mpL cos ¢ — 2ips)
(¢1 + 43)*(pLqy cosd + p3gs + iepy)  2q% (pycosg —ips)?’

/ q3dq; _ —Pp3%

(¢1 + 43)*(pLqy cos @ + p3qs + iepy)  2q° (pycosg —ips)?’
/ 73dq; _ P cos P

(41 + 43)*(pLq1 cosd + p3qs + iepy)  2q7(pycosd—ips)*

After using the result of (A23), (A18) becomes

e’ Ty" d 2Ty d
55,(P) = " L P0 g A0V R L
87 qir J pLcos$—ip; 87 P1COs¢ —ips
ie’Tquy d¢ i 2 . 2 |
T /m cosp—ipy COSP P p2) Fsind(r P =7 p2))

ﬂ]n@ (picosg —2ips)de
167> g (pLcos¢p —ip;)
ie’Tp3 1n 90V d¢

162°p, qr J (pLcos¢ —ips;)?

+

We take advantage of the same method as before to integrate ¢ to get the following result:

/ de _ 2ix
picosgp—ips p

/ (cosp(y' p1 +v2pa) +singp(y*pr —v'py))dg _2n ( p3>( Yy + par?),

; 14+—=2
P1COsp—ip; PL )4
d¢ 1 2 ; 2 1 . D1
+ + - = _2 2 : + 2 )
/(m cos—ips)? (cosp(y'p1 +vpa) +sing(r’py —v'pa)) i3 (r'p1+7°p2)

/ (p1 cosg —2ips)dg p3
(picosgp —ips3)?

In the end, we can obtain

2T 0 : 2T 3 : ZT
Zp(p) = L P 0 T o ST (4 P2 )

dzp  qr 47’ p 4rp?

5~ ((cos )2 (r' p1 + v*p2) + sinpcos p(y>py — 7' p))

(cosp(y'p1 4+ 7*p2) +sing(y*pr —v' pa)).

((cos @)*(y' p1 + 72p2) +singcos gp(y*p; —r'py)) = —2iﬂp% (v'p1 +7*p2).

(A22)

(A23)

(A24)

(A25)

(A26)

Combining (A22) and (A26), we can obtain the result of (40). Similarly, for the case where p, < 0, we do not elaborate

further.
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