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The framework of three-flavor neutrino oscillation is a well-established phenomenon, but results from
the short-baseline experiments, such as the Liquid Scintillator Neutrino Detector (LSND) and MiniBooster
Neutrino Experiment (MiniBooNE), hint at the potential existence of an additional light neutrino state
characterized by a mass-squared difference of approximately 1 eV2. The new neutrino state is devoid of all
Standard Model (SM) interactions, commonly referred to as a “sterile” state. In addition, a sterile neutrino
with a mass-squared difference of 10−2 eV2 has been proposed to improve the tension between the results
obtained from the Tokai to Kamioka (T2K) and the NuMI Off-axis νe Appearance (NOνA) experiments.
Further, the nonobservation of the predicted upturn in the solar neutrino spectra below 8 MeV can be
explained by postulating an extra light sterile neutrino state with a mass-squared difference around
10−5 eV2. The hypothesis of an additional light sterile neutrino state introduces four distinct mass spectra
depending on the sign of the mass-squared difference. In this paper, we discuss the implications of the
above scenarios on the observables that depend on the absolute mass of the neutrinos; namely, the sum of
the light neutrino masses (Σ) from cosmology, the effective mass of the electron neutrino from beta decay
ðmβÞ, and the effective Majorana mass ðmββÞ from neutrinoless double beta decay. We show that some
scenarios can be disfavored by the current constraints of the above variables. The implications for projected
sensitivity of Karlsruhe Tritium Neutrino Experiment (KATRIN) and future experiments like Project-8,
next Enriched Xenon Observatory (nEXO) are discussed.

DOI: 10.1103/PhysRevD.110.015028

I. INTRODUCTION

The phenomena of neutrino oscillations, in which
neutrino flavor states switch their identities while propa-
gating, have been observed in several terrestrial experi-
ments [1–4]. This requires at least two of the neutrinos to
have small but nonzero masses and mixing between the
different flavors. This, in turn, implies physics beyond the
Standard Model (BSM). Many BSM scenarios have been
studied for generating neutrino masses. The smallness of
the neutrino masses is often linked with lepton number
violation through the dimension 5 Weinberg operator
LLHH

Λ [5]. This operator violates the lepton number, which
signifies the Majorana nature of the neutrinos.

Neutrino oscillation experiments are sensitive to two
mass-squared differences and mixing angles of the neu-
trinos. However, they cannot shed light on the absolute
mass scale or the nature of neutrinos. If neutrinos are
considered to be Majorana in nature, a rare and slow
nuclear decay, known as neutrinoless double beta decay
(0νββ) [6], can exist in nature. Several experiments
aimed to observe this process, but there has not been
any positive evidence so far. The KamLAND-Zen experi-
ment using the Xe136 isotope as the decaying nucleus gives
the lower bound on the half-live as T0νββ

1=2 > 1.07 × 1026 yr
at 90% confidence level [7] whereas the GERDA experi-
ment uses Ge76 isotope and their latest limit on the half-life
is T0νββ

1=2 > 1.8 × 1026 yr at 90% confidence level [8]. The
lower bounds on half-lives can be translated into upper
bounds on the effective Majorana mass parameter (mββ),
which depends on the neutrino masses, mixing angles, and
the Majorana phases.
The information about the absolute mass scale of

neutrinos can also come from tritium beta decay. The
KATRIN experiment sets the current limit on the mass
parameter, mβ ≲ 0.8 eV at 90% confidence level [9].
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Cosmological observations like CMB anisotropies,
large-scale structure formation, etc., can also put bound
on the absolute mass scale of neutrinos. The most stringent
bound on the sum of the light neutrino masses (Σ) <
0.12 eV comes from the Planck Collaboration by consid-
ering three degenerate neutrino mass eigenstates [10].
Although the three-generation paradigm is well estab-

lished, there are experimental anomalies that indicate the
presence of an extra light sterile neutrino of mass of the
order of eV. The short baseline experiments, LSND [11]
and MiniBooNE [12], showed an excess signature of
electron neutrinos coming from a muon neutrino beam.
Gallium-based solar neutrino experiments GALLEX [13],
SAGE [14], and as well as the BEST [15] experiments
found the deficit in electron neutrinos while calibrating the
detector using the neutrinos from 51Cr and 37Ar sources.
One possible resolution of the results from these experi-
ments is provided by incorporating an additional light
neutrino state with mass ∼1 eV [16]. The MiniBooNE
experiment also reported a low-energy excess in the
electron events above the background. MicroBooNE detec-
tor was designed to test this excess using a liquid argon
time projection chamber detector with superior particle
identification and background rejection capability. The first
MicroBooNE results did not report this excess in the
electron events in their three years of data [17–19] and
the results are consistent with the 3ν hypothesis within 1σ
significance [20]. However, in Ref. [21], it was shown
that the electron disappearance data from MicroBooNE
indicates oscillations with the highest significance
of 2.4σ (using the Feldman-Cousins approach) coming
from the Wire-Cell analysis. The preferred parameters are
quoted as sin2 ð2θ14Þ ¼ 0.35þ0.19

−0.16 and Δm2
41ð≡Δm2

sÞ ¼
1.25þ0.74

−0.39 eV2. Moreover, the joint analysis of the results
from MiniBooNE and MicroBooNE experiments preferred
the 3þ 1 scenario over no oscillation [22].
There are also motivations for considering sterile neu-

trinos lower than the eV scale. The inclusion of a sterile
neutrino with mass squared difference ðΔm2

sÞ ∼ 10−5 eV2

has been postulated to explain the absence of the upturn of
solar neutrino probability below 8 MeV [23]. Additionally,
it is also shown that the tension between NOνA and T2K
data can be reduced in the presence of a sterile neutrino
with Δm2

s ∼ ð10−4∶ 10−2Þ eV2 [24]. Recently, the signa-
tures of the sub-eV sterile neutrinos in future experiments
have been studied in Refs. [25–28] in the context of future
long-baseline atmospheric neutrino experiments.
In this paper, we study the implication of a very light

sterile neutrino withΔm2
s in the range ð10−4∶ 10−2Þ eV2 on

the mass-related variables such as mββ; mβ, and Σ. Such
investigations in the context of an eV scale sterile neutrino
have been explored in [29]. In our work, along with the
sub-eV scale sterile neutrino we also present the results for
an eV scale sterile neutrino with the current constraints on

the mixing the parameters. We consider the 3þ 1 picture
with a single sterile neutrino added to the three sequential
neutrinos. In this case, there can be four mass possible
spectra; two each with Δm2

s > 0 and Δm2
s < 0. We explore

the implication of the cosmological constraint on the
sum of light neutrino masses for these spectra. We also
discuss the constraints on the possible mass spectra in the
light of KATRIN results onmβ and KamLAND-Zen results
on mββ. Additionally, we examine the implications of the
future measurements by proposed experiments Project8,
nEXO [30,31].
The outline of the paper is as follows. Section II gives a

brief overview of the neutrino mass and mixing scenarios in
the standard three-generation and 3þ 1 framework. In
Sec. III, we study the implications of the various mass
spectra for Σ, mββ, and mβ. Section IV presents an analysis
on the correlation between mββ; mβ, and Σ. Finally, we
summarize the results in Sec. V.

II. NEUTRINO MASSES AND MIXING

A. The standard framework

Neutrino oscillation is governed by the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix (U), which
describes the relationship between the neutrino flavor
and mass eigenstates [32]. The mass matrix in the flavor
basis Mν and the mass matrix in the mass basis Mdiag

ν are
related as

Mν ¼ UMdiag
ν UT; ð1Þ

where Mdiag
ν ¼ diagðm1;m2;m3Þ: ð2Þ

The PMNS matrix is parametrized by three mixing angles
ðθ12; θ13; θ23Þ and one CP Phase (δ13) for Dirac neutrinos,
whereas Majorana nature of neutrino adds two extra phases
ðα; βÞ along with it. Various oscillation experiments pro-
vide information about the mixing angles (θ12, θ13, θ23) and
mass-squared differences (Δm2

sol;Δm2
atm). Here Δm2

sol > 0

and defined as m2
2 −m2

1. Depending on the sign of Δm2
atm,

the masses in the three-flavor framework are categorized
into two mass orderings:

(i) Normal ordering (NO): In NO, Δm2
atm ≡

m2
3 −m2

1 > 0. The mass ordering in this scenario
is m1 < m2 < m3, and the mass relations can be
expressed as

mlightest ¼ m1; m2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ Δm2
sol

q
;

m3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ Δm2
atm

q
: ð3Þ

(ii) Inverted ordering (IO): In this case, the mass order-
ing is m3 < m1 < m2 and Δm2

atm ≡m2
3 −m2

2 < 0.
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In this ordering, the mass relation ns are written as

mlightest ¼ m3; m2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ Δm2
atm

q
;

m1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ Δm2
atm − Δm2

sol

q
: ð4Þ

(iii) Quasidegenerate spectrum (QD): Apart from NO
and IO, there might be a scenario where m1≈
m2 ≈m3. This scenario is generally referred to as
quasidegenerate spectrum. In this scenario, the value
of the lightest mass is greater than

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
.

The current best-fit and 3σ range of these parameters,
determined from various experiments, are given in Table I.

B. The 3 + 1 framework

In this case, we have one extra mass-squared difference
(Δm2

s ≡m2
4 −m2

1), three new mixing angles ðθ14; θ24θ34Þ
and two new Dirac CP phases ðδ14; δ24Þ and one additional
Majorana phase (γ). The mass matrix in the flavor basis can
be defined as

Ms
ν ¼ UMdiag

ν UT; where Mdiag
ν ¼ diagðm1;m2;m3;m4Þ:

ð5Þ

In the 3þ 1 framework, the mixing matrix U can be
parametrized as

U ¼ R34ðθ34ÞR̃24ðθ24; δ24ÞR̃14ðθ14; θ14ÞR23ðθ23Þ
× R̃13ðθ13; δ13ÞR12ðθ12ÞP

¼

0
BBB@

Ue1 Ue2 Ue3 Ue4

Uμ1 Uμ2 Uμ3 Uμ4

Uτ1 Uτ2 Uτ3 Uτ4

Us1 Us2 Us3 Us4

1
CCCA; ð6Þ

where Rij’s are the standard rotational matrices in the i, j
generational space. For instance,

R34ðθ34Þ ¼

0
BBB@

1 0 0 0

0 1 0 0

0 0 c34 s34
0 0 −s34 c34

1
CCCA;

R̃14ðθ14; δ14Þ ¼

0
BBB@

c14 0 0 s14e−iδ14

0 1 0 0

0 0 1 0

−s14eiδ14 0 0 c14

1
CCCA: ð7Þ

Here, cijðsijÞ stands for cos θijðsin θijÞ and P is the
diagonal matrix containing the Majorana phases, defined as

P ¼ diagð1; eiα2; eiðβ2þδ13Þ; eið
γ
2
þδ14ÞÞ. In Table II, we present

three representative values of Δm2
s and sin2 θ14 extracted

from the allowed region from MINOS, MINOSþ, Daya-
Bay, and Bugey-3 experiments [34,35]. The value of
sin2 θ14 analyzing the LSND and MiniBooNE data is in
the range ð0.01∶0.02Þ for Δm2

s ¼ 1.3 eV2, whereas the
MINOS and MINOSþ data allows the region with
sin2 θ14 is <0.01.

TABLE I. 3σ ranges and best fit values extracted of three neutrino oscillation parameters [33]. Here, Δm2
sol ≡

m2
2 −m2

1 and Δm2
atm ≡m2

3 −m2
1 for NO and m2

2 −m2
3 for IO.

Normal ordering Inverted ordering

Parameters 3σ range Best fit 3σ range Best fit

sin2 θ12 0.270∶0.341 0.303 0.270∶0.341 0.303
θ12 31.31°∶35.74° 33.41° 31.31°∶35.74° 33.41°

sin2 θ13 0.0202∶0.0239 0.0220 0.0202∶0.0239 0.0220
θ13 8.19°–8.89° 8.54° 8.23°∶8.90° 8.57°

sin2 θ23 0.406∶0.620 0.572 0.412∶0.623 0.578
θ23 39.6°∶51.9° 49.1° 39.9°∶52.1° 49.5°

δ13 197° 108°∶404° 286° 192°∶360°

Δm2
sol=10

−5 eV2 6.82∶8.03 7.41 6.82∶8.03 7.41

Δm2
atm=10−3 eV2 2.428∶2.597 2.511 ð−2.581∶ −2.408Þ −2.498

TABLE II. Allowed values of the sterile neutrino parameters
Δm2

s ; sin2 θ14 in the 3þ 1 scenario for three different mass-
squared differences (Δm2

s ¼ 10−4 eV2; 0.01 eV2, and 1.3 eV2)
are given. The value of the sin2 θ14 is chosen to be consistent with
MINOS, MINOSþ, Daya-Bay, and Bugey-3 data [34].

Parameters Case I Case II Case III

Δm2
s 10−4 eV2 10−2 eV2 1.3 eV2

sin2 θ14 0.1∶0.2 5 × 10−4∶ 5 × 10−3 0.001∶0.01
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In the 3þ 1 framework, the sign and the magnitude of Δm2
s lead to different mass spectra:

(1) SNO-NO ðΔm2
s > 0;Δm2

atm > 0Þ
In this scenario, mass ordering is different for Δm2

s > Δm2
atm and Δm2

s < Δm2
atm which is depicted in the top left

corner of Fig. 1 with a red solid line and a blue dashed line, respectively. For Δm2
s > Δm2

atm, the mass ordering is
m1 < m2 < m3 < m4, given in the top left corner of Fig. 1. Whereas for Δm2

s < Δm2
atm, the ordering is m1 < m2 <

m4 < m3. In both cases, the mass relations are expressed as

mlightest ¼ m1; m2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þΔm2
sol

q
;

m3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þΔm2
atm

q
; m4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þΔm2
s

q
: ð8Þ

(2) SNO-IO ðΔm2
s > 0;Δm2

atm < 0Þ
In this case, the mass ordering is the same for both Δm2

s > Δm2
atm and Δm2

s < Δm2
atm and is delineated as

m3 < m1 < m2 < m4. The mass relations are expressed as

mlightest ¼ m3; m2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ Δm2
atm

q
;

m1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ Δm2
atm þ Δm2

sol

q
; m4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ Δm2
atm − Δm2

sol þ Δm2
s

q
: ð9Þ

FIG. 1. Possible mass spectra with the inclusion of a sterile neutrino. Here red solid line corresponds to the value of m4 when
Δm2

s > Δm2
atm whereas the blue dashed line indicates the same with Δm2

s < Δm2
atm.
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(3) SIO-NO ðΔm2
s < 0;Δm2

atm > 0Þ
The mass ordering in this scenario is defined asm4 < m1 < m2 < m3, and it is the same for both the Δm2

s ranges.
The mass relations can be written as

mlightest ¼ m4; m2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
s þ Δm2

sol

q
;

m1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
s

q
; m3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
s þ Δm2

atm

q
: ð10Þ

(4) SIO-IO ðΔm2
s < 0;Δm2

atm < 0Þ
(a) For Δm2

s > Δm2
atm, the mass ordering is m4 < m3 < m1 < m2 and the mass relations are defined as

mlightest ¼ m4; m2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
s þ Δm2

sol

q
;

m1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
s

q
; m3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
s þ Δm2

sol − Δm2
atm

q
: ð11Þ

(b) For Δm2
s < Δm2

atm, the mass ordering is m3 < m4 < m1 < m2 and the mass relations can be expressed as

mlightest ¼ m3; m2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ Δm2
atm

q
;

m1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ Δm2
atm − Δm2

sol

q
; m4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ Δm2
atm − Δm2

sol − Δm2
s

q
: ð12Þ

In the Appendix, we have given the variation of masses (mi) with respect to the lightest mass for all the scenarios.

III. NEUTRINO MASS VARIABLES

In this section, we study the implications of adding an
additional sterile neutrino for the mass variables mββ; mβ;Σ.

A. Bound from cosmology

Light sterile neutrinos can have a significant impact on
the evolution of the Universe, and thus, their presence
can be investigated using cosmological observations. If
sterile neutrinos are massless, they contribute to the light
relativistic degrees of freedom in the early Universe,
quantified as Neff , which can be directly constrained from
cosmic microwave background (CMB) and large-scale
structure (LSS) data. The Standard Model of particle
physics predicts NSM

eff ¼ 3.044þ0.0002
−0.0002 [36–38], assuming

only three degenerate light active neutrinos, but can
increase in general when the sterile neutrino contribution
is added.1

In the case of massive sterile neutrinos, one needs to add
one more free parameter, meff

s , the effective sterile neutrino
mass in the cosmological models along with Neff . The
effective sterile neutrino mass is different from its physical
mass (mph

s ) but can be related as meff
s ¼ ΔN3=4

eff m
ph
s if the

neutrinos are fully thermalized with active neutrinos and

meff
s ¼ ΔNeffm

ph
s for the partially thermalized sterile neu-

trinos where ΔNeff ¼ Neff − NSM
eff .

When PLANK 2018 data is fitted with standard ΛCDM
cosmological model, it tends to disfavor the presence
of extra light relativistic degrees of freedom [10].
However, with the inclusion of more parameters with the
standard ΛCDM cosmological model and fitting more data
from different cosmological observations, the cosmological
constraints can be relaxed. For example, in a recent
analysis, the Plankþ BAOþ Hubble parameter measure-
ment [43] þ Supernova Ia [44] data fitted with a 10
parameter cosmological model (10-PCM) i.e., ΛCDMþ
Neff þms

eff þ w0 þ nrun, gives the constraints on Neff

and Σ as follows [35]:

Neff ¼ 3.11þ0.37−0.36 ; Σ ¼ 0.16 eV; ð13Þ

where ω0 is the equation of state parameter of the dark
energy and nrun is the running of the scalar spectral index, a
parameter related to the initial conditions of the universe.
Another model with 12 parameters, called extended ΛCDM
(eΛCDM) gives bound as

Neff ¼ 3.11þ0.52−0.48 ; Σ ¼ 0.52 eV; ð14Þ

where Σ is defined as [45]

Σ ¼ m1 þm2 þm3 þmeff
s : ð15Þ

1However, Neff can be decreased in certain scenarios like very
low-reheating in sterile neutrinos [39,40] or self-interacting
sterile neutrinos [41,42].
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A fully thermalized neutrino implies ΔNeff ≈ 1, which is
ruled out from the cosmological data [35]. However, there
are interesting ideas to tamper with the sterile neutrino
thermalization and maintain Neff around NSM

eff . These
ideas include large chemical potentials [46–49], secret
interactions of the sterile neutrinos [41,50–53], and a
low reheating temperature of the universe [39,54–56].
Recently, an interesting scenario was proposed where a
cosmologically viable eV scale sterile neutrino is produced
from an ultralight pseudoscalar which can also be a
possible candidate for dark matter [57]. The sterile neutrino
is produced nonthermally which means meff

s ¼ ΔNeff m4,
where m4 is the physical mass of the sterile neutrino.

We have plotted Σ as a function of the lightest neutrino
mass for different mass schemes in Fig. 2 assuming the
value of Neff ¼ 3.11 from Eqs. (13) and (14). The pink
dashed line indicates the limit Σ ¼ 0.16 eV, and the black
dashed-dot line corresponds to Σ ¼ 0.52 eV.
The important features observed from Fig. 2 are as

follows:
(i) The SNO-NO scenario is favored by eΛCDM model

up to mlightest ∼ 0.15 eV for all the three mass-
squared differences. Whereas the 10-PCM is more
constraining and disfavor Δm2

s ¼ 1.3 eV2 above
mlightest > 0.01 eV and Δm2

s ¼ 10−4 eV2; 0.01 eV2

above mlightest > 0.04 eV.

FIG. 2. The variation total effective mass Σ with the lightest neutrino mass mlightest in different scenarios SNO-NO (top left), SNO-IO
(top right), SIO-NO (bottom left), and SIO-IO (bottom right). The green, red, and blue colors correspond to Δm2

s ¼ 10−4 eV2;
0.01 eV2; 1.3 eV2, respectively. The magenta dashed line corresponds to the 10-PCM and the black dashed-dot line corresponds to the
extended ΛCDM (eΛCDM) bound.
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(ii) For SNO-IO, eΛCDM model allows all values ofΔm2
s

up to mlightest ∼ 0.15 eV. However, Δm2
s ¼ 1.3 eV2

is disfavored by the 10-PCM for the entire range of
mlightest. The lower values ofΔm2

s are still allowed up
to mlightest ∼ 0.04 eV.

(iii) For SIO-NO and SIO-IO, the 10-PCM disfavors
Δm2

s ¼ 0.01 eV2 and 1.3 eV2 for the entire range of
mlightest but Δm2

s ¼ 10−4 eV2 is still allowed up to
mlightest ∼ 0.03 eV. However, if we consider eΛCDM

model, then Δm2
s ¼ 0.01 eV2 gets allowed up to

mlightest ∼ 0.1 eV.
The above discussion is summarized in Table III.

B. Bound from tritium β decay

A direct and model-independent constraint on the
neutrino mass can be derived through the experimental
analysis of the electron energy spectrum resulting from beta
decay in atomic nuclei. In beta decay, the energy excess due
to the nuclear mass difference is shared among the electron,
(anti)neutrino and the daughter nucleus. If the energy
resolution of the experiment exceeds the splittings of the
neutrino mass states (ΔE ≫ mi) then the emitted electron’s
spectrum depends on a quantity called the “kinematic
mass” of the electron neutrino which is defined as

mβ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jUe1j2m2

1 þ jUe2j2m2
2 þ jUe3j2m2

3 þ jUe4j2m2
4

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c212c

2
13c

2
14m

2
1 þ s212c

2
13c

2
14m

2
2 þ s213c

2
14m

2
3 þ s214m

2
4

q
:

ð16Þ

The kinematic mass depends on the mixing parameters,
mass squared differences, and the lightest neutrino mass.
The current KATRIN limit onmβ is ≤0.8 eV and the future
sensitivity is quoted asmβ ≤ 0.2 eV.We have plottedmβ as
a function of the lightest neutrino mass in Fig. 3 by varying
all the parameters in their respective allowed intervals as
given in Table II. The cyan dashed lines in the figure show
the projected sensitivity of the KATRIN experiment of
0.2 eV. In this figure, we also show the sensitivity of future
experiment Project 8 [30], by a dashed-dot black line,
which plans to probe the lightest neutrino mass with a
maximum sensitivity of up to 40 meV in a phased manner.
In Fig. 3, jUe1j2; jUe2j2; jUe3j2 are varied ð0.64∶0.72Þ;
ð0.26∶0.33Þ; ð0.020∶0.024Þ and the range of jUe4j2 as
given in Table II. In Table IV, we provide the necessary
values to explain the characteristics of Fig. 3.
The following observations can be made from Fig. 3:
(1) KATRIN’s future sensitivity allows us to probe mβ

only above mlightest ∼ 0.2 eV for SNO-NO, SNO-IO
for all values of Δm2

s . In case of SIO-NO, SIO-IO
KATRIN will be able to probe the entire spectrum of
mlightest for Δm2

s ¼ 1.3 eV2, and above mlightest ∼
0.02 eV for Δm2

s ¼ 10−4 eV2; 0.01 eV2.
(2) The sensitivity of Project 8 allows us to probe mβ

only above mlightest ∼ 0.03 eV for SNO-NO and
SIO-NO of Δm2

s ¼ 10−4 eV2. However, Project 8
experiment can probe SNO-IO, SIO-NO, and
SIO-IO for Δm2

s ¼ 0.01 eV2 and 1.3 eV2 in the
entire range of mlightest.

(3) SNO-NO: Using Eq. (8),mβ can be approximated as

TABLE III. The table summarises the status of four mass spectra for three different Δm2
s in the light of different cosmological models.

The limits correspond to the value of mlightest up to which the scenario is allowed.

Δm2
s ¼ 10−4 eV2 Δm2

s ¼ 0.01 eV2 Δm2
s ¼ 1.3 eV2

Mass ordering (mlightest) Limit 10 − PCM Limit eΛCDM Limit 10 − PCM Limit eΛCDM Limit 10 − PCM Limit eΛCDM

SNO-NO (m1) <0.04 <0.15 <0.04 <0.15 <0.01 <0.15
SNO-IO (m3) <0.03 <0.1 <0.03 <0.1 Disallowed <0.1
SIO-NO (m4) <0.04 <0.1 Disallowed <0.1 Disallowed Disallowed
SIO-IO (m3=m4) <0.04 <0.1 Disallowed <0.1 Disallowed Disallowed

mSNO−NO
β ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

lightest þ jUe2j2Δm2
sol þ jUe3j2Δm2

atm þ jUe4j2Δm2
s

q
: ð17Þ

(a) Formlightest <
ffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

sol

p
<

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
, it is seen from Table IV that the second, third and the fourth term in Eq. (17)

varies in the similar range for Δm2
s ¼ 10−4 eV2 and Δm2

s ¼ 0.01 eV2. Hence mSNO−NO
β varies as ð0.009∶0.01Þ

and ð0.008∶0.011Þ eV. In the case of Δm2
s ¼1.3 eV2, mSNO−NO

β ≈ jUe4j
ffiffiffiffiffiffiffiffiffiffi
Δm2

s

p
and varies between

ð0.036∶0.114Þ eV.
(b) For

ffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

sol

p
< mlightest <

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
<

ffiffiffiffiffiffiffiffiffiffi
Δm2

s

p
, mSNO−NO

ββ ≈mlightest for Δm2
s ¼ 10−4 eV2 and Δm2

s ¼ 0.01 eV2,
whereas jUe4j2Δm2

s still dominates in this region for Δm2
s ¼ 1.3 eV2.

(c) For
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
≪ jUe4j

ffiffiffiffiffiffiffiffiffiffi
Δm2

s

p
≪ mlightest, mSNO−NO

β is completely determined by the value of mlightest.
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FIG. 3. Kinematic mass mβ from tritium β decay in different scenarios of SNO-NO (top left), SNO-IO (top right), SIO-NO (bottom
left), and SIO-IO (bottom right) for Δm2

s ¼ 10−4 eV2 (green), Δm2
s ¼ 0.01 eV2 (red), and Δm2

s ¼ 1.3 eV2 (blue).

TABLE IV. 3σ ranges of different combinations of oscillation parameters relevant to understanding kinematic mass (mβ) in the
3þ 1 scenario.

jUe2j2Δm2
sol ð1 − jUe2j2ÞΔm2

sol jUe3j2Δm2
atm

jUe4j2Δm2
s

×10−5 ×10−5 ×10−5 Δm2
s ¼ 10−4 eV2 Δm2

s ¼ 0.01 eV2 Δm2
s ¼ 1.3 eV2

ð1.77∶2.65Þ ð4.57∶5.95Þ ð4.86∶6.24Þ ð1∶2Þ × 10−5 ð0.5∶5Þ × 10−5 ð0.13∶1.3Þ × 10−2
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(4) SNO-IO:

mSNO−IO
β ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

lightest þ Δm2
atm þ jUe4j2Δm2

s

q
: ð18Þ

(a) For mlightest ≪ Δm2
sol < Δm2

atm, mSNO−IO
β ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
≈ 0.05 eV for Δm2

s ¼ 10−4 eV2 and 0.01 eV2 as jUe4j2 is
very small. For Δm2

s ¼ 1.3 eV2, the value of mSNO−IO
β ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm þ jUe4j2Δm2
s

p
. Thus, the value of mβ for

Δm2
s ¼ 1.3 eV2 is greater than the

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
till m2 ≈ 0.1 eV.

(b) 0.1 ≪ mlightest, mSNO−IO
β ≈mlightest for the values of Δm2

s . Hence, for higher mlightest, the behavior of mβ is fully
characterized by mlightest.

(5) SIO-NO:

mSIO−NO
β ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

lightest þ Δm2
s þ jUe2j2Δm2

sol þ jUe3j2Δm2
atm

q
: ð19Þ

(a) For mlightest ≪
ffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

sol

p
≪

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
, mSIO−NO

β ≈ffiffiffiffiffiffiffiffiffiffi
Δm2

s

p
for Δm2

s ¼ 0.01 eV2 and 1.3 eV2. For
Δm2

s ¼ 10−4 eV2, second and third term vary
∼10−5, so we get a small variation due to that.

(b) For
ffiffiffiffiffiffiffiffiffiffi
Δm2

s

p
≪ mlightest, mSIO−NO

β ≈mlightest, and
the value of mSIO−NO

β depend on mlightest only.
(6) SIO-IO:

(a) For Δm2
s > Δm2

atm, mSIO−IO
β can be written as

mSIO−IO
β ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

lightest þ Δm2
s

q
ð20Þ

In this case, the conclusions are similar to
SIO-NO for Δm2

s ¼ 0.01 eV2 and 1.3 eV2.
(b) For Δm2

s < Δm2
atm, m

SIO−IO
ββ can be expressed as

mSIO−IO
β ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

lightest þ Δm2
atm

q
ð21Þ

In this case, for lower mlightestð<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atmÞ
p

region, mSIO−IO
β ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
≈ 0.05 eV. For

higher values of mlightestð>
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
Þ, the value

of mSNO−IO
β is proportional to mlightest which

leads to a straight line behavior in the figures.
The expressions of m2

β in various mlightest

limits are tabulated in Table IX in the Appendix.

C. Bound from neutrinoless double-beta decay

The cosmological observations and the tritium decay
measurements are sensitive to the absolute neutrino mass
scale, not to the nature of the neutrinos, i.e., whether the
neutrinos are Dirac or Majorana. The neutrinoless double-
beta decay (0νββ) process can provide both pieces of
information. The 0νββ decay process constrains the half-
life of the decaying isotope, which can be expressed as

T1=2 ¼
m2

e

G0νjM0νj2m2
ββ

; ð22Þ

where me is electron mass, G0ν denotes the leptonic phase
space and M0ν is the nuclear transition matrix element of
the decay andmββ is the effective Majorana mass which can
be expressed as

mββ ¼
X
i

U2
ei mi; ð23Þ

where i runs over the light neutrino species.
The current upper limits are mββ ≤ ð36–156Þ meV and

(79–180) meV as reported by the KamLAND-Zen and
GERDA experiments respectively. Recently, it was pointed
out that the nuclear matrix element calculations should
include a short-range contribution that originated from the
hard-neutrino exchange mechanism described in [58,59].
Reference [60] showed that the inclusion of the short-
range contribution tightens the limit on mββ as mββ ≤
ð25–68Þ meV for KamLAND-Zen.

1. Standard three-flavor framework

In the standard three-flavor framework Eq. (23) can be
expressed as

mStd
ββ ¼ m1 c212c

2
13 þm2 s212c

2
13e

iα þm3 s213e
iβ: ð24Þ

Unlike neutrino oscillation experiments, the effective
Majorana mass is sensitive to the Majorana phases of
the neutrinos. In addition, the effective Majorana mass is
also sensitive to the mass orderings.
In Figs. 4–6, gray, and light brown regions display the

effective mass governing 0νββ as a function of the lowest
mass in the standard three-flavor framework for NO and IO,
respectively. In these figures, the oscillation parameters are
varied over their 3σ ranges as tabulated in Table I, and
Majorana phases (α, β) are varied between ð0∶πÞ.
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FIG. 5. mββ is plotted for SNO-IO scenario against the lightest neutrino mass with the mass squared difference ðΔm2
sÞ ¼ 10−4 eV2

(green), 0.01 eV2 (red), 1.3 eV2 (blue) along with standard three-flavor normal ordering (gray) and inverted ordering (brown).

FIG. 6. mββ is plotted for SIO-NO (green) scenario against the lightest neutrino mass with the mass-squared difference
ðΔm2

sÞ ¼ ð10−4 eV2; 0.01 eV2; 1.3 eV2Þ along with standard three-flavor normal ordering (red) and inverted ordering (yellow).

FIG. 4. mββ is plotted for SNO-NO (green) scenario against the lightest neutrino mass with the mass squared difference ðΔm2
sÞ ¼

10−4 eV2 (green), 0.01 eV2 (red), and 1.3 eV2 (blue) along with standard three-flavor NO (gray) and IO (brown).
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Normal ordering (m1 < m2 < m3).—
(i) For mlightestðm1Þ ≪

ffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

sol

p
≪

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
, m2 ≈ffiffiffiffiffiffiffiffiffiffiffiffi

Δm2
sol

p
≈ 0.01 eV and m3 ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
≈ 0.05 eV.

The effectiveMajorana mass can be approximated as

mStd−NO
ββ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
c213

� ffiffiffi
r

p
s212 e

iα þ t213 e
iβ
�
; ð25Þ

where r ¼ Δm2
sol

Δm2
atm
. Complete cancellation is possible ifffiffiffi

r
p

s212 ¼ t213. In Table V, we enlist different combi-
nations of parameters appearing in the expression of
mStd−NO

ββ . As can be seen from the Table V, the
maximum value of t213 is much less than

ffiffiffi
r

p
s212, so

complete cancellation is not possible in this region.
For α ¼ β ¼ 0, we get the highest value ofmStd−NO

ββ ,
while the lowest value is obtained for α ¼ 0, β ¼ π,
or α ¼ π, β ¼ 0. In this region, the effective mass
satisfies 0.001 eV≲ jmStd−NO

ββ j≲ 0.004 eV.

(ii) For mlightest ≈
ffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

sol

p
. Here, mStd−NO

ββ can be ex-
pressed as

mStd−NO
ββ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
c213

� ffiffiffi
r

p
c212þ

ffiffiffi
r

p
s212e

iαþ t213e
iβ
�
:

ð26Þ

The effective mass attains minimum value for α ¼
β ¼ π and complete cancellation occurs whenffiffiffi
r

p
cos 2θ12 ¼ t213 From Table V, it can be inferred

that complete cancellation is not possible in this
region, which is also observed in Figs. 4–6.

(iii) From Fig. 4, it can seen that the value of mββ is very
small in a region 0.002 eV≲mlightest ≲ 0.007 eV.
This region is commonly referred to as the cancel-
lation region. As an example, considering the mix-
ing parameters equal to their best fit values and
mlightest ¼ 0.005 eV, we get mββ ≈ 10−4 for the
Majorana phases α ¼ β ¼ π.

Inverted ordering (m3 < m1 < m2).—
(i) In the limit m3 ≈ 0, m1 ≈m2 ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
and the

effective mass can be expressed as

mStd−IO
ββ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
c213

�
c212 þ s212 e

iα
�
: ð27Þ

In this region, mStd−IO
ββ is bounded from below and

above by minimum and maximum values as

jmStd−IO
ββ jmin ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
c213 cos 2θ12 ¼ 0.02 eV;

jmStd−IO
ββ jmax ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
c213 ¼ 0.05 eV: ð28Þ

These bounds are reflected also in Figs. 4–6.

Quasidegenerate spectrum (m1 ≈m2 ≈m3 ≳ 0.05 eV).—
The region where mlightest ≳

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
≳ 0.05 eV (for both

mass orderings), m1, m2, and m3 are approximately equal.
This region is called the quasidegenerate region. Here the
effective mass can be expressed as

mQD
ββ ¼ m0c213ðc212 þ s212 e

iα þ t213 e
iβÞ: ð29Þ

In this region, cancellation is not possible, as t213 ≈ 0.02;
s212 ≈ 0.3 will not be able to cancel out c212 ≈ 0.7 as can be
seen from Figs. 4–6. This region is in serious tension with
the cosmological observations because, for three degener-
ate neutrinos, the bound on mlightest < 0.05 eV consideringP

mν < 0.16 eV [from Eq. (13)].

2. 3 + 1 framework

In this subsection, the behavior of mββ is studied in the
context of various mass ordering schemes in the presence of
a light sterile neutrino. The plots in Figs. 4–7 are generated
by allowing all the oscillation parameters to vary in their 3σ
range as mentioned in Table I, and the sterile parameters are
varied according to the Table II.

SNO-NO.—The effective Majorana mass in this scenario
can be written as

mSNO−NO
ββ ¼ c214

��mStd−NO
ββ þ t214m4 eiγ

��; ð30Þ

where mStd−NO
ββ is the standard three-flavor effective mass

for normal ordering. In Fig. 4, we plotted mSNO−NO
ββ as a

function of the lightest neutrino mass (mlightest ¼ m1)
for the three mass-squared differences. To explain the
behavior of mSNO−NO

ββ in Fig. 4, we consider different limits
of mlightest.
The values of different terms in Eq. (30) are mentioned

for various limits ofm1 in the Table VI where the maximum
value ofmSNO−NO

ββ corresponds to γ ¼ 0 and minimum is for
γ ¼ π. The important points are as follows:

(i) For m1 ≪
ffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

sol

p
≪

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
≪

ffiffiffiffiffiffiffiffiffiffi
Δm2

s

p
, it is

seen from Table VI that for Δm2
s ¼ 10−4; 1.3 eV2

complete cancellation is possible between mStd−NO
ββ

and m4t214 for γ ¼ π.

TABLE V. 3σ ranges of different combinations of oscillation
parameters relevant to understanding the effective Majorana mass
in the standard three-flavor scenario.

Parameter
ffiffiffi
r

p ffiffiffi
r

p
s212

ffiffiffi
r

p
cos 2θ12 t213

ffiffiffi
r

p
t213

Max 0.18 0.0614 0.0828 0.0246 0.00443
Min 0.16 0.0432 0.0509 0.0204 0.00326
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(ii) For m1 ≈
ffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

sol

p
, complete cancellations continue

to occur for Δm2
s ¼ 10−4 eV2 and 1.3 eV2.

(iii) At higher values of m1 ≈ 0.1 eV, complete cancel-
lation happens only for Δm2

s ¼ 10−4 eV2 as seen
from third row.

(iv) In the 3þ 1 scenario quasidegenerate (QD) con-
dition will arise when m1 ≈m2 ≈m3 ≈m4. As seen
in Fig. 12(a), the QD region occurs around 0.08 eV,
0.2 eV for Δm2

s ¼ 10−4; 0.01 eV2. KamLAND-Zen
and nEXO both can probe a fraction of the QD
region for Δm2

s ¼ 10−4 eV2 and the entire region for
Δm2

s ¼ 0.01 eV2. However, cosmological bounds
(m1 > 0.03 eV) reject the QD region for both
values of Δm2

s .

SNO-IO.—Effective Majorana mass from double beta
decay can be expressed as

mSNO−IO
ββ ¼ c214

��mStd−IO
ββ þ t214m4 eiγ

��: ð31Þ

We have plotted mSNO−IO
ββ as a function of the lightest

neutrino mass (m3) for the three mass-squared differences
in the Fig. 5. The values of the terms in Eq. (31) are listed in
Table VII.

The notable points in the SNO-IO case are as follows:
(i) It is evident from Table VII, that the minimum value

ofmStd−IO
ββ is always greater than the maximum value

of m4t214 for all the three mass-squared differences.
Hence, complete cancellation is not possible for the
entire range of mlightest.

(ii) The value of m4t214 for Δm2
s ¼ 0.01 eV2 is very

small compared to mStd−IO
ββ . Therefore, mSNO−IO

ββ is
approximately equal to mStd−IO

ββ which is visible
from the middle panel of Fig. 5.

(iii) For Δm2
s ¼ 10−4 eV2 and 1.3 eV2, the minimum

value of mSNO−IO
ββ ≈ 0.01 eV is attained for γ ¼ π

which can be probed partially in the future experi-
ment, nEXO.

(iv) The QD regions, as observed from Fig. 13, is
occurred at m3 > 0.1, 0.2 eV for Δm2

s ¼ 10−4;
0.01 eV2 respectively. Although the QD region is
disfavored by cosmology for both the Δm2

s values,
KamLAND-Zen and nEXO can probe this region
partially for Δm2

s ¼ 10−4 eV2 and completely for
Δm2

s ¼ 0.01 eV2.

SIO-NO.—The effective Majorana mass is expressed as

mSIO−NO
ββ ≈ c214

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
s

q �
c212 þ s212 e

iα
�þm4t214 e

iγ
�
; ½Δm2

s > Δm2
atm�

mSIO−NO
ββ ≈ c214

�
c213

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
s

q �
c212 þ s212 e

iα
�þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4 þ Δm2
atm

q
s213 e

iβ
�
þm4t214 e

iγ
�

½Δm2
s < Δm2

atm�: ð32Þ

Here, we have used the mass relations mentioned in Eq. (10). In Fig. 6, we have shown mββ as function of mlightest (m4) in
three panels corresponding to different values of Δm2

s . Table VIII depicts the terms of Eq. (32).

TABLE VII. The 3σ ranges of different combinations of oscillation parameters relevant to understanding the
effective Majorana mass for SNO-IO in the 3þ 1 framework.

m4t214 (eV)

Regions mStd−IO
ββ (eV) Δm2

s ¼ 10−4 eV2 Δm2
s ¼ 0.01 eV2 Δm2

s ¼ 1.3 eV2

m3 ≈ 0 0.02∶0.05 0.005∶0.01 5 × 10−5∶5 × 10−4 0.001∶0.01
m3 ≈ 0.1 0.03∶0.1 0.01∶0.025 7.5 × 10−5∶7.5 × 10−4 0.001∶0.01

TABLE VI. 3σ ranges of different combinations of oscillation parameters relevant to understanding the effective
Majorana mass for SNO-NO in the 3þ 1 framework.

jm4t214j (eV)
Regions mStd−NO

ββ (eV) Δm2
s ¼ 10−4 eV2 Δm2

s ¼ 0.01 eV2 Δm2
s ¼ 1.3 eV2

m1 ≈ 0 0.001∶0.004 0.001∶0.002 5 × 10−5∶10−4 0.001∶0.01
m1 ≈

ffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

sol

p
0.0018∶0.018 0.0014∶0.003 5 × 10−5∶10−4 0.001∶0.01

m1 ≈ 0.1 0.02∶0.1 0.01∶0.02 5 × 10−4∶10−3 0.001∶0.01
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(i) For the region where the lightest mass is negligible (see Fig. 14), Eq. (10) will be

m4 ≈ 0; m2 ≈m1 ≈m3 ≈
ffiffiffiffiffiffiffiffiffiffiffi
Δm2

s ;
q

ðΔm2
s > Δm2

atmÞ;

m4 ≈ 0; m1 ≈m2 ≈
ffiffiffiffiffiffiffiffiffiffi
Δm2

s

q
; m3 ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
; ðΔm2

s < Δm2
atmÞ: ð33Þ

Effective Majorana mass from double beta decay

mSIO−NO
ββ ¼

ffiffiffiffiffiffiffiffiffiffi
Δm2

s

q �
c212 þ s212 e

iα
�
;

�
Δm2

s > Δm2
atm

�
;

mSIO−NO
ββ ¼ c213c

2
14

� ffiffiffiffiffiffiffiffiffiffi
Δm2

s

q �
c212 þ s212 e

iα
�þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
t213 e

iβ
�
;

�
Δm2

s < Δm2
atm

�
: ð34Þ

TABLE VIII. The 3σ ranges of different combinations of oscillation parameters relevant to understanding the effective Majorana mass
for SIO-NO in the 3þ 1 framework.

ffiffiffiffiffiffiffiffiffiffi
Δm2

s

p
cos 2θ12 (eV) m4t214 (eV)

Regions Δ ¼ 10−4 Δ ¼ 0.01 Δ ¼ 1.3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
t213 (eV) Δ ¼ 10−4 Δ ¼ 0.01 Δ ¼ 1.3

m4 ≈ 0 0.003 0.03 0.33 0.001 0 0 0
m4 ≈ 0.01 0.003 0.03 0.33 0.001 0.001∶0.002 5.10−5∶5.10−4 10−5∶10−4

In the first case, complete cancellation can happen
for α ¼ π and c212 ¼ s212, but since θ12 is less than
45°, this cannot happen, as shown in Fig. 6 for
Δms ¼ 10−4 eV2. In the second case, complete
cancellation occurs for α ¼ β ¼ π and

ffiffiffiffiffiffiffiffiffiffi
Δm2

s

q
cos 2θ12 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
t213: ð35Þ

This condition is not satisfied for Δm2
s ¼ 1.3,

0.01 eV2 as can be seen from Table I and Table VIII.
The value of mSIO−NO

ββ varies between ð0.3∶1Þ eV
and ð0.001∶0.01Þ eV for Δm2

s ¼ 1.3; 10−4 eV2, re-
spectively, as seen in Fig. 6.

(ii) Around m4 ≈ 0.01 eV, in case of Δm2
s ¼

0.01 eV2 and 1.3 eV2, the sterile contribution is
negligible compared to other terms as the value of
θ14 is small and thus no cancellation occurs, but due
to large θ14 for Δm2

s ¼ 10−4, the value of m4t214
varies between ð0.001∶0.002Þ which allows us to
have a narrow cancellation region for α¼ β¼ γ ¼ π.

(iii) It is to be noted that the KamLAND-ZEN experi-
ment disallows the entire parameter space of
mSIO−NO

ββ for Δm2
s ¼ 1.3 eV2. For Δm2

s ¼ 0.01 eV2

a part of the parameter space gets disfavored for all
values of mlightest, whereas for Δm2

s ¼ 10−4 eV2

regions with higher values of mlightestð> 0.3 eVÞ
are disfavored. For 10−4 eV2, the allowed region
of mSIO−NO

ββ can be partially probed by nEXO
experiment.

SIO-IO.—In three panels of Fig. 7, the Majorana mass,mββ

in SIO-IO scenario has been plotted against mlightest ¼ m4.
(i) For Δm2

s > Δm2
atm, mββ is exactly similar to the

SIO-NO scenario (Δm2
s > Δm2

atm). Thus, the results
and the conclusions remain identical.

(ii) For Δm2
s < Δm2

atm, the value of mββ in a region
where mlightest is small, can be approximated as

�
mSIO−IO

ββ

�
Δm2

s<Δm2
atm

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

q
c214

�
c212 þ s212 e

iα þ t214 e
iγ
�
: ð36Þ

Here, complete cancellation requires α ¼ γ ¼ π and

cos 2θ12 ¼ t214: ð37Þ
In this region, complete cancellation is not possible
as Eq. (37) is not satisfied for the allowed range of
mixing angle θ14 given in Table II.

(iii) As can be seen in Fig. 15, for mlightest >
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

atm

p
,

m1 ≈m2 ≈m3 ≈m4 ≈m0 and the value of mββ can
be written as
�
mSIO−IO

ββ

�
Δm2

s<Δm2
atm

¼ m0c214
�
c212 þ s212 e

iα þ t214 e
iγ
�

ð38Þ
In this region, cancellation is also not possible, and
mββ is proportional to the value of the lightest mass.

(iv) It can be seen from Fig. 7, higher values of mββ are
disfavored by KamLAND-Zen for all values of
mlightest and nEXO can rule out an even greater part
of the parameter space in the absence of any signal.
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The expressions of mββ in various mlightest limits are
tabulated in Table X in the Appendix.

D. Correlations

In the earlier subsections, we discussed the independent
constraints on mass variables from cosmology, single β
decay, and 0νββ decay. In this section, we discuss the corre-
lations of the mass observable amongst each other [61]. We
have plotted in Figs. 8–11, the correlation of mβ against Σ
(left), mββ against Σ (middle), and mββ against mβ (right)
for all the mass spectra. The yellow-shaded and the
brown-hatched regions correspond to cosmologically
excluded regions mentioned in Eqs. (13) and (14), respec-
tively. The other horizontal and vertical lines are the
current experimental limits [KamLAND-Zen (Cyan)] and
future sensitivity [KATRIN (Pink), Project 8 (Black),
nEXO (Magenta)] with their respective color mentioned
in brackets. Blue, red, and green regions in the plots

of Figs. 8–11 correspond to Δm2
s¼ 1.3 eV2, 0.01 eV2,

10−4 eV2, respectively. For each value of Δm2
s , the mixing

angles and mass squared differences are varied within the
3σ range mentioned in Table I and Table II. The lightest
neutrino mass and the Majorana phases are varied over
(10−5: 1) eVand (0∶π), respectively. The nature of the plots
can be understood from the plots of Σ, mβ, mββ presented
earlier. For instance, the left most panel is the correlation
plot in the mβ − Σ plane. From Figs. 2 and 3 it is seen that
for SNO-NO and Δm2

s ¼ 1.3 eV2, Σ is in the range
∼ð0.3∶3Þ eV while mβ is in the range ∼ð0.04∶1Þ eV.
This is reflected in the blue shaded regions in Fig. 8.
For the mββ plots (middle and the right panels) the widths
are due to the Majorana phases and correspond to the
ranges obtained in Fig. 4. Similarly, for other mass spectra,
the nature of the plots can also be explained by looking at
the figures. Below, we describe the correlations among the
different observables.

FIG. 7. mββ is plotted for SIO-IO (green) scenario against the lightest neutrino mass with the mass squared difference ðΔm2
sÞ ¼

ð10−4 eV2; 0.01 eV2; 1.3 eV2Þ along with standard three-flavor normal ordering (red) and inverted ordering (yellow).

FIG. 8. Correlations of mβ against and Σ (left), mββ against Σ (middle), and mββ against mβ (right) for SNO-NO is plotted here. The
green, blue, and red regions describe the values for Δm2

s ¼ 10−4 eV2, 0.01 eV2, and 1.3 eV2, respectively. The yellow-shaded and
brown-hatched regions correspond to the exclusion regions by Eqs. (13) and (14), respectively.
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FIG. 10. Correlations of mβ against and Σ (left), mββ against Σ (middle), and mββ against mβ (right) for SNO-IO is plotted here. The
green, blue, and red regions describe the values for Δm2

s ¼ 10−4 eV2, 0.01 eV2, and 1.3 eV2, respectively. The yellow-shaded and
brown-hatched regions correspond to the exclusion regions by Eqs. (13) and (14), respectively.

FIG. 11. Correlations of mβ against and Σ (left), mββ against Σ (middle), and mββ against mβ (right) is plotted here. The green, blue,
black, and red regions describe SNO-NO, SNO-IO, SIO-NO, and SIO-IO, respectively. The shaded regions correspond to the exclusion
regions of the respective x-axis labels.

FIG. 9. Correlations of mβ against and Σ (left), mββ against Σ (middle), and mββ against mβ (right) for SNO-IO is plotted here. The
green, blue, and red regions describe the values for Δm2

s ¼ 10−4 eV2, 0.01 eV2 and 1.3 eV2, respectively. The yellow-shaded and
brown-hatched regions correspond to the exclusion regions by Eqs. (13) and (14), respectively.
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(1) SNO-NO:
The correlation plots for SNO-NO are shown

in Fig. 8:
(a) From the left panel, it is seen that the cosmo-

logical mass bound disfavors a large parameter
space for all three mass-squared differences.
The allowed region from cosmology will not
be sensitive to KATRIN’s projected limit, but the
proposed Project 8 experiment can probe the
parameter space for Δm2

s ¼ 1.3 eV2.
(b) From the middle panel, it is observed that some

part of the parameter space disfavored by the
cosmological bound is also disfavored by
KamLAND-Zen. In the region allowed by cos-
mology, mβ can be very low. Therefore,
KamLAND-Zen can probe a very small part
of it, and the projected sensitivity nEXO experi-
ment can only probe some parts of these regions
for all the mass-squared differences.

(c) From the right panel, it can be noted that the
proposed experiments nEXO and Project 8
together can rule out almost the entire para-
meter space for Δm2

s ¼ 1.3 eV2 in the absence
of any signal. However, in the case of Δm2

s ¼
0.01; 10−4 eV2, only parts of the parameter
space can be probed by the upcoming above
cited experiments.

(2) SNO-IO:
Figure 9 shows the correlation plots for SNO-IO:

(a) From the left panel, it is visible that Δm2
s ¼

1.3 eV2 is ruled out by stringent cosmological
limit. But for Δm2

s ¼ 10−4 eV2 and 0.01 eV2

small parts of parameter space are allowed by
cosmology and KATRIN’s projected sensitivity.
These allowed regions can be completely probed
in the proposed Project 8 experiment.

(b) It can be noted from the middle panel that
KamLAND-Zen and cosmology rule out a large
part of the parameter space for all the mass-
squared differences. For Δm2

s ¼ 0.01; 10−4 eV2,
the region allowed by cosmology and Kam-
LAND-Zen can be probed in future experi-
ment nEXO.

(c) From the right panel, it is observed that Project 8
and nEXO experiments together can probe the
entire parameter space for Δm2

s ¼ 10−4 eV2;
0.01 eV2, and 1.3 eV2.

(3) SIO-NO:
In Fig. 10, correlations between the mass varia-

bles for the SIO-NO scenario are plotted:
(a) The left and middle panels show that eΛCDM

model only allows a part of the parameter space
for Δm2

s¼ 0.01 eV2, 10−4 eV2, however with
the cosmological bound only Δm2

s ¼ 10−4 eV2

is preferred.

(b) From the left panel, it is visible that the current
KATRIN bound cannot probe the regions al-
lowed by cosmological and eΛCDM model. Only
proposed Project 8 can probe allowed regions
for 1.3 eV2.

(c) The middle panel depicts that the KamLAND-
Zen sensitivity will be able to probe the eΛCDM

favored regions of 10−4 eV2 and 0.01 eV2 par-
tially. The nEXO can completely probe allowed
regions of 0.01 eV2.

(d) It is to be noted from the right panel that the
future experiments nEXO and Project 8 can
together probe the entirety of the parameter
space for Δm2

s ¼ 1.3 eV2; 0.01 eV2, and a frac-
tion of the regions for Δm2

s ¼ 10−4 eV2.
(4) SIO-IO:

The correlations amongst the mass variables for
the SIO-IO scenario are plotted in Fig. 11:
(a) From the left panel, we understand that the

SIO-IO scenario is similar to the SIO-NO
scenario. The only difference is that Project 8
will be able to probe the entire cosmologically
allowed regions of Δm2

s ¼ 10−4 eV2.
(b) The middle panel portrays similar observations

to that of SIO-NO apart from the fact that now
future experiment nEXO can cover almost the
total parameter space for all Δm2

s values con-
sidered by us.

(c) From the right panel, it can be seen that the
proposed experiments Project 8 and nEXO can
together cover the entire parameter space for all
the values of Δm2

s .

IV. SUMMARY AND DISCUSSION

The results from short baseline neutrino oscillation experi-
ments e.g., LSND and MiniBooNE and radiochemical
experiments e.g., GALLEX, SAGE, and BEST indicate
the possibility of having an extra neutrino state with OðeVÞ
mass squared difference. Moreover, the tension between the
results of T2K and NOνA experiments can be improved
by invoking an additional state mass squared difference
∼10−2 eV2 and lack of upturn events in the solar neutrino
spectra below 8MeV can be explained by an ultralight sterile
neutrino. Thus, sterile neutrinos with a very wide range of
mass differences (Δm2

s ¼ m2
4 −m2

1) have been proposed in
the literature. The addition of a sterile state implies four mass
spectra, namely: SNO-NO (Δm2

s > 0;Δm2
atm > 0), SNO-IO

(Δm2
s > 0;Δm2

atm < 0), SIO-NO (Δm2
s < 0;Δm2

atm > 0),
and SIO-IO (Δm2

s < 0;Δm2
atm < 0), where NO (IO) stands

for þve (−ve) value of Δm2
31 and SNO (SIO) stand forþve

(−ve) value of Δm2
41. The mass spectra are depicted in

Fig. 1. We explore the implications of the mass spectra for
sum of light neutrino masses from cosmology, beta decay,
and 0νββ decay.
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(i) The scenario of Δm2
s ¼ 1.3 eV2 with Δm2

s < 0 is
known to be in conflict with the cosmological bound
on the sum of neutrino masses. The specific bounds
depend on the chosen datasets and the cosmological
models used for fitting. Here we consider two
different cosmological models; a 10 parameter
cosmological model (10-PCM) and a 12 parameter
cosmological model ðeΛCDMÞ which provide the
limit on the total mass of the light neutrino species asP

< 0.16 eV and
P

< 0.52 eV, respectively. We
find that SIO-NO and SIO-IO is completely ruled
out by cosmology. Moreover, such scenarios are
disfavored from the current limit on mβ by KATRIN
experiment and also from the upper limit on mββ by
KamLAND-Zen experiment. We want to emphasize
that SIO-NO and SIO-IO scenarios for Δm2

s ¼
1.3 eV2 are not only disfavored by cosmology but
also by KATRIN and KamLAND-Zen. However, we
see that SNO-NO and SNO-IO for Δm2

s ¼ 1.3 eV2

is still allowed below mlightest ≈ 0.1 eV, in the limit
of eΛCDM model, KATRIN and KamLAND-Zen but
proposed experiment Project 8 will be able to probe
the scenarios with the projected limit of mβ.

(ii) It is often believed that sterile neutrinos with mass-
squared difference smaller than 1.3 eV2 can be
allowed by cosmology. Here we find that, for
Δm2

s ¼ 0.01 eV2, all mass spectra are allowed in
eΛCDM model up to a value of mlightest ≈ 0.1 eV but
SIO-NO and SIO-IO is disfavored when 10-PCM
model is considered whereas SNO-NO and SNO-IO
scenarios remain valid up to mlightest ∼ 0.03 eV. It is
also noted that projected sensitivity from KATRIN
experiments will not be able to probe the mass
spectra, but SNO-IO, SIO-NO, and SIO-IO scenar-
ios can be probed completely with Project 8’s
proposed sensitivity. In the case of neutrinoless
double decay measurements, KamLAND-Zen ex-
periment ruled out most of the parameter space of

SIO-NO and SIO-IO scenario for Δm2
s ¼ 0.01 eV2

and next generation experiment nEXO will be able
to probe the parameter space completely. Moreover,
nEXO will also be able to probe the SNO-IO
scenario completely for Δm2

s ¼ 0.01 eV2.
(iii) It is seen from Fig. 2 that Δm2

s ¼ 10−4 eV2 i.e.,
sterile neutrino with very small mass-squared differ-
ence is allowed up to mlightest ≈ 0.03 eV and up to
mlightest ≈ 0.1 eV from eΛCDM model. In case of
direct mass measurement, KATRIN’s projected limit
can probe the mass spectra up to mlightest ≈ 0.2 eV
whereas Project 8 will be able to probe SNO-IO,
SIO-IO scenarios completely and SNO-NO,
SIO-NO scenarios up to mlightest ≈ 0.04 eV. We also
find that neither KamLAND-Zen nor nEXO can
completely probe the mass spectra, but they rule out
some parameter space for SNO-IO, SIO-NO, and
SIO-IO scenarios.

In conclusion, in the presence of a light sterile state, mass-
related observables can provide constraints on the possible
spectra and can disfavor some of these depending on the
mass of the sterile state.
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APPENDIX: MASS-SPECTRUM

FIG. 12. Variation of masses with respect to the lightest neutrino mass for SNO-NO.
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FIG. 13. Variation of masses with respect to the lightest neutrino mass for SNO-IO.

FIG. 14. Variation of masses with respect to the lightest neutrino mass for SIO-NO.

FIG. 15. Variation of masses with respect to the lightest neutrino mass for SIO-IO.
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