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We compute the next-to-leading order (NLO) corrections to the vertices where a pair of the lightest
neutralino couples to CP-even (light or heavy) Higgs scalars. In particular, the lightest neutralino is
assumed to be a dominantly binolike mixed state, composed of bino and Higgsino or bino, wino, and
Higgsino. After computing all the three-point functions in the electroweak minimal supersymmetric
Standard Model (MSSM), we detail the contributions from the counterterms that arise in renormalizing
these vertices in one-loop order. The amendment of the renormalized vertices impacts the spin-independent
direct detection cross sections of the scattering of nucleons with dark matter. We perform a comprehensive
numerical scan over the parameter space where all the points satisfy the present B-physics constraints and
accommodate the muon’s anomalous magnetic moment. Finally, we exemplify a few benchmark points,
which indulge the present searches of supersymmetric particles. After including the renormalized one-loop
vertices, the spin-independent DM-nucleon cross sections may be enhanced up to 20% compared to its tree-
level results. Finally, with the NLO cross section, we use the recent LUX-ZEPLIN (LZ) results on the
neutralino-nucleon scattering to display the relative rise in the lowest allowed band of the Higgsino mass
parameter in the M1-μ plane of the electroweak MSSM.
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I. INTRODUCTION

One of the main motivations of the supersymmetric
(SUSY) Standard Model (SM) with minimal field content
or the minimal supersymmetric SM (MSSM) is the pre-
diction of the lightest supersymmetric particle (LSP) in the
form of the lightest neutralino, which is neutral and weakly
interacting with the SM particles. If R-parity is conserved,
in most parts of the MSSM parameter space, the lightest
neutralino (χ̃01) becomes stable, thus forming a good dark
matter (DM) candidate (see, e.g., [1,2]). In the MSSM, χ̃01
can be dominated by one of the interaction states—bino,
wino, or Higgsino—or by any of their suitable admixtures.
For instance, the LSP can be mixed bino-Higgsino,

bino-wino, or even bino-wino-Higgsino-like. Such mixed
LSP scenarios are also known as “well-tempered” neutra-
linos in Ref. [3]. The bino with mass M1 carries no gauge
charge and thus does not couple to gauge bosons. Over the
parameter space of the MSSM, a dominantly binolike LSP
results in an overabundance of dark matter except for a
few fine-tuned strips characterized by, e.g., (a) slepton

coannihilations (χ̃01l̃→
l
lγ) and (b) resonant annihilation

(χ̃01χ̃
0
1 →

A
bb̄; tt̄; lþl−). A nonzero value of the Higgsino

components will be necessary for the latter. Moreover, a
somewhat precise relation will be required between the
masses of the annihilating LSP and the mediator for the
s-channel resonance or between the coannihilating super-
symmetric state and the lightest neutralino for satisfying the
observed relic abundance. The DM relic density of the
Higgsino [4–12] (wino [11,13–24]) is primarily realized
through the pair annihilation of H̃ H̃ðW̃ W̃Þ → WW;ff̄;…
With isospins ¼ 1=2 and 1, Higgsino (wino)like states can
be observed to produce the correct abundance with mass
term μ ≃ 1 ðM2 ¼ 2Þ TeV respectively. Otherwise, in most
of the MSSM parameter space, the relic density falls below
the experimental value ΩDMh2 ∼ 0.12 [25,26]. This is also
supplemented by the fact that the second lightest neutralino
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χ̃02 and the lightest chargino χ̃�1 can be degenerate with χ̃01,
thus causing too strong coannihilations to have too small
DM relic density. An exception may be observed in the
unconstrained MSSM (pMSSM), with coannihilations may
help to lower the effective thermally averaged annihilation
cross sections hσeffvi thereby causing an increase in the
DM relic density [27]. On the other hand, a well-tempered
or a mixed LSP dominated by the bino component is
expected to give cosmologically compatible DM relic
density in an intermediate-mass (sub-TeV) range [27–39].
It may be added here that a Higgsino or a mixed bino-
Higgsino DM naturally appears in most of the hyperbolic
branch/focus point region of minimal supergravity
(mSUGRA) inspired models [4,5,28–30,40,41] where the
scalars may become considerably heavier (multi-TeV)
satisfying the universal boundary conditions at the gauge
coupling unification scale (MG∼2×1016GeV).1 Similarly,
a winolike LSP arises naturally in the anomaly mediated
supersymmetry breaking (AMSB) model [46,47] where the
gaugino and scalar masses are calculated from supergravity
breaking in the hidden sector via super-Weyl anomaly
contributions [48].
In this era of LHC, with strongly interacting squarks and

gluino heavier than a few TeV [49,50], a sub-TeV neu-
tralino or chargino (will be referred to as an electro-
weakino) becomes the torchbearer for the TeV scale
SUSY. On the one hand, unlike the colored sparticles,
LHC constraints are much weaker for electroweak (EW)
particles due to a smaller production cross section [49–51]
(for heavier Higgsino searches at the LHC, see [52]). On
the other hand, the pursuance of explaining muon anoma-
lous magnetic moment aμ ¼ ðg − 2Þμ=2 through SUSY
contributions is another instance where lighter electroweak
sparticles are highly welcome. The measured value (com-
bining the BNL E821 [53] and the Fermilab muon g − 2
[54] experiments) deviates by 4.2σ from the SM [55–75].
The recent update released by Fermilab using Run-2 and
Run-3 data, the new experimental average predicts 5.1σ
deviations from the SM [76]. In the MSSM, lighter smuons
and electroweakinos, e.g., χ̃− − ν̃μ and μ̃ − χ̃0 contribute to

δaμ ¼ aExpμ − aSMμ at one-loop level. A dominantly binolike
light χ̃01 accompanying light sleptons seems to be favored
by δaμ, especially if the observed DM abundance has to
come entirely from the lightest neutralino in the R-parity
conserving MSSM. For a mixed χ̃01, such as bino-Higgsino
DM, stringent limits from the direct dark matter detection
experiments (DD) [77–86] can be placed [87–90]. The
spin-independent (SI) searches are particularly severe, as it
directly curbs the gaugino-Higgsino-Higgs coupling in the
χ̃01χ̃

0
1hðHÞ (h and H indicate the light and heavy Higgs

bosons) vertex. Following Ref. [88], one finds that even
with the maximal mixing, a narrow strip is still viable
for tan β ≲ 3 (with stop mass mt̃1 ∼ 25 TeV). Otherwise,
pockets exist in the parameter space where small DD cross
sections can be realized to comply with the DM-initiated
recoils. In one example, “blind spots” can be realized when
the tree-level couplings of χ̃01 to Z or the Higgs bosons may
be highly suppressed or even zero identically [91,92] or
through the destructive interference between light and
heavy CP-even Higgs bosons, as first noticed in [93].
Another example follows when the SM-like Yukawa
couplings of the light quarks are relaxed [94]. For a
bino-wino scenario (i.e., with negligible Higgsino fraction),
the SI and spin-dependent (SD) DD rates vanish (see, e.g.,
[95]). This is because the Higgs coupling to the LSP pair is
proportional to the product of their Higgsino and gaugino
components, and the Z boson coupling to the LSP pair is
proportional to the square of its Higgsino components
jN 13j2 − jN 14j2 (but vanishes for pure Higgsinos).
More recently, Ref. [90] zoom out the regions of the

allowed MSSM parameter space, compatible with the
muon g − 2 anomaly, DM relic density, DD limits, and
the latest LHC Run-2 data. It turns out that a binolike light
χ̃01 with minimal Higgsino contributions where sleptons are
not far from the LSP or to a compressed scenario of bino,
wino, and sleptons are still viable for future searches. The
leading-order (LO) process is only considered for evalu-
ating DM observables, specifically for the DD cross
section.
It is known that the next-to-leading order (NLO) cor-

rections may lead to important effects in specific examples
of DM phenomenology. For instance, heavy quarks (t, b)
and their superpartners can induce mass splitting between
the Higgsino-like states [96], which in turn can influence
the estimate of the LSP relic density [97]. Latter follows
from the fact that (i) the coannihilation rate is weighted by
the exponential factors, thereby suppressed with the relative
mass splitting of the Higgsino-like states, and (ii) gaugino
and Higgsino components may get changed, which may
affect the LSP couplings to the gauge and Higgs bosons.
References [97–99] also presented the important SUSY
corrections in the cross section of a Higgsino-like neu-
tralino DM with the nucleon. In [100], wino/Higgsino-
nucleon one-loop cross sections generated by the gauge
interactions were calculated. References [101,102] consid-
ered the SUSY QCD corrections for the DD of neutralino
DM. The DM-nucleon cross section at one one-loop level
for a general class of weakly interacting massive particles
was considered in Refs. [103,104]. At the same time,
the interaction of gluon with the DM was noted in
Refs. [105,106]. However, none of the analyses considers
the renormalization of chargino/neutralino sector, which we
employ here to explicitly estimate the Higgs interactions
with χ̃01 pairs. Adopting a suitable renormalization scheme,
the vertex counterterms are calculated and added to the

1A relatively small value of μ parameter ≤1 TeV, is typically
favored in most of the SUSY models guided by “naturalness”
(for recent searches of the natural SUSY see [42–45]).
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three-point vertex corrections. Here, we recall that in the
limit of vanishing mixings among the different constituents
in χ̃01, counterterms may be calculated to vanish. Since for a
pure χ̃01, there is no tree-level interaction that an SM-like
Higgs scalar can couple to χ̃01 pairs, the renormalization of
χ̃01χ̃

0
1h or χ̃01χ̃

0
1H coupling at the NLO is neither needed nor

possible.2 For a general and dominantly binolike χ̃01, as in
this case, tree-level coupling exists, and counterterms may
boost the DM-nucleon scattering. Based on this lesson, we
explore the MSSM regions through the muon g − 2
anomaly, DM relic density, and the spin-independent
DM direct detections (SI-DD) at the one-loop level. The
latest LHC Run-2 data is also considered. The relic density
constraint is not always respected in the analysis; thus,
thermal relic abundance of the LSP may satisfy (i) the
observed cosmological dark matter abundance, (ii) falls
below the dark matter abundance (known as underabundant
neutralinos), (iii) overshoots the observed cosmological
data (over-abundant neutralino). Since our primary interest
is to find out the role of the NLO corrections to the
neutralino-Higgs vertices and the SI-DD cross section in
compliance with ðg − 2Þμ; we relax the relic density
constraint in the first place.3 In particular, two regions
with a dominantly binolike χ̃01, but having (i) a minimal
Higgsino (M1 ≪ μ) component and (ii) a minimal wino-
Higgsino (M1 < M2 ≲ μ) component (assuming M1, M2,
and μ to be real and positive in both the scenarios) will
come out as interesting for future searches. Henceforth, we
refer them as B̃H̃ and B̃W̃ H̃ zones of the MSSM param-
eter space.
The rest of the paper is organized as follows. In Sec. II,

we briefly review the neutralino and chargino sectors of the
MSSM. We fix the notation and convention for the masses
and mixing matrices and then discuss the different pos-
sibilities of the mixed neutralino states. We present the
effective Lagrangian for the neutralino-nucleon scattering
in Sec. III. In Sec. IVA, we show the generic triangular
topologies of the relevant Feynman diagrams and present
analytical results, while Sec. IV B covers the important
aspects of renormalizations of the chargino and neutralino
sectors. In Sec. VA and Sec. V B, we summarize the
supersymmetric contributions to anomalous magnetic
moments of muon (δaμ) and the limits from the SUSY
searches at the collider experiments. Section VI illustrates
the methodology adopted for the numerical calculations,
followed by the evaluation of the neutralino-nucleon

scattering cross section in Sec. VII. Finally, we conclude
in Sec. VIII.

II. THE NEUTRALINO AND CHARGINO
SECTORS OF THE MSSM

In the MSSM, the supersymmetric partner of the neutral
gauge bosons, known as bino, B̃ [the supersymmetric
partner of the Uð1ÞY gauge boson B] and wino, W̃0 (the
supersymmetric partner of the SUð2ÞL neutral gauge boson
W0) mix with the supersymmetric partners of the two
MSSM Higgs bosons, known as down-type and up-type
Higgsinos H̃0

d and H̃0
u, respectively. The 4 × 4 neutralino

mass matrix in the basis ðB̃; W̃0; H̃0
d; H̃

0
uÞ can be written as

M̄χ̃0 ¼

0
BBB@

M1 0 −MZsWcβ MZsWsβ
0 M2 MZcWcβ −MZcWsβ

−MZsWcβ MZcWcβ 0 −μ
MZsWsβ −MZcWsβ −μ 0

1
CCCA;

ð1Þ

where MZ is the mass of the Z boson, β represents the
mixing angle between the two Higgs vacuum expectation
values, and sβ ¼ sin β, cβ ¼ cos β. Here, cW ¼ cos θW and
sW ¼ sin θW are the cosine and sine of the Weinberg angle
θW , respectively. The mass parameters M1, M2, and μ can
generally be complex, allowing the CP-violating inter-
actions in MSSM. But we restrict to the case of CP-
conserving interactions; hence, M1, M2, and μ are real in
our scenario.
Besides, the mass matrix of charginos can be read from

the mass eigenstates of the 2 × 2 complex mass matrix, M̄χ̃�

in the wino-Higgsino basis,

M̄χ̃� ¼
�

M2

ffiffiffi
2

p
sβMWffiffiffi

2
p

cβMW μ

�
; ð2Þ

which can be diagonalized by two unitary 2 × 2matrices U
and V.
The neutralino mass matrix in Eq. (1) can be diagon-

alized by a 4 × 4 unitary matrix N (in this case N is
orthogonal),

NM̄χ̃0N
−1 ¼ Mχ̃0 ; ½since N� ¼ N�; ð3Þ

whereMχ̃0 ¼ diag ðmχ̃0
1
; mχ̃0

2
; mχ̃0

3
; mχ̃0

4
Þ refer to the physical

masses of the neutralinos with χ̃01 being the lightest, and
N ij are the elements of the neutralino mixing matrixN. The
Lagrangian for the neutralino-neutralino-scalar interaction
is given by [107],

2However, due to the off-diagonal terms in the neutralino mass
matrix (generated after EWSB), a small admixture of the gauge
eigenstates is inevitable even when the respective mass para-
meters are Oð1 TeVÞ.

3However, scenario (ii) and (iii) can be made viable in the
presence of different DM components or through modifying the
standard cosmological thermal history.

CONFRONTING ELECTROWEAK MSSM THROUGH ONE-LOOP … PHYS. REV. D 110, 015021 (2024)

015021-3



Lχ̃0l χ̃
0
nϕ

⊃
g2
2
h ¯̃χ0n½PLðQ00�

lnsα þ S00�lncαÞ þ PRðQ00
nlsα þ S00nlcαÞ�χ̃0l

−
g2
2
H ¯̃χ0n½PLðQ00�

lncα − S00�lnsαÞ þ PRðQ00
nlcα − S00nlsαÞ�χ̃0l

− i
g2
2
A ¯̃χ0n½PLðS00�lncβ −Q00�

lnsβÞ þ PRðQ00
nlsβ − S00nlcβÞ�χ̃0l; ð4Þ

where ϕ ¼ hi; A, with hi, for i ¼ 1 and 2 refer to an SM-
like scalar h and a heavy CP-even Higgs boson H,
respectively. Similarly, PL;R ¼ 1∓γ5

2
as usual. The neutral

CP-odd Higgs is denoted by A, α is the Higgs mixing angle,
and g2 is the SUð2ÞL gauge coupling strength. Couplings
Q00

nl and S00nl are defined in Appendix A.
Similarly, the neutralino-neutralino-Z interaction can be

read from

Lχ̃0l χ̃
0
nZ ⊃

g2
2cW

Zμ
¯̃χ0lγ

μðNL
lnPL þ NR

lnPRÞχ̃0n; ð5Þ

where NL
ln and NR

ln are defined in Appendix A.
A few interesting limits can now be observed. A pure

Higgsino-like χ̃01; it refers to a limit N 11 ¼ N 12 ¼ 0 or the
soft masses M1 and M2 are large and decoupled. A pure
gauginolike χ̃01: it refers to a limit N 13 ¼ N 14 ¼ 0. In this
pure limit, the coupling χ̃01χ̃

0
1ϕ (with ϕ ¼ h, H, A) vanishes

since Q00
11 ¼ S0011 ¼ 0. In the mixed LSP scenarios, as said

before, we are interested in bino-Higgsino (B̃H̃) and bino-
wino-Higgsino (B̃W̃ H̃) DM scenarios with a predominantly
bino component. A qualitative understanding of the neu-
tralino masses and their mixings (mainly N 1j) can be
instructive here, which we detail in Appendix B (see also
[108–110]). In fact, using the expressions derived for the
mixing matrices in Appendix B, we can rewrite the χ̃01χ̃

0
1h

and χ̃01χ̃
0
1H couplings for B̃W̃ H̃ DM as

Lχ̃0
1
χ̃0
1
ϕ ¼ ϕ ¯̃χ01½PLCLO

L þ PRCLO
R �χ̃01: ð6Þ

For ϕ ¼ h,

CLO
L ¼CLO

R ¼ g2
2
ðQ00

11sαþS0011cαÞ

¼−
g2
2

MZsW
μ2−M2

1

ðμsα−M1cαÞ
�
M1M2

Zs2W
2ðM2−M1Þ

þ tW

�
; ð7Þ

and for ϕ ¼ H,

CLO
L ¼CLO

R ¼−
g2
2
ðQ00

11cα−S0011sαÞ

¼ g2
2

MZsW
μ2−M2

1

ðμcαþM1sαÞ
�
M1M2

Zs2W
2ðM2−M1Þ

þ tW

�
: ð8Þ

Similarly, the couplings for B̃H̃ DM are given as follows.
For ϕ ¼ h,

CLO
L ¼ CLO

R ¼ −
g2
2
tW

MZsW
μ2 −M2

1

ðμsα −M1cαÞ; ð9Þ

and for ϕ ¼ H,

CLO
L ¼ CLO

R ¼ g2
2
tW

MZsW
μ2 −M2

1

ðμcα þM1sαÞ: ð10Þ

The coefficients of PL and PR are equal due to the
Majorana nature of the neutralinos. Recall that, in the
above expressions, sβ → 1 and cβ → 0 are assumed. If
instead we keep the tan β dependence, one can obtain the
χ̃01χ̃

0
1hðHÞ coupling goes as ∝ ½M1 þ μs2β�ðμc2βÞ.

III. EFFECTIVE LAGRANGIAN FOR
NEUTRALINO-NUCLEON SCATTERING

This section presents the effective Lagrangian gov-
erning the neutralino-nucleon scattering process and pro-
vides the corresponding formulas for the cross section
([1,2,98,111–118]). In the realm of nonrelativistic neutra-
linos, the effective interactions between χ̃01 and the light
quarks and gluons, at the renormalization scale μ̄0 ≃mp,
can be elegantly described as follows [98,100,119–121]:

Leff ¼
X

q¼u;d;s

Leff
q þ Leff

g ; ð11Þ

where

Leff
q ¼ ηq ¯̃χ

0
1γ

μγ5χ̃
0
1q̄γμγ5qþ λqmq

¯̃χ01χ̃
0
1q̄q

þ gð1Þq

mχ̃0
1

¯̃χ01i∂
μγνχ̃01O

q
μν þ gð2Þq

m2
χ̃0
1

¯̃χ01ði∂μÞði∂νÞχ̃01Oq
μν;

Leff
g ¼ λG ¯̃χ

0
1χ̃

0
1G

a
μνGaμν þ gð1ÞG

mχ̃0
1

¯̃χ01i∂
μγνχ̃01O

g
μν

þ gð2ÞG

m2
χ̃0
1

¯̃χ01ði∂μÞði∂νÞχ̃01Og
μν: ð12Þ

The terms up to the second derivative of the neutralino field
have been incorporated in the above. The spin-dependent
interaction refers to the first term of Leff

q while the spin-
independent “coherent” contributions arising from the
remaining terms in Leff

q and Leff
g . The third and fourth

terms in Leff
q and the second and third terms in Leff

g are
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governed by the twist-2 operators (traceless part of the
energy-momentum tensor) for the quarks and gluons
[98,100]. Note that the contributions of the twist-2 oper-
ators of gluon are suppressed by the strong coupling
constant αs, thus not included in the subsequent sections.
Finally, the SI scattering cross section of the neutralino with
target nuclei can be expressed as

σSI ¼
4

π

� mχ̃0
1
MA

mχ̃0
1
þMA

�
2

½fZfp þ ðA − ZÞfng2�; ð13Þ

where Z and A represent its atomic and mass numbers,
respectively.
The spin-independent coupling of the neutralino with

nucleon (of mass mN), fN (N ¼ p, n) in Eq. (13) can be
expressed as (neglecting the contributions from twist-2
operators and also from squark loops)

fN
mN

¼
X

q¼u;d;s

λqf
ðNÞ
q −

8π

9αs
λGf

ðNÞ
G ; ð14Þ

where the matrix elements of nucleon are defined as

fðNÞ
q ≡ 1

mN
hNjmqq̄qjNi: ð15Þ

The second term in Eq. (14) involves effective inter-
actions between the weakly interacting massive particles,
heavy quarks, and gluons, which can be evaluated utilizing
the trace anomaly of the energy-momentum tensor in QCD
[98,122]. Here, one finds heavy quark form factors are
related to that of gluons,

hNjmQQ̄QjNi ¼ −
αs
12π

cQhNjGa
μνGaμνjNi;

mNf
ðNÞ
G ¼ −9

αs
8π

hNjGa
μνGaμνjNi; ð16Þ

with αs ¼ g2s=4π and the leading order QCD correction
cQ ¼ 1þ 11αsðmQÞ=4π is considered. The coefficient λG
in Eq. (14) is related to heavy quarks,

λG ¼ −
αs
12π

X
Q¼c;b;t

cQλQ; ð17Þ

with λQ often involves ϕQQ̄ vertex at the tree level. Here,
λq and λQ contains all SUSYmodel-dependent information.
The parameters, fðNÞ

q (q∈ u, d, s) can be determined
from lattice QCD calculations [123]. We use the following

central values of fðNÞ
q [123,124]:

fðpÞu ¼ 0.0153; fðpÞd ¼ 0.0191; fðpÞs ¼ 0.0447;

fðnÞu ¼ 0.0110; fðnÞd ¼ 0.0273; fðnÞs ¼ 0.0447; ð18Þ

which leads to fðNÞ
G ∼ 0.921.4 It should be noted that the

above numerical values are subject to some uncertainties as
they are evaluated using the hadronic data [115,128].
The scalar cross section depends on t-channel

Higgs exchange (h, H) (neglecting squark contributions)
ðσSI ∝ 1

m4
h;H
Þ. Apart from the masses of the Higgs scalar, the

cross section depends strongly on the χ̃01χ̃
0
1hðHÞ couplings

[Eqs. (7)–(10)] and also on the qq̄hðHÞ coupling (through
λq and λQ). Note that for down-type fermions qq̄h coupling
goes as ∼ tan β cosðβ − αÞ while qq̄H coupling goes as
∼ tan β sinðβ − αÞ. For H scalar, χ̃01χ̃

0
1H and qq̄H couplings

assume larger values compared to that of the SM-like Higgs
scalar in the decoupling region (M2

A ≫ M2
Z) and with large

tan β. This makes the heavier Higgs boson contributions in
the direct detection quite important.

IV. SPIN-INDEPENDENT χ̃ 01-NUCLEON
SCATTERING AT ONE-LOOP: THEORY

AND IMPLEMENTATION

As already discussed, in general, a tree-level χ̃01χ̃
0
1hi

coupling depends on the product of gaugino and Higgsino
components. The one-loop correction to this vertex leads to
a UV-divergent result. Therefore, one has to renormalize
the vertex to get a UV-finite result. Here, we systematically
analyze the vertex corrections’ generic triangular topol-
ogies along with the renormalization procedure.

A. Vertex corrections

We start by classifying different triangular topologies for
χ̃01-nucleon elastic scattering in Fig. 1 where the χ̃01χ̃

0
1hi

vertex has been modified by the one-loop radiative cor-
rections from the SM and SUSY particles. We adopt a
general notation S; S0 ¼ h, H, A, H�, G0, G�, el, and ν̃l
(where l ¼ e, μ, τ); F;F0 ¼ l, νl, χ̃0n, and χ̃�k (where
n ¼ 1;…; 4 and k ¼ 1, 2); V ¼ W� and Z. The squark
contributions can be ignored because we set them as heavy
≥4 TeV. For explicit calculations, we find a total of 468
diagrams where 234 diagrams for the χ̃01χ̃

0
1h vertex and

another 234 diagrams for the χ̃01χ̃
0
1H vertex at the par-

ticle level.
The analytical expressions for the one-loop diagrams are

calculated using PACKAGE-X-2.1.1 [129,130] and given in
terms of the Passarino-Veltman functions. The Higgs propa-
gator (h=H), which connects the quark line to the one-loop
vertex, has been taken as off-shell with four-momentum q,
known as the momentum transfer. The momentum transfer q
is generally very small [q2 ∼Oð10−6Þ GeV2 for vχ0

1
∼ 10−3]

for the elastic scattering process. It may be noted here that
q2 ∼ 0 is assumed for numerical estimation. In Appendix A,

4One gets slightly different values from chiral perturbation
theory [125–127].
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FIG. 1. Relevant topologies for the one-loop correction to the χ̃01χ̃
0
1hi vertex which in turn yields the one-loop correction to the χ̃

0
1χ̃

0
1qq̄

scattering. Here, S;S0∈fh;H;A;H�;G0;G�;el;ν̃l ðwherel¼e;μ; τÞg; F;F0∈fχ̃0n; χ̃�k ðwheren¼1;…;4 andk¼1;2Þ;l;νl;V∈W�; Zg.
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we present the prefactors of different topologies for
the MSSM.
Topology-1(a):

iΓðaÞ
χ̃0
1
χ̃0
1
hi
¼−

i
16π2

½PLfξLLmFC0−ξLRmχ̃0
1
C1−ξRLmχ̃0

1
C2g

þPRfξRRmFC0−ξRLmχ̃0
1
C1−ξLRmχ̃0

1
C2g�; ð19Þ

where Ci ¼ Ciðm2
χ̃0
1

; q2; m2
χ̃0
1

;mF;mS;mS0 Þ and

ξLL ¼ λhiSS0G
L
χ̃0
1
FS0G

L
χ̃0
1
FS; ξLR ¼ λhiSS0G

L
χ̃0
1
FS0G

R
χ̃0
1
FS;

ξRL ¼ λhiSS0G
R
χ̃0
1
FS0G

L
χ̃0
1
FS; ξRR ¼ λhiSS0G

R
χ̃0
1
FS0G

R
χ̃0
1
FS:

Topology-1(b):

iΓðbÞ
χ̃0
1
χ̃0
1
hi
¼ −

i
16π2

½PLfζLLLmFmF0C0 þ ζLLRmχ̃0
1
mF0 ðC0 þC1Þ þ ζLRLfB0 þm2

SC0 þm2
χ̃0
1

ðC1 þC2Þg
þ ζLRRmχ̃0

1
mFC1 þ ζRLLmχ̃0

1
mFðC1 þ C2Þ þ ζRLRm2

χ̃0
1

ðC0 þ C1 þC2Þ þ ζRRLmχ̃0
1
mF0C2g

þ PRfζLLRmχ̃0
1
mF0C2 þ ζLRLm2

χ̃0
1

ðC0 þ C1 þ C2Þ þ ζLRRmχ̃0
1
mFðC1 þ C2Þ þ ζRLLmχ̃0

1
mFC1

þ ζRLRfB0 þm2
SC0 þm2

χ̃0
1

ðC1 þC2Þg þ ζRRLmχ̃0
1
mF0 ðC0 þC1Þ þ ζRRRmFmF0C0g�; ð20Þ

where B0 ¼ B0ðq2;mF;mF0 Þ, Ci ¼ Ciðm2
χ̃0
1

; q2; m2
χ̃0
1

;mS;mF;mF0 Þ, and

ζLLL ¼ GL
χ̃0
1
F0SG

L
FF0hi

GL
χ̃0
1
FS
; ζLLR ¼ GL

χ̃0
1
F0SG

L
FF0hi

GR
χ̃0
1
FS
;

ζLRL ¼ GL
χ̃0
1
F0SG

R
FF0hi

GL
χ̃0
1
FS; ζLRR ¼ GL

χ̃0
1
F0SG

R
FF0hi

GR
χ̃0
1
FS;

ζRLL ¼ GR
χ̃0
1
F0SG

L
FF0hi

GL
χ̃0
1
FS; ζRLR ¼ GR

χ̃0
1
F0SG

L
FF0hi

GR
χ̃0
1
FS;

ζRRL ¼ GR
χ̃0
1
F0SG

R
FF0hi

GL
χ̃0
1
FS; ζRRR ¼ GR

χ̃0
1
F0SG

R
FF0hi

GR
χ̃0
1
FS:

Topology-1(c):

iΓðcÞ
χ̃0
1
χ̃0
1
hi
¼ i

16π2

h
PLfΛLLLmχ̃0

1
mF0 ð2 − dÞC2 þ ΛLRLmχ̃0

1
mFð2 − dÞðC0 þ C2Þ þ ΛLRRm2

χ̃0
1

ðd − 4ÞðC0 þC1 þC2Þ
þ ΛRLLfdB0 þ ð4m2

χ̃0
1

þm2
Vd − 2q2ÞC0 þ ð4m2

χ̃0
1

þm2
χ̃0
1

d − 2q2ÞðC1 þ C2Þg
þ ΛRLRmχ̃0

1
mFð2 − dÞC1 þ ΛRRLmFmF0dC0 þ ΛRRRmχ̃0

1
mF0 ð2 − dÞðC0 þC1Þg

þ PRfΛLLLmχ̃0
1
mF0 ð2 − dÞðC0 þC1Þ þ ΛLLRmFmF0dC0 þ ΛLRLmχ̃0

1
mFð2 − dÞC1 þ ΛLRR

× fdB0 þ ð4m2
χ̃0
1

þm2
Vd − 2q2ÞC0 þ ð4m2

χ̃0
1

þm2
χ̃0
1

d − 2q2ÞðC1 þ C2Þg þ ΛRLLm2
χ̃0
1

ðd − 4ÞðC0 þC1 þC2Þ

þ ΛRLRmχ̃0
1
mFð2 − dÞðC0 þC2Þ þ ΛRRRmχ̃0

1
mF0 ð2 − dÞC2g

i
; ð21Þ

where B0 ¼ B0ðq2; mF;mF0 Þ, Ci ¼ Ciðm2
χ̃0
1

; q2; m2
χ̃0
1

;mV;mF;mF0 Þ and

ΛLLL ¼ GL
χ̃0
1
F0VG

L
FF0hi

GL
χ̃0
1
FV; ΛLLR ¼ GL

χ̃0
1
F0VG

L
FF0hi

GR
χ̃0
1
FV;

ΛLRL ¼ GL
χ̃0
1
F0VG

R
FF0hi

GL
χ̃0
1
FV; ΛLRR ¼ GL

χ̃0
1
F0VG

R
FF0hi

GR
χ̃0
1
FV;

ΛRLL ¼ GR
χ̃0
1
F0VG

L
FF0hi

GL
χ̃0
1
FV; ΛRLR ¼ GR

χ̃0
1
F0VG

L
FF0hi

GR
χ̃0
1
FV;

ΛRRL ¼ GR
χ̃0
1
F0VG

R
FF0hi

GL
χ̃0
1
FV; ΛRRR ¼ GR

χ̃0
1
F0VG

R
FF0hi

GR
χ̃0
1
FV:
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Topology-1(d):

iΓðdÞ
χ̃0
1
χ̃0
1
hi
¼ −

i
16π2

½PLfηLLmχ̃0
1
ðd − 2ÞC2

þ ηRLmFdC0 þ ηRRmχ̃0
1
ðd − 2ÞC1g

þ PRfηLLmχ̃0
1
ðd − 2ÞC1 þ ηLRmFdC0

þ ηRRmχ̃0
1
ðd − 2ÞC2g�; ð22Þ

where Ci ¼ Ciðm2
χ̃0
1

; q2; m2
χ̃0
1

;mF;mV;mVÞ and

ηLL ¼ GVVhiG
L
χ̃0
1
FVG

L
χ̃0
1
FV; ηLR ¼ GVVhiG

L
χ̃0
1
FVG

R
χ̃0
1
FV;

ηRL ¼ GVVhiG
R
χ̃0
1
FV

GL
χ̃0
1
FV

; ηRR ¼ GVVhiG
R
χ̃0
1
FV

GR
χ̃0
1
FV

:

Topology-1(e):

iΓðeÞ
χ̃0
1
χ̃0
1
hi
¼ i

16π2
½PLfψLLmχ̃0

1
mFðC2 − C0Þ þ ψLRm2

χ̃0
1

ðC1 þ 2C2Þ þ ψRLf−dC00 −m2
χ̃0
1

ðC22 þ 2C12

þC11 þ 2C1Þ þ q2C12 þ ð2q2 − 3m2
χ̃0
1

ÞC2g þ ψRRmχ̃0
1
mFðC1 þ 2C0Þg þ PRfψLLmχ̃0

1
mF

× ðC1 þ 2C0Þ þ ψLRf−dC00 −m2
χ̃0
1

ðC22 þ 2C12 þ C11 þ 2C1Þ þ q2C12 þ ð2q2 − 3m2
χ̃0
1

ÞC2g
þ ψRLm2

χ̃0
1

ðC1 þ 2C2Þ þ ψRRmχ̃0
1
mFðC2 − C0Þg�; ð23Þ

where Ci ¼ Ciðm2
χ̃0
1

; q2; m2
χ̃0
1

;mF;mS;mVÞ, Cij ¼ Cijðm2
χ̃0
1

; q2; m2
χ̃0
1

;mF;mS;mVÞ, and

ψLL ¼ GhiSVG
L
χ̃0
1
FV

GL
χ̃0
1
FS
; ψLR ¼ GhiSVG

L
χ̃0
1
FV

GR
χ̃0
1
FS
;

ψRL ¼ GhiSVG
R
χ̃0
1
FVG

L
χ̃0
1
FS; ψRR ¼ GhiSVG

R
χ̃0
1
FVG

R
χ̃0
1
FS:

Topology-1(f):

iΓðfÞ
χ̃0
1
χ̃0
1
hi
¼ i

16π2
½PLfΞLLfdC00 þm2

χ̃0
1

ðC22 þ 2C12 þ C11 þ 2C2 þ 3C1Þ − q2ðC12 þ 2C1Þg þ ΞLR

×mχ̃0
1
mFðC0 −C1Þ − ΞRLmχ̃0

1
mFðC2 þ 2C0Þ − ΞRRm2

χ̃0
1

ðC2 þ 2C1Þg þ PRf−ΞLLm2
χ̃0
1

× ðC2 þ 2C1Þ − ΞLRmχ̃0
1
mFðC2 þ 2C0Þ þ ΞRLmχ̃0

1
mFðC0 −C1Þ þ ΞRRfdC00 þm2

χ̃0
1

ðC22

þ 2C12 þ C11 þ 2C2 þ 3C1Þ − q2ðC12 þ 2C1Þgg�; ð24Þ

where Ci ¼ Ciðm2
χ̃0
1

; q2; m2
χ̃0
1

;mF;mV;mSÞ, Cij ¼
Cijðm2

χ̃0
1

; q2; m2
χ̃0
1

;mF;mV;mSÞ and

ΞLL ¼ GhiSVG
L
χ̃0
1
FSG

L
χ̃0
1
FV; ΞLR ¼ GhiSVG

L
χ̃0
1
FSG

R
χ̃0
1
FV;

ΞRL ¼ GhiSVG
R
χ̃0
1
FSG

L
χ̃0
1
FV; ΞRR ¼ GhiSVG

R
χ̃0
1
FSG

R
χ̃0
1
FV:

In the above, B0, Ci, and Cij represent the Passarino-
Veltman functions and can be evaluated using LOOPTOOLS

[131] or PACKAGE-X [129,130]. Now, the total vertex
corrections can be obtained as

Γχ̃0
1
χ̃0
1
hi ¼ ΓðaÞ

χ̃0
1
χ̃0
1
hi
þ ΓðbÞ

χ̃0
1
χ̃0
1
hi
þ ΓðcÞ

χ̃0
1
χ̃0
1
hi
þ ΓðdÞ

χ̃0
1
χ̃0
1
hi

þ ΓðeÞ
χ̃0
1
χ̃0
1
hi
þ ΓðfÞ

χ̃0
1
χ̃0
1
hi

¼ C1L
L PL þ C1L

R PR; ð25Þ
where C1L

L;R refers to total one-loop corrections to the
coefficients of the left- and right-handed projection oper-
ators in the χ̃01χ̃

0
1hi vertex.

B. Renormalization of the chargino and neutralino
sectors: A brief reprisal

In this part, we briefly discuss the various schemes used
to renormalize the chargino and neutralino sectors of the
MSSM. The details of the renormalization, which include
counterterms and renormalization constants, can be found
in Refs. [132–140]. The SUSY parameters that define
charged and neutral fermions are the electroweak gaugino
mass parameters M1, M2, and the supersymmetric
Higgsino mass parameter μ. The mass matrices involve
the masses of the electroweak gauge bosons with mixing
angle θW and tan β; all these parameters are renormalized
independently from the chargino and neutralino sectors.
The implementation parts have been discussed in
Ref. [141], which also covers the Feynman rules of the
counterterms for a general Complex MSSM. Although we
consider CP-conserving MSSM, we keep our discussion
general following Ref. [140]. We start with the Fourier-
transformed MSSM Lagrangian, which is bilinear in the
chargino and neutralino fields,
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Lχ̃� χ̃0 ¼ ¯̃χ�i =pPLχ̃
�
i þ ¯̃χ�i =pPRχ̃

�
i − ¯̃χ�i ½V�M̄T

χ̃�U
†�ijPLχ̃

�
j

− ¯̃χ�i ½UM̄�
χ̃�V

T�ijPRχ̃
�
j

þ 1

2
ð ¯̃χ0m=pPLχ̃

0
m þ ¯̃χ0m=pPRχ̃

0
m

− ¯̃χ0m½N�M̄χ̃0N
†�mnPLχ̃

0
n

− ¯̃χ0m½NM̄�
χ̃0
NT�mnPRχ̃

0
nÞ; ð26Þ

where i, j ¼ 1, 2, m; n ¼ 1;…; 4. We recall that, U, V , and
N diagonalize the chargino and neutralino mass matrices
M̄χ̃� and M̄χ̃0 , respectively (see Sec. II).
We note the following replacements of the parameters

and fields.

M1 → M1 þ δM1; ð27Þ

M2 → M2 þ δM2; ð28Þ

μ → μþ δμ; ð29Þ

PLχ̃
�
i →

�
1þ 1

2
δZL

χ̃�

�
ij
PLχ̃

�
j ; ð30Þ

PRχ̃
�
i →

�
1þ 1

2
δZR

χ̃�

�
ij
PRχ̃

�
j ; ð31Þ

PLχ̃
0
m →

�
1þ 1

2
δZχ̃0

�
mn
PLχ̃

0
n; ð32Þ

PRχ̃
0
m →

�
1þ 1

2
δZ�

χ̃0

�
mn
PRχ̃

0
n; ð33Þ

where δZχ̃�;χ̃0 refer to field renormalization constants for
the physical states, general 2 × 2 or 4 × 4 matrices respec-
tively. The parameter counterterms are generally complex;
we need two renormalization conditions to fix those
counterterms (one for the real part and another for the
complex part). The transformation matrices are not renor-
malized; therefore, one can write the matrix in terms of
the renormalized one and a counterterm matrix in the
following way:

M̄χ̃� → M̄χ̃� þ δM̄χ̃� ; ð34Þ

M̄χ̃0 → M̄χ̃0 þ δM̄χ̃0 ; ð35Þ

with

δM̄χ̃� ¼
�

δM2

ffiffiffi
2

p
δðMWsβÞffiffiffi

2
p

δðMWcβÞ δμ

�
; ð36Þ

and

δM̄χ̃0 ¼

0
BBB@

δM1 0 −δðMZsWcβÞ δðMZsWsβÞ
0 δM2 δðMZcWcβÞ −δðMZcWsβÞ

−δðMZsWcβÞ δðMZcWcβÞ 0 −δμ
δðMZsWsβÞ −δðMZcWsβÞ −δμ 0

1
CCCA: ð37Þ

Also the replacements of the diagonalized matrices Mχ̃�

and Mχ̃0 can be written as

Mχ̃� → Mχ̃� þ δMχ̃� ¼ Mχ̃� þ V�δM̄T
χ̃�U

†; ð38Þ

Mχ̃0 → Mχ̃0 þ δMχ̃0 ¼ Mχ̃0 þ N�δM̄T
χ̃0
N†: ð39Þ

We can decompose the self energies into left- and right-
handed vector and scalar coefficients in the following way:

½Σχ̃ðp2Þ�lm ¼ =pPL½ΣL
χ̃ ðp2Þ�lm þ =pPR½ΣR

χ̃ ðp2Þ�lm
þ PL½ΣSL

χ̃ ðp2Þ�lm þ PR½ΣSR
χ̃ ðp2Þ�lm: ð40Þ

The coefficients of the renormalized self-energies can be
written as

½Σ̂L
χ̃�ðp2Þ�ij ¼ ½ΣL

χ̃�ðp2Þ�ij þ
1

2
½δZL

χ̃� þ δZL†
χ̃� �ij; ð41Þ

½Σ̂R
χ̃�ðp2Þ�ij ¼ ½ΣR

χ̃�ðp2Þ�ij þ
1

2
½δZR

χ̃� þ δZR†
χ̃� �ij; ð42Þ

½Σ̂SL
χ̃� ðp2Þ�ij ¼ ½ΣSL

χ̃� ðp2Þ�ij

−
�
1

2
δZR†

χ̃�Mχ̃� þ
1

2
Mχ̃�δZ

L
χ̃� þδMχ̃�

�
ij
; ð43Þ

½Σ̂SR
χ̃� ðp2Þ�ij¼ ½ΣSR

χ̃� ðp2Þ�ij

−
�
1

2
δZL†

χ̃�M
†
χ̃� þ

1

2
M†

χ̃�δZ
R
χ̃� þδM†

χ̃�

�
ij
; ð44Þ

½Σ̂L
χ̃0ðp2Þ�nl ¼ ½ΣL

χ̃0
ðp2Þ�nl þ

1

2
½δZχ̃0 þ δZ†

χ̃0
�nl; ð45Þ

½Σ̂R
χ̃0ðp2Þ�nl ¼ ½ΣR

χ̃0
ðp2Þ�nl þ

1

2
½δZ�

χ̃0
þ δZT

χ̃0
�nl; ð46Þ
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½Σ̂SL
χ̃0 ðp2Þ�nl ¼ ½ΣSL

χ̃0
ðp2Þ�nl

−
�
1

2
δZT

χ̃0
Mχ̃0 þ

1

2
Mχ̃0δZχ̃0 þδMχ̃0

�
nl
; ð47Þ

½Σ̂SR
χ̃0 ðp2Þ�nl¼ ½ΣSR

χ̃0
ðp2Þ�nl

−
�
1

2
δZ†

χ̃0
M†

χ̃0
þ1

2
M†

χ̃0
δZ�

χ̃0
þδM†

χ̃0

�
nl
: ð48Þ

With the above machinery, in the on-shell renormaliza-
tion scheme for the charginos and neutralinos, we may
evaluate the counterterms δM1, δμ, and δM2 by requiring
that the masses of χ̃�1;2 and one of the neutralino χ̃0n
(n∈ f1;…; 4g) are defined as the poles of the correspond-
ing tree-level propagators. This scheme is called CCN½n�
where “C” stands for chargino, “N” for neutralino, and “n”
in the square bracket indicates that χ̃0n is taken as on shell.
One of the choices can be CCN[1] scheme where the mass
of the dominantly binolike lightest neutralino should be
chosen on shell to ensure numerical stability [142] while
a large unphysical contribution may be observed for
non-binolike lightest neutralino [143] if taken as on shell.

The scheme fits well even for bino-dominated mixed
LSP scenarios, such as bino-Higgsino or even for a
bino-wino-Higgsino neutralino. For other hierarchical mass
patterns, e.g., jM2j< jM1j;jμj, or jμj< jM1j;jM2j, CCN[1]
scheme may fail to yield numerically stable results;
thus, different renormalization schemes like CCN[2] or
CCN[4] may need to be adopted [140,144]. Wino in the
first case and Higgsino for the latter are chosen to be on
shell. On the other hand, in the “CNN” scheme, one of the
two charginos and two neutralinos χ̃0l and χ̃0m are taken to
be on shell [136,142,144]. Since we are interested in the
bino-dominated LSP scenarios, we stick to imposing on
shell conditions for the two charginos and one bino-like
neutralino.
The above field renormalization constants can be used in

evaluating the vertex counterterms. Finally, we can write
the expression for the vertex counterterm as follows [see
Fig. 2(a) and Fig. 2(b)]:

δΓχ̃0
1
χ̃0
1
hi ¼ PLδCL

χ̃0
1
χ̃0
1
hi
þ PRδCR

χ̃0
1
χ̃0
1
hi
; ð49Þ

where, for the lightest CP-even scalar,

δCL
χ̃0
1
χ̃0
1
h ¼ −

e
4cWs2W

�
4

c2W
fðc2WδZe þ sWδsWÞs2WN �

11 þ cWc2WðδsW − sWδZeÞN �
12gðsαN �

13 þ cαN �
14Þ

þ sWf2ðsWN �
11 − cWN �

12Þfð2½δZL
χ̃0
�11 þ δZhhÞðsαN �

13 þ cαN �
14Þ − δZhHðcαN �

13 − sαN �
14Þg

þ ð½δZL
χ̃0
�12 þ ½δZL

χ̃0
�21ÞfðsαN �

13 þ cαN �
14ÞðsWN �

21 − cWN �
22Þ þ ðsWN �

11 − cWN �
12ÞðsαN �

23

þ cαN �
24Þg þ ð½δZL

χ̃0
�13 þ ½δZL

χ̃0
�31ÞfðsαN �

13 þ cαN �
14ÞðsWN �

31 − cWN �
32Þ þ ðsWN �

11 − cWN �
12Þ

× ðsαN �
33 þ cαN �

34Þg þ ð½δZL
χ̃0
�14 þ ½δZL

χ̃0
�41ÞfðsαN �

13 þ cαN �
14ÞðsWN �

41 − cWN �
42Þ þ ðsWN �

11

− cWN �
12ÞðsαN �

43 þ cαN �
44Þgg

�
ð50Þ

and

FIG. 2. Counterterm diagrams for the χ̃01χ̃
0
1h and χ̃01χ̃

0
1H vertices which should be added to the one-loop corrected χ̃01χ̃

0
1h and χ̃01χ̃

0
1H

vertices, respectively to get the UV-finite results.
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δCR
χ̃0
1
χ̃0
1
h ¼ −

e
4cWs2W

�
4

c2W
fðc2WδZe þ sWδsWÞs2WN 11 þ cWc2WðδsW − sWδZeÞN 12gðsαN 13 þ cαN 14Þ

þ sWf2ðsWN 11 − cWN 12ÞfðsαδZhh − cαδZhHÞN 13 þ ðcαδZhh þ sαδZhHÞN 14 þ ð2½δZR
χ̃0
�11Þ

× ðsαN 13 þ cαN 14Þg þ ð½δZR
χ̃0
�12 þ ½δZR

χ̃0
�21ÞfðsαN 13 þ cαN 14ÞðsWN 21 − cWN 22Þ þ ðsWN 11

− cWN 12ÞðsαN 23 þ cαN 24Þg þ ð½δZR
χ̃0
�13 þ ½δZR

χ̃0
�31ÞfðsαN 13 þ cαN 14ÞðsWN 31 − cWN 32Þ

þ ðsWN 11 − cWN 12ÞðsαN 33 þ cαN 34Þg þ ð½δZR
χ̃0
�14 þ ½δZR

χ̃0
�41ÞfðsαN 13 þ cαN 14ÞðsWN 41

− cWN 42Þ þ ðsWN 11 − cWN 12ÞðsαN 43 þ cαN 44Þgg
�
: ð51Þ

Similarly, the counterterm for the heavy Higgs can
be obtained by the replacements sα → cα, cα → −sα,
δZhh → δZHH, and δZhH → −δZhH.
In the above, δZL;R

χ̃0
involves renormalized self-energies

and counterterms of the mass matrices of the physical states
[138,140]. Similarly, δZhH, δZhh, and δZHH come from the
renormalization of the neutral Higgs sector,

Mhi → Mhi þ δMhi; ð52Þ
�

h

H

�
→

�
1þ 1

2
δZhh

1
2
δZhH

1
2
δZHh 1þ 1

2
δZHH

��
h

H

�
: ð53Þ

The other terms in the counterterm vertices are already
present in the renormalization of the SM. Here, we refer to
[133,145] for the relevant expressions. For instance, the
renormalization constants, e.g., δZe, δsW , are fixed by the on-
shell conditions. Thus, as a default option in FORMCALC, we
use the fine-structure constant α ¼ αð0Þ ¼ 1=137.0359996
defined at the Thomson limit.5 Similarly, the on shell

definition of sW has been fixed as, s2W ¼ 1 − M2
W

M2
Z
. Though

MW is normally computed using the fine-structure constant
in the Thomson limit αð0Þ, the Fermi constantGμ, and mass
of the Z boson, here we stick to MW ¼ 80.3484 in the
analysis. This is within the ∼1σ variation if W boson mass
measurements are performed by the ATLAS, LHCb,

and D0 experiments, excluding the recent CDF results;
MW ¼ 80.3692� 0.0133 GeV [149]. The relatively large
theoretical uncertainty arises due to parton distribution
functions.6

Finally, we club the vertex corrections and counterterms
as Γχ̃0

1
χ̃0
1
hi þ δΓχ̃0

1
χ̃0
1
hi to obtain the UV-finite amplitude

where Γχ̃0
1
χ̃0
1
hi and δΓχ̃0

1
χ̃0
1
hi are defined in Eq. (25) and

Eq. (49), respectively. As we will see, to get the UV-finite
result, we have to use tree-level masses for the physical
states inside the loop.

V. PRECISION MEASUREMENTS AND
CONSTRAINTS FROM DIRECT SEARCHES

Here, we summarize different avenues of precision and
collider phenomenology, which can be marked along with
the SI-DD of the neutralino DM in different parts of the
MSSM parameter space. We consider 3 GeV theoretical
uncertainty in calculating SUSY Higgs mass leads to the
following range [150] for the SM-like Higgs mass in the
MSSM:

122GeV < mh < 128 GeV ð54Þ
Otherwise, we respect the constraints originating from the
B-physics measurements7 at 2σ variations, e.g., 3.02 ×
10−4 < BRðb → sγÞ < 3.62 × 10−4 [151], 2.23 × 10−9 <
BRðBs → μþμ−Þ < 3.63 × 10−9 [152]. We recall that our
primary interest is to observe the role of the renormalized
χ̃01χ̃

0
1hi vertex in the SI-DD where δaμ can be satisfied using

SUSY contributions. Assuming the χ̃01 to be the only source
for DM, we note the acceptable value of the relic abundance
data [25,26],

5We may recall that the renormalization of electric charge can

be written as ebare → eð0Þð1þ δZð0Þ
e Þ ¼ eðM2

ZÞð1þ δZ
eðM2

ZÞ
e Þ þ

higher orders, with eðM2
ZÞ ¼ eð0Þ=ð1 − 1

2
ΔαÞ and δZ

eðM2
ZÞ

e ¼
δZð0Þ

e − 1
2
Δα where Δα is a finite quantity involving the con-

tributions from the e, μ, τ leptons and the light quarks (i.e., all
except t) [139,146–148]. On the contrary, if one uses the “running
on shell” value of α, i.e., αðM2

ZÞ ¼ 1=128.93 or the running MS
value α̂ðMZÞ ¼ 1=127.932 (which usually spectrum-generator

like SPHENO considers), then the definition of δZ
eðM2

ZÞ
e has to be

adopted. To this end, FORMCALC calculates the charge renorm-
alization constant at the Thomson limit, i.e., δZð0Þ

e [141], so we
always use αð0Þ or eð0Þ.

6In the former calculation, higher-order corrections involving
the standard model and the MSSM are needed. Thus, if we
compute theMW instead, the resultant change in the SI-DD cross
section is ≤1%.

7B-physics constraints are satisfied using SPHENO-4.0.4 that
uses the model file for the MSSM from SARAH where the input
mass parameters for the SUSYmodels are defined in DR-scheme.
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ΩDMh2 ¼ 0.1198� 0.0012: ð55Þ

However, as noted in Sec. I, the constraint Eq. (55) is not
always endorsed as a necessary condition, especially for
understanding the parametric dependence to highlight the
region of higher NLO corrections. It is well known that
lighter EW spectra with masses not far away from a few
hundred GeV are preferred for compliance with δaμ. The
direct search constraints from LHC or LEP can be
potentially important for consideration. As mentioned,
we set squarks and gluino masses at ≥ 4 TeV to cope
with the LHC constraints [49,50]. Thus, it is instructive to
lay down a brief discussion of the recent results on the
anomalous magnetic moment of the muon and the status of
the LHC searches on the MSSM parameter space. It may be
added here that the LHC constraints on SUSY searches are
finally verified using SMODELS-2.3.0 [153–156].

A. Anomalus magnetic moment
of muon (δaμ) in the MSSM

The recent aμ measurement by FNAL [54,157] has
confirmed the earlier result by the E821 experiment at
Brookhaven, yielding the experimental average aEXPμ ¼
116592061ð41Þ × 10−11 which leads to a 4.2σ discrepancy
[54] compared to the SMvalue aSMμ ¼ ð116591810� 43Þ ×
10−11 [55], which is mainly based on the Refs. [56–75],

δaμ ¼ aEXPμ − aSMμ ¼ 251� 59 × 10−11: ð56Þ

The E989 experiment at Fermilab recently released an
update regarding the measurement of aμ from Run-2 and
Run-3. The new combined value yields a deviation of8

δaNewμ ¼ ð249� 48Þ × 10−11; ð57Þ

which leads to a 5.1σ discrepancy. However, δaNewμ quoted
in Eq. (57) is subject to SM theory prediction, mainly the
leading-order hadronic vacuum polarization (HVP) con-
tributions. Here, we stick to [55] where dispersive tech-
niques are used to extract the leading-order HVP
contribution from the eþe− → hadrons data. Instead, if
the lattice-QCD result for HVP by BMW Collaboration is
used, δaNewμ reduces to 1.6σ, leading to 2.1σ tension with
the eþe− determination of the HVP contribution. In this
regard, Ref. [158] discusses how windows in Euclidean
time can help to reduce the potential conflicts between
evaluations of the HVP contribution to the ðg − 2Þμ in
lattice-QCD9 and from eþe− → hadrons cross section data.
Along the same line, Ref. [162] also manifested the tension
between the lattice QCD approach and the traditional
data-driven approach, while for the latter, the recent
CMD-3 result was not used. Recently, Ref. [163] calculated
the ðg − 2Þμ using the data-driven approach. They mea-
sured the cross section of the dominant channel eþe− →
πþπ− using the CMD-3 detector at a center-of-mass energy
below 1 GeV, though the result seems to be incompatible
with previous determinations [164–168].
In the MSSM, the one-loop contributions to the anoma-

lous magnetic moment of muon or aμ, as shown in Fig. 3,
are mainly mediated by χ̃− − ν̃μ and μ̃ − χ̃0 [52,169–186].
The ðg − 2Þμ prior to the Fermilab Run-1 result are

studied in the Refs. [187–189]. In the aftermath of Fermilab
Run-1, the ðg − 2Þμ was studied in the Refs. [190–195].
The contributions can be written as [173,175]

δaχ̃
0

μ ¼ mμ

16π2
X4
l¼1

X2
m¼1

�
−

mμ

12m2
μ̃m

ðjnLlmj2 þ jnRlmj2ÞFN
1 ðxlmÞ

þ
mχ̃0l

3m2
μ̃m

Re½nLlmnRlm�FN
2 ðxlmÞ

�
; ð58Þ

FIG. 3. One-loop contributions to aμ in MSSM.

8The value of ðg − 2Þμ from Run-2 and Run-3 is aRun−2;3μ ¼
ð116592055� 24Þ × 10−11. Therefore, the new experimental

average becomes aExpðNewÞμ ¼ ð116592059� 22Þ × 10−11 [76].

9References [159–161] also studied recently the window
observable for the HVP contribution to ðg − 2Þμ from lattice
QCD calculations.
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δaχ̃
�
μ ¼ mμ

16π2
X2
k¼1

�
mμ

12m2
ν̃μ

ðjcLk j2 þ jcRk j2ÞFC
1 ðxkÞ

þ
2mχ̃�k

3m2
ν̃μ

Re½cLk cRk �FC
2 ðxkÞ

�
; ð59Þ

where the summations label the neutralino, smuon, and
chargino mass eigenstates, respectively, and

nLlm ¼ 1ffiffiffi
2

p ðg1N l1 þ g2N l2ÞX�
m1 − yμN l3X�

m2; ð60Þ

nRlm ¼
ffiffiffi
2

p
g1N l1Xm2 þ yμN l3Xm1; ð61Þ

cLk ¼ −g2Vk1; ð62Þ

cRk ¼ yμUk2; ð63Þ

with yμ is the muon Yukawa coupling. The loop functions
are given by

FN
1 ðxÞ ¼ 2

ð1 − xÞ4 ½1 − 6xþ 3x2 þ 2x3 − 6x2 lnðxÞ�; ð64Þ

FN
2 ðxÞ ¼ 3

ð1 − xÞ3 ½1 − x2 þ 2x lnðxÞ�; ð65Þ

FC
1 ðxÞ ¼

2

ð1 − xÞ4 ½2þ 3x − 6x2 þ x3 þ 6x lnðxÞ�; ð66Þ

FC
1 ðxÞ ¼ −

3

2ð1 − xÞ3 ½3 − 4xþ x2 þ 2 lnðxÞ�; ð67Þ

where the definition of the variables xlm ¼ m2
χ̃0l
=m2

μ̃m
and

xk ¼ m2
χ̃�k
=m2

ν̃μ
have been used. Since δaSUSYμ > 0 for μ > 0

and δaSUSYμ < 0 for μ < 0 [196,197], here, we restrict
ourselves to the case where μ is real and positive, i.e.,
μ > 0 in order to have the positive SUSY contributions to
ðg − 2Þμ. For a light binolike neutralino, i.e., for the
scenario M1 ≪ M2; μ, the loops contain only a light bino
and the smuons. In that case, one can write [173],

δaBino−likeμ ¼ g21
48π2

m2
μM1Re½μ tan β − A�

μ�
m2

μ̃2
−m2

μ̃1

×

�
FN

2 ðx11Þ
m2

μ̃1

−
FN

2 ðx12Þ
m2

μ̃2

�
; ð68Þ

where x1m ¼ M2
1=m

2
μ̃m
. For numerical evaluations for fla-

vor constraints including ðg − 2Þμ, we use SPHENO-4.0.4

[198,199] that uses SARAH-4.14.5 [200,201] for generating
the MSSM model files.
It is instructive to note that SPHENO calculates all the one-

loop SUSY contributions to ðg − 2Þμ. But ðg − 2Þμ also
may receive contributions from the two-loop (mainly

Barr-Zee type) diagrams involving fermion/sfermion in
the loop [202,203] which in the present case may not offer
any significant changes.10

B. LHC and LEP bounds on electroweakinos
and sleptons

For the searches of charginos/neutralinos and sleptons atffiffiffi
s

p ¼ 13 TeV by ATLAS and CMS we refer the reader
[209–216] and [217–221]. Also, the direct production of
charginos, neutralinos, and sleptons in the final states with
two leptons have been searched by ATLAS at

ffiffiffi
s

p ¼ 8 TeV
[222]. Following the ATLAS searches [213,223],
Higgsino-like neutralinos or charginos above the LEP limit
can be constrained for a mass difference Δmðχ̃02=χ̃�1 ; χ̃01Þ ≥
2.4 GeV. Similarly, a lower limit mχ̃�

1
≃mχ̃0

2
≥ 193 GeV

can be set for a mass splitting of 9.3 GeV. Using CMS
results mχ̃�

1
≃ 150 GeV for a mass difference ∼3 GeV

[221] can be placed. For a recent review of searches for
electroweakinos at the LHC, see [224].
Usually, in the Higgsino-like LSP models, a few

combinations of electroweak states may be important:
χ̃01χ̃

0
2; χ̃

0
1χ̃

�
1 ; χ̃

0
2χ̃

�
1 ; χ̃

þ
1 χ̃

−
1 . The possibility of having a lighter

electroweakino in the MSSM without confronting the
LHC searches requires a compressed mass spectra; thus
it relies on the soft leptons or jets arising in the decays of
charginos and neutralinos via off shell EW gauge bosons
χ̃�1 → Wð�Þ þ χ̃01 and χ̃

0
i → Zð�Þ=hSM þ χ̃01 (hSM refers to an

SM-like Higgs scalar in any BSM model). In the present
context, χ̃01 can be B̃ dominated, whereas relatively heavier
neutralinos χ̃02; χ̃

0
3 and χ̃

�
1 may become Higgsino-like. Even

a better-compressed scenario can be conceived when a
winolike χ̃02 is lighter than Higgsino-like χ̃03; χ̃

0
4. However,

Higgsino-like states cannot be too light since moderate/
large gaugino-Higgsino mixings have been excluded via
the SI-DD results. For instance, the direct detection of
binolike χ̃01-nucleon cross section set a limit of μ ≥
600 GeV for an LSP mass of 100 GeV (see, e.g.,
Fig. 10). With this in mind, the presence of lighter sleptons
and sneutrinos becomes necessary to satisfy δaμ. Then
Higgsino-like heavier charginos/neutralinos may decay
through elðlÞνðν̃Þ or ell; ν̃ν or even via winolike neutralino
states.

10For the two-loop contributions for ðg − 2Þμ we refer to
GM2Calc [203–208]. GM2Calc uses the on shell masses for
the following parameters:

M1; M2; μ; mμ̃L ; mμ̃R ; ð69Þ
where mμ̃L and mμ̃R are the smuon mass parameters. On the other
hand, SPHENO, which uses the model file for the MSSM from
SARAH, defines the input mass parameters in DR-scheme. One
may find that GM2Calc [203–208] is a more reliable tool for the
scenarios where two-loop results can be important.
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We summarise here the potentially important final states
comprised of lþl− (l∈ e, μ, τ) pair, jets, and missing
transverse momentum through pair production of chargi-
nos, neutralinos, and sleptons, searched at the ATLAS and
CMS Collaborations:

(i) PP → χ̃�1 χ̃
0
2 → Zχ01W

�χ01 (W andZ bosons can beoff
shell) are considered in Ref. [211,215,216,218,225].
For on shell vector bosons,Z andW decay to leptonic
and leptonic (hadronic) final states, respectively. An
ISR jet may lead the required handle to detect the soft
leptons above the SM background [211,213]. The
lower limits for equal mass χ̃�1 χ̃

0
2 are ∼800 GeV for a

massless χ̃01 [225,226], for decayingwith 100%BR in
the gauge boson final states. The second lightest
neutralino may decay through hSM, χ̃02 → hSM þ χ̃01
with 100% BR, is considered in Ref. [214,216,218].
For the WhSM mediated signals, and, Δmðχ̃02; χ̃01Þ ≥
mhSM minimum χ̃�1 χ̃

0
2 mass set at 190 GeV [216].

Additionally, pair production of charginos followed
by its decay to elðlÞνðν̃Þwas considered inRef. [212].

(ii) In the parameter space of our concern, all the
electroweakinos may be below the TeV scale. Thus,
pair production of heavier electroweakinos may be
important, especially if each of them decays into a
lighter electroweakino and an on shell W, Z, and
SM-like Higgs boson [227].

(iii) PP → el el → lχ̃01lχ̃
0
1∶ Direct pair production of

sleptons with l̃ refers mainly ẽ; μ̃ with each decaying
into a charged lepton and χ̃01, have been searched
at [209,212,213,219,228]. Usually, for a lighter
ẽ and μ̃ with masses ≤ 150 GeV, the mass splitting
Δmðel; χ̃01Þ ≤ 50 GeV is desired to have an accept-
able parameter space point. We always keep track of
Δmðel; mχ̃0

1
Þ and consider mel ≥ 100 GeV. For rela-

tively heavier sleptons, mel-mχ̃0
1
plane is depicted in

Refs. [219,228].
(iv) Charginos/neutralinos can potentially decay into

sleptons, which then decay into leptons, see, e.g.,
[209]. The mass limits for χ̃02; χ̃

�
1 can be excluded up

to 1.1 TeV for neutralino masses less than 550 GeV.
These channels are important if the respective BRs
are 100%. We always keep track of these constraints
and find them to be not very important in most of the
parameter space.

The aforesaid potentially important searches related to
sleptons and EW particles are already included in the
recent SMODELS-2.3.0. This includes the new ATLAS and
CMS results relevant in the present context, [212,225–229].

VI. METHODOLOGYTO IMPLEMENTONE-LOOP
χ̃ 01χ̃

0
1hi VERTEX TO MICROMEGAS

We list here the necessary steps followed to evaluate
the one-loop renormalized χ̃01χ̃

0
1hi vertex numerically, hence

the SI-DD of the LSP.We use FEYNARTS-3.11 [141,230–232],
FORMCALC-9.9 [131,141], and LOOPTOOLS-2.16 [131] at differ-
ent stages as discussed below:

(i) FEYNARTS contains the model files MSSM.mod and
MSSMCT.mod in which all the Feynman rules are
implemented. We generate all the relevant one-loop
diagrams for the χ̃01χ̃

0
1hi (where hi ¼ h, H) vertex

using FEYNARTS.
(ii) We choose the Feynman gauge for computing the

loops, which is also the default choice of FEYNARTS.
We include all the diagrams, including Goldstone
bosons, to get the gauge-invariant result. There are
234 diagrams for the h-mediated or the H-mediated
processes for consideration.

(iii) The total amplitude for all the one-loop diagrams, as
evaluatedbyFEYNARTS, leaves themomentumintegrals
unevaluated. FORMCALC evaluates all the momentum
integrals and writes the amplitude in a simplified form
through its internal abbreviation functions.

(iv) The vertex correction parts can be cast as Γχ̃0
1
χ̃0
1
hi ¼

C1L
L PL þ C1L

R PR, where PL and PR are left- and
right-handed projection operators. We extract the
C1L
L;R-parts and convert it to Fortran codes using

routines in FORMCALC.
(v) We use the spectrum calculator SPHENO-4.0.4

[198,199] for numerical evaluations. The model files
for the MSSM are generated by SARAH-4.14.5

[200,201]. Then SM and MSSM inputs and MSSM
outputs are fed to our code that calculates C1L

L and
C1L
R . At this stage, LOOPTOOLS has been used to

evaluate the Passarino-Veltman scalar integrals.
(vi) The loop-corrected χ̃01χ̃

0
1hi vertex contain UV diver-

gencies, unless χ̃01 is a pure state. The renormaliza-
tion of χ̃01χ̃

0
1hi vertex is done by using FEYNARTS,

FORMCALC, and LOOPTOOLS. We generate the coun-
terterm diagrams for the χ̃01χ̃

0
1hi vertex and create the

amplitudes using FEYNARTS. As said before, the
relevant expressionsmay be found inRefs. [132–140].
Thereafter, we choose an appropriate renormaliza-
tion scheme for our scenarios. Since we focus on
the bino-Higgsino-like and bino-wino-Higgsino-
like mixed neutralino scenarios, dominated by B̃
component, the suitable scheme is CCN[1] which
is also the default choice in FORMCALC. Using
FORMCALC and adopting CCN[1] scheme, we
evaluate all the relevant renormalization constants
that are contained in the amplitude of the vertex
counterterms. The latter has the structure δCLPL þ
δCRPR which is the same as that of the vertex with
δCL and δCR refer to the amplitudes of the vertex
counterterms. This leads to the final structure of
the corrected χ̃01χ̃

0
1hi vertex as ðC1L

L þ δCLÞPL þ
ðC1L

R þ δCRÞPR.
(vii) The corresponding Fortran code is used to check

the UV finiteness of our loop-corrected vertices.
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There is a parameter “Δ” which is equivalent to 2
ϵ −

γ þ logð4πÞ and LOOPTOOLS takes its default value
to be zero. The UV finiteness requires the final result
not to depend on the parameter “Δ” up to a certain
numerical precision. So we vary the parameter “Δ”
up to 107, and we find that the total corrections (i.e.,
C1L
L þ δCL and C1L

R þ δCR) do not change. This
manifests that ðC1L

L;R þ δCL;RÞ is UV-finite. Note that
we use tree-level masses for all the particles appear-
ing in the loop to get the UV-finite result.

(viii) We endow the renormalized vertices χ̃01χ̃
0
1h and

χ̃01χ̃
0
1H to MICROMEGAS-5.0.4 [124,233–235] to cal-

culate the DM-related observables, e.g., SI-DD cross
section and the relic density. Both off shell Higgs
states ðh;HÞ assume loop corrected masses. A
necessary cross-check at this point is to verify the
BH̃; BW̃ H̃ scenarios under the recent LHC con-
straints. With the latest SMODELS-2.3.0 [153–156]
we delineate the parameter space, which is still
allowed under the collider searches.

VII. NUMERICAL RESULTS

Within this section, we present the numerical outcomes,
demonstrating the impact of the dark matter direct detection
cross section on the MSSM parameter space induced by the
one-loop corrections to the χ̃01χ̃

0
1h and χ̃01χ̃

0
1H vertices.

Specifically, we are interested in assessing numerically (I)
the relative rise in the one-loop renormalized χ̃01χ̃

0
1hi vertex

to its LO value, (II) the updated SI-DD cross section σNLOSI
for LSP mass mχ̃0

1
and (III) the resultant and revised

contours, depicting the lowest band of μ with varying
M1 based upon the recent LUX-ZEPLIN (LZ) experimental
limits on χ̃01-nucleon cross section.
We begin with highlighting the parts of the parameter

space in the electroweak MSSM that satisfy δaμ or other

B-physics observables. We choose tan β ¼ 30, 10 for both
B̃H̃ and B̃W̃ H̃ cases, and additionally, the large tan β (¼50)
limit in the B̃W̃ H̃ scenario for numerical presentations. The
DM constraints for χ̃01 or a critical checking of the validity
of each parameter space point under SUSY searches is
partially endorsed as a necessary parameter space criterion.
While studying the parametric dependence to delineate
the effects of one-loop calculations in (I) and (II), relic
abundance or limits from SUSY searches can be observed
to be relaxed. However, in predictingM1-μ plane in (III) or
the bench-mark points (BMPs) in Table I, relic constraint
[vide Eq. (55)] and the limits from SMODELS-2.3.0 are
always respected.

A. B̃H̃ DM and σNLO
SI

Here, we perform a scan over the relevant parameters (all
masses are in GeV):

50 ≤ M1 ≤ 300; 400 ≤ μ ≤ 1000;

100 ≤ mμ̃L;μ̃R ≤ 350; 100 ≤ mẽL;ẽR ≤ 350: ð70Þ

We set μ ≥ 400 GeV for an efficient parametric scan. For
our choice ofM1, the lower values of μ are disfavored, even
from the LO SI-DD results. It will be further discussed
when we elaborate on our results in Fig. 10. The wino is
almost decoupled with M2 ¼ 1.5 TeV; consequently, the
neutralino is composed of a dominantly winolike state and
Higgsino. Also, lighter sleptons (ẽ and μ̃) are preferred to
comply with the anomalous magnetic moment of muon
δaμ. Relatively heavier staus are considered so as to satisfy
the LHC constraints easily. Additionally, all the points
satisfy the constraints from B-physics mentioned earlier.
The LO χ̃01-nucleon cross section is related to gaugino-
Higgsino mixings induced by the tree-level χ̃01χ̃

0
1hi vertex,

noted it as CLO
L;R in Eq. (4). Similarly, CNLO

L;R , the NLO vertex

TABLE I. A few exemplary points presented where σNLOSI excludes a parameter space point, which otherwise is allowed when one
considers σLOSI . Here, all the mass parameters are in GeV, and the cross sections are in pb. For BMP-I, the bino, wino, and Higgsino
compositions are N 11 ¼ 0.9973, N 12 ¼ −9.9266 × 10−4, N 13 ¼ 7.2147 × 10−2, and N 14 ¼ −1.3909 × 10−2. Similarly, for BMP-II,
N 11 ¼ −0.9975, N 12 ¼ 1.7352 × 10−2, N 13 ¼ −6.6141 × 10−2, and N 14 ¼ 1.9271 × 10−2.

B̃H̃ LSP

BMPs tan β μ M1 M2 MA MH mμ̃L mμ̃R mẽL mẽR

I 30 603 100 1500 2800 2268 178 135 177 131
BMPs mχ̃0

1
mχ̃�

1
; mχ̃0

2
δaμ Ωh2 CLO

L;RðhÞ CNLO
L;R ðhÞ CLO

L;RðHÞ CNLO
L;R ðHÞ σLOSI σNLOSI

I 99 624 2.12 × 10−9 0.118 0.00583 0.00622 0.02515 0.02625 2.760 × 10−11 3.130 × 10−11

B̃W̃H̃ LSP

BMPs tan β μ M1 M2 MA MH mμ̃L mμ̃R mẽL mẽR

II 30 710 190 265 3000 2392 344 248 254 204
BMPs mχ̃0

1
mχ̃�

1
; mχ̃0

2
δaμ Ωh2 CLO

L;RðhÞ CNLO
L;R ðhÞ CLO

L;RðHÞ CNLO
L;R ðHÞ σLOSI σNLOSI

II 189 282 3.54 × 10−9 0.119 0.00812 0.00858 0.02433 0.02519 4.709 × 10−11 5.241 × 10−11
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includes CLO
L;R, one-loop vertex corrections C1L

L;R, and
contributions from the counterterms δCL;R as

CNLO
L;R ¼ CLO

L;R þ C1L
L;R þ δCL;R: ð71Þ

With the set of parameters, stated in Eq. (70), we calculate
CLO
L;R and CNLO

L;R . The latter is subsequently fed to
MICROMEGAS-5.0.4 for numerical evaluations of σNLOSI .
Since we are mainly interested in the relative rise of

CNLO
L;R over its LO value, a quantity of our interest could be

the ratio of their numerical values,
CNLO
L;R

CLO
L;R
. With this in mind,

we plot
CNLO
L;R

CLO
L;R
, defined henceforth asR, with the mass of LSP

for the SM-like Higgs scalar [Figs. 4(a) and 4(b)] and the
same for the heavier Higgs (4c and 4d). We recall here that
both Higgs scalars interfere in the evaluation of σNLOSI . The
variations are shown for two sets of ðtan β;MAÞ≡
ð30; 2.8Þ; ð10; 1.7Þ where the masses of CP-odd Higgs
are in TeV. Fewer points are obtained for tan β ¼ 10
satisfying the deviation in ðg − 2Þμ and other phenomeno-
logical constraints. The reason is that ðg − 2Þμ depends
on the muon Yukawa coupling yμ, which is inversely
proportional to cos β, yμ ∝ 1

cos β ∼ tan β (for tan β ≥ 5). It is
also evident from Eq. (68). In the case of heavier LSP mass
with relatively heavier χ̃02; χ̃

0
3, and χ̃�1 , the larger value of

tan β is favored to satisfy δaμ. We may verify it numerically

FIG. 4. (a) and (b) show the variations of
CNLO
L;R

CLO
L;R

(≡R) with the mass of LSP for the SM-like Higgs scalar whereas (c) and (d) show the
same for the heavier Higgs state. The choice of parameters is discussed in the text. While ðg − 2Þμ and the B-physics constraints are
always satisfied, the cosmological relic abundance data [see Eq. (55)] and the SI-DD bounds are not strictly endorsed. It is apparent that
as large as ∼12% rise in Rh and that of ∼5% in RH can be observed after including the one-loop radiative corrections along with the
counterterm results with the LO results.
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from Fig. 4. For a moderate tan β (¼ 30), one finds a
relatively heavier LSP region (∼250 GeV) can be reached
that can accommodate the ðg − 2Þμ compared to the lower
value of tan βð¼ 10Þ (which can reach up to the LSP mass
of ∼130 GeV). It is also apparent from Fig. 4 that an
enhancement in R up to Rh ¼ 12% and RH ¼ 5% can be
obtained to χ̃01χ̃

0
1h and χ̃01χ̃

0
1H couplings respectively after

considering the NLO results via Eq. (71). The maximum
value of Rh;H refers to the scenarios where leading order
CLO
L;R or the bino-Higgsino mixing hits the minimum value.
The relatively subdued effect in RH, related to heavier

CP-even Higgs scalar, is due to its higher LO value. It can
be noted from Eq. (9) and Eq. (10). First, μ assumes higher
values than M1, and then the Higgs mixing angle is ≪ 1.
So, for the tree-level couplings associated with the light
Higgs boson, the bino mass term dominates in Eq. (9) while
for H boson, the first term within the bracket of Eq. (10)
contributes mainly. Thus, the LO couplings are higher for
H boson. We show its numerical values, in Fig. 5 for a
representative choice of input parameters, M2 ¼ 1.5 TeV,
MA ¼ 2.8 TeV. Similarly, we assume tan β ¼ 30 for the
plot. The green points show CLO

L;R for H scalar while red
regions present the same for h boson for the same range of
parameters, as stated earlier.
Following the relative dominance of h scalar in the CNLO

L;R ,
we now turn our attention to quantifying the relative increase

ofRh;H in the χ01-nucleon(p) cross section, through
σNLOSI
σLOSI

[see

Figs. 6(a) and 6(b)]. We define the ratio asRσ for simplicity.

The parameters are the same as in Eq. (70). It is evident from
Figs. 6(a) and 6(b) that we get an enhancement in Rσ up to
∼20% in the SI-DD cross sections after including the one-
loop renormalizedvertices. In a simple scenario,with eitherh
or H presents in the spectra, the rise in σNLOSI can directly be
correlated to the variations in χ̃01χ̃

0
1h or χ̃01χ̃

0
1H vertex

σNLOSI ¼ σLOSI
ðCNLO

L;R Þ2
ðCLO

L;RÞ2
¼ σLOSI ½1þ

2C1L
L;R

CLO
L;R

þ 2δCL;R

CLO
L;R

�. When more

than one scalar is present, both of theCP-even scalar bosons
will interfere and the overall rise in the Rσ can not be
apprehended easily.
Finally, we present the NLO cross section σNLOSI with the

mass of LSP [Fig. 6(c)] for tan β ¼ 30 only. At this stage, it
is customary to check the validity of the parameter space
under SUSY searches. While the green regions depict part
of the MSSM parameter space that otherwise satisfies B-
physics constraints and ðg − 2Þμ, the red points in Fig. 6(c)
are additionally consistent with SUSY searches. As noted,
the SUSY searches are validated with SMODELS-2.3.0. Even
with the one-loop corrected SI-DD, σNLOSI , some parts of the
parameter space are still not excluded by the latest LZ data.
It may be noted here that the exclusion limits from LUX,
XENON-1T or LZ are shown assuming the central val-
ues only.

B. B̃W̃H̃ DM and σNLO
SI

Having analyzed the B̃H̃ DM, we now present the
numerical results when the neutralino is composed of a
dominantly bino, Higgsinos, and a relatively larger com-
ponent of wino, which already referred to as B̃W̃ H̃ scenario.
Specifically, we consider M1 < M2 ≲ μ among the EW
inputs with a numerical scan over the following ranges of
the parameters:

50 ≤M1 ≤ 300; 150 ≤M2 ≤ 600; 400 ≤ μ ≤ 1000;

100 ≤mμ̃L;μ̃R ≤ 350; 100 ≤mẽL;ẽR ≤ 350: ð72Þ

In the above, all the masses are in GeV. The ranges of the
parameters are the same as in B̃H̃ case except that, here, we
have taken the lighter wino with M2 ∈ ½150; 600� GeV to
raise the wino composition in χ̃01 [see Eq. (72)] compared to
B̃H̃ scenario. As for the B̃H̃ DM, the relative rise in CNLO

L;R

compared to CLO
L;R, quantified as

CNLO
L;R

CLO
L;R

(or R, for the sake of

brevity) is shown with mχ̃0
1
for the SM-like Higgs scalar

[Figs. 7(a) and 7(b)] and the heavier Higgs [Figs. 7(c) and
7(d)]. As before, we primarily consider tan β ¼ 30, 10 with
two different values of MA ¼ 3, 1.7 TeV. Additionally, we
consider tan β ¼ 50 with MA ¼ 3 TeV to reach the larger
mass region of the LSP. In Figs. 7(a) and (b) (tan β ¼ 30,
10), we can achieve a maximum value for Rh, ∼9%. The
relative increaseRH is much smaller ∼4.5% irrespective of
the value of tan β which follows from the fact that χ̃01χ̃

0
1H

FIG. 5. Variations of the LO or tree-level couplings of χ̃01χ̃
0
1h

and χ̃01χ̃
0
1H vertices with mχ̃0

1
. The points with larger values of the

coupling (green) correspond to the χ̃01χ̃
0
1H vertex, and the points

with lower values of the coupling (red) correspond to the χ̃01χ̃
0
1h

vertex. As in Fig. 4, ðg − 2Þμ and the B-physics constraints are
always satisfied, the cosmological relic abundance data and the
SI-DD bounds are relaxed.
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takes higher value at the LO. So the ratioRH resides on the
lower side.
As in the B̃H̃ case, we may again observe that tan β ¼ 30

helps to reach larger values of LSP masses (up to 300 GeV).
Since the rise in mχ̃0

1
, one has to raise the masses of χ̃�1 , a

larger tan β would be necessary [see e.g., Eq. (68)].
Moreover, unlike the previous scenario, a light winolike
chargino also helps to enhance the BSM contributions to
ðg − 2Þμ. So, in contrast to Fig. 4, one can even go to larger
masses for the LSP and Higgsino-like states. Along the
same line, it may be interesting to see how far we can reach
in the LSP mass at a large tan β value (e.g., tan β ¼ 50).
Thus, we contemplate a scenario for large tan β (¼ 50).

Here, heavier chargino and neutralino masses (∼600 GeV)

can be reached in compliance with ðg − 2Þμ.11 As before,
we compute the EW corrections to the χ̃01χ̃

0
1hi coupling and

the corresponding SI-DD cross section. The ranges of the
parameters we consider in this scenario are the following:

50≤M1 ≤ 600; 150≤M2 ≤ 1000; 400≤ μ≤ 1500;

100≤mμ̃L;μ̃R ≤ 650; 100≤mẽL;ẽR ≤ 650: ð73Þ

FIG. 6. (a) and (b) represent the variations of
σNLOSI

σLOSI
orRσ with the mass of LSP, while the variation of σNLOSI with mχ̃0

1
is shown in (c) for

tan β ¼ 30. The red points in (c) are allowed by SMODELS-2.3.0. Note that in this case, the bino fraction in χ̃01 isN
2
11 ≥ 97%. It is evident

from (a) and (b) that we get an enhancement up to ∼20% in Rσ after including the one-loop renormalized vertices.

11The higher LSP region of masses up to ∼600 GeV can be
reached with the large value of tan β. The region of the allowed
parameter space is mentioned in https://atlas.web.cern.ch/Atlas/
GROUPS/PHYSICS/PUBNOTES/ATL-PHYS-PUB-2023-025/
fig16.png.
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where all the masses are in GeV. From Fig. 8, we obtain up
to ∼13%NLO corrections to the χ̃01χ̃

0
1h coupling and that of

∼4.3% corrections to the χ̃01χ̃
0
1H coupling.

The resultant change in the SI-DD cross section Rσ ¼
σNLOSI

σLOSI
with the mass of LSP for tan β ¼ 30, 10, and the large

tan β ¼ 50, and the variations of σNLOSI with the same for
tan β ¼ 30 are shown in Fig. 9. As can be seen, Rσ reads
∼20% corrections for our choices of the tan β. Additionally,
a large part of the parameter space still satisfies the
stringent LZ limits. As before, the red points in Fig. 9(c)
satisfy the SUSY search limits verified by SMODELS-2.3.0.

With the knowledge gathered from the previous exercise,
we may anticipate that for higher values of σNLOSI , the
MSSM parameter space will be curbed further. As a result,
a more stringent bound on the gaugino-Higgsino mixing
parameter may be derived. Following the fact that their
mass parameters drive the mixing, we observe a rise in the
lowest band of the Higgsino mass μ for a given value ofM1,
as depicted in Figs. 10(a)–10(c). For the experimental
input, we use the 90% confidence limit of LZ in Fig. 10(a),
2σ upper bound (þ2σ) of LZ in Fig. 10(b), and 90% con-
fidence limit of XENON-1T in Fig. 10(c) on the σχ̃0

1
−p cross

section. We stick to a fixed value of tan β ¼ 30 for

FIG. 7. (a) and (b) show the variations of R ¼ CNLO
L;R

CLO
L;R

with the mass of LSP for the SM-like Higgs scalar whereas (c) and (d) show the
same for the heavier Higgs. These are the same as the B̃H̃ case except that, here, we have taken the lighter wino with
M2 ∈ ½150; 600� GeV [see Eq. (72)]. As before, ðg − 2Þμ and the B-physics constraints are always satisfied; the cosmological relic
abundance data and SI-DD constraints are not strictly endorsed.
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simplicity. Similarly, M2 ¼ 1.5 TeV and MA ¼ 2.8 TeV
are assumed. Thus, it leads to B̃H̃ DM scenario. In
Figs. 10(a)–10(c), we observe two contours in the M1-μ
plane, showing the lowest value of the parameters allowed
from the SI-DD cross section if one uses (I) CLO

L;R and (II)
CNLO
L;R in the calculations. As before, the B-physics con-

straints, ðg − 2Þμ, and the LHC searches on the SUSY
parameters are always respected. Moreover, the observed
relic density [vide Eq. (55)] is strictly adhered to.
In Fig. 10(a), with the LO of χ̃01χ̃

0
1hi vertex, we find μ ≥

550 GeV for M1 ¼ 60 GeV. After including the NLO
corrections [vide Eq. (71)], the lower limit becomes μ ≥
575 for the same value ofM1. Similarly, forM1 ¼ 240 GeV,
the μ value shifts from 732 GeV to 758 GeVupon including
the NLO corrections. Therefore, μ shifts upward by
∼25 GeV in this case. Similarly, in Figs. 10(b) and 10(c),
μ shifts upward by ∼20 GeV. The underlying reason for the
relatively lower shift in Figs. 10(b) and 10(c) depends on the
fact that themaximumvalue for thewino-Higgsinomixing at
the LO in the first case [i.e., Fig. 10(a)] is relatively smaller
than the latter cases, which suppresses the LO value of the
χ̃01χ̃

0
1hðHÞ. Therefore, the NLO corrections in the first case

are larger, and a relatively higher shift in the μ value is
obtained. Overall, the lower bound in μ shifts upward,
leading to more stringent limits in the M1-μ plane when
the NLO corrections are included. Typically, onemay extend
the contours for lower or higher values of M1. But, then
ðg − 2Þμ and SMODELS-2.3.0 are somewhat restrictive on the
MSSM parameter space.

We now examine the allowed parameter space through a
few BMPs that, as before, satisfy all the necessary
B-physics constraints, DD bounds on DM, δaμ, and the
present SUSY search.12 We mainly present a few BMPs,
which are allowed by the SI-DD cross section based on
CLO
L;R, but become excluded when NLO corrected χ01χ

0
1hi

vertex is considered instead. For BMP-I in Table I, where
the LSP is B̃H̃, having mχ̃0

1
¼ 99 GeV, we get 6.7% rise to

χ̃01χ̃
0
1h vertex and 4.4% rise to χ̃01χ̃

0
1H vertex following the

inclusion of the NLO corrections. Finally, we obtain an
overall 13.4% enhancement to the SI-DD cross section. The
LO cross section for this BMP is 2.760 × 10−11 pb, which
resides below the central line of LZ (the LZ limit is
2.9 × 10−11 pb for this point), thus, allowed by the DD
bound. After including the NLO corrections, the DD cross
section becomes 3.130 × 10−11 pb, which is ruled out by
the DD limit of LZ.
In another example, we consider the BMP-II13 where

mχ̃0
1
¼ 189 GeV, we obtain 5.7% and 3.5% rise to Rh and

FIG. 8. (a) and (b) represent the variations of
CNLO
L;R

CLO
L;R

with the mass of LSP for tan β ¼ 50. In this scenario, the LSP has a wino fraction of

N 2
11 ≥ 85%. Here, we obtain∼13% corrections in the χ̃01χ̃

0
1h coupling, and∼4.3% corrections in the χ̃01χ̃

0
1H coupling. As before, ðg − 2Þμ

and the B-physics constraints are always respected; the cosmological relic abundance data and SI-DD bounds are not considered.

12The first BMP is allowed by the condition Δmðel; χ̃01Þ ≤
50 GeV for ẽ and μ̃ masses ≤ 150 GeV (see Sec. V B for
details) whereas the second BMP is allowed as mentioned in
https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PUBNOTES/
ATL-PHYS-PUB-2023-025/fig16.png.

13Here, charginos/neutralinos can decay into selectrons with a
non-negligible BR. However, the BRs of the decays χ̃�1 ; χ̃

0
2 to ν̃ee,eleLeL can be made insignificant by slightly pushing the selectron

masses, which does not cause any change in the rest of the
analysis.
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RH respectively and 11.3% corrections to the DD cross-
section. In this case, the LO cross section is
4.709 × 10−11 pb, again below the central line of LZ
(the LZ limit is 5.0 × 10−11 pb for this point), hence

allowed by the SI-DD searches. After incorporating the
NLO corrections, we obtain the SI-DD cross-section
5.241 × 10−11 pb, which is now above the LZ line and
hence excluded by the SI-DD search of LZ.

FIG. 9. (a), (b), and (c) represent the variations of
σNLOSI

σLOSI
with the mass of LSP, and (d) σNLOSI with the same for tan β ¼ 30. In (d), the red

points satisfy the present SUSY search constraints, verified by SMODELS-2.3.0. Here, the LSP has a bino fraction of N 2
11 ≥ 97%. Note

that we get ∼20% corrections in the cross sections for tan β ¼ 30, 50 and ∼18% for tan β ¼ 10.
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VIII. CONCLUSIONS

A dominantly binolike χ̃01, but having (i) a minimal
Higgsino component and (ii) a minimal wino-Higgsino
component in the MSSM can accommodate ðg − 2Þμ, the
recent SUSY search constraints, and the LO DM-nucleon
scattering cross section for the DM searches. Defining them
as B̃H̃ and B̃W̃ H̃, we have computed the NLO corrections to
the LSP-Higgs interaction vertices, mainly focusing on the
electroweak particles only. There are a total of 234
diagrams for the χ̃01χ̃

0
1h vertex corrections and 234 for

the χ̃01χ̃
0
1H vertex corrections at the particle level. We have

assembled all the diagrams by six topologies and presented
the analytical expressions for each topology. To get the
UV-finite result, we have included the vertex counterterms.
For the B̃H̃ LSP, including NLO corrections, we have
obtained up to 12% and 5% enhancement to the χ̃01χ̃

0
1h and

χ̃01χ̃
0
1H couplings, respectively, which in turn leads to an

enhancement up to 20% to the SI-DD cross section.
Similarly, for the B̃W̃ H̃ LSP, we have obtained up to
20% enhancement to the SI-DD cross section. Through
the detailed numerical studies, we have shown that the
relative enhancement has only a mild dependence over
tan β. With the improved corrections, the MSSM parameter
space is further squeezed, though somewhat moderately.
Finally, we reanalyze the exclusion limits in theM1-μ plane
computed from the SI-DD cross section for the B̃H̃ LSP,
using leading-order and NLO corrected couplings. Here,
tan β ¼ 30 is assumed for the presentation. Overall, a rise
of about ∼25 GeV in the Higgsino mass parameter can be
observed for M1 ∈ ½60; 240� GeV after incorporating the
NLO corrections if one uses the 90% confidence limit of
the LZ results on the SI-DD cross section. For other values
of tan β, a similar shift in the μ parameter can easily be

anticipated. Moreover, a higher value of tan βð¼50Þ is
favored to satisfy the ðg − 2Þμ for a heavier LSP (with
mass ∼600 GeV). However, even here, the relative rise in
the NLO coupling or cross section is of the same size,
which leads to a similar rise in the μ parameter in the
M1-μ plane.
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APPENDIX A: COUPLINGS

For the sake of completeness, here we present all the
vertex factors following Ref. [107] that appeared in the
triangular topologies presented in Sec. IVA.
Topology-1(a):
(1) hi ¼ h=H, F ¼ χ̃0l, and S ¼ S0 ¼ h.

ξLL ¼ λhihhG
L
χ̃0
1
χ̃0lh

GR�
χ̃0
1
χ̃0lh

;

ξLR ¼ λhihhG
L
χ̃0
1
χ̃0lh

GL�
χ̃0
1
χ̃0lh

; ðA1Þ

FIG. 10. Contours depicting the lowest values of μ for a given M1, computed from CLO
L;R and CNLO

L;R for the χ01χ
0
1hi coupling using

(a) 90% confidence limit of LZ, (b) 2σ upper bound (þ2σ) of LZ, and (c) 90% confidence limit of XENON − 1Tð2018Þ. Overall, the
lower bound in μ shifts upward, leading to more stringent limits in the M1-μ plane if the NLO corrections are included. The B-physics
constraints, δaμ, the cosmological relic abundance data, and the constraints following SMODELS-2.3.0 are always respected.
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ξRL ¼ λhihhG
R
χ̃0
1
χ̃0lh

GR�
χ̃0
1
χ̃0lh

;

ξRR ¼ λhihhG
R
χ̃0
1
χ̃0lh

GL�
χ̃0
1
χ̃0lh

; ðA2Þ

where l ¼ 1;…; 4; λhihihi ¼ −3 g2MZ
2cW

Bhi ; with

Bhi ¼
�

c2αsβþα; hi ¼ h

c2αcβþα; hi ¼ H
;

GL
χ̃0
1
χ̃0lhi

¼
�
g2ðQ00�

l1sα þ S00�l1cαÞ; hi ¼ h

g2ð−Q00�
l1cα þ S00�l1sαÞ; hi ¼ H

;

GR
χ̃0
1
χ̃0lhi

¼
�
g2ðQ00

1lsα þ S001lcαÞ; hi ¼ h

g2ð−Q00
1lcα þ S001lsαÞ; hi ¼ H

:

(2) hi ¼ h=H, F ¼ χ̃0l, and S ¼ h, S0 ¼ H or S ¼ H,
S0 ¼ h.

ξLL ¼ λhihHG
L
χ̃0
1
χ̃0lH

GR�
χ̃0
1
χ̃0lh

;

ξLR ¼ λhihHG
L
χ̃0
1
χ̃0lH

GL�
χ̃0
1
χ̃0lh

; ðA3Þ

ξRL ¼ λhihHG
R
χ̃0
1
χ̃0lH

GR�
χ̃0
1
χ̃0lh

;

ξRR ¼ λhihHG
R
χ̃0
1
χ̃0lH

GL�
χ̃0
1
χ̃0lh

; ðA4Þ

where λhihH ¼ g2MZ
2cW

Chi , with

Chi ¼
�−2s2αsβþα þ cβþαc2α; hi ¼ h

2s2αcβþα þ sβþαc2α; hi ¼ H
:

(3) hi ¼ h=H, F ¼ χ̃0l, and S ¼ S0 ¼ H.

ξLL ¼ λhiHHGL
χ̃0
1
χ̃0lH

GR�
χ̃0
1
χ̃0lH

;

ξLR ¼ λhiHHGL
χ̃0
1
χ̃0lH

GL�
χ̃0
1
χ̃0lH

; ðA5Þ

ξRL ¼ λhiHHGR
χ̃0
1
χ̃0lH

GR�
χ̃0
1
χ̃0lH

;

ξRR ¼ λhiHHGR
χ̃0
1
χ̃0lH

GL�
χ̃0
1
χ̃0lH

; ðA6Þ

(4) hi ¼ h=H, F ¼ χ̃0l, and S ¼ S0 ¼ A.

ξLL ¼ λhiAAG
L
χ̃0
1
χ̃0lA

GR�
χ̃0
1
χ̃0lA

;

ξLR ¼ λhiAAG
L
χ̃0
1
χ̃0lA

GL�
χ̃0
1
χ̃0lA

; ðA7Þ

ξRL ¼ λhiAAG
R
χ̃0
1
χ̃0lA

GR�
χ̃0
1
χ̃0lA

;

ξRR ¼ λhiAAG
R
χ̃0
1
χ̃0lA

GL�
χ̃0
1
χ̃0lA

; ðA8Þ

where λhiAA ¼ − g2MZ
2cW

c2βDhi , with

Dhi ¼
�
sβþα; hi ¼ h

−cβþα; hi ¼ H
;

GL
χ̃0
1
χ̃0lA

¼ iðQ00�
l1sβ−S00�l1cβÞ, and GR

χ̃0
1
χ̃0lA

¼ ið−Q00
1lsβþS001lcβÞ.

(5) hi ¼ h=H, F ¼ χ̃0l, and S ¼ A, S0 ¼ G or S ¼ G,
S0 ¼ A.

ξLL ¼ λhiAGG
L
χ̃0
1
χ̃0lG

GR�
χ̃0
1
χ̃0lA

;

ξLR ¼ λhiAGG
L
χ̃0
1
χ̃0lG

GL�
χ̃0
1
χ̃0lA

; ðA9Þ

ξRL ¼ λhiAGG
R
χ̃0
1
χ̃0lG

GR�
χ̃0
1
χ̃0lA

;

ξRR ¼ λhiAGG
R
χ̃0
1
χ̃0lG

GL�
χ̃0
1
χ̃0lA

; ðA10Þ

where λhiAG¼−g2MZ
2cW

s2βDhi , G
L
χ̃0
1
χ̃0lG

¼ ig2ð−Q00�
l1cβ−

S00�l1sβÞ, and GR
χ̃0
1
χ̃0lG

¼ ig2ðQ00
1lcβ þ S001lsβÞ.

(6) hi ¼ h=H, F ¼ χ̃0l, and S ¼ S0 ¼ G.

ξLL ¼ λhiGGG
L
χ̃0
1
χ̃0lG

GR�
χ̃0
1
χ̃0lG

;

ξLR ¼ λhiGGG
L
χ̃0
1
χ̃0lG

GL�
χ̃0
1
χ̃0lG

; ðA11Þ

ξRL ¼ λhiGGG
R
χ̃0
1
χ̃0lG

GR�
χ̃0
1
χ̃0lG

;

ξRR ¼ λhiGGG
R
χ̃0
1
χ̃0lG

GL�
χ̃0
1
χ̃0lG

; ðA12Þ

where λhiGG ¼ − g2MZ
2cW

c2βD0
hi
, with

D0
hi
¼

�−sβþα; hi ¼ h

cβþα; hi ¼ H
:

(7) hi ¼ h=H, F ¼ χ̃�l , and S ¼ S0 ¼ H�.

ξLL ¼ λhiH�H�GL
χ̃0
1
χ̃�lH

�GR�
χ̃0
1
χ̃�lH

� ;

ξLR ¼ λhiH�H�GL
χ̃0
1
χ̃�lH

�GL�
χ̃0
1
χ̃�lH

� ; ðA13Þ

ξRL ¼ λhiH�H�GR
χ̃0
1
χ̃�lH

�GR�
χ̃0
1
χ̃�lH

� ;

ξRR ¼ λhiH�H�GR
χ̃0
1
χ̃�lH

�GL�
χ̃0
1
χ̃�lH

� ; ðA14Þ

where, λhiH�H� ¼ −g2Ahi , with

Ahi ¼
�MWsβ−α þ MZ

2cW
c2βsβþα; hi ¼ h

MWcβ−α −
MZ
2cW

c2βcβþα; hi ¼ H
;

GL
χ̃0
1
χ̃�lH

� ¼ −g2Q0L
1l, and GR

χ̃0
1
χ̃�lH

� ¼ −g2Q0R
1l.

(8) hi ¼ h=H, F ¼ χ̃�l , and S ¼ H�, S0 ¼ G� or
S ¼ G�, S0 ¼ H�.
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ξLL ¼ λhiH�G�GL
χ̃0
1
χ̃�lG

�GR�
χ̃0
1
χ̃�lH

� ;

ξLR ¼ λhiH�G�GL
χ̃0
1
χ̃�lG

�GL�
χ̃0
1
χ̃�lH

� ; ðA15Þ

ξRL ¼ λhiH�G�GR
χ̃0
1
χ̃�lG

�GR�
χ̃0
1
χ̃�lH

� ;

ξRR ¼ λhiH�G�GR
χ̃0
1
χ̃�lG

�GL�
χ̃0
1
χ̃�lH

� ; ðA16Þ

where λhiH�G� ¼ − g2MW
2

A0
hi
, with

A0
hi
¼

8<
:

s2βsβþα

c2W
− cβ−α; hi ¼ h

− s2βcβþα

c2W
− sβ−α; hi ¼ H

;

GL
χ̃0
1
χ̃�lG

� ¼ −g2tβQ0L
1l, and GR

χ̃0
1
χ̃�lG

� ¼ g2
tβ
Q0R

1l.

(9) hi ¼ h=H, F ¼ χ̃�l , and S ¼ S0 ¼ G�.

ξLL ¼ λhiG�G�GL
χ̃0
1
χ̃�lG

�GR�
χ̃0
1
χ̃�lG

� ;

ξLR ¼ λhiG�G�GL
χ̃0
1
χ̃�lG

�GL�
χ̃0
1
χ̃�lG

� ; ðA17Þ

ξRL ¼ λhiG�G�GR
χ̃0
1
χ̃�lG

�GR�
χ̃0
1
χ̃�lG

� ;

ξRR ¼ λhiG�G�GR
χ̃0
1
χ̃�lG

�GL�
χ̃0
1
χ̃�lG

� ; ðA18Þ

where λhiG�G� ¼ − g2MZ
2cW

c2βD0
hi
.

(10) hi ¼ h=H, F ¼ νn, S ¼ ν̃l, S0 ¼ ν̃m.

ξLL ¼ 0; ξLR ¼ λhiν̃lν̃mG
L
χ̃0
1
νnν̃l

GL�
χ̃0
1
νnν̃m

; ðA19Þ

ξRL ¼ 0; ξRR ¼ 0; ðA20Þ

where l; m; n ¼ 1, 2, 3; GL
χ̃0
1
νnν̃m

¼ Gν
nm1,

λhi ν̃lν̃m ¼
�
cg½ν̃�sαþβδlm; hi ¼ h

−cg½ν̃�cαþβδlm; hi ¼ H
;

with cg½ν̃�≡ g2MW
2

ð1þ t2WÞ.
(11) hi ¼ h=H, F ¼ en, S ¼ ẽl, S0 ¼ ẽm.

ξLL ¼ λhiẽlẽmG
L
enẽmχ̃01

GR�
enẽl χ̃01

;

ξLR ¼ λhiẽlẽmG
L
enẽmχ̃01

GL�
enẽl χ̃01

; ðA21Þ

ξRL ¼ λhiẽlẽmG
R
enẽm χ̃01

GR�
enẽlχ̃01

;

ξRR ¼ λhiẽlẽmG
R
enẽm χ̃01

GL�
enẽlχ̃01

; ðA22Þ

where n ¼ 1, 2, 3; l; m ¼ 1;…; 6; GL
enẽmχ̃01

¼ GeL
nm1,

GR
enẽmχ̃01

¼ GeR
nm1, and

λhiẽlẽm ¼
�−cA½ẽl; ẽm�sα þ cμ½ẽl; ẽm�cα þ cg½ẽl; ẽm�sαþβ; hi ¼ h

cA½ẽl; ẽm�cα þ cμ½ẽl; ẽm�sα − cg½ẽl; ẽm�cαþβ; hi ¼ H
;

where

cA½ẽl; ẽm�≡ g2
MWcβ

�
−
X3
i¼1

m2
ei ½Wẽ�

ilW
ẽ
im þWẽ�

iþ3lW
ẽ
iþ3m� þ

1

2

X3
i;j¼1

½ðmeAe†ÞijWẽ�
ilW

ẽ
jþ3m þ ðmeAeÞijWẽ�

jþ3lW
ẽ
im�

�
;

cμ½ẽl; ẽm�≡ g2
2MWcβ

X3
i¼1

mei ½μW ee�
ilW

ẽ
iþ3m þ μ�W ee�

iþ3lW
ẽ
im�;

cμ½ẽl; ẽm�≡ g2MW

2

X3
i¼1

½W ee�
ilW

ẽ
imðt2W − 1Þ − 2t2WW

ee�
iþ3lW

ẽ
iþ3m�:

Topology-1(b):
(1) hi ¼ h=H, S ¼ h=H, F ¼ χ̃0l, F

0 ¼ χ̃0n.

ζLLL ¼ GL
χ̃0
1
χ̃0nhi

GL
χ̃0lχ̃

0
nhi
GR�
χ̃0
1
χ̃0lhi

; ζLLR ¼ GL
χ̃0
1
χ̃0nhi

GL
χ̃0lχ̃

0
nhi
GL�
χ̃0
1
χ̃0lhi

;

ζLRL ¼ GL
χ̃0
1
χ̃0nhi

GR
χ̃0lχ̃

0
nhi
GR�
χ̃0
1
χ̃0lhi

; ζLRR ¼ GL
χ̃0
1
χ̃0nhi

GR
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lhi

;

ζRLL ¼ GR
χ̃0
1
χ̃0nhi

GL
χ̃0lχ̃

0
nhi
GR�
χ̃0
1
χ̃0lhi

; ζRLR ¼ GR
χ̃0
1
χ̃0nhi

GL
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lhi

;

ζRRL ¼ GR
χ̃0
1
χ̃0nhi

GR
χ̃0lχ̃

0
nhi
GR�
χ̃0
1
χ̃0lhi

; ζRRR ¼ GR
χ̃0
1
χ̃0nhi

GR
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lhi

;
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where

GL
χ̃0l χ̃

0
nhi

¼
�
g2ðQ00�

lnsα þ S00�lncαÞ; hi ¼ h

−g2ðQ00�
lncα − S00�lnsαÞ; hi ¼ H

and

GR
χ̃0l χ̃

0
nhi

¼
�
g2ðQ00

nlsα þ S00nlcαÞ; hi ¼ h

−g2ðQ00
nlcα − S00nlsαÞ; hi ¼ H

:

(2) hi ¼ h=H, S ¼ A, F ¼ χ̃0l, F
0 ¼ χ̃0n.

ζLLL ¼ GL
χ̃0
1
χ̃0nA

GL
χ̃0l χ̃

0
nhi
GR�
χ̃0
1
χ̃0lA

; ζLLR ¼ GL
χ̃0
1
χ̃0nA

GL
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lA

;

ζLRL ¼ GL
χ̃0
1
χ̃0nA

GR
χ̃0l χ̃

0
nhi
GR�
χ̃0
1
χ̃0lA

; ζLRR ¼ GL
χ̃0
1
χ̃0nA

GR
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lA

;

ζRLL ¼ GR
χ̃0
1
χ̃0nA

GL
χ̃0l χ̃

0
nhi
GR�
χ̃0
1
χ̃0lA

; ζRLR ¼ GR
χ̃0
1
χ̃0nA

GL
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lA

;

ζRRL ¼ GR
χ̃0
1
χ̃0nA

GR
χ̃0l χ̃

0
nhi
GR�
χ̃0
1
χ̃0lA

; ζRRR ¼ GR
χ̃0
1
χ̃0nA

GR
χ̃0lχ̃

0
nhi
GL�
χ̃0
1
χ̃0lA

;

where GL
χ̃0
1
χ̃0nA

¼ iðQ00�
n1sβ − S00�n1cβÞ and GR

χ̃0
1
χ̃0nA

¼ ið−Q00
1nsβ þ S001ncβÞ.

(3) hi ¼ h=H, S ¼ G, F ¼ χ̃0l, F
0 ¼ χ̃0n.

ζLLL ¼ GL
χ̃0
1
χ̃0nG

GL
χ̃0lχ̃

0
nhi
GR�
χ̃0
1
χ̃0lG

; ζLLR ¼ GL
χ̃0
1
χ̃0nG

GL
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lG

;

ζLRL ¼ GL
χ̃0
1
χ̃0nG

GR
χ̃0lχ̃

0
nhi
GR�
χ̃0
1
χ̃0lG

; ζLRR ¼ GL
χ̃0
1
χ̃0nG

GR
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lG

;

ζRLL ¼ GR
χ̃0
1
χ̃0nG

GL
χ̃0lχ̃

0
nhi
GR�
χ̃0
1
χ̃0lG

; ζRLR ¼ GR
χ̃0
1
χ̃0nG

GL
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lG

;

ζRRL ¼ GR
χ̃0
1
χ̃0nG

GR
χ̃0lχ̃

0
nhi
GR�
χ̃0
1
χ̃0lG

; ζRRR ¼ GR
χ̃0
1
χ̃0nG

GR
χ̃0l χ̃

0
nhi
GL�
χ̃0
1
χ̃0lG

:

(4) hi ¼ h=H, S ¼ H�, F ¼ χ̃�l , F
0 ¼ χ̃�n .

ζLLL ¼ GL
χ̃0
1
χ̃�n H�GL

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lH

� ; ζLLR ¼ GL
χ̃0
1
χ̃�n H�GL

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lH

� ;

ζLRL ¼ GL
χ̃0
1
χ̃�n H�GR

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lH

� ; ζLRR ¼ GL
χ̃0
1
χ̃�n H�GR

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lH

� ;

ζRLL ¼ GR
χ̃0
1
χ̃�n H�GL

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lH

� ; ζRLR ¼ GR
χ̃0
1
χ̃�n H�GL

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lH

� ;

ζRRL ¼ GR
χ̃0
1
χ̃�n H�GR

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lH

� ; ζRRR ¼ GR
χ̃0
1
χ̃�n H�GR

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lH

� :

(5) hi ¼ h=H, S ¼ G�, F ¼ χ̃�l , F
0 ¼ χ̃�n .

ζLLL ¼ GL
χ̃0
1
χ̃�n G�GL

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lG

� ; ζLLR ¼ GL
χ̃0
1
χ̃�n G�GL

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lG

� ;

ζLRL ¼ GL
χ̃0
1
χ̃�n G�GR

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lG

� ; ζLRR ¼ GL
χ̃0
1
χ̃�n G�GR

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lG

� ;

ζRLL ¼ GR
χ̃0
1
χ̃�n G�GL

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lG

� ; ζRLR ¼ GR
χ̃0
1
χ̃�n G�GL

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lG

� ;

ζRRL ¼ GR
χ̃0
1
χ̃�n G�GR

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lG

� ; ζRRR ¼ GR
χ̃0
1
χ̃�n G�GR

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lG

� :
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(6) hi ¼ h=H, S ¼ ẽm, F ¼ el, F0 ¼ en.

ζLLL ¼ GL
χ̃0
1
ẽmen

GL
elenhi

GR�
χ̃0
1
ẽmel

; ζLLR ¼ GL
χ̃0
1
ẽmen

GL
elenhi

GL�
χ̃0
1
ẽmel

;

ζLRL ¼ GL
χ̃0
1
ẽmen

GR
elenhi

GR�
χ̃0
1
ẽmel

; ζLRR ¼ GL
χ̃0
1
ẽmen

GR
elenhi

GL�
χ̃0
1
ẽmel

;

ζRLL ¼ GR
χ̃0
1
ẽmen

GL
elenhi

GR�
χ̃0
1
ẽmel

; ζRLR ¼ GR
χ̃0
1
ẽmen

GL
elenhi

GL�
χ̃0
1
ẽmel

;

ζRRL ¼ GR
χ̃0
1
ẽmen

GR
elenhi

GR�
χ̃0
1
ẽmel

; ζRRR ¼ GR
χ̃0
1
ẽmen

GR
elenhi

GL�
χ̃0
1
ẽmel

;

where l; n ¼ 1, 2, 3; m ¼ 1;…; 6; GL
χ̃0
1
ẽmen

¼ GeL
nm1, G

R
χ̃0
1
ẽmen

¼ GeR
nm1.

Topology-1(c):
(1) hi ¼ h=H, F ¼ χ̃0l, F

0 ¼ χ̃0n, V ¼ Z.

ΛLLL ¼ GL
χ̃0
1
χ̃0nZ

GL
χ̃0lχ̃

0
nhi
GL�
χ̃0
1
χ̃0lZ

; ΛLLR ¼ −GL
χ̃0
1
χ̃0nZ

GL
χ̃0l χ̃

0
nhi
GL
χ̃0
1
χ̃0lZ

;

ΛLRL ¼ GL
χ̃0
1
χ̃0nZ

GR
χ̃0lχ̃

0
nhi
GL�
χ̃0
1
χ̃0lZ

; ΛLRR ¼ −GL
χ̃0
1
χ̃0nZ

GR
χ̃0l χ̃

0
nhi
GL
χ̃0
1
χ̃0lZ

;

ΛRLL ¼ GR
χ̃0
1
χ̃0nZ

GL
χ̃0lχ̃

0
nhi
GL�
χ̃0
1
χ̃0lZ

; ΛRLR ¼ −GR
χ̃0
1
χ̃0nZ

GL
χ̃0l χ̃

0
nhi
GL
χ̃0
1
χ̃0lZ

;

ΛRRL ¼ GR
χ̃0
1
χ̃0nZ

GR
χ̃0lχ̃

0
nhi
GL�
χ̃0
1
χ̃0lZ

; ΛRRR ¼ −GR
χ̃0
1
χ̃0nZ

GR
χ̃0lχ̃

0
nhi
GL
χ̃0
1
χ̃0lZ

;

where GL
χ̃0lχ̃

0
nZ

¼ g2
cW

NL
ln and GR

χ̃0l χ̃
0
nZ

¼ g2
cW

NR
ln.

(2) hi ¼ h=H, F ¼ χ̃�l , F
0 ¼ χ̃�n , V ¼ W�

ΛLLL ¼ GL
χ̃0
1
χ̃�n W�GL

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lW

� ; ΛLLR ¼ GL
χ̃0
1
χ̃�n W�GL

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lW

� ;

ΛLRL ¼ GL
χ̃0
1
χ̃�n W�GR

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lW

� ; ΛLRR ¼ GL
χ̃0
1
χ̃�n W�GR

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lW

� ;

ΛRLL ¼ GR
χ̃0
1
χ̃�n W�GL

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lW

� ; ΛRLR ¼ GR
χ̃0
1
χ̃�n W�GL

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lW

� ;

ΛRRL ¼ GR
χ̃0
1
χ̃�n W�GR

χ̃�l χ̃
�
n hi

GR�
χ̃0
1
χ̃�lW

� ; ΛRRR ¼ GR
χ̃0
1
χ̃�n W�GR

χ̃�l χ̃
�
n hi

GL�
χ̃0
1
χ̃�lW

� ;

where GL
χ̃0lχ̃

�
n W� ¼ g2CL

ln and GR
χ̃0l χ̃

�
n W� ¼ g2CR

ln.

Topology-1(d):
(1) hi ¼ h=H, F ¼ χ̃0l, V ¼ Z.

ηLL ¼ GZZhiG
L
χ̃0
1
χ̃0lZ

GL�
χ̃0
1
χ̃0lZ

; ηLR ¼ −GZZhiG
L
χ̃0
1
χ̃0lZ

GL
χ̃0
1
χ̃0lZ

;

ηRL ¼ GZZhiG
R
χ̃0
1
χ̃0lZ

GL�
χ̃0
1
χ̃0lZ

; ηRR ¼ −GZZhiG
R
χ̃0
1
χ̃0lZ

GL
χ̃0
1
χ̃0lZ

;

where GZZhi ¼ g2MZgμνYhi , with

Yhi ¼
� sβ−α

cW
; hi ¼ h

cβ−α
cW

; hi ¼ H
:

(2) hi ¼ h=H, F ¼ χ̃�l , V ¼ W�.

ηLL ¼ GW�W�hiG
L
χ̃0
1
χ̃�lW

�GR�
χ̃0
1
χ̃�lW

� ; ηLR ¼ GW�W�hiG
L
χ̃0
1
χ̃�lW

�GL�
χ̃0
1
χ̃�lW

� ;

ηRL ¼ GW�W�hiG
R
χ̃0
1
χ̃�lW

�GR�
χ̃0
1
χ̃�lW

� ; ηRR ¼ GW�W�hiG
R
χ̃0
1
χ̃�lW

�GL�
χ̃0
1
χ̃�lW

� ;

where GW�W�hi ¼ g2MWgμνY 0
hi
, with

Y 0
hi
¼

�
sβ−α; hi ¼ h

cβ−α; hi ¼ H
:
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Topology-1(e):
(1) hi ¼ h=H, F ¼ χ̃0l, S ¼ A, V ¼ Z.

ψLL ¼ GhiAZG
L
χ̃0
1
χ̃0lZ

GR�
χ̃0
1
χ̃0lA

;

ψLR ¼ GhiAZG
L
χ̃0
1
χ̃0lZ

GL�
χ̃0
1
χ̃0lA

;

ψRL ¼ GhiAZG
R
χ̃0
1
χ̃0lZ

GR�
χ̃0
1
χ̃0lA

;

ψRR ¼ GhiAZG
R
χ̃0
1
χ̃0lZ

GL�
χ̃0
1
χ̃0lA

;

where GhiAZ ¼ g2
2cW

Y 00
hi
, with

Y 00
hi
¼

�
cβ−α; hi ¼ h

−sβ−α; hi ¼ H
:

(2) hi ¼ h=H, F ¼ χ̃0l, S ¼ G, V ¼ Z.

ψLL ¼ GhiGZG
L
χ̃0
1
χ̃0lZ

GR�
χ̃0
1
χ̃0lG

;

ψLR ¼ GhiGZG
L
χ̃0
1
χ̃0lZ

GL�
χ̃0
1
χ̃0lG

;

ψRL ¼ GhiGZG
R
χ̃0
1
χ̃0lZ

GR�
χ̃0
1
χ̃0lG

;

ψRR ¼ GhiGZG
R
χ̃0
1
χ̃0lZ

GL�
χ̃0
1
χ̃0lG

;

where

GhiGZ ¼
� g2

2cW
sβ−α; hi ¼ h

g2
2cW

cβ−α; hi ¼ H
:

(3) hi ¼ h=H, F ¼ χ̃�l , S ¼ H�, V ¼ W�.

ψLL ¼ GhiH�W�GL
χ̃0
1
χ̃�lW

�GR�
χ̃0
1
χ̃�lH

� ;

ψLR ¼ GhiH�W�GL
χ̃0
1
χ̃�lW

�GL�
χ̃0
1
χ̃�lH

� ;

ψRL ¼ GhiH�W�GR
χ̃0
1
χ̃�lW

�GR�
χ̃0
1
χ̃�lH

� ;

ψRR ¼ GhiH�W�GR
χ̃0
1
χ̃�lW

�GL�
χ̃0
1
χ̃�lH

� ;

where GhiH�W� ¼ g2
2
Y 00
hi
.

(4) hi ¼ h=H, F ¼ χ̃�l , S ¼ G�, V ¼ W�.

ψLL ¼ GhiG�W�GL
χ̃0
1
χ̃�lW

�GR�
χ̃0
1
χ̃�lG

� ;

ψLR ¼ GhiG�W�GL
χ̃0
1
χ̃�lW

�GL�
χ̃0
1
χ̃�lG

� ;

ψRL ¼ GhiG�W�GR
χ̃0
1
χ̃�lW

�GR�
χ̃0
1
χ̃�lG

� ;

ψRR ¼ GhiG�W�GR
χ̃0
1
χ̃�lW

�GL�
χ̃0
1
χ̃�lG

� ;

where

GhiG�W� ¼
� − g2

2
sβ−α; hi ¼ h

− g2
2
cβ−α; hi ¼ H

:

Topology-1(f):
(1) hi ¼ h=H, F ¼ χ̃0l, S ¼ A, V ¼ Z.

ΞLL ¼ GhiAZG
L
χ̃0
1
χ̃0lA

GL�
χ̃0
1
χ̃0lZ

;

ΞLR ¼ −GhiAZG
L
χ̃0
1
χ̃0lA

GL
χ̃0
1
χ̃0lZ

;

ΞRL ¼ GhiAZG
R
χ̃0
1
χ̃0lA

GL�
χ̃0
1
χ̃0lZ

;

ΞRR ¼ −GhiAZG
R
χ̃0
1
χ̃0lA

GL
χ̃0
1
χ̃0lZ

:

(2) hi ¼ h=H, F ¼ χ̃0l, S ¼ G, V ¼ Z.

ΞLL ¼ GhiGZG
L
χ̃0
1
χ̃0lG

GL�
χ̃0
1
χ̃0lZ

;

ΞLR ¼ −GhiGZG
L
χ̃0
1
χ̃0lG

GL
χ̃0
1
χ̃0lZ

;

ΞRL ¼ GhiGZG
R
χ̃0
1
χ̃0lG

GL�
χ̃0
1
χ̃0lZ

;

ΞRR ¼ −GhiGZG
R
χ̃0
1
χ̃0lG

GL
χ̃0
1
χ̃0lZ

:

(3) hi ¼ h=H, F ¼ χ̃�l , S ¼ H�, V ¼ W�.

ΞLL ¼ GhiH�W�GL
χ̃0
1
χ̃�lH

�GR�
χ̃0
1
χ̃�lW

� ;

ΞLR ¼ GhiH�W�GL
χ̃0
1
χ̃�lH

�GL�
χ̃0
1
χ̃�lW

� ;

ΞRL ¼ GhiH�W�GR
χ̃0
1
χ̃�lH

�GR�
χ̃0
1
χ̃�lW

� ;

ΞRR ¼ GhiH�W�GR
χ̃0
1
χ̃�lH

�GL�
χ̃0
1
χ̃�lW

� :

(4) hi ¼ h=H, F ¼ χ̃�l , S ¼ G�, V ¼ W�.

ΞLL ¼ GhiG�W�GL
χ̃0
1
χ̃�lG

�GR�
χ̃0
1
χ̃�lW

� ;

ΞLR ¼ GhiG�W�GL
χ̃0
1
χ̃�lG

�GL�
χ̃0
1
χ̃�lW

� ;

ΞRL ¼ GhiG�W�GR
χ̃0
1
χ̃�lG

�GR�
χ̃0
1
χ̃�lW

� ;

ΞRR ¼ GhiG�W�GR
χ̃0
1
χ̃�lG

�GL�
χ̃0
1
χ̃�lW

� :

In the above, we have used the following:

CL
lk ¼ N l2V�

k1 −
1ffiffiffi
2

p N l4V�
k2;

CR
lk ¼ N �

l2Uk1 þ
1ffiffiffi
2

p N �
l3Uk2;

NL
ln ¼

1

2
ð−N l3N �

n3 þN l4N �
n4Þ;

NR
ln ¼ −ðNL

lnÞ�;

Qkl ¼ 1

2
Vk1Ul2;

Skl ¼ 1

2
Vk2Ul1;

Q0L
lk ¼ cβ

�
N �

l4V
�
k1 þ

1ffiffiffi
2

p V�
k2ðN �

l2 þ tWN �
l1Þ

�
;
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Q0R
lk ¼ sβ½N l3Uk1 −

1ffiffiffi
2

p Uk2ðN l2 þ tWN l1Þ�;

Q00
nl ¼ 1

2
½N n3ðN l2 − tWN l1Þ

þN l3ðN n2 − tWN n1Þ�;

S00nl ¼ 1

2
½N n4ðN l2 − tWN l1Þ

þN l4ðN n2 − tWN n1Þ�;

Gν
nm1 ¼ −

1ffiffiffi
2

p g2ðN �
12 − tWN �

11ÞUν̃�
nm;

GeL
nm1 ¼

1ffiffiffi
2

p g2ðN �
12 þ tWN �

11ÞWẽ�
nm

−
g2ffiffiffi

2
p

MWcβ
menN

�
13W

ẽ�
nþ3m;

GeR
nm1 ¼ −

ffiffiffi
2

p
g2tWN 11Wẽ�

nþ3m

−
g2ffiffiffi

2
p

MWcβ
meiN 13Wẽ�

nm:

APPENDIX B: DIAGONALIZATION OF THE
NEUTRALINO MASS MATRIX

We present the approximate analytical solutions for the
eigenvalues of M̄χ̃0 defined in Eq. (1) (see e.g., [108]) and

the composition of the lightest neutralino, which will be
relevant for the discussion. The 4 × 4 neutralino mass
matrix in the basis ðB̃; W̃0; H̃0

d; H̃
0
uÞ can be read as

M̄χ̃0 ¼

0
BBB@

M1 0 −MZsWcβ MZsWsβ
0 M2 MZcWcβ −MZcWsβ

−MZsWcβ MZcWcβ 0 −μ
MZsWsβ −MZcWsβ −μ 0

1
CCCA:

ðB1Þ

The lightest neutralino χ̃01, in the above basis can be
written as

χ̃01 ¼ N 11B̃þN 12W̃0 þN 13H̃0
d þN 14H̃0

u: ðB2Þ

In order to calculate the mass eigenvalues of Eq. (B1) and
the compositions of χ̃01, N1j [see Eq. (B2)], we rotate the
neutralino mass matrix to a basis (B̃; W̃0; H̃0

1; H̃
0
2), where

H̃0
1 ¼ H̃0

u−H̃0
dffiffi

2
p and H̃0

2 ¼ H̃0
uþH̃0

dffiffi
2

p . Then, we can write by

orthogonal transformation,

M ¼ UM̄χ̃0U
T ðB3Þ

¼

0
BBBBBB@

M1 0 − 1ffiffi
2

p MZsWðsβ þ cβÞ 1ffiffi
2

p MZsWðsβ − cβÞ
0 M2

1ffiffi
2

p MZcWðsβ þ cβÞ − 1ffiffi
2

p MZcWðsβ − cβÞ
− 1ffiffi

2
p MZsWðsβ þ cβÞ 1ffiffi

2
p MZcWðsβ þ cβÞ μ 0

1ffiffi
2

p MZsWðsβ − cβÞ − 1ffiffi
2

p MZcWðsβ − cβÞ 0 −μ

1
CCCCCCA
; ðB4Þ

where the matrix U is given by

U ¼

0
BBBBB@

1 0 0 0

0 1 0 0

0 0 1ffiffi
2

p − 1ffiffi
2

p

0 0 1ffiffi
2

p 1ffiffi
2

p

1
CCCCCA: ðB5Þ

We can write the matrix in Eq. (B4) in the following way:

M ¼

0
BBBBB@

M1 0 0 0

0 M2 0 0

0 0 μ 0

0 0 0 −μ

1
CCCCCAþ

0
BBBBB@

0 0 a1 a2
0 0 a3 a4
a1 a3 0 0

a2 a4 0 0

1
CCCCCA

¼ MD þMP: ðB6Þ

The off-diagonal matrixMP will be treated as perturbations
as the diagonal eigenvalues in MD are typically larger than
MZ. Now, we use time-independent perturbation theory to
calculate the eigenvalues of M. The eigenvectors of the
unperturbed matrix MD can be written as

jϕ1i ¼

0
BBB@

1

0

0

0

1
CCCA; jϕ2i ¼

0
BBB@

0

1

0

0

1
CCCA;

jϕ3i ¼

0
BBB@

0

0

1

0

1
CCCA; and jϕ4i ¼

0
BBB@

0

0

0

1

1
CCCA; ðB7Þ
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with the mass eigenvalues at the zeroth-order (unperturbed
eigenvalues) are given by

mð0Þ
χ̃0
1

¼M1; mð0Þ
χ̃0
2

¼M2; mð0Þ
χ̃0
3

¼ μ; mð0Þ
χ̃0
4

¼−μ: ðB8Þ

Now, the first-order corrections to the mass eigenvalues
in the nondegenerate perturbation theory can be written as

mð1Þ
χ̃0
1

¼ hϕ1jMPjϕ1i ¼ 0;

mð1Þ
χ̃0
2

¼ hϕ2jMPjϕ2i ¼ 0;

mð1Þ
χ̃0
3

¼ hϕ3jMPjϕ3i ¼ 0;

mð1Þ
χ̃0
4

¼ hϕ4jMPjϕ4i ¼ 0: ðB9Þ

Therefore, we see that the first-order corrections to the mass
eigenvalues vanish. Let us now consider the second-order
corrections, which for the nondegenerate perturbation
theory read as

mð2Þ
χ̃0n

¼
X
l≠n

jhϕljMPjϕnij2
mð0Þ

χ̃0n
−mð0Þ

χ̃0l

: ðB10Þ

Consequently, the second-order corrections are computed
as follows:

mð2Þ
χ̃0
1

¼
X

l¼2;3;4

jhϕljMPjϕ1ij2
mð0Þ

χ̃0
1

−mð0Þ
χ̃0l

¼ ja1j2
mð0Þ

χ̃0
1

−mð0Þ
χ̃0
3

þ ja2j2
mð0Þ

χ̃0
1

−mð0Þ
χ̃0
4

¼ M2
Zs

2
WðM1 þ μs2βÞ
M2

1 − μ2
; ðB11Þ

mð2Þ
χ̃0
2

¼
X

l¼1;3;4

jhϕljMPjϕ2ij2
mð0Þ

χ̃0
2

−mð0Þ
χ̃0l

¼ ja3j2
mð0Þ

χ̃0
2

−mð0Þ
χ̃0
3

þ ja4j2
mð0Þ

χ̃0
2

−mð0Þ
χ̃0
4

¼ M2
Zc

2
WðM2 þ μs2βÞ
M2

2 − μ2
; ðB12Þ

mð2Þ
χ̃0
3

¼
X

l¼1;2;4

jhϕljMPjϕ3ij2
mð0Þ

χ̃0
3

−mð0Þ
χ̃0l

¼ ja1j2
mð0Þ

χ̃0
3

−mð0Þ
χ̃0
1

þ ja3j2
mð0Þ

χ̃0
3

−mð0Þ
χ̃0
2

¼ M2
Zð1þ s2βÞðμ −M1c2W −M2s2WÞ

2ðμ −M1Þðμ −M2Þ
; ðB13Þ

mð2Þ
χ̃0
4

¼
X

l¼1;2;3

jhϕljMPjϕ4ij2
mð0Þ

χ̃0
4

−mð0Þ
χ̃0l

¼ ja2j2
mð0Þ

χ̃0
4

−mð0Þ
χ̃0
1

þ ja4j2
mð0Þ

χ̃0
4

−mð0Þ
χ̃0
2

¼ M2
Zð1 − s2βÞðμþM1c2W þM2s2WÞ

2ðμþM1ÞðμþM2Þ
: ðB14Þ

Therefore, the masses of the neutralinos in the order
mχ̃0

1
< mχ̃0

2
< mχ̃0

3
< mχ̃0

4
, can be expressed as

mχ̃0
1
¼ M1 þ

M2
Zs

2
WðM1 þ μs2βÞ
M2

1 − μ2
þ � � � ; ðB15Þ

mχ̃0
2
¼ M2 þ

M2
Zc

2
WðM2 þ μs2βÞ
M2

2 − μ2
þ � � � ; ðB16Þ

mχ̃0
3
¼ jμj þM2

Zð1 − s2βÞðμþM1c2W þM2s2WÞsgnðμÞ
2ðμþM1ÞðμþM2Þ

þ � � � ; ðB17Þ

mχ̃0
4
¼ jμj þM2

Zð1þ s2βÞðμ −M1c2W −M2s2WÞsgnðμÞ
2ðμ −M1Þðμ −M2Þ

þ � � � : ðB18Þ

The matrix M can be diagonalized by an orthogonal
transformation Mdiag ¼ VMVT . Thus, the elements N 1l

(in the original basis) is expressed as

N kl ¼ VknUnl: ðB19Þ

At the first order of nondegenerate perturbation theory we
can write

Vð1Þ
kn ¼

X
k≠n

hϕnjMPjϕki
mð0Þ

χ̃0k
−mð0Þ

χ̃0n

: ðB20Þ

Now we can calculate the first-order corrections as

Vð1Þ
12 ¼ hϕ2jMPjϕ1i

mð0Þ
χ̃0
1

−mð0Þ
χ̃0
2

¼ 0; ðB21Þ

Vð1Þ
13 ¼ hϕ3jMPjϕ1i

mð0Þ
χ̃0
1

−mð0Þ
χ̃0
3

¼ a1

mð0Þ
χ̃0
1

−mð0Þ
χ̃0
3

¼ MZsWðsβ þ cβÞffiffiffi
2

p ðμ −M1Þ
; ðB22Þ

Vð1Þ
14 ¼ hϕ4jMPjϕ1i

mð0Þ
χ̃0
1

−mð0Þ
χ̃0
4

¼ a2

mð0Þ
χ̃0
1

−mð0Þ
χ̃0
4

¼ MZsWðsβ − cβÞffiffiffi
2

p ðμþM1Þ
: ðB23Þ

Since the first-order correction Vð1Þ
12 ¼ 0, we need to

calculate the second-order correction to V12. The sec-
ond-order corrections can be written as
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Vð2Þ
kn ¼

X
m≠k

�X
n≠k

hϕnjMPjϕmihϕmjMPjϕki
ðmð0Þ

χ̃0k
−mð0Þ

χ̃0m
Þðmð0Þ

χ̃0k
−mð0Þ

χ̃0n
Þ

−
hϕnjMPjϕkihϕkjMPjϕki

ðmð0Þ
χ̃0k

−mð0Þ
χ̃0n
Þ2

�
: ðB24Þ

Therefore, we have

Vð2Þ
12 ¼

X
m¼2;3;4

hϕ2jMPjϕmihϕmjMPjϕ1i
ðmð0Þ

χ̃0
1

−mð0Þ
χ̃0m
Þðmð0Þ

χ̃0
1

−mð0Þ
χ̃0
2

Þ

−
hϕ2jMPjϕ1ihϕ1jMPjϕ1i

ðmð0Þ
χ̃0
1

−mð0Þ
χ̃0
2

Þ2
; ðB25Þ

¼ hϕ2jMPjϕ3ihϕ3jMPjϕ1i
ðmð0Þ

χ̃0
1

−mð0Þ
χ̃0
3

Þðmð0Þ
χ̃0
1

−mð0Þ
χ̃0
2

Þ

þ hϕ2jMPjϕ4ihϕ4jMPjϕ1i
ðmð0Þ

χ̃0
1

−mð0Þ
χ̃0
4

Þðmð0Þ
χ̃0
1

−mð0Þ
χ̃0
2

Þ
; ðB26Þ

¼ a1a3
ðM1 − μÞðM1 −M2Þ
þ a2a4
ðM1 þ μÞðM1 −M2Þ

; ðB27Þ

¼ −
M2

Zs2Wðsβ þ cβÞ2
4ðμ −M1ÞðM2 −M1Þ

þ M2
Zs2Wðsβ − cβÞ2

4ðμþM1ÞðM2 −M1Þ
: ðB28Þ

We derive the components of N 1l,

N 11 ≃ 1; ðB29Þ

N 12 ≃ Vð2Þ
12

¼ −
M2

Zs2Wðsβ þ cβÞ2
4ðμ −M1ÞðM2 −M1Þ

þ M2
Zs2Wðsβ − cβÞ2

4ðμþM1ÞðM2 −M1Þ
; ðB30Þ

N 13 ≃
1ffiffiffi
2

p V13 þ
1ffiffiffi
2

p V14

¼ MZsWðμsβ þM1cβÞ
μ2 −M2

1

; ðB31Þ

N 14 ≃ −
1ffiffiffi
2

p V13 þ
1ffiffiffi
2

p V14

¼ −
MZsWðμcβ þM1sβÞ

μ2 −M2
1

: ðB32Þ

Finally, the masses and mixings of a binolike, winolike,
and Higgsino-like neutralinos χ̃0i in the limit tan β ≥ 10
(in particular, sβ → 1, cβ → 0) take a simple form [assum-
ing sgnðμÞ ¼ þ1] in terms of the fundamental model
parameters,

mχ̃0
1
≃M1þ

M2
Zs

2
WM1

M2
1−μ2

; mχ̃0
2
≃M2þ

M2
Zc

2
WM2

M2
2−μ2

; ðB33Þ

mχ̃0
3
≃ jμj þM2

Zðμ −M1c2W −M2s2WÞ
2ðμ −M1Þðμ −M2Þ

;

mχ̃0
4
≃ jμj þM2

ZðμþM1c2W þM2s2WÞ
2ðμþM1ÞðμþM2Þ

; ðB34Þ

N 11 ≃ 1; ðB35Þ

N 12 ≃ −
M2

Zs2W
4ðμ −M1ÞðM2 −M1Þ

þ M2
Zs2W

4ðμþM1ÞðM2 −M1Þ
; ðB36Þ

N 13 ≃
MZsWμ
μ2 −M2

1

; ðB37Þ

N 14 ≃ −
MZsWM1

μ2 −M2
1

: ðB38Þ

B̃H̃ LSP: The physical state χ̃01 becomes bino-Higgsino-like
when M1 < jμj ≪ M2 approximately holds. Since χ̃02
decoupled, masses for the Higgsino-like states can be
approximated to

mχ̃0
3;4
≃ jμj þ M2

Zs
2
W

2ðμ ∓ M1Þ
: ðB39Þ

Following SI direct detection limits, χ̃01 can only have
moderate or minimal Higgsino components; thus, mχ̃0

1;3;4

can be further simplified neglecting M1 which results to

Δmðχ̃03;4; χ̃01Þ ¼ mχ̃0
3;4
−mχ̃0

1

≃ jμj −M1 þ
M2

Zs
2
W

2μ
þM2

Zs
2
WM1

μ2
: ðB40Þ

The other important mass splitting for our study is
Δmðχ̃�1 ; χ̃01Þ ¼ mχ̃�

1
−mχ̃0

1
. Apart from the χ̃01 − χ̃�1 coanni-

hilations, the LHC limits on lighter charginos depend
critically on the Δmðχ̃�1 ; χ̃01Þ. Adapting the same route as
before one obtains (assuming jM2μj > M2

Ws2β),
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mχ̃�
1
≃M2 þM2

W

�
M2 þ μs2β
M2

2 − μ2

�
;

mχ̃�
2
≃ jμj −M2

WsgnðμÞ
�
μþM2s2β
M2

2 − μ2

�
: ðB41Þ

In the limit of large tan β and heavy wino, the mass splitting
between Higgsino-like chargino and χ̃01 can be approxi-
mated to

Δmðχ̃�1 ; χ̃01Þ≡ jμj−M1− sgnðμÞM
2
Wμ

M2
2

þM2
Zs

2
WM1

μ2
: ðB42Þ

B̃W̃ H̃ LSP: It refers to a limit M1 ≤ M2 < jμj. Even after
the latest LHC Run-2 data, the muon g − 2 anomaly can
still be accommodated with winos lighter than Higgsinos.
The relevant mass splittings can be calculated from the
above equations.
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