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We establish robust relations between Transverse Momentum Dependent distributions (TMDs) and
collinear distributions. We define weighted integrals of TMDs that we call Transverse Momentum
Moments (TMMs) and prove that TMMs are equal to collinear distributions evaluated in some minimal
subtraction scheme. The conversion to the modified minimal subtraction (MS) scheme can be done by a
calculable factor, which we derive up to three loops for some cases. We discuss in detail the zeroth, the first,
and the second TMMs and provide phenomenological results for them based on the current extractions of
TMDs. The results of this paper open new avenues for theoretical and phenomenological investigation of

the three-dimensional and collinear hadron structures.
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I. INTRODUCTION

Parton distributions are of utmost importance in modern
physics, serving a dual purpose. Firstly, they provide
information about the internal hadron structure and the
nonperturbative dynamics of Quantum Chromodynamics
(QCD) [1,2]. Secondly, they allow for nonperturbative
QCD effects to be systematically included in theoretical
estimates of collider observables [3] within the framework
of QCD factorization theorems. Important examples of
factorization theorems are the collinear and Transverse
Momentum Dependent (TMD) factorization theorems [4].
The former approximates the momentum of the active
parton to be collinear to the large momentum of the parent
hadron, and it defines parton distribution functions (PDFs)
that encode the information on the momentum fraction,
Bjorken x, of the hadron’s momentum carried by the parton.
PDFs are the main source of knowledge regarding collinear
(1D) hadron structure, and they are determined in global
QCD analyses of the experimental measurements. TMD
factorization goes further, incorporating the parton’s trans-
verse momentum, k7, along with the momentum fraction x,
and it defines Transverse Momentum Dependent parton
distribution functions (collectively called TMDs). TMDs
provide plentiful information on the three-dimensional (3D)
hadron internal structure in the momentum space.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2024/110(1)/016003(24)

016003-1

Exploration of the 1D and the 3D hadron structures is a
cornerstone of existing (LHC [5,6], Belle [7,8], RHIC [9],
JLab 12 [10]) and future experimental facilities, such as the
Electron-Ion Collider [11-13]. They are also objects of
intensive theoretical studies [1,2], including global phenom-
enological analyses [14-20] and higher loop QCD calcu-
lations. The most recent TMD analyses include perturbative
information up to approximate next-to-next-to-next-to-next-
to-leading logarithms (N4LL) [21,22], which is a remarkable
success for TMD phenomenology.

It is known that 1D and 3D structures are intimately
related. Experimental data from the same processes are
used to extract both 3D and 1D structures. For instance,
totally inclusive Drell-Yan measurements or high transverse
momentum data are used to extract collinear densities while
the transverse momentum dependent Drell-Yan cross sec-
tions at small values of transverse momentum are relevant to
3D structure. Intuitively, 3D TMDs can be reduced to 1D
PDFs by “integrating out” the parton’s transverse momentum
k7 [23,24]. The integral relations are explicit in models with
parton model approximation and are used widely in phe-
nomenology of TMDs, i.e., Refs. [25-28]. Integral moments
of TMDs were explored in relation to the QCD energy-
momentum tensor in Ref. [29]. In the framework of QCD
resummation and small x, the subject was discussed in
Refs. [30-33]. The relationship between the modified
minimal subtraction (MS) scheme and other schemes was
explored in the resummation framework in Refs. [34-36].

The theoretical relations between TMD and PDF are
intricate, and they can be derived in the form of an
asymptotic expansion using the Operator Product
Expansion (OPE) [37-40]. Despite being theoretically
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clear, this approach cannot be applied phenomenologically
to relate TMDs and PDFs in a straightforward manner. The
main reason is the mismatch of the scale dependence of
PDFs and TMDs. As a consequence of the factorization
theorem, TMDs depend on two scales: the ultraviolet (UV)
renormalization scale and the renormalization scale of the
rapidity divergence, whereas PDFs depend solely on the
UV renormalization scale. The corresponding evolution
equations have a different analytical structure: a pair of
differential Collins-Soper equations diagonal in flavor
space with a nonperturbative Collins-Soper (CS) kernel
[41,42] vs nondiagonal in flavor space integrodifferen-
tial Dokshitzer—Gribov—Lipatov—Altarelli-Parisi (DGLAP)
equations [43,44] or DGLAP-type ones [45—48] for higher
twist distributions. Another reason is the divergence of the
integral of TMDs over k7, which is equivalent to the UV
divergence of PDFs and should be regularized [49,50]. The
relation between 3D and 1D structures should be devised in
such a way so that the corresponding quantities obtained
from 3D densities obey the same evolution equations as
their 1D counterparts, while simultaneously exhibiting no
dependence on the Collins-Soper kernel.

In this work, we establish a rigorous relationship between
1D and 3D structures that can be readily applied in
phenomenology. We define the Transverse Momentum
Moments (TMMs) which are weighted integrals of TMDs
in the transverse momentum with an upper cutoff. We prove
that TMMs are equivalent to the collinear matrix elements
computed in a minimal subtraction scheme (we call it TMD
scheme), provided that the perturbative scale is high enough
to neglect contributions from the power-suppressed terms.
The difference between the TMD scheme and MS scheme
emerges at the next-to-leading order (NLO) in the strong
coupling, ,, and can be expressed as a calculable factor. We
present specific expressions for various cases in this paper.

Specifically, TMMs of order n are defined as the
momentum integral with a weight k’., and the procedures
presented in this work can be defined for any n > 0.
However, the estimates for values of n > 2 are spoiled
by the need for subtraction of power divergences. For this
reason, we consider only the lowest-power weights (n = 0,
1, 2) as they offer the most interesting phenomenological
information:

(1) The zeroth TMM, also explored in Refs. [49,51],
relates TMDs and collinear parton distribution
functions (twist-two PDFs). We provide the next-
to-next-to-next-to-leading order (N*LO) expression
for the matching between the TMD and MS
schemes. The derived relations are verified numeri-
cally using unpolarized TMDs from the recent N4LL
extraction ART23 [22,52], demonstrating the con-
sistency of the method.

(2) The first TMM provides information about the
distribution of the average transverse momentum

shift of partons [24,53-55], and it is expressed via
collinear distributions of twist three. Unlike the
zeroth TMM, the transformation to the MS scheme
is not applicable here due to the loss of information
upon integration. However, the first TMM yields
important information. As an illustrative example,
we consider the extraction of the Sivers function at
N3LO [56,57] and compute the Qiu-Sterman func-
tions [58], along with the average transverse mo-
mentum shifts of quarks in a transversely polarized
proton.

(3) The second moment is related to the average
absolute value of transverse momentum and the
quadrupole distribution, and it is generally described
by collinear operators of twist four. Reduction to the
TMD scheme requires a subtraction procedure of
power divergences, which we devise for the unpo-
larized case. Results are substantiated phenomeno-
logically using the data from ART23 [22].

The question of scale selection is one of the central in the
phenomenology of TMDs. It is also central in the deriva-
tions present in this paper because the scaling of TMDs
depends on the nonperturbative Collins-Soper kernel. The
Collins-Soper kernel does not play a role in any collinear
object, and thus the equivalence between TMMs and
collinear distributions can be reached only if TMMs are
not dependent on the Collins-Soper kernel. We show that it
can be achieved in the { prescription [59] or for a specific
selection of general scales in a generic TMD formalism.
Notably, the expressions are significantly simpler for the ¢
prescription, and therefore, we first present the derivation
for the ¢ prescription and subsequently explore the case of
general scales.

The results of this paper open new avenues for explora-
tion of the three-dimensional structure of the nucleon and in
establishing rigorous connections between collinear and
transverse momentum dependent observables. They have
the potential to become instrumental in phenomenological
studies and to serve as benchmarks for comparison with
lattice QCD calculations.

The paper is organized as follows: we define the TMMs
and the corresponding collinear distributions in Sec. II.
Then, in Sec. III, we recall the standard parametrization and
properties of TMDs, and in Sec. IV we review the critical
elements of TMD evolution and the { prescription. The
zeroth, the first, and the second TMMSs are considered in
Secs. V, VI, and VII, correspondingly. The Appendix
contains formulas of the perturbative ingredients for the
{ prescription.

II. TRANSVERSE MOMENTUM MOMENTS

Let us consider a generic quark TMD defined as the
following matrix element, see e.g. Ref. [60]:

016003-2



TRANSVERSE MOMENTUM MOMENTS

PHYS. REV. D 110, 016003 (2024)

d N
= e (p, s|g(zn + bYW

Frl (x,b) = 3
1

ngmq(Oﬂp,s), (1)

where W, represents the gauge link from the quark
position to the light cone infinity, the Dirac matrix I'
selects the polarization of quarks, p™ denotes the plus
component of the momentum p of the nucleon, x is the
momentum fraction carried by the quark, and b is the
transverse displacement of the quark fields. The direction
of the Wilson line W, is determined by the physical
process [61]. TMDs in the momentum space are obtained
through the two-dimensional Fourier transform:

d*b
(27)?
where bold symbols denote Euclidean two-dimensional

vectors in the transverse plane (b> = —b*> > 0). The inverse
Fourier transform of Eq. (2) reads as

ei(bk’l')F[r] (_x’ b)’ (2)

FIl(x, kp) = /

ﬁﬂgjﬁ—:/d%ﬂf”“UﬂWLkﬂ. 3)

In this paper, we adopt a notation convention wherein
functions with or without tilde denote conjugated functions
in b or kr spaces correspondingly.

The collinear matrix elements of interest are defined as

.

z](zn)wl'oﬁm ...D

Hn

dz .

Lt [y
r

XEMQﬂWWJ% (4)

where D is the covariant derivative, 514 = (5” +igA,.
Notice that, the gauge field A, is located at the light cone
infinity +noo, and therefore the covariant derivative
reduces to the partial derivative in regular gauges. In the
case of n = 0, the matrix element in Eq. (4) coincides with
the definition of twist-2 collinear PDFs.

In the limit of a noninteracting theory, that is, in the
parton model, one has

parton model 4

M, (x) Mlim U1, D)
= / dszkT/‘l'”kTﬂ,,F[F] (_x’ kT)’ (5)

where all vectors are Euclidean. If one interprets a TMD as
a parton distribution with momentum xp* + k% within a
hadron of momentum p*, then the TMMs can be regarded
as the parton distribution of the averaged transverse
momenta. For instance, according to this interpretation,

—¢¢'M,, represents the average (k7) distribution of a
parton in a hadron.

Accounting for interactions requires a renormalization
procedure, which is however different for the left- and
right-hand sides of Eq. (5). The renormalization of the
TMD operator needs both the ultra-violet (UV) and rapidity
renormalization scale, respectively u and £, and as a result,
TMDs become dependent on them F(x,ky;u,{). The
renormalization of Eq. (4) is purely UV and it proceeds
with a single scale, and therefore Eq. (4) acquires the scale
dependence M,[,r]],,,,,n (x, 1). As aresult, the scale dependence
of both sides is determined by different classes of evolution
equations. The evolution of TMD has a double-logarithmic
nature [4,62—66], while matrix elements in Eq. (4) evolve
by integrodifferential DGLAP-type equations [43—-48].

The TMDs are the fundamental matrix elements of the
factorized cross section, and on top of this, they can also be
refactorized in the limit b — 0. This second factorization is
the result of the OPE which was studied thoroughly [37-
39,67-77]. Conventionally one uses an auxilliary scale
topg & 1/b in the OPE for TMDs to minimize logarithmic
corrections. The OPE allows one to determine the asymp-
totic behavior of TMDs in terms of collinear distributions,
but it cannot be easily inverted. The main complication
comes from different classes of evolution equations.

In this paper, we consider weighted integrals (5) with a
momentum cutoff |k;| < u. We show that they are equiv-
alent to the corresponding collinear distributions. The
critical element of our construction is the selection of
scales for TMDs. It must be done such that the non-
perturbative Collins-Soper kernel is eliminated as the
collinear matrix elements do not depend on it. We identify
two cases where this elimination can be achieved':

(1) The TMD is evaluated using the ¢ prescription [59].

In this case, TMMs are defined as

M () = / " @hyler,, . dep, FU(x, kr), (6)

where the TMD on the right-hand side is the optimal
TMD (see Sec. IV for details). It is defined at the point
of vanishing Collins-Soper kernel, and thus any TMM
does not depend on the Collins-Soper kernel.

(2) The TMD is evaluated with all involved scales equal

to u, i.e.
* (1] H
Mu,...v,, (’ﬁﬂ) E/ d2kaTy1~~kTynF[F] (x»kﬂﬂvﬂz)-

(7)

In this case, the elimination of the Collins-Soper
kernel is not by construction, but it happens due to

'Other constructions satisfying these criteria may exist.
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the properties of the OPE and the TMM integral at
n=20,1, 2.
We call these integrals in Egs. (6) and (7),TMMs. In what
follows we show that (and similarly for M)

ML o) = ML, () + O2), (8)

where we assume that the cutoff scale y is sufficiently large,
to neglect O(u~2) corrections. We prove that the TMMs
obtained with Eqs. (6) and (7) (after the appropriate
subtractions) coincide with the collinear quantities from
Eq. (4) computed in some minimal subtraction scheme, that

we call the TMD scheme for M and TMD2 scheme for M.
It means that TMM obeys the same evolution as the
corresponding collinear matrix element, with the kernel
that differs from the one in MS at order a2 (i.e. at NLO). In
some cases, it is possible to introduce a finite renormaliza-
tion constant to match the TMD scheme, TMD2 scheme,
and the MS scheme. Note, that the cutoff parameter y in
Egs. (6) and (7) is the renormalization scale for the collinear
distribution.

Importantly, the numerical values of (6) and (7) are not
the same, despite both being equivalent to the same
collinear matrix element. TMMs (6) and (7) correspond
to collinear matrix elements evaluated in different schemes,
which can be reduced to the MS scheme by different factors
(see Sec. V). In other words,

* [T
ME L )My, () = 1+ 0(a,).  (9)

Detailed discussions on the relationship between the
zeroth moment of unpolarized TMDs or Sivers TMD and
the corresponding collinear functions can be found in
Refs. [49,51,55,57,68,78]. Higher moments are more
intricate as they are associated with power corrections in
the OPE.

III. PARAMETRIZATION OF TMDS IN POSITION
AND MOMENTUM SPACE

The standard parametrization [60] of the TMD matrix
element in Eq. (1) reads as
Fr'l(x,b) = f,(x,b) + i€} b,sp,Mfi7(x,b),
FUrl(x, b) = 2, (x, b) + i(b - s7) My (x, b),
Flio" Pl (x, b) = s%hy(x, b) — iAdb*M i (x, b)
+ ief'b,Mhi (x, b)
M2b2 <g‘7{# b pH

5t

+ 2 b

)h( b). (10)

v __ —4uv — 30 : 12 vo__ v
where € = ¢ T =W with ) = +1, ¢f = ¢¥—
n*n* —n#nY, 1 and s7 are the longitudinal and transverse

components of the spin vector. The mass parameter M is a
typical nonperturbative scale, often chosen to be the mass
of the hadron. It is worth noting that a TMD depends solely
on the absolute value of the transverse coordinate b. In
momentum space, the parametrization is given by

. o kTuSTL
Flr ](x, kr) = fi(x.kr) — €f T;le fir(x k),
. ky-s
;5 ka
Flio Pl (x, ky) = s%hy (x, kr) + AMT hiy (x. kr)

ek
- (k)

(o
M*\ 2 K

)smhw k). (1)

The TMDs in each space are related to each other by the
Hankel transform

M [ dbb b\ -
F(x. kr) = —— =) Julbky)F" (x, b3, 0),
n! Jo 2z \kr
(12)

which is obtained by the angular integration in the Fourier
transform of Eq. (1), as b and k; are absolute values of the
transverse coordinate and momentum vectors. In Eq. (12)
we introduce a superscript (rn) and explicitly apply the
following relation [79] for TMDs in b space:

FO (x,brip.0)

—1 n_
=n! (M_zbah> F(va;ﬂ,é')

27n!

- [kt (kﬁ) (k) (5, k). (1)

Note that for real functions f, this Hankel transform is also

real, and ]‘(”) possesses the same mass dimension for all 7.
Therefore, the correspondence between the functions in
Eq. (10) and Eq. (13) is

A b)=700b).  flpxnb) = Fi (xb),
3 b) =), Gllnb) =g (x.b),
h(x.b) = b (x.b). By (x.b) = by} (x.b),
b)) = Vb),  hip(xb) = kP (xb). (14)

Formally one has [79]

2

- k n
lim7 ) (x, b) = / deT<2—A;2) flxkr) = fW(x), (15)
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where £
the TMD.

The superscripts (0),(1),(2) in Egs. (14) help to keep
track of the asymptotic behavior of the TMDs, and they are
important for the discussion of TMMs in the following
sections. The large-k; asymptotic of the TMDs are power-
like, and in k7 space one has

(x) is often referred to as the n-th moment of

MZm

f(x’kT)“(k%)—mH»

(16)

accompanied by powers of logarithms In(k;), where f
represents one of the TMDs from the right-hand side of
Eq. (11), and m is the corresponding superscript of
" (x, b) from Eqs. (14).

IV. EVOLUTION OF TMDS AND ¢ PRESCRIPTION

The treatment of evolution scales plays a central role in
the derivations of relations between 3D and 1D structures.
In this section, we recap the main elements of TMD
evolution and the ¢ prescription. The detailed definition
and derivations can be found in Refs. [59,80]. For the
reader’s convenience, we collect several useful formulas in
the Appendix.

All TMDs depend on two renormalization scales, u, the
UV evolution scale, and ¢, the rapidity evolution scale. In
the position space, the dependence on (u, {) is governed by
two evolution equations [4],

d . )
ﬂd F(x,b;ﬂ,é):ﬁ(g C)F(x,b;ﬂ,é), (17)
o
J . 3
P F(x,byu,8) = =D(b.u)F(x,b;u,8),  (18)

where F represents any TMD in b space from the lhs of
Eq. (10), and D is the Collins-Soper kernel.” The TMD
anomalous dimension y has the following form:

2

yF(/"’ Z.:) = 1—‘cusp (/’t) In <Iu_

C) . (19)

Here, ', is the cusp-anomalous dimension, and yy is the
vector anomalous dimension. The coefficients of the
corresponding perturbative series are denoted as

cusp Z an+1 (20)

D = —K/2, where K is the Collins-Soper kernel in the
notation of Ref [4]. It is a universal object for all quarks. For
gluons, the Collins-Soper kernel is different, and we do not
explicitly consider gluons in this paper; hence we do not assign
the flavor index to it.

rv(n) = i o (1)1, (21)
n=1

with a,(u) being the QCD coupling constant. The Collins-
Soper kernel is a nonperturbative function that satisfies the
following evolution equation:

Ceusp (1)

@ Do) =2

d — (22)

In the small-b regime, the Collins-Soper kernel can be
computed perturbatively. The corresponding expression
reads as, see i.e. [59,62],

D(b,u) :Z

n=0 k=

n

a"Lf,d<n~k> +O(b?), (23)

where

L,=1In <ﬁ> . (24)

de= e

All coefficients d”*) with k # 0 can be expressed via
recursive formulas using anomalous dimensions, see for
instance [59], and d('*) = 0. The power corrections O(b?)
to Eq. (23) are expressed via vacuum matrix elements [81],
and can be determined through comparison with exper-
imental data [82] or by utilizing lattice QCD calcula-
tions [83,84].

The fact that the evolution of TMDs is determined by a
system of evolution equations (17), (18) leads to several
consequences. Firstly, Egs. (22) and (19) guarantee the
existence of a solution for the system (17), (18) which
reads as

Pt €)= exp| [ (vett. 00 % - 20,00 )|
x F(x,b; py. o), (25)

where P is any path in the (u,{)-plane connecting points
(i, ) and (ug, o). Secondly, there exist curves in the (u, )
space along which TMDs do not evolve [59,80]. These are
the equipotential lines of the two-dimensional vector field
E = (yr(u,8)/2,-D(b,p)) [59]. Consequently, the selec-
tion of a particular scale for a TMD can be equivalently
replaced by the selection of a particular equipotential line.
The equipotential line (u,{,(b)) is determined by the
following equation [80]:

2 n
Ceuep (1) In (%) —yv(pn) = 21?(19,/1)%5”;5)- (26)

Importantly, this equation and the Collins-Soper kernel
within it are applicable across all values of b, including
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the nonperturbative large-b region. In this sense, the value of
¢, is a functional of D, denoted as ¢, (b) = £,(D(b)).

Therefore, the { prescription consists in defining the
TMD on the equipotential line (u,(,(b)). By definition,
such a TMD, which we call TMD in { prescription, is scale
invariant, satisfying

d
R a Flx b g,(6) = 0. 27)

To obtain the TMD at experimentally observed scales
(u.¢), one evolves the TMD from (ug.¢,,) to (u,{).
Notably, any convenient value of p, may be chosen, as
the TMD in { prescription F(x, b;u,{,(b)) remains inde-
pendent of it. A straightforward choice is yy = u, and the
simplest evolution path is a straight line from ¢, = {(u) to
¢ =% In this case, the evolution takes the form of a
multiplicative factor,

¢
£u(b)

=D(b.u)
F(x,b;u,{) = ( ) F(x,b;u,C,(b)). (28)

This formulation facilitates the computation of the TMD at
any chosen set of scales (u,{,(b)) starting from the TMD
F(x,b;u,{,(b)) in the { prescription, as given by Eq. (27).

In this approach, the selection of the scale for TMDs is
replaced by the selection of an equipotential line. It was
demonstrated in Ref. [80] that the optimal selection is the
equipotential line passing through the saddle point (u, o)
of the evolution field. The saddle point is defined as

D(b, po) =0, (29)
|

Fouep (1) In (g‘—) ) =0, (30)

This point has the advantage of being uniquely defined and
such that the values of ¢, are finite at all values of x [which
is not guaranteed for any arbitrary equipotential line
defined by Eq. (26)]. The TMD defined on the line that
passes through the saddle point, Egs. (29) and (30), is
called the optimal TMD and is conventionally defined
without explicit scales, as discussed in Refs. [59,80].
Another advantage of the optimal TMD on the equipoten-
tial line passing through the saddle point is that the
resulting TMD is inherently independent of the Collins-
Soper kernel by construction, due to Eq. (29).
Phenomenological studies that use ¢ prescription proved
to be very fruitful and include Refs. [14,15,56,57,59,80,85—
87], along with the latest extraction of TMDs from Drell-
Yan data performed at an approximate N4LL accuracy [22].

V. THE ZEROTH TRANSVERSE MOMENTUM
MOMENT

The zeroth TMM relates TMDs to the collinear (twist
two) parton distribution functions. In this section, we
demonstrate that the zeroth TMM corresponds to the
collinear PDF and exhibits the correct DGLAP evolution.
Specifically, we show that it can be precisely matched to
the MS collinear PDF through a finite renormalization
constant.

The zeroth TMM is simply the momentum integral of the
TMD given in Eq. (6). Upon substituting the parametriza-
tion for particular Dirac structures (10), we obtain

M (xp1) = / " PhyFI ) (x,kp) = / " Phoof (. k).

M[y+75](x,/,l) = /” dszF[7+YS](X, kT) = /‘L/# dszgl (.X', kT)’

fokas 5 H 0 at+ 5 2 k2 g;{”
M[ ](x ﬂ) dkTF[w 7 ka —ST koT ka dkT _+

The last term contributes as ~u~2, because the pretzelocity
TMD, h{;, behaves as k7% at large k. Since we are
considering the large-u regime, we will neglect this term.

To simplify the notations, we introduce operation G, see
also Ref. [49],

k2

G = [k (30) ). 32)

In Eq. (32) the first index n can be any integer, while the
second index m is the index of the TMD £ from Egs. (14) in

G ) st xkr). - 31)

2 Tl

b space, that corresponds to the TMD f. Notice that
without the upper cutoff, one recovers the usual n-th
moment of the TMD, as given by Eq. (15). With this
notation and using Eq. (16) we obtain the following
properties:

Gl f1(x, 1) o< In(p),
gm+l.m [f] ()C, /’l) & IuZI for m + l > 0. (33)

That is, for any TMD in b space of index m, the operation
G,n.m exhibits logarithmic divergence, the operation G, ,,
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has powerlike divergence of order / if / > 0, and G, ,,, is
convergent if / < 0. In what follows for the zeroth moment,
where indices are (0,0), the index 7 is not a free parameter
but is defined by the index m of the TMD. For simplicity,
we use a single subscript in the case where n = m, so that
G, =G,. Hence, we have

2

Guiflexn) = [ ke (7)) rioke)

1 00 ,le n ~n
—— | dbu (—) Tt (ub)F (x, 1), (34)
n: Jo 2

where J,; is the Bessel function of the first kind. In this
notation, Egs. (31) turns into

M (x, 1) = Golf 1] (x. p), (35)
MU (x ) = 5,.Golgr] (x. ), (36)
MEP N (x, 1) = 58Go[hy] (x, ), (37)

where s; and s; are the longitudinal and transverse
components of the proton’s spin. TMDs f, g;, and h,
are known as the unpolarized, helicity, and transversity
TMDs, respectively.

At large values of k; the TMDs f, g1, and h; behave as
k72, see Eq. (16), [potentially multiplied by powers of
In(k7)] [88]. Therefore, the integrals G, diverge logarithmi-
cally as pu becomes large. This is, in essence, the UV
divergence associated with the DGLAP evolution of the
corresponding collinear distributions. As a result, the zeroth
TMMs, Egs. (35)—(37), exhibit logarithmic divergences,
and these divergences are similar to those appearing in
collinear PDFs. In fact, for sufficiently large cut-off scales
i, the following relations between them can be established:

Go[Fl(x. ) = f™P) (x, ) + O(W™?),  (38)
where F represents the TMDs £, g;, and h;, and f(™DP) jg
related to unpolarized (g(x)), helicity (Ag(x)), and trans-
versity (5¢(x)) collinear PDFs, respectively:

Golf1](x. 1) = ¢™P) (x, ) + O(u~2),
Golg1](x. 1) = Ag™P) (x, u) + O(u~?),
Goll](x. 1) = 6™P) (x, ) + O(u?). (39)

These relations were considered in Ref. [68] at NLL and
then studied in detail in Ref. [49]. The label “(TMD)” is

used to distinguish the functions resulting from the oper-
ation G, from the collinear functions themselves. We will
demonstrate that the resulting functions f(™P) obey the
same DGLAP evolution equations as collinear PDFs.
Therefore, the label “(TMD)” indicates that the collinear
PDF is evaluated in a particular TMD scheme, which is a
minimal subtraction scheme, but it does not coincide with
the MS scheme [89,90]. The transformation between the
TMD scheme and the conventional MS scheme can be

performed by a finite renormalization constant ZMS/TMDP,
which we derive below. The schemes differ also for TMMs
evaluated with the optimal TMDs, Eq. (6), or with TMDs at
general scales, Eq. (7). We consider these cases one by one,
starting with the { prescription.

A. Optimal TMDs

To derive Eq. (38) and verify its properties, we exploit
the correspondence between the large-u asymptotic behav-
ior of Hankel integrals and the small-b asymptotic behavior
of the integrand [91]. The small-b asymptotic of a TMD
can be computed using the OPE. For TMDs f, ¢, and h;,
the OPE takes the form

Fi(x,b)= / _Cf<—f’(y ﬂoma)fﬂ( vﬂOPE) +0(b?)

= C®f+0(b2), (40)

where C is the coefficient function that depends on b via
Lo = In(udppb?/4e7'c). Here we explicitly indicate the
flavor labels f of the TMD and introduce the convolution
notation “®” that implies Mellin convolution and summa-
tion over flavors f’ (quarks, antiquarks, and gluons)

- ldy -
C®fEZ/ ;ycfef’(y’//‘)ff’ Gﬂ)

/ '@CM(— )ff«y,m. (41)

Notice that this convolution is not commutative [for
instance see terms such as C; ® P; ® P; in Eq. (42)]
because the kernels are not symmetric in flavor space. The
expression in Eq. (40) is independent of uqpg as the
dependence on this scale cancels between PDF evolution
and the coefficient function, rendering the lhs of Eq. (40)
scale invariant. For the optimal TMD, the perturbative
coefficient function takes the following form:
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C=1+a,-PLp+C))+ 5

P1®P1 BoPy

L% — (P, +C; Q@ Py —fyCi)Lp + C,

L3
+ a3 _<P1®P1®P1—3ﬁoP1®P1+2ﬁ%P1)?O

L2
+(P1®P2+P2®P1+C1®P1®P1—3ﬁ0C1®P1—2ﬁ0P2—ﬁ1P1+2ﬁ%C1>70

—(P3+C; ® P, +C, ® Py —2p,C, — 1C1)Lp + C3 | + O(a?), (42)

where the leading term 1=6,,6(1 —y) represents the
unity convolution, C,, are the finite parts of the coefficient
function free from any logarithmic dependence, and P,
stand for the perturbative coefficients of the DGLAP
kernel, as given by

o d
il (Za > ® f(x.p)
=PQ® f(x,u). (43)

Furthermore, /3, represent the coefficients of the QCD beta
function, defined by

d [+
,uzﬁas(,u) == Zﬁnag’“(ﬂ), (44)
n=0

Expressions for the coefficient functions for the unpo-
larized TMD can be found in Refs. [37,38,70,74] up to o
order, for helicity TMD in Refs. [68,71] up to a!, and for
|

GolF(x.p) = {1 +a,C) + a2Cy + a3 3

® flx, ) +O(u?),

where a, is evaluated at u. Upon differentiating this
expression, we obtain

d
s P ) =

P'® f™P)(x,p).  (46)
du

Here, the evolution kernel P’ deviates from the MS DGLAP
kernel P [defined in Eq. (43)] starting at order a2:

P/ —P= —agﬂocl - ag(Zﬂ()Cz —ﬁocl ® Cl +ﬂ1cl)
+ O(a). (47)

Thus, we have established that the function f(™D) is a
collinear PDF that obeys the DGLAP equation but is

transversity TMD in Ref. [72] up to a2. The expressions
presented in these references apply to general scales (4, ¢),
and in the Appendix we provide the rules to render those
into ¢ prescription. It is essential to emphasize that all
computations are in the MS scheme, and consequently,
PDFs in Eq. (40) are defined in the MS scheme.

The relationship between the small-b and large-¢ asymp-
totic expansions with logarithmic terms is explored in detail
in Refs. [92,93]. Generally, power-suppressed terms in b
contribute to power-suppressed terms in y, and the loga-
rithmic singularities at » — 0 turn into logarithmic singu-
larities at 4 — oo. For the leading power term, the asymptotic
behavior for » - 0 and u — oo are connected by simple
replacement rules Ly — —&, L2, — ¢2, L3, » —¢° — 4(5,
etc., see Ref. [92] (here € = In(4?/udpg)). The OPE in
Eq. (40) is independent of pqpg, and therefore, it is conven-
tional to set uopr = p (and hence € = 0). Thus, the asymp-
totic form of Eq. (38) reads as

2
é(P1®P1®P1_3ﬂOP1®P1+2ﬂ%P1)+C3j| +O(0‘§)}

(45)

[

computed in a scheme different from MS. As we stated
in the previous subsection, we refer to this scheme as the
TMD scheme. The same result holds for helicity and
transversity zeroth TMM, employing the pertinent DGLAP
kernels P and coefficient functions C.

The transition from the TMD scheme to the MS scheme
is accomplished through multiplication by a finite renorm-
alization matrix Z:

(MS dy MS/TMD (TMD) [ X
7 / For ) f <y7 >

(48)

016003-8



TRANSVERSE MOMENTUM MOMENTS

PHYS. REV. D 110, 016003 (2024)

where the PDF on the left-hand side is the collinear PDF in the MS scheme (explicitly indicated by the superscript MS).

Expressions for the finite renormalization constant
reads as

ZW/TMD

can be obtained by eliminating terms in Eq. (47). The result

205

-a C3+C1®C1®C1—C1®C2—C2®C1+TP1®(P1—ﬂo‘1)®(P1—2ﬁo‘1)} +0(af). (49)

The inverse factor can be expressed as

— _ 2
(ZMS/T™D) = 1+ a,C; +a?Cy + a3 | Cs +£P1 ® (P —=po-1) ® (P, —2,60'1)} + O(a3).

The present state-of-the-art DGLAP equation precision
is next-to-next-to-leading order (NNLO) making the terms
of order o2 in Egs. (49) and (50) sufficient for that level of
accuracy. For the sake of completeness, we present our
results up to a;.

Hence, using Egs. (38) and (49), one can determine
collinear PDFs based on known values of TMDs. We
emphasize that the scheme-transformation factor Z is a
matrix in flavor space. Consequently, to reconstruct a
collinear PDF with a precision beyond NLO, both quark
and gluon TMDs are required.

B. TMDs at general scales

If one employs a set of arbitrary TMD scales (prvp, €),
then, in general, it is not possible to reconstruct a collinear
PDF. The reason is the double-logarithm form of the

(50)

coefficient function, which has an auxiliary arbitrary scale
Hopg and which produces an extra logarithmic contribution
into the evolution of Gy[F] already at leading order (LO).
These terms cannot be removed by any finite renormaliza-
tion. However, in the special case of

(51)

the collinear PDF is obtained in a TMD?2 scheme, which can
be converted to the MS scheme through a finite renorm-
alization constant, different from the one obtained
in Eq. (49).

The most general coefficient function of the small-b OPE
for the TMD F(x, b; purmp, ¢) involves three scales™: HOPE>
Urmp, and {. The expression for it has the following
structure:

H = HOPE = HTMD = \/Z,

I T )
C(Lo.L7.¢7) =1 +as{<—0L%+OLTfT —“LT> 1-P,Lo+ cl}

4 2 2

Loy

FZ
+ az{ [33L%(LT -267) + TL%(LT -287) + B

T'ofo

L;(L2 = 3L;#; — 3L;Ly + 6Lo#r)

y2 +2d%0 +¢,C

242
L2 ri+2ribo Lo(Ly —2¢;)

8 4

4

—Lo(P,+C, ® (P —f-1)) +Cz} +O(a3).

where a; is at the scale pgpg, and

2 2 2
Himpb H1™mD
= n(4e_2yE>, t’T—ln<—C )

T ) + de(Z,O) -1

r y 1
+—0LTLO(LT—2L”T)P1 +LTLOEI(P1 —po-1) +§L?9P1 ® (P —=pp-1)

(52)

(53)

*Notice that popg dependence cancels with that in the evolution of the collinear PDFs in Eq. (40).
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Note that the finite parts of the coefficient function C; are
different from C; for the optimal TMD. The relation
between them is provided in Eq. (A9) in the Appendix.
The evaluation of G, through the OPE effectively
replaces In b by Inyu, where p is the integral cutoff in the
|

operation G,. Therefore, the resulting function depends on
the scales y, utvp, and £. Importantly, the dependence on
does not reproduce the DGLAP equation. Setting yopg = 4
we obtain

2

ﬂzﬁgo[}?](x?ﬂvﬂTMDv C) = { (P(ﬂ) + yV(ﬂ) — I;CUSp(ﬂ)La” . 1> + a? K& t’u(fﬁ - t’%)

_F071
8

4

T 0<a3>} ® fFxu).

where a; = a,(u), and we also define

£, =1In ("g) . (55)

This equation does not exhibit the DGLAP structure and
cannot be reduced to it through any finite factor, due to the
¢, term which is present at LO. Additionally, this function
depends on pmyp and ¢, as encoded in Egs. (17) and (18).

On the other hand, these issues can be avoided by setting
scales as specified in Eq. (51). This choice of scales
|

8

2 1—‘2
(€= )38, + €1+ L8, ) + a2+ 244) 1

1 T - _ _
+—To(€F — 2P, +71(€, — €r)P, —?Of,lq +C ® P+ <y_21_ﬁ0>cl:|

(54)

[

significantly simplifies the logarithmic structure of the
coefficient function, Eq. (52), and the evolution equation
now becomes

d _
ﬂzd—ﬂgf (TMP2) (x, p) = P @ f™PD (x, ), (56)

where we denote f(™P2)(x, u) = Gy[F](x, . u, p*). The
evolution kernel P deviates from the DGLAP kernel at
order a2, akin to the difference highlighted in Eq. (47):

P—P=-a;pyC, —ax} {2,50@2 —BoC ® Cy + B1Cy — 2531 py (Pl + <J/_1_%> : 1>] + O(a). (57)

2

Thus, the label “(TMD2)” signifies that the collinear PDF is evaluated in another TMD scheme distinct from the MS scheme
and the previously discussed TMD scheme labeled “(TMD).” As before, one can construct the finite renormalization

constant to pass from f(™P2) to the MS-scheme PDF. The expression obtained for this constant is
MS/TMD2 __ s 2| 7 7 e 1 2bo 3
Z —l—ascl — oy C2—C1 ®C1 _CSFO P1 -+ E—T -1 —|—(’)(0{S), (58)

and the inverse factor reads as

(ZMS/™MD2)! _ g Lo ) 4 {Cz — 4T, <P1 + <y—‘ - %) : 1)] + O(a3). (59)

2 3

This conclusion aligns with the findings of the authors in Ref. [49], where the agreement of f(™P2)(x, 1) with the collinear

PDF was demonstrated numerically.

Notice that also in this case our result stands for the unpolarized TMD, helicity TMD, and transversity TMD.
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FIG. 1.

1 0.001 0.010 0.100 1

X

Comparison of unpolarized PDF for # and d quarks determined from the unpolarized TMD (central values of ART23

extraction [22]), as a function of x at fixed u = 10 (the upper row) and 20 GeV (the bottom row). The plots show the deviation from the
MS value which was used in the fit of TMD (extraction MSHT20 [96]). Dashed orange lines, dotted blue lines, and solid green lines

correspond to the LO, NLO, and NNLO order of factor ZMS/TMD,

C. Phenomenological examples

To illustrate the application of our formulas and to verify
their accuracy numerically, we consider a specific example
of TMD extraction from experimental data, namely the
ART23 determination of unpolarized TMD [22]. ART23
analysis [22] was performed at N4LL accuracy (with N°LO
matching to collinear PDF) via the global QCD fit of Drell-
Yan and electroweak boson production data. The extraction
has been done for optimal TMDs, and thus we use the
formulas from Sec. VA. L

In Figure 1 we plot ZMS™D & GiIf](x,u)/

MS(x, 1) — 1 at two values of u = 10 and 20 GeV, con-
sidering LO, NLO, and NNLO precision for Z. One can see
that the agreement between the zeroth TMM and collinear
PDFs improves at higher values of the scale u. Leading
order expression already gives a very good agreement
within 5%. The agreement between reconstructed and
original PDFs is approximately 5% at u = 10 GeV
(depending on x), and about 2% at u =20 GeV. As

higher-order corrections to ZMS/™D gare applied, the

precision improves significantly.* With ZMS/T™D taken at
NNLO, the agreement is of order of 2%-5% at
u =10 GeV, <1% at u = 20 GeV, and at the subpercent-
age level for larger x. We have verified that the central line

(without convolution with ZMS/T™MP) aerees with the results
presented in Ref. [49]. In the region of large x, the
deviations become larger due to large In(1 — x) contribu-
tions. Potentially, the agreement can be improved using
threshold resummation methods [94,95].

Figure 2 shows ZMS/™D & Gi1f/1(x, u) at x = 0.1 as a
function of u and compares it to MSHT20 [96]. This figure
demonstrates that f(™P) reproduces very well the evolu-
tion of collinear PDF. One can see that the agreement starts
from u ~ 5 GeV. For lower values of the scale y, the power
corrections are substantial, and caution should be exercised
in the application of our formulas.

“For the application of ZMS/™P we need the gluon TMD,
which is not presently known. Instead, we used a pure OPE term
with a constant nonperturbative function.
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FIG. 2. Comparison of unpolarized PDF for u and d quarks determined from the unpolarized TMD (extraction ART23 [22]), as a
function of y at fixed x = 0.1. The plot shows the deviation from the MS value which was used in the fit of TMD (extraction MSHT20

[96]). Ditfferent lines correspond to different orders of correction factor

ZW/TMD'
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FIG. 3. Comparison of uncertainty bands for unpolarized PDF for u and d quarks as a function of x at fixed y = 20 GeV. The blue

band is the uncertainty band determined from the uncertainty band of unpolarized TMD (extraction ART23 [22]). The yellow band is the
uncertainty band for unpolarized PDF (extraction MSHT20 [96]). Comparison is done with NNLO ZMS/TMD,

Lastly, Fig. 3 illustrates that the uncertainty band of
TMD reproduces the uncertainty band of collinear PDF.
This is a feature of the ART23 extraction, which incorpo-
rates PDF uncertainty into the TMD uncertainty band.
Fig. 3 provides an important consistency test demonstrating
that the input PDF is recovered completely with the correct
uncertainty band. Possibly one can consider this feature in a
broader context of proposed joined fits of TMDs and PDFs.
TMM discussed in this paper can be utilized as an addi-
tional consistency check for the output of such a fit for the
mean values and for the uncertainty bands. Notice that in
other extractions such as Refs. [15,16], where the central

replica of PDFs was used in the OPE, we expect the
uncertainty band of TMM to become very small.

In the case of helicity and transversity, the same relations
hold; however at present it is not feasible to present a
phenomenological study of these relations. There are no
extractions of helicity TMDs that can be compared to the
collinear helicity PDF which is currently extracted [97] at
NNLO accuracy. In the case of transversity PDF, the
current extraction has substantial uncertainties (see for
instance Ref. [98] and references therein), and therefore
the usage of our relations would not be meaningful for their
comparison.
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VI. THE FIRST TRANSVERSE MOMENTUM MOMENT

The first TMMs read as

M ) = /ﬂ dlerky, F7" (x, ky) =

ML}”}@] (x, p) _/ & krkg,F Firir (x, kp) =

[nH»S

1o K i a+,,5
M) = [ e, k) = [ ke,

The first TMMs are expressed via the transformation G,

l k(l

H ka st/

= [ vk, k),
k s

/ dszkTM L T)ng(x7kT>»

Pk
oLy (x. k) / " ek, T2 €r T” I (x, k). (60)

= Gy, Egs. (34), and they are given by

MY () = =1, St MG [fi7] (x. 1), (61)
MY ) = —s7,MG, g (x. ). (62)
M TN 1) = =27 1M G i) (5. ) = €r,aMG ] (v, p0)- (63)

These quantities can be interpreted as the average dis-
placement of the transverse momentum of a parton within a
polarized hadron [24,53-55,99,100]. Their nonzero values
are a consequence of the presence of the spin, whether it be
the spin of the proton or the parton. Notice that all functions
in b space have index (1), and the operation G, ,, (34) is
performed with n = m = 1. This corresponds to the first
moment of TMDs in the momentum space from Eq. (15).
The small-b expansion structure for these TMDs differs
from what was considered in Section V for f, g;, and h;.
Schematically this OPE can be expressed as

F(x,b) =) [C/(Lo) @ ](x) + O(b?).  (64)

t

where 7 represents collinear distributions of twist two, twist
three, or twist four, and ® denotes an integral convolution
in momentum fractions. Two notable differences between
Eq. (40) and Eq. (64) are noteworthy. Firstly, twist-three
and twist-four distributions ¢ depend on two or more

Gilir) (. 0) = 25 T (=x,0.3:)

collinear momentum fractions. Therefore, the convolution
with the coefficient function projects several variables onto
a single variable x in the lhs of Eq. (64). For example, the
leading term for the small-b expansion of the Sivers
function is a projection [101,102] of twist-three distribu-
tions T'(xy, x5, x3) onto the Qiu-Sterman function

7 (e b)

where + corresponds to either semi-inclusive deep inelastic
scattering (SIDIS), “—"" or Drell-Yan, “+”. The correspond-
ing coefficient function at the zeroth order in a is
8(x2)8(x 4+ x1)8(x — x3). The second difference is that
the formula (64) relates one TMD to several collinear
distributions. For instance, the Sivers TMD f7- is related to
the twist-three distribution 7T'(x;, x,, x3), and (starting from
NLO) to the twist-three distribution AT (x;,x,,x3) [76].
The worm-gear-T TMD gi; is related to the twist-two
helicity distributions Ag and to the twist-three distributions
T and AT [77], and so forth. Explicitly [77,103],

= :l:ﬂT(—x,O, X) + O(asvb2)7 (65)

+O(u),

x [ldy 1 1
Gilgtr)(x.u) = 5/ 7AQ‘TMD> (v.u) + x/l dydy,dy;5(yy + y2 +3) A das(x — ay;) {

% AT(™D) (V1233 10) + 7(™D) (V1233 1) — AT(™D) (V1233 1)
y% 2y,y3

] + O(u™2),
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x> [ldy
Gilhip) (e m) = =5 / 75q<TMD)(y,ﬂ)

1 1 _
y3—Yy _
- x/l dy,dy,dy;5(y, + y, + y3) /o daad(x — 0‘)’3)H(TMD)()’123§M) ;2 2 +O(u 2),

Gi[t](v.p) =F SEMP) (=2, 0. x:10) + O(u™?),

where the shorthand y,,3 = y;, y», y3, functions T, AT, H
and E are twist-3 collinear PDFs whose explicit definitions
can be found in Refs. [77,104,105]. The signs of the first
and the last equation should be understood as Drell-Yan,
the upper signs, and SIDIS, the lower sign.

These features are also characteristics of the collinear
matrix elements M,[,F] from Eq. (4) which lack definite twist
and consequently represent a mixture of different
contributions.

The perturbative structure of coefficient C, in the ¢
prescription follows a form similar to Eq. (42). It can be
written as

Ct =R ® (1 + as(_PltL(’) + le) + O((l%)), (67)

where R, is the projection operator, and P, = ), alP,,.
The projection operator R; projects the multivariable
higher-twist distribution to the single variable x. For
instance, in the case of the Sivers function the operation
R, is m5(x)8(x; + x5 + x3)5(x3 — x), which being inte-
grated with twist-three distribution 7'(xy, x,, x3) results in
Eq. (65). The coefficients C;; are known for all TMDs
except hllT; see Refs. [76,77,106—108]. The presence of the
projection operator does not allow one to turn M, to the
MS scheme, as it would require a convolution with all
variables x;. Nevertheless, the difference between M, in
the TMD scheme and the MS scheme starts at NLO, alike
for the zeroth TMM. To demonstrate this, one can differ-
entiate M, with respect to the scale, and from Eq. (67) one
obtains

d
/«lsztzgl[F](x,ﬂ) =R, ®P,Q@t+0O(al), (68)

where F represents any of the TMDs appearing in
Eqgs. (61)-(63). The right-hand side of Eq. (68) is the
LO evolution of M , in the MS scheme. At NLO, there is a
term containing the one-loop finite part C,,, which deviates
from the expression in the MS scheme [see Eq. (47)], and
so we have P, — P, = O(a?). Note, that presently the twist-
3 evolution kernel is known only at order a,. Thus,
collinear distributions determined by TMMs are as precise
as determinations by other methods.

2Y3
(66)

There is one “accidental” exception from this general
rule, namely, the Boer-Mulders function A that has Cj,
that commutes with the projector Cy, = —{,Cr1 [77]. Also
the Boer-Mulder function is chiral odd, and does not mix
with twist-3 gluon distributions. Therefore, in this case, one
can find the NLO part of the transformation factor between
TMD and MS-schemes

ﬂ'z T
(1+ a6 ) 61 l4H] =% 3 E(=x.0.2)(1 + O(ad)).

(69)

where E is the chiral-odd distribution of twist 3; see
definition in Refs. [77,105]. However, one cannot expect
that such construction would be possible beyond NNLO.

Thus, the first TMM M, is related to M, computed in
the TMD scheme. Since the matrix element M, is not an
autonomous function (in the sense that it mixes with other
functions by the QCD evolution), one cannot transform
M, to the MS scheme without using extra information.
Certainly, the connections between the twist-3 and TMD
functions present intriguing avenues for further theoretical
and phenomenological investigations [55,78].

A. General scales

At general scales, the OPE can be formally represented as

F(va;,uOPE’/"TMD’é’)
= [C(Lo.Ly.€7) ® f](x) + O(b?),  (70)

where the summation is over collinear distributions of twist
two, twist three, or twist four, and ® denotes an integral
convolution in momentum fractions. Analogously to the case
discussed earlier, the coefficient C, contains the projection
operator R,, preventing the direct transformation of the first
TMMs, M u» to the MS scheme. Therefore, the persisting
challenges in the transformation from the TMD scheme to the
MS scheme, previously observed for the optimal TMD case,
continue to apply at general scales, even when considering
the specific set of scales of Eq. (51).
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B. Phenomenological example

The Sivers function has attracted considerable attention
in the literature [24,53-57,99,100]. This function is related
[101,102] to the Qiu-Sterman function and provides a 3D
snapshot of the transversely polarized nucleon. One of the
interesting featu£es of the Sivers function is encoded in its
first TMM ./\/l” |, as it can be interpreted as the average
transverse momentum shift of partons with given x due to
the spin-orbital mteractlons [54].

We compute /\/lﬂ using recent extractions of the Sivers
function at N3LO [56,57]. In these extractions, u, d, and sea
quark Sivers functions were determined. Figure 4 illustrates

/\/l,[,m for u, d, and sea quarks based on Refs. [56,57].

If one integrates over x, the result can be interpreted as
the mean transverse momentum shift of a parton in a
transversely polarized hadron. Let us denote [54]

(k) () = /0 LMY ), (71)

where f is the flavor index. As seen from Eq. (62), for a
hadron polarized in the y direction, we have v = 1. For the
extraction from [57], we obtain the following values at
1 =10 GeV:

(kb ) = —0.011250)3 GeV,
(k53) = —0.267030 GeV,

(ks |y = 0.17107) GeV,
(72)

where the uncertainties are computed according to
Ref. [57]. It is worth noting that the errors in these
quantities are correlated. These numbers are consistent
with lattice QCD results from Ref. [109] that give the Sivers
shift for u—d quarks in the range of (kj %)=
—0.3... = 0.15 GeV. The results in Eq. (72) are compa-
rable’ to those extracted in Ref. [110] in a TMD parton
model analysis of the transverse single spin asymmetries

*Notice that the definition of the observables (k1) reported in
Ref. [110] differs from our Eq. (72) by a minus sign.

0.4

0.6 0.8 0.2 0.4 0.6 0.8

T T

The first TMM for the Sivers function (extraction [56,57]) for different flavors, computed at 4 = 10 GeV.

for pion and kaon production in Semi-Inclusive Deep
Inelastic Scattering.

The so-called Burkardt sum rule [54] conjectures that the
sum over all (ky ) is zero. This and other sum rules for
TMDs were studied in Ref. [29]. In our notations, this can
be expressed as

/ dxM

While the Burkardt sum rule is not formally proven in
QCD, it has been verified in model computations, as shown
in previous studies [111,112]. If we define the following
sum as

= > (k) =0. (73)

f=q.9.9 f=4q.9.9

(74)

then, intriguingly, the Burkardt sum rule exhibits autono-
mous evolution at LO [113]:

% Cpller,) + O(cd).

d
2_7" — _
/’{ <kT,l/> 271_

75
Therefore, if (k7 ) is zero at the initial scale, it continues to
be zero at other scales. For the specific case of the
extraction from Ref. [57], we find that, at u = 10 GeV,
the result for the sum over quark flavors is

> i) =

f=q.9

<kT,l> <k; 1) =-0. 14+(())3]i1 GeV. (76)

This allows us to estimate the contribution of the gluon
Sivers function as (kf.,) ~0.14107} GeV, assuming the
validity of the Burkardt sum rule, Eq. (74). Therefore based
on Ref. [57], one could anticipate potentially sizable gluon
Sivers functions, comparable in magnitude to the Sivers
function for the d quark, even though the error band
is large.
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VII. THE SECOND TRANSVERSE MOMENTUM MOMENT

Now, we proceed to derive expressions for the second TMMs:

M’[L](X’#) = / d kaT/tle/ (.X kT / JszkT;lsz/fl (X kT)

M ) = /” dlegkerJer, FY'7) (x, kr) = /1/ dkerker,ker, g1 (x, kr),

at,,5

M,[ff ”(X,M) I/ dkaT,,kT” [za“+75](x kr) —ST/ koTkTykTu 1 (x, k)

k2
/ Phrknyr, o (

) + ,Zz T) STphllT(xv kr). (77)
T

ap arl
@ g

By considering the operation defined in Eq. (32) with n - n + 1 and m — n, we obtain

" ) k% n+1
gn+1,n[F](x7ﬂ)=/ dkT(W) F(x, kr)

L[ (»%b) (14 D (ub) —

- 2M2n! 0

which, for the second moment, contributes solely with
indices (1,0), leading to

M;[Ayv (]ilv(x :u) = _gT,;wMzgl,()[ 1], (79)
M[Y J’ — _/1 M2g 30
v, dlv(x ﬂ) gT,;w 1,0[91]7 ( )

[lo.uH»},S

Mﬂl/ div ](X, ﬂ) = sT,agT.ﬂl/Mzgl,O[hl]

+ (gT,ﬂ(lST,l/ + gT,pusT,y - gT,;wsT,a)

M2
X 7g2[hllT]' (81)

Notice that the contributions of f,, g;, and h, involve the
operation G (, while hllT contributes to the second TMM
through G,. The subscript “div” in Egs. (79)—(81), indicates
that these functions exhibit power divergences at large u, as
discussed below. The very last term of Eq. (81) corresponds
to the collinear counterpart of the pretzelocity. It incorpo-
rates twist-three and twist-four distributions [40] and
reproduces the MS expression up to NLO. Its Iny diver-
gence is the same UV divergence as in the corresponding
twist-4 operator, and doing the same derivations as in
Sec. V, we conclude that this TMM reproduces the collinear
counterpart of the pretzelocity hi; function.

To establish a connection between Egs. (79)—(81) and the
matrix elements in Eq. (4), it is necessary to examine the
small-b OPE up to the first power of b. The general form
of this expansion is given by

n+3(ﬂb) F ( b), (78)

n+2

Feb)=C@f+ 1) T @ fir* + O(bY), (82)
k
wwhere the first term is presented in Eq. (40), and the
second term represents the power correction, typically
involving distributions of twist four and target mass
corrections. The coefficients C(?) are presently unknown
(except for the target-mass corrections part at the tree order
[40]). Notably, at the tree order, the b term in the OPE,
Eq. (82), is equivalent to the matrix element M in Eq. (5)
(with appropriately contracted indices). Thus, to relate
M, giv and M,,, it is necessary to subtract the leading
small-b contribution, C ® f.

The integrals of the type G, ., , behave as u? atlarge p
reproducing the UV power divergence of the corresponding
operator M,,, which is defined in Eq. (4). These power
divergences are natural for physical renormalization
schemes, such as the momentum subtraction scheme.
However, in the dimensional regularization and, conse-
quently, in the MS scheme, these power divergences do not
appear directly.6 Therefore, to match with the MS scheme,
one needs to subtract the leading  y? behavior from M "
The resulting function M,, is the matrix element M,,
computed in a minimal subtraction scheme (TMD scheme),
which coincides with MS up to NLO. This relation is
proven analogously to the approach used in the previous
sections.

®These power divergences correspond in the MS scheme to the
so-called renormalons which appear due to the factorial growth of
the coefficient functions. See the discussion in Ref. [114], and an
example of explicit computation in Ref. [115].
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The asymptotic part of G, |, can be computed analytically. We express the G, |, transformation as

e
Gug1alFl(x, 1) :W

AS[G, 14 [FII(x. 1) + Gt ulF) (3, 1), (83)

where AS[G, . .,[F]] denotes the leading asymptotic term that can be derived from the first term in the OPE, Eq. (82). The
term Gn+ 1,» corresponds to M, in the TMD scheme, and it undergoes logarithmic evolution. Hence, the second moments in

the MS scheme (up to NLO) are given by

MLVD](X’ ,Ll) - _gT,/u/M2Gl,0[ 1}()6,/4), (84)

MB/U }"](x’ /") = _ﬂgT,/wMZGLO[gl] (x7 ,Ll), (85)

M“GH}/S] _ M2G, [h — %2 ht 86
124 (x’ M) - ST,agT,;w gl.O[ 1]()(, :u) + (gT,/,tasT.b + gT,I./(lsT,/l gT,[lDST,(l) ) g2[ lT]('x’ //t) ( )

The asymptotic term AS|G, ([F]] for the cases f/, g;, and h; can be derived straightforwardly using Eq. (42). Up to N°LO,

the expression reads as

AS[G, o[F](x. u) = {a,P) + o5[Py + (C; = Py) @ (Py = fol)]
+a}[P3+(C;—Py) @ (P, = fi1) + (C, — P,) @ (P —2f1)
—(C1=P)) ® (P1 = fol) ® (P1 —25p1)| + O(af)} ® f(x, ). (87)

where f is the collinear PDF corresponding to F. This
expression can be numerically computed using existing
codes for TMD phenomenology.’

Therefore, armed with the knowledge of the optimal TMD
and the corresponding collinear PDF of twist two, one can
compute the second TMM in the TMD scheme, which agrees
with the MS scheme up to NLO. We emphasize that the
expression in Eq. (87) holds for unpolarized, helicity, and
transversity functions, with the relevant kernels and coef-
ficient functions substituted accordingly.

F(x, b popg. prvp- ¢) = C(Lo. L7, 1) ® f

A. General scales

A similar result (albeit with notably more intricate
expressions) can be derived for TMDs assessed at the
set of scales u = popg = Urvmp = VC.

The second moment is determined by the transformation
G defined in Eq. (78). For general scales, this integral
cannot be reduced to the collinear matrix element M, in
Eq. (4). This is evident from the structure of the OPE,
which takes the form

+0? (ZCWLO, Ly, #7) ® [ = Dy#1C(Lo, Ly, €7) ® f) +O(b*),  (88)
k

"Most codes for TMD phenomenology, see e.g. Ref. [52], include the computation of the leading terms for the small-6> OPE in
position space. In order to obtain Eq. (87), one should replace the logarithmic terms of the coefficient function in Eq. (42) according to

the rule

LY -0, Lp—-1, L3--2

L} - -3,

LY — —41 41605, etc.,

where LY, corresponds to the logarithmless part of the coefficient function.
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where f is the twist-two collinear PDF, f}(W“ represents a
twist-four collinear PDF, the coefficient C is the leading
power coefficient function given in Eq. (52), the coefficient
C® is the subleading power coefficient function, and D,
stands for the power correction to the Collins-Soper kernel.
It is noteworthy that D, is not necessarily suppressed by a;
(see, e.g., Ref. [81]). The matrix element M, is related to

¥4, The transformation M ,,, computed at general scales,

Hvs
J

ASGalF o) = {21+ 07

2

contains an additional contribution ~D,, and thus, cannot
be unambiguously related to M, .

However, for the scales shown in Eq. (51), the contri-
bution ~D, vanishes, allowing for the determination of M,,,,
as outlined in Sec. VII. In this case, the expression for
AS[G, o[F]] differs from Eq. (87). It can be derived from
Eq. (52), and it reads as

> Ty + 205—1 Ty +ys+2d%0
+a%{P2+<CI—P1—Fo—y—])®(P1—ﬂo+—° y‘>+F% Sk AR

2 2 4 2
_ r 23— 1
+a§{P3+<C1—P1—ro—%)®<P2—ﬁ1+%+d<2~°>+rg C34 )

_ 4 40,43 T, +
+<C2—P2—F1—y22—d(2’0)—roﬂo St >®<P1—2ﬁo+°“)

3 4 2

) 485 =3 T, +
(e -p 4,253 M o (P g+ T+ 1) @ (P, —2p, + 0011
2 2 2 2

2-0, -3 485 + 1 2 20, —1

42Ty g, 0 L ryp 2 gy, 220
4 4 3 2

(2.0) +7s (3.0 4

+2d'> ﬁo+T+d DN+ 0(as) p @ flx,p), (89)

where all terms with anomalous dimensions are accom-
panied by 1 that is omitted for simplicity. Notice that
several recursive combinations appear in Eq. (89); this is a
known feature of expansions at higher order of a;.

B. Phenomenological examples

The knowledge of the average width of TMDs can shed
information on the dynamics of QCD. Reference [116]
using the ideas of the emergence of gg condensate and
model calculations predicted that the sea quark TMDs
should be different and wider compared to the valence
quark TMDs. An attempt to numerically study the widths
was made in Ref. [20], where the authors realized the
difficulties of the naive application of integration of TMDs
in k and used a “renormalization” procedure consisting of
calculating the result at a fixed b instead of b = 0. An
alternative observable to the momentum space width, the
width in b space [ d@*bbf,(x, b; Q, Q%) was introduced and
studied in Ref. [117]. The widths of k; and b space provide
complementary information, but they cannot be unambig-
uously related to each other in a model-independent way.

A meaningful estimate of the width of distributions in the
momentum space is via the second TMM, (k7)=

—g M) = 2M?G, o[f1]. An example of the evaluation
of (k%) is presented in Fig. 5. It confirms that the

|

asymptotic term cancels the power growth of the G,
transformation.® The resulting line exhibits a general
logarithmic behavior. In Fig. 5, we do not present uncer-
tainty bands because they are quite large, on the order of
25%-35% for u and d quarks (at 4 = 20 GeV), and 50%—
60% for @ and d quarks.

We have also observed that at large p, the curve for
AS[G, o] oscillates (the first sign of oscillation is seen in the
left panel of Fig. 5). This is a result of the number-flavor-
variation scheme used in ART23. The change of N in the
coefficient function generates tiny discontinuities in
F(x,b) at certain values of b. In turn, they generate
oscillations in the Hankel transform. The oscillations are
small (see, e.g., Fig. 2, where the same oscillations are
present but barely visible). However, the subtraction of the

*However, the cancellation is not very precise because we use
AS|[G, o] only at N*LO. Therefore, at very large values of u (we
have used p. = 100 GeV in our studies), one observes a power
growth in G, . The terms that generate this growth are induced by
higher perturbative order (N*LO in the present example) loga-
rithms in the evolution of f that are not compensated by the
coefficient function. Thus, the cancellation of the asymptotic term
can be facilitated by a minor variation of the scale. We have found
that for our computation, it is sufficient to change y — 1.014u to
eliminate the asymptotic term very precisely in a wide range of y.
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FIG.5. Values of (k%) computed for ART23 extraction of unpolarized TMD as a function of y. Solid and dashed orange lines are for d
quark, and solid and dashed blue lines are for u quark. Dashed lines show the value of (k%) without a subtraction term.
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FIG. 6. Values of x(k2) computed for ART23 extraction of unpolarized TMD as a function of x at 4 = 10 GeV. The two colors
distinguish different flavors. The uncertainty band is evaluated from the uncertainty band of ART23 extraction.

asymptotic term amplifies the oscillations by a power factor
and affects the entire procedure. This implies that the
determination of second moments places more stringent
requirements on the TMD model.

In Fig. 6, we plot x(k%) as a function of x at
u =10 GeV. Notice that one can see from Fig. 6 that
the width resulting from ART23 extraction grows with the
decrease of x. This growth is associated with the effects of
the gluon shower that is characteristic of high energies; see
for instance Ref. [118] where the widening of the gluon
transverse momentum dependent density was found. We
also see that ART 23 has flavor dependence for widths,
with antiquarks being narrower than quarks, except for # at
x ~ 0.1, where it is similar to u and d. If we consider the
widths averaged with x,

(xk2) = 2012 / iG], (90)

using ART23 extraction, we obtain

), =0.524+0.12 GeV?,
Y, = 1.10 £ 0.28 GeV?,
)z = 0.42 4+ 0.06 GeV?,
)5 = 0.024 £ 0.004 GeV?2. (91)

The inclusion of the x weight in Eq. (90) is required to
facilitate the convergence of the integral at small x. While
one might anticipate that the integrals (k7.) for valence
combinations would naturally converge, akin to the PDF
case, this convergence should be explicitly incorporated
into the fitting ansatz. In the case of ART23, the parameters
governing the low x behavior of quarks and antiquarks
were treated independently, resulting in divergent integrals.
In the future, it will be interesting to consider parametriza-
tions in which (k7), could be numerically estimated.
The numbers we obtain in Egs. (91) are in a reasonable
agreement with those found in the parton model extractions
and flavor independent fits, for instance in Refs. [119],
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where it was found that (k%)= 0.25 GeV?. The parton
model fit [28] of HERMES multiplicities in SIDIS resulted
in (k2) = 0.57 + 0.08 GeV?. These numbers are similar to
those found in the analyses with TMD evolution in
Refs. [20,120].

VIII. CONCLUSIONS

In this paper, we explore the relationship between TMD
distributions and collinear functions. We define TMMs, the
weighted integrals of TMDs with a weight k7 and a
momentum cutoff |kr| <y, such that the cutoff, g,
becomes the scale at which the collinear functions are
evaluated. We prove that the evolution of TMMs is the
same DGLAP(-type) evolution equations as for the collin-
ear quantities. The relation holds in the case of the {
prescription or in the general case of all scales of TMDs
being equal. We find it particularly convenient to utilize
TMM with TMDs defined using the { prescription [59],
which allows one to use scaleless nonperturbative TMD
directly and simplifies analytic calculations. We prove that
TMMs are equal to collinear distributions evaluated in
some minimal subtraction schemes which we called a TMD
scheme for TMDs in the { prescription and a TMD2
scheme for TMDs in a general TMD formalism. We
demonstrate that the relation between TMD and a MS
scheme, which is typical for collinear observables, is purely
perturbative via a perturbatively calculable coefficient Z.
Using this coefficient Z the TMMs can be converted to the
MS scheme.

In particular, we consider the first three TMMs that
provide the most interesting phenomenological pieces of
information.

The zeroth TMM is related to collinear twist-2 PDFs
(unpolarized, helicity, or tranversity, depending on the input
TMD). We prove that this TMM obeys the same DGLAP
evolution equation as collinear PDFs, and we derive the
coefficient Z up to three loops. As a phenomenological
example, we have performed an exhaustive comparison of
the zeroth TMM using unpolarized TMDs from a global
QCD analysis of the data at NALL (ART23) and compared
the results to the corresponding collinear PDF MSHT20
obtained in the analysis of the data with NNLO precision.
We have shown that for y 2 5 GeV both the central values
and the errors agree. The extraction of PDFs proceeds
currently through the analysis of data from either inclusive
processes or processes with high transverse momentum, for
which a collinear description is appropriate. Nevertheless,
the same PDF could be extracted also using data compat-
ible with TMD factorization, through the procedure out-
lined in this work. This observation is important as it is a
further step toward a simultaneous extraction of PDFs
and TMDs.

The first TMMs involve TMDs like Sivers, Boer-
Mulders functions, and worm-gear TMD functions.

These TMMs provide information on the average trans-
verse momentum shift of partons due to the correlation of
the transverse motion and the spin and/or to the spin of the
partons and that of the nucleon. The evolution of the first
TMMs is the same in TMD and MS schemes up to O(a?).
The first TMM in the case of the Sivers functions
corresponds to a certain projection of the collinear twist-
3 functions, the so-called Qiu-Sterman function. Using the
current extraction of the Sivers functions we have provided
an explicit calculation of the first TMMs. Moreover,
utilizing the information on the quark Sivers functions
we have estimated the average shift of gluons in a
transversely polarized proton.

Finally, we have established that the second TMMs are
related to the average widths of unpolarized, helicity, and
transversity TMDs. The second TMMs have power diver-
gence and need a subtraction to yield results that can be
related to collinear quantities. Therefore, a proper sub-
traction scheme is introduced, leading to subtracted aver-
aged second TMMs that provide a quantitative estimate of
collinear twist-4 operators. We have provided a phenom-
enological example using ART23 extraction of TMDs.

We conclude by stating that establishing the relation
between the 1D and 3D structure of the nucleon holds
significant importance from theoretical, phenomenological,
and experimental standpoints. This connection offers a
unified approach to investigate the nucleon’s structure,
aiding in the development of comprehensive global QCD
analyses, and could help to shape the experimental ini-
tiatives at current and prospective facilities, such as
Jefferson Lab 12 and the future Electron-lon Collider.

The results of this paper open new avenues for theo-
retical and phenomenological investigation of the three-
dimensional and collinear hadron structures. We trust that
usage of our results will facilitate phenomenological
extractions of TMDs and collinear distributions and it will
be useful in lattice QCD studies.

The supporting data for this paper, specifically the Z
factors, are openly available from [121].
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Soper kernel D, which is inherently nonperturbative. The
solution, expressed in terms of a general D, can be found
in Ref. [80].

The perturbative expression for the optimal equipotential
line reads as [15]

(STRONG—ZOZO) Em(b) — %2e—y58—1/(h.ﬂ) , (Al)
APPENDIX: PERTURBATIVE EXPRESSIONS
FOR ¢ PRESCRIPTION where
In this Appendix, we collect the expressions for the ©
computation of TMD in the { prescription relevant to the (b,pu) = Z agv,(Ly) (A2)
present discussion. The { prescription was developed in =0
ii;:gjés[sfgﬁoc];nwéleer;:o liitiaﬂed evaluations and additional The coefficients v, up to NNLO are
/4
1. The optimal equipotential line vo(Ly) IT1 (A3)
in the perturbative regime 0
The optimal equipotential line is defined by the differ- Bor vl 712+ d20)
ential equation Eq. (26) along with the specified boundary vi(L,) = 12 L= 2 T, J (Ad)
conditions Eq. (29). Note that this equation is generally 0
nonperturbative due to the involvement of the Collins-
|
ﬂo ﬁ1 Pol'y Porz 4.5001(2’0) PoriI'y
L L} + —— L2 - L
vl) =2 Lt (ot )Y o, T o a2 )
T i+ pl +d%0T  ys3+dG0 AS
+ = 5 —+ . ( )
Iy IG5 Iy
|
prescription, the double-logarithm terms vanish, and
2. Small-b coefficient function Eq. (A6) tums to
The coefficient functions for the small-b OPE, as o N
computed in Refs. [37-39,68-77,122], are provided for =) > aLgeh. (A8)

the general TMD scale setting (u,{) at ypyp = Hopg = M-
These coefficients exhibit a double-logarithmic form,

o 2n

C(Lo.?r) :ZZia”th’l (nkD)  (AB)

n=0 k=0 1

where ¢(*!) are expressions involving collinear momen-

tum fractions, and we denote the logarithms as

2 12
_ Hopeb
LO =In <4e_27E ) s

n.k.l)

4 —1n<@> (A7)
T = ¢ .

The coefficients ¢! for k # 0 involve evolution kernels
and anomalous dimensions, and, as previously done, we
define ¢"00 =C, with n' <n [see Appendix D
in Ref. [70] or expression Eq. (52)]. In the ¢

n=0 &k

Similar to the general case, the coefficients Ccn0) = C,
are the unique part of this expression, as the rest of the
terms are expressed via evolution kernels [see an example
in Eq. (42)].

The relation between C,, and C,, is as follows:

C1 — Clv
d*0y,
C,=C )
2 =0+ T,
- (2.0)y
Cy=Cy+ 11,
N (d(2,0))2 + d(3'0)}’1 + d(Z.O)},2 B d(2,0)},11—‘1
T, )

(A9)
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where coefficients I', y, and d are defined in Egs. (20) and
(21) and Eq. (23). The coefficient functions are matrices in
flavor space, and the flavor indices in the expressions above
are contracted in the natural way. The two-loop C, matrix is
reported in Egs. (7.3)-(7.8) of Ref. [70] and in the
Mathematica auxiliary files of Ref. [70], and the three-
loop C5 can be found in Refs. [38,74].

Expressions for coefficients C; read as, see Ref. [70] and
references therein:

”2
ettt = (201 -0 =% a1 -,
C¥(x) = 4Tx(1 — x)x,

Cl1(x) = 2Cpx,
)
CH(x) = ~Ca a1 )

Cli(x) = C'(x) =0, (A10)

where g denotes the antiquark of the quark ¢, and ¢’ indicates the other possible flavors of quarks different form ¢ and 7.

We report here the known d(i0) (see [62,123-126]):

4010 — o, d?0 =, (42074 1453) ;g Ny,
- (B T M)
+ CANf(—%+%c2 +‘;5_72§3 _E@)
+cFNf(—%+lg—ZC3 +SC4) +N; <3§2+ 16&) (ALD)

To compute the Z factor between the TMD scheme and the MS scheme, Eq. (49), we need to compute various

convolutions, such as
(C1 ® C ) (
The explicit results are

(C1®C)‘1‘7—C2(

36 3

272 27>
(C, ® €)% = CpTy (4(1 — x2) + 8xlog(x) -%(1 —x)x) — e, Tr(1 = x)x,

(€& C—C (2(1 )

(C,®Cy)%w =36

(C;®C))1 = (C, QC)77=0.

a3 Seoe ()

e 2
(1 —x)+ <8 +2—> (x=1)—4(x+ l)log(x)> —8CrTr(x(1 —x) + xlog(x)),

(A12)

(A13)

3 (Al14)

—7;2x> —I;ZCFCAx, (A15)

C25(1 —x) = 16CpN ;Tg(x(1 = x) 4 xlog(x)), (A16)
(A17)

The same expressions are to be used for the TMD?2 scheme Z factor in Eq. (58) where a C; ® C; convolution appears, as

at NLO they are the same, C; = C;.
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