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We illustrate and discuss the phenomenology of a model featuring a two-Higgs doublet sector
augmented by two SU(2) singlet scalars. The gauge symmetry group is extended as well with a U(1), _;
component whose spontaneous breaking leads to the gauge boson which has an important effect in the
muon (g — 2). A global PQ symmetry is introduced upon its breaking; we have the axion particle which is
also dark matter (DM) in our work. In particular, we have focused on type-X and type-II 2HDM models and
found out that (g — 2) cannot be explained only by the scalar sector for type-Il 2HDM mainly due to
stringent constraint from b — sy resulted in Mg+ > 800 GeV. For type-Il 2HDM, we can have axion
coupling with the gluons which generates the axion potential and possible explanation for the strong CP
problem. The proposed model accommodates neutrino masses via the type-I seesaw mechanism with an
upper bound on the right-handed neutrino mass 1 GeV (1 TeV) for type-II (type-X) 2HDM due to the
presence of Planck scale suppressed operators. Moreover, we also have additional scalars which affect the
oblique parameters and hence the W-boson mass which leads us to explain the W-boson mass observed at
the CDF-II detector. The most stringent constraints on the masses and quartic couplings come from the
perturbativity and potential bound from the below conditions which leads to fine-tuning among the
parameters in part of the parameter space. Finally, we discuss the possible detection prospects of the axion

DM and the additional gauge boson.

DOI: 10.1103/PhysRevD.110.015011

I. INTRODUCTION

In the present work, we aim to address several drawbacks
which are intact in pure Standard Model (SM) and demand
beyond SM (BSM) physics to tackle them. With the
progression of experiments, few important limitations
within the SM have come to light, including the presence
of dark matter (DM) [1], nonzero neutrino mass [2-4],
disagreement between the theoretical and experimental
values of the muon (g—2) [5], and larger values of
W-boson mass as confirmed by the CDF-II measure-
ment [6]. Confirmation of DM’s existence has been derived
from several observations, notably evident in the flatness of
the rotational curve [7], discrepancies in the center of
masses of the visible sector compared to the total mass in
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the bullet cluster data [8], and the precise measurement of
the DM quantity through cosmic microwave background
data collected by the Planck satellite [9].

Axion is one of the most popular and best motivated
proposals to address the DM puzzle. The existence of the
axion is originally connected with the strong CP problem,
namely the suppression of the following topological term in
the QCD Lagrangian:

£ = (0+ arg [det(m,)]) 25 G

302 Ol (1)

where g, is the strong sector gauge coupling, m, is the

quark mass matrix, and G" = €""°G ), is the dual of the
strong sector field strength tensor G,,,. The presence of this
term explicitly breaks the parity symmetry, resulting in the
generation of a nonzero electric dipole moment for the
neutron (d,), estimated around d, ~ 107199 ecm [where
6 = 0 + arg [det(m,)]]. However, the current experimental
limit, d, < 1072° ecm, imposes a stringent constraint on
the @ term, indicating 6 < 107'° [10]. The remarkably
small magnitude of @ seems unnatural; given its nature as
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an angular variable would typically be expected as O(1).
The Peccei-Quinn mechanism [11-14] allows to set the @
parameter via the introduction of an appropriate symmetry,
with the axion being a pseudo-Goldstone boson associated
to the latter. Observational constraints favor the axion to
have extremely suppressed couplings with the ordinary
matter which make it cosmologically stable and, hence, a
potential DM candidate.

Another important limitation of the SM is represented by
the origin of neutrino masses. In the SM, no mass terms are
present of the neutrinos, as there are no right-handed
counterparts to the left-handed neutrinos present in the
SU(2) lepton doublets. Oscillation data by many experi-
ments [15-18] contradict the SM prediction as they require
massive neutrinos, with sub-eV mass splittings, to be
accounted for.

Another problem is the measurement of the muon (g — 2)
which disagrees with the theoretical value measured by the
SM [5] and the experimental observation [19]. The recent
measurement of muon (g — 2) at FNAL disagrees with the
SM value at 4.2¢. It is worth mentioning that the measure-
ment of vacuum hadronic polarization contribution by
different methods can decrease the disagreement. For
example, the lattice calculation by the BMW collaboration
[20] has reduced the anomaly down to 1.56. Moreover, the
recent measurement of the eTe™ — 77z~ cross section at
the CMD-III experiments [21] has also decreased the
discrepancy between the theoretical and experimental values
to 2.40. However, the lattice data and CMD-III data are not
final and they also need to be confirmed before any
conclusion. In this work, we have focused on explaining
the disagreement between the muon g — 2 values obtained
theoretically from SM and at the FNAL experiment. There is
also another drawback of SM in the measurement of the
W-boson mass if we consider the CDF-II measurement [6].
The latter disagrees with the SM value by 7, hence, calling
of an extra BSM contribution to the mass of the gauge boson.

In this work, we propose a model addressing the DM
puzzle (via axion), the origin of neutrino masses as well as
the observational hints summarized above. The model
consists of an extended Higgs sector, made by two SU(2)
doublets and two complex scalar singlets, as well as an
extended gauge group, with a spontaneously broken
anomaly-free (via suitable charge assignments of the field)
U(l) L,-L,- The two complex scalar singlets provide addi-

tional pseudoscalar degrees of freedom which allow to
provide a longitudinal component to the gauge boson of
the new symmetry and, at the same time, to incorporate an
axion field. Three right-handed neutrinos are, finally,
present which allow to generate the SM neutrino masses
via seesaw. Analogously to the conventional 2HDM, we
have assumed ad hoc Z, symmetries, as well as specific
assignations of the charges of the scalars under the new
symmetry, to prevent tree-level flavor changing neutral
current (FCNC) [22,23]. Interestingly, this combination of

charge assignments and discrete symmetries resembles an
accidental PQ symmetry [11-14]. This kind of possibility
has been explored, e.g., in [24-28] and can be easily
implemented in our work without impacting the phenom-
enology. It is worth mentioning that the additional discrete
symmetries can be originated as residual symmetries when a
gauge symmetry breaks as exhibited in Ref. [29]. Alter-
natively, one could consider explicitly introducing a global
U(1)pq symmetry [30]. As is well known, however, global
symmetries are expected to be broken by gravity [31-35].

In the present work due to the charge assignments, we
have found that the axion field and right-handed neutrino
masses originate from the same fields by its CP-odd
component and vacuum expectation value (VEV), respec-
tively. The axion and neutrino masses in 2HDM setup have
been studied in [30,36] but our work is completely differ-
ent. We have focused on the type-II and the type-X 2HDM
model. As we will see later, in explaining the muon (g — 2)
from type-1I 2HDM, we need 100% contribution from the
additional gauge boson because of the very tight constraint
on the charged Higgs mass M+ > 800 GeV coming from
the b — sy measurement [37,38]. On the other hand, for
type-X 2HDM, we can explain the muon (g — 2) from the
Higgs sector as well in part of the region but the immediate
drawback of type-X is that it cannot explain the strong CP
problem in contrast to type-II 2HDM which cannot gen-
erate 100% muon (g — 2) only from the Higgs sector. In the
case of neutrino mass, it does not distinguish the type-X
and type-II 2HDM because the Dirac mass matrix depends
on the Higgs doublet H, and right-handed neutrino masses
depend on singlet scalars. As will be discussed later, to
explain the (g — 2) we cannot choose the gauge coupling
and gauge boson mass randomly which will impact the
right-handed neutrino mass. Because of the dependence of
a few elements in the right-handed neutrino mass matrix on
Planck scale, we cannot get the right-handed (RH) neutrino
masses above 1 GeV for the type-II but for type-X we can
obtain any value for the right-handed neutrino mass. This
hierarchy in RH neutrino masses for type-Il 2HDM ensures
the Dirac Yukawa coupling for the neutrinos can reach a
maximal value O(107%). For both type-II and type-X, we
can explain the W-boson mass observed by the CDF-II
detector and also the regions in S, 7, U planes which are
consistent with the SM predicted value of W-boson mass.

The rest of the paper is organized as follows. In Sec. II,
we have explained the model in detail. The neutrino mass
has been discussed in Sec. III and the axion DM study has
been shown in Sec. IV. In Sec. V, we have discussed the
muon (g — 2) followed by the allowed regions in Sec. VI.
The W-boson mass has been studied in Sec. VII and finally
we have presented our conclusion in Sec. VIII.

II. MODEL

In the present work, we have tried to explain the SM
drawbacks, namely, the presence of dark matter, neutrino
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mass, excess contribution in muon (g — 2) anomaly, strong
CP problem, and extra contribution to W-boson mass as
obtained by CDF-II data. In this context, we have tried to
explain all of them from a common origin. In particular,
we have considered axion DM in the context of the
Dine—Fischler—Srednicki—Zhitnitsky (DFSZ) type axion
model [39,40]. As we know, the CP-odd component
present in 2ZHDM models cannot be axion DM because
of many constraints; e.g., supernovae bound on axion decay
constant [41]. Therefore, we extended the Higgs sector
by two additional singlet scalars and an Abelian gauge
symmetry. Among the extra two singlet scalars, one of
them is neutral under the new Abelian gauge symmetry and
the CP-odd component coming from it can be an axion DM
and the other CP-odd component which is charged under
Abelian gauge symmetry becomes the longitudinal com-
ponent of additional gauge boson and impart mass to it.
Moreover, we have introduced three right-handed neutrinos
for generating the neutrino mass and their masses depend
on the VEVs of the singlet scalars.

The particle content of the model, together with the
charge assignments of the individual fields, is summarized
in Tables I and IL. In the tables, H,, stands for the two
SU(2) doublets while ¢;, are the new singlets. In
principle, the additional U(1) 1,-1, could represent any

combination of the baryonic and leptonic charges of the
fields which must obey the following gauge anomaly
condition as described in Appendix A:

(3b; + ;) = 0. (2)

3
=1

1

As can be seen from the above equation, by obeying the
relation we can have many combinations for b;,b!

(i=1,2,3). In the present work, we have chosen
b; =0, b} =0, and b, = —b5 = 1 which implies L, — L,

TABLE L.
quarks and leptons.

symmetry. As will be clarified below, this specific choice
for the Abelian group is crucial to account for the
generation of neutrino masses and to explain the g — 2
anomaly. Furthermore, it can provide an accidental con-
tinuous global symmetry depending on the introduction of
additional discrete symmetries. The model discussed in this
work is described by the following Lagrangian:

£ = £2HDM + [/y + ‘CN
+ > (D) (D) = V(Hy, Ha, by, o)

i=12
1 iof i

- ZFl” Fm'a/}’ (3)
where Loupym consists of kinetic terms for all the fields for

the pure 2HDM model [42], Ly is the Yukawa terms
associated with the SM quarks and leptons,

Ly =40} Hyup+y$0i Hyydi+yLLE Hyep +He.,  (4)

where ¢, = ioo¢5 and m,n = 1,2. Depending on m,n =
1,2 we can have four kinds of scenarios which are
mentioned in Table III with the associated Peccei-Quinn
charges for the quarks, leptons, and scalars. As pointed out
in [22,23], the tree level FCNC can be forbidden if the same
charge fermions get mass from the one scalar doublet. With
this freedom, we can have four different types of combi-
nations for the 2HDM model referred to as type-I, type-IL,
type-X, and type-Y, depending on the H, , interaction with
the quarks and leptons (shown in Table III). The four
different types of 2HDM model can be achieved by
introducing an additional global U(1)pq symmetry [11-14]
with the charge assignment as shown in Table III and the
same global symmetry will also help us in solving the
strong CP problem. In this setup, the U(1)pqy charges
shown in Table III can introduce additional PQ-violating

Particle contents and their corresponding charges under the SM gauge group where i indicates the three generations for

Baryon fields

Lepton fields Scalar fields

Gauge

group Qi = (ul,d)T uk diy Li =@, e)T el N; H, H, b &>
SU(2), 2 1 1 1 1 2 2 1 1

U(l)y 1/6 2/3 -1/3 -1/2 -1 0 1/2 1/2 0 0
TABLE II. Charges of the particles under the new Abelian gauge group U (1)Lﬂ_ £, The fermion doublets Li and Q! are defined in
Table 1.

Gauge Baryon fields Lepton fields Scalar fields

group Qi u?{ d;e (Lea €R, Ne) (L/Z’ HR> Nﬂ) (in TR, NT) Hl H2 (/)1 (/)2
U(I)L,,—L, b; b; b; b} ) b 0 0 0 1
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TABLE III.

PQ charges of the particles under Peccei-Quinn symmetry U (I)PQ. The charges of L} and Q! are free parameters as

defined by X; and X, respectively, and can be chosen according to the purpose. Additionally, adhering to the conservation of global PQ
symmetry at the Planck scale, the relationship between X; and # within the neutrino sector Lagrangian, expressed as Eq. (5), is defined as

X, =1—cos?p.

Global Classification Scalar fields Baryon fields Lepton fields

symmetry Type  (m,n) H, H, ¢ P, O} uk di L eq N

U(1)pq I 22)  cos’p -—sin’p -1 0 X, X,+cos’p X,—cos’f X; X,—cos’f X;+cos’p
I (L)  cos?p —sin?p -1 0 X, X,+cos’p X,+sin’p X, X, +sin’p X, +cos’p
X 2,1)  cos’p -—sin’p -1 0 X, X,+cos’f X,—cos’f X; X,+sin’f X, +cos’p
Y (1,2) cos’fp —sin’p -1 0 X, X,+cos’p X,+sin’f X, X, —cos’f X,+cos’p

terms at the Planck scale which may shift the axion
potential because the global symmetry is not conserved
up to the Planck scale [31-35]. This kind of situation can be
evaded by introducing additional discrete symmetries
which will make the PQ symmetry as the accidental global
symmetry [24-28] and will forbid the extra PQ breaking
terms up to the Planck scale or will have a minuscule
impact at the axion potential. As indicated in Ref. [29], the
extra discrete symmetries could manifest as residual sym-
metries arising from the spontaneous breaking of additional
gauge symmetries, which remain protected from gravity-
induced breaking. Among the four choices of the 2HDM
model, we will see in the later part that type-II and type-Y
2HDM models can address the strong CP problem and the
corresponding CP-odd scalar will become the axion DM.
The other two choices, type-I and type-X, cannot solve the
strong CP problem but still can produce axion-type DM by
the misalignment mechanism [43-45]. The Lagrangian
associated with the right-handed neutrinos takes the fol-
lowing form after obeying all the gauge symmetry and PQ
symmetry:

V(HI’H27¢17¢2):
+ M (H H,
+ ), (H H,) H2

Ly = Z 2NL;/"DNN’ Z Vili Hy N; = 20NN,

i=eu,t i=e.u,t
+ ¢1
— AeuNeN s M_
— 2.N,N. ¢, A‘j‘ —N.N,N.$, +H.c. (5)
pl

In writing down the above interaction terms, we have
chosen X; =1 — cos? # and for other values of X; we get
different allowed interaction terms than above. It is worth
highlighting from the above Lagrangian that the third and
last terms with the superscript “N”” in the Yukawa couplings
are dimension-4 while the remaining terms associated with
the right-handed neutrino masses are dimension-5 and
suppressed by the Planck mass.

The potential consists of all the scalar fields after
respecting all the symmetries in consideration have the
following form:

—i3, (H H}) — 3, (H}Hy) — #, (A1) - 1y, (¢5n) + u((H{H,)py + Hoc.)
e+ ’12(H LHL)? 4 g, (61601)° + 2, (12 + Ava(HH ) (HS H)

+ Y g, (HIH

i,j=12

D(Did)). (6)

The scalars H,, H,, ¢, and ¢, take the following form at the time of U(1) L PQ and electroweak symmetry,

SU(2) x U(1)y, breaking:

+
H
Hy = v +HO+iIA) |

V2

0 i
¢1 = M e K21
\/E )

+
H,
Hy = vy +HY+iIAY |

V2
22
¢y = <—v¢2\2¢2 ) e’ (7)

The tadpole conditions which we obtain after demanding the first derivative of the potential with respect to the neutral

components of the scalar fields are zero,
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2/111}? + (/112 + /1,12)U1U% + \/Zuvzl)(pl + 1)1(/1H]¢] 7)55] + /1H1¢2U§$2)

2
Hit = 20, ]
qu _ 2/121}% + (/112 + 1/12)7)271% + \/Eﬂ’l)l?]qjl + 7)2(/1H2¢1 7}(2/)] + AH2¢2 Ufz/’z)
2 21]2 ’
2 2 3 2
2 _ )’Hllﬁl Uiy, + /1H2¢1 vy, + \/Z‘“)l vy + 2ﬂ¢1 Vg, + )’¢1¢2 Vo, Vo
& 21)(/)] ’
2 2 2 2
2 )’Hllﬁzvl + AH2¢21)2 + 2/11]52”452 + /111511/52 Vs,
Ky, = 2 : (8)
The neutral Higgs mass matrix in the basis (H HS ¢9 ¢9) takes the following form:
HY
H}
= (HYy HS g8 )M | )
b3
¢
where the neutral Higgs mass matrix, M3, takes the following form:
2110%—% ((/112"‘}./12)1)11}2 +l%) /1[1[{/,2’!)1’[1452 (%+/1H1¢11111)¢1)
M2 B ((/112 +/1’12)7J17)2 —|—”\1//‘/’zl> (2/127)% —%) /1H2¢27j27}¢2 (%‘Fl[{zd,l 1221}451) (10)
5=
2
lH1¢zvl/U¢z /11‘12452 U2V, 2/1452 Uy, /1451452 Ve, Vg,
v v vV 2
(ﬂTé + ﬂHl‘l)l U) U‘/’l) (Il_\/il + ’1H2¢1 v2v¢1> j“(1511152 Vg Vg, — ";5]”4’21 + 215151 Vg,

As will be discussed in Sec. IV, to have a negligible
contribution to SM Higgs mass from the other heavy
Higgses through higher loop order correction terms, we
need to take A5, — 0 (i = Hy, Hy,¢,) and pu < 1. This
will make sure the M3 mass matrix in the two block
diagonal form as (4 x 4) ~ (3 x 3)@(1 x 1). Therefore,
we can relate the mass eigenbasis and flavor eigenbasis by
the unitary matrix as

hy HY
h R O HY
oz o
hs 0 1 "
# )
where
CciCs $162 S2
R=| —c|$283 —81C3 CC3— 8515283 €283 (12)

—C1852C3 + 5183 —C183 — 15203 CaC3

I
and ¢; = cosa;, 5; = sina;, and =5 < ; <5 (i =1,2,3).
The above diagonalization matrix can go back to the
original 2HDM diagonalization matrix, with the singlet
scalars completely decoupled from the two doublets, once
we choose a; — a and a,3 — 0.

The charged Higgs mass matrix in the basis (H{ HS)
takes the following form:

o0+ 2uv
_ v (9! v 1
0, (Apv1v2+ V2004, 5

X010+ 2uw, ) ’
127172 91 L} l
3 _T;z(/llzvlvz‘f‘\/zﬂ%l)

(13)

M3 =

Once we diagonalize Eq. (13) then we have two mass
eigenstates (H*G*) and they are related with the charged
eigenbasis as

G*\ [ cosp sinf\ [Hf
(Hi>_<—sinﬁ cosﬂ)(Hzi)’ (14)
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where tan § = ;2. The mass of H * and G¥ in terms of the
VEVs takes the following form:

Ay, Vi
2 12

), MZGi =0. (15)
Additionally, among the charged eigenstates, G* is the
Goldstone boson which acts as the longitudinal mode of the
W* gauge boson.
The CP-odd Higgs mass matrix in the basis (A;A>a)
takes the following form:

M2 —
H* —
U102

\/51] V2 2

2 HVg, _ MUYy, _pvp

Mi=| 7% ~m ~w |- (6
HV2 —ku HU1 Uy
\/E \/E 2D¢1

1

v= 2 )2
secﬁ-I—(ﬁ)

—tan

—-2ginf

Yy

The CP-odd state A has the mass and, among the
remaining two, G° is the Goldstone boson associated with
the SM Z-boson and a is the axion field which will get
mass during the QCD phase transition [46].

The 2HDM with a singlet scalar extension in the context
of collider constraints has been studied in [47,48]. This
work focuses on the other aspects of the 2HDM extension,
namely dark matter, (g — 2) o neutrino mass, and excess
contribution in W-boson mass after adding two singlet
scalars and an Abelian gauge symmetry. The parameters
have been chosen in such a way that they comply
with current collider constraints but will be in reach of
future increased experimental sensitivity. The coupling
of the Higgses with the SM gauge bosons can be
expressed as

ﬁllivv = igﬂyﬂh,-vvgxsxl\\/}, (20)

where V = W+, Z, Apvy = €08 fR;; + sin fR;5, and !va is
the SM Higgs coupling with the gauge bosons in pure SM.
The coupling of three Higgses with the gauge boson can be
summarized as

The other CP-odd component a, becomes the longitudinal
component of the additional gauge boson coming from
U(l) L,-L, gauge symmetry and does not contribute in the

CP-o0dd scalar mass matrix, M. After diagonalizing the
mass matrix shown by Eq. (16), we get the following masses:

v v Vv
_ M (_1+_+¥)’
V2 \v2 o v,

M2, =0, M2=0.

(17)

The mass eigenbasis (AG%a) and flavor eigenbasis (A;A,a;)
can be related by the following matrix relation:

GO A
Al=ulal. (18)
a ap

where

cos 3, [ sec?ff + <b172|>2 sin 34 /sec’f + (”2>2 0

1 n . (19)
Vi
22 cos —secf
D¢'1
9nhyvv = Cay Cp—q,
gthV c(l‘;sﬂ —a; S(zzsa3cﬂ—a1
9hyvv = —SaySp—a; ~ S, Cay C—a, - (21)

In the limit # — a; =%, @, 3 — 0, we go back to the 2HDM
misalignment limit and %, coincides with the SM Higgs. In
our analysis, we are going to consider &, as the SM Higgs
field and fix its mass at M;,, = 125.5 GeV. We are going to
summarize the scalar couplings to fermion which will be
needed for studying the muon (g —2). Therefore, the
Lagrangian associated with the scalars and the fermions
take the following form:

cm——2< fffh —idy ffysz>

+ [ﬁvudm (y{f
Hi \/'ml

“p, 4y PR)d

H+Z/LIR +HC:| (22)

where the coefficients y? are shown in Table IV and they

become equal to 1 in the misalignment limit described
before for the SM Higgs field #,.
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TABLEIV. Coefficients of the scalars with the fermions where the full Lagrangian is represented in Eq. (22). In the table, the indices i,
j for the CP-even and CP-odd scalars vary as i = 1,2,3 and j = 2,3.

h h; h Aj Aj Aj HE H* H*
Type U by A b by b3 by by 2
R; R R; U Up _Up — —
I Sinf Sinf Snp Snp s[i;lli s[i?ﬂ cotfp cotfj cot
11 R Ri R Un il _ Ui n n
sin # cos f} cos f§ sinf} c;sﬂ Cl()/sﬁ COtﬂ taj ﬁ ta ﬁ
X R Rip_ Riy Un 212 — i cot —cot tan
sin sin cos sin s
in inf} infg %gl/i c[c}s/} ﬂ ﬁ ﬁ
R R R Up _ Y _ i _
Y sinl,li cos sin’/} sin cos f} sin 8 COtﬂ tanﬂ COtﬂ

III. NEUTRINO MASS

After the symmetry breaking, the Lagrangian as shown
in Eq. (5) gives us the neutrino mass matrix in the basis
(LiN) as follows:

0 M
£neutr1no (DL N ) (M MD> (NL ) +H.C., (23)
D R f

where the Dirac mass matrix (M) and the Majorana mass
matrix (Mp) take the following form:

w20 0
M — 0 YuuV2 0
D= V2 )
Y U
0 O 22
N Aoy Aoy
AeeMp] f/iz \/iz
v Aeu
MR:\/E?Q o 0 ANMue? |.  (24)
pl !
Ll N Mpe® 0
C12€13

_ 5
Upmns = | —S12023 — C12823813€"

is
S12823 — C12€23513€ <"

where ¢;; = cos 6;; and 8ij = sin@;;. The Dirac CP phase
Ocp can be determlned using the Jarlskog invariant [50] as
shown below:

Jep =Im[Upyns (. 1) Upyns (@) Uppins (B 1) Upmins (8..)]

—Jmaxslnécp—C12S]2C23S2’;C%3Slg Slnécp (28)
Finally, the matrix My represents the heavy neutrino mass
matrix. It is worth pointing out that, due to the additional
Abelian gauge symmetry, we have just enough free
parameters to accommodate values for the oscillation
parameters in the correct ballpark of values favored by

Once we diagonalize Eq. (23) in the seesaw limit, i.e.,
Mp < My, then we get light and heavy neutrino mass
matrices as follows:

m, = —MgMEIMD, MN:MR (25)

Furthermore, upon the diagonalization of the m, we get
three masses for the active neutrinos (ml, i = 1,2,3) and
diagonalization matrix referred to as the Pontecorvo—

Maki—Nakagawa—Sakata (PMNS) matrix [49],
Upmns (012, 013, 023), which are related as follows:
mq = Upyns (012, 013, 023)m, Upyns (012, 013, 6023),  (26)

where 6;;(i, j = 1,2,3) are the oscillation angles and the
PMNS matrix takes the following form:

S12€13 s13€i0%cr
is
C12€23 — S12823513€°F §23C13 | (27)
is
—C12823 — §12€23513€ <" €23C13

I

the different oscillation experiments. To achieve such a
result, however, all three right-handed neutrinos should
participate to the seesaw mechanism. In other words, we
cannot accommodate, in our setup, sterile neutrino DM by
decoupling one of the right-handed neutrinos. This is an
additional motivation, besides the interest on its own, for
the introduction of axion DM. We also remark that the PQ
controls the configuration of the Yukawa couplings of the
Higgs doublets to the SM fermions. In the present work,
we have considered lepton-specific (type-X) and type-II
2HDM. Let us finally move to neutrino masses. If we
consider Universal Yukawa couplings for the Dirac and
Majorana mass terms, then we can write them down as
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Yiil2 . /1ijU¢2U¢1
Mpy= i=e,u,7) and My=—-7"-"
D V2 ( HT) N 2Mpl

(i.j=e.pu.1).
(29)

In writing the (1,1) and (2,3) elements of the right-handed
neutrino mass matrix [as shown in Eq. (24)] in the above

ee(ur) Vi

format, we have considered /1’;2 wr) = . Therefore,

pl
the light neutrino mass matrix will take the form

oyt [ tan?p
m, =\ T s
2My \1 + tan“f

_ yivigMy [ tan’p (30)
/IijMZ”U(/)l 1 -+ tan2ﬂ '

Neutrino data from different measurements have put severe
constraints on the mixing angles of the PMNS matrix
and the mass square differences. The current bound on
the mixing angles for normal ordering in the 30 range is
given by [4]

), - (3131 - 35.74), 69 — (8.19 — 8.89),
6, — (39.60 — 51.90), (31)

and the mass square differences as

Am2, > (6.82 > 8.03) x 1075 V2,
Am2, — (2428 - 2.597) x 1073 V2. (32)

The ranges for the inverted ordering are also similar but
Am3, is with a negative sign. For the present structure of
the neutrino mass ordering, one of the authors has already
studied the neutrino mass and obtained the correct values of
the oscillation parameters and showed that inverted mass
ordering is not possible for this kind of mass matrix
structure [51]. In the present work, we assume that the
correct ranges of oscillation parameters can be achieved
and instead study the range of the parameters which will
give the feasible values for the Dirac and Majorana mass
matrix; namely, if the associated Yukawa coupling for the
Dirac mass term can be made larger than the electron
Yukawa coupling and the Majorana mass terms above the
keV range. This is necessary to check because the Planck
suppresses some of the elements in the Majorana mass
matrix mass term.

In the left and right parts of the upper panel of Fig. 1, we
have shown scatter plots in the v;, — v, plane. The color
variation in the left one is for the Dirac Yukawa coupling
associated with the neutrinos and the right part is for the
right-handed neutrino mass. Both of the plots are for the
type-II 2HDM model. The lower panel represents the same
plots but for the type-X 2HDM model. In generating the
plots, we have considered the order of the neutrino mass
m, = 107" GeV [as shown in Eq. (30)] and the Yukawa

couplings for the right-handed neutrino mass matrix
[shown by Eq. (29)] as 4;; = 1 (i,j = e, u, 7). It is worth
mentioning that all of the points in the plots can give us the
correct value of muon g—2, the total amount of DM
by suitably choosing the initial angle, and also contributing
to the oblique parameters S, 7, U which will be addressed
in the next sections. In the left part of the upper panel, we
can see that v, cannot be larger than 210 GeV and v, can
take the values up to maximal varied range 10'¢ GeV.
In the figure, we can see that for a fixed value Vg, if we
increase the vy, values then the Yukawa coupling y,, starts
increasing as depicted by the color variation. The variation
in y,, is not huge because v, does not vary in a large range
for the type-Il 2HDM case. On the other hand, if we move
towards the increment of vy direction then we observe a
large variation in y,, because of the large varied range
in vy . In the right part of the upper panel, we can see the
color variation in right-handed neutrino mass. The right-
handed neutrino masses depends on the VEVs v, as
My x Vg, Vipy» therefore we see an anticorrelation between
vy, and v, if we take a fixed value of right-handed
neutrino mass. Moreover, we see an increment in My as we
move in any incremental direction of the VEVs v . From
both parts of the figure, we can see that the right-handed
neutrino mass can go to a maximum value of 1 GeV and the
associated Dirac Yukawa coupling reaches at most 1073,
Therefore, for the type-II case, we cannot achieve y,, up to
the value of the Yukawa coupling needed for the electron
mass in SM. On the other hand, in the lower panel, we have
shown the same thing but for large values of vy, as well;
this helps us in getting the y,, as large as electron Yukawa
coupling and the right-handed neutrino mass as large as
1 TeV. As we will see later for the type-X 2HDM, muon
g — 2 can also be achieved only by the Higgs sector which
helps us to lower the gauge coupling ¢’ and, hence, obtain

the increased value of the VEV vy, = % Finally, low-

mass right-handed neutrinos will be constrained by many
experiments and will also be explored in the future by a
number of experiments. A detailed discussion of the low
mass right-handed neutrino detection prospects can be
found in [52]. Moreover, as shown in Ref. [52], right-
handed neutrino mass below 0.7 GeV will impact the Big
Bang nucleosynthesis (BBN) bound [53-55]. This problem
can be overthrown in the present context by choosing the
appropriate values of A}, ), (compatible with the neutrino
oscillation data as shown in [51]) parameters in the right-
handed neutrino mass matrix [see Eq. (24)] which makes
the right-handed neutrino masses higher and can evade the
BBN bound. For a precise statement in this context, we
require full-fledged study and left this to pursue in the
future. The baryogenesis process concerning the MeV scale
right-handed neutrino mass within the type-I seesaw
mechanism has been studied in Ref. [56] albeit the
right-handed neutrino decay needed before BBN.
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Scatter plots in vy, — v, plane where in the left panel (LP) color variation corresponds to the Dirac Yukawa coupling for the

neutrinos and right panel (RP) shows the color variation for the right-handed neutrino mass. The upper panel and lower panel correspond

to the type-II and type-X 2HDM models.

In Table V, we have shown benchmark points after
satisfying the neutrino oscillation data as shown in
Egs. (31) and (32). In the table, Mp,; :%(1 =e,U1)
and Mp;; is the (i, j)th element of the right-handed neutrino
mass matrix as shown in Eq. (24). As can be seen from
the table, we can have a right-handed neutrino mass
O(10) GeV and Dirac mass matrix around O(107%) GeV
and we can satisfy the neutrino oscillation data. As an
estimate, we can see from Fig. 1 that right-handed neutrino
mass O(1) GeV can be obtained for v, > 10" GeV for
type-II 2HDM and for type-X there is no stricter bound
on vy because we can choose any values of v, . There-
fore, the present model for the type-Il 2HDM case
demands higher values of the Peccei-Quinn scale if we
want to explain (g—2), in conjunction with the other

phenomenologies. It is worth pointing out that the bound
on v, can be alleviated for type-II 2HDM if we explain
the other phenomenologies except for the muon (g —2)
anomaly. In the future, we plan to explore the more
concrete bound on the Peccei-Quinn scale, which we
expect to be around v, > 10'5 GeV, from the neutrino
oscillation and low-scale flavor physics data.

IV. AXION DM

In this work, we consider that the singlet scalar ¢ takes
spontaneous VEV (v, ) which is around or above the
inflation scale. This high VEV ensures that our axion field
would be invisible to the visible sector due to its suppressed
coupling impacted by the very high VEV. This also exhibits
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TABLE V. Benchmark points after satisfying the neutrino oscillation data.

Parameters BP1 BP2 BP3 BP4 BP5
Mpy, [GeV] 1.37302 x 1073 3.97752 x 1073 520121 x 1073 4.92606 x 1075 3.74946 x 1075
M pyy [GeV] 3.057 x 1075 5.85732 x 1075 2.07667 x 1073 8.96679 x 1075 3.71355 x 1073
M3z [GeV] 3.32727 x 107 6.36453 x 107 2.61519 x 1075 5.53581 x 1073 1.51743 x 1075
Mgy, [GeV] 2.70458 24.9567 39.2377 38.6315 20.2238
Mgy [GeV] 15.4077 58.6951 7.57553 78.6556 8.10739
Mpgy, [GeV] 5.20407 28.0349 9.6568 53.6334 14.9338
Mpg,; [GeV] 47754 36.708 14.1577 40.0791 5.23469
O[rad] 3.10937 3.17792 3.16356 3.17936 3.16513
A;n; i 7.82389 6.94169 7.29951 7.34332 6.84982
IZAmg,V 2.4923 2.49091 2.57468 2.47229 2.46313
1073 eVv?
615°] 32.6683 34.4914 31.6346 33.65 33.066
6] 40.2752 50.1825 49.231 50.2849 40.721
615°] 8.46868 8.54961 8.66937 8.67221 8.61547
5cpl] 248.527 327.199 159.552 144.312 153.267
S my[eV] 0.155288 0.145748 0.175355 0.144533 0.169207

that the associated neutral CP-even Higgs would also be
very heavy and can be approximated as M 5,] =~ Ay, vél . This
mass eigenstate has the mixing term with the SM Higgs and
will contribute to Higgs mass radiatively as

M2
M% M%lz tree + AH P |:AUV + M¢| log (A2 ):| : (33)
uv

Here M 351 is a physical parameter and cannot be removed by
introducing the counterterms. As discussed in [57], if we go
in the limit Ay 4 — 0 (i = 1, 2), then we go in the regime of
the enhanced Poincaré symmetry and we can protect the
light SM Higgs mass. The bound on the quartic couplings
which relate the SM Higgs and ¢, is the following:

M, )
< — = .
/1Hi¢l - O<M(/)I>, (l 1’ 2) (34)

Therefore, in this work, we consider 4,4 — 0 and the field
¢, couple to the SM sector very feebly and do not alter our
phenomenology presented in this work. Therefore, the
neutral Higgs mass matrix as given in Eq. (10) effectively
reduces to 3 x 3 matrices which can be diagonalized by the
orthogonal matrix R shown in Eq. (12).

A. PQ symmetry

As discussed before in the present work, we can
introduce the U(1)pg symmetry with the charge assignment
shown in Table III and when it breaks spontaneously we
can have a massless axion field. As pointed out in
Refs. [31-35], the global Abelian symmetry is not a good
symmetry up to the Planck scale, so it is unpleasing to
introduce a global U(1) symmetry barely in the SM
because it will not be valid up to the Planck scale. This

situation can be evaded if PQ symmetry appears acciden-
tally and can be achieved by introducing the discrete
symmetries as studied in [24-28]. Therefore, we can
always decide on the discrete symmetries which ensures
the accidental appearance of the PQ symmetry as well as
does not alter our phenomenology. This way we can solve
the potential problem regarding the validity of global PQ
symmetry up to the Planck scale. As studied in Ref. [29],
the additional discrete symmetries might arise as residual
symmetries when additional gauge symmetries spontane-
ously break, remaining unaffected from the gravity-induced
breaking. Therefore, to have a suitable discrete symmetries
as residual symmetries, we need to assign the gauge
charges to the particle content accordingly under the
new gauge symmetry as studied in Ref. [29]. In this work,
the Higgs doublets and fermions are charged under the
U(1)pg symmetry which makes the present model like
DFSZ kind [39,40] axion model in contrary to the
Kim-Shifman—Vainshtein—Zakharov (KSVZ) type model
[58—60], where one needs to introduce extra exotic quarks
in order to generate axion-gluon coupling. In the present
work, we consider singlet-dominated pseudoscalar
“a” as the axion field with axion decay constant

2
11)2

+ 1
(/;
diagonahzatlon matrix as shown in Eq. (18), we can write

vV, = ~ vy, for vy > v, v, By using the

down the A, , in terms of the axion field hke = Xy, - o o

a]

- Xy, v—, and

0f the field F (= H 12> P1)- We can write down the mass
term for the quarks and leptons consist of the axion field as

— Xy, =5, where Xp is the PQ charge

XHZla — mddeRe Hmt,u

Xinie + H.c. (35)

Ea—mass o —myupuge

- mllLlRe
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We can now get rid of the phase factor terms consisting of
the axion field by redefining the fields as
d— e—irsxyn,ﬁd,

. a i _a_
u— e Xmngy, [— e " Xmma] (36)

This way of redefining the fields will induce the anomaly
associated with the QCD and electromagnetic (EM) fields.
These anomaly terms can be written in terms of the QCD
and EM fields as

a; a

AEM E a
‘Canomaly = gF_
a

—_ _FF, 37
* 87 NF, (37)

where F, = |2L—;/‘ N and E are, respectively, the anomaly

factors depend on the QCD and EM charges coming from
the SU(3). x SU(3), x U(1)pq and U(1)gy x U(1)gy X
U(1)pq anomaly terms. The EM sector anomaly term £ and

strong sector anomaly term N can be expressed in terms of
the PQ charges as [46]

1 1
N:3 <_§XH2 +§XH,,,> N

E=3 (—3 @) 2XH2 +3 <—;>2XHm + (—I)ZXHn> . (38)

The values of N and E will depend on the m, n values
which represent the different kind of 2HDM as shown in
Table VI

The PQ charge of the SM and the BSM particles are
given in Table III. As can be seen from Eq. (6), the PQ
symmetry breaks when the field ¢, gets VEV and the axion
potential is generated at the QCD phase transition by the
instanton effects. Therefore, the periodic potential for the
dynamical field axion can be expressed as [46]

Voep(a) = M2F2(1 —cos [0, + 6)]), (39)

where F', is axion decay constant, 8, = <, and M, is the

a
F

axion mass given by [46]

o e[
¢ (mu + md)2 Fi
10'? GeV
~5.7 (7> peVv, (40)
Fy

TABLE VI. N and E values for different types of 2HDM
models.
Type N E E/N
I 0 0
I -3/2 —4 8/3
X 0 -3
Y -3/2 -1 2/3

where m, , are the quark masses, f, = 130 MeV is the
pion decay constant, and m, = 139.57 MeV is the pion
mass. In the axion potential, we can define a new field after
redefining it as 8, = 0, + 6. In Eq. (39), we have shown
the axion potential which will appear when the axion has
coupling with the gluons, so in the present model type-II
and type-Y 2HDM fall into this category. Therefore, we can
solve the strong CP problem for these two variants of the
2HDM model. Moreover, the axion appears from type-II
and type-Y 2HDM and can also be a good DM candidate
which can be produced by the misalignment mecha-
nism [61]. On the other hand, type-I and type-X 2HDM
models have no coupling between axion and gluon fields
so the axion does not have potential as shown in Eq. (39),
therefore they cannot solve the strong CP problem. But
they can be a good DM candidate and produced by the mis-
alignment mechanism [62]. Moreover, their mass can be
produced at the Planck scale by the PQ violating terms [60]
and we can produce them by the usual misalignment
mechanism. In this work, we have considered DM pro-
duction only for the QCD-type axion field and can also be
estimated for the axionlike particle by following Ref. [62].

B. Axion density

The axion can be a very good cold DM candidate and is
produced in the early Universe by the misalignment
mechanism [61]. The amount of axion density depends
on the axion decay constant (F,) and the initial misalign-
ment angle 6; and quantitatively can be expressed as [61]

F, 119
102 GeV> ’ (41)

Q. = 0.129[2<
If we consider the PQ symmetry breaking before the
inflation scale then #; can take any arbitrary value and,
if it breaks after inflation, we need to take the average
values of 6; over the different patches and take the
value [63]

0~/ (62) ~2.15. (42)

In this work, we consider the PQ symmetry breaking before
the inflation so we can ignore the contribution in the axion
density from the cosmological defects; otherwise, one
needs to take into account the axion density coming from
the domain wall, strings [64—67]. Moreover, in this work,
we have not considered axion production in the early
Universe via thermal scattering because it will be sub-
dominant for the axion decay constant F, considered
here [68]. This mode of axion production can also
contribute to the relativistic degree of freedom (AN)
of the Universe. This bound is weak in our case because, as
found in Ref. [68], the recent bound on AN from the
Planck data [9] requires F, > 107 GeV, which is weaker
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than the supernovae bound of F, > 2 x 10® GeV [41]
considered in this work.

C. Isocurvature bounds

As studied in Refs. [69,70], if the PQ breaking happens
during or before the inflation then the massless axion can
have quantum fluctuations which will contribute to the total
energy density of the axion. The quantum fluctuation of the
axion field is given by

H inf

da = ,
“ 2w

(43)

where da = F,60; and H;,; is the Hubble parameter during
inflation.

The axion fluctuation can generate the isocurvature
perturbation, Spy, which is defined as [69]

%a
Pa

SDM — ‘Qgrach2 (44)

2, . .
where Qffep? — % is the fraction of the DM contained

by the axion field. The CMB data [71,72] has put a tight
bound on the isocurvature perturbation which gives the
bound in the inflation scale as [70]
0.405
> . (45)

The isocurvature perturbation also contributes to the axion
density and changes Eq. (41) as follows:

F
Hinf < 2.4 x 107 GeV 12711
10"~ GeV

H.:\2 F 118
Q. h* =0.18|6> inf a . (46
018|120 ] () @)

In Fig. 2, we have shown scatter plots in the F, — H,
plane where the color variation in both panels is represented

Qiasoc h2
by 6, and o

varied the parameters in the following range:

x 100[%]. In generating the plots, we have

103 <6, <1

10° GeV < Hyy < 107 GeV (47)
and the axion DM relic density has been demanded in
the 3¢ range put by Planck [9,73], ie., 0.1172 <
Qpph? <0.1226. In the left panel (LP), we look at the
upper line which begins at H,; = 3 x 10® GeV then it
exhibits that the DM relic density is independent of 6; for
the range in which it has been varied. The line also implies
that if we take the inflation scale above this line, there will
be an overproduction of DM. Below this line or lower
values of H;,; we can see that DM production depends on
0; and the axion produced mainly by the misalignment
mechanism. We can see from the LP that if we increase the
F, value then we need lower values of ; to satisfy the DM
relic density in the 30 range. On the other hand, in the right
panel (RP), the color bar corresponds to the contribution to
the axion density from the isocurvature perturbation. We
can see if we take Hj,; > 3 x 10° GeV then the DM is
overproduced from the isocurvature contribution and as we
go to lower values of H;,; then we get lower contribution in
the axion density from axion fluctuation and more con-
tribution starts coming from the misalignment mechanism.

T T \manas
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T T
...
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Hine [GeV]
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FIG. 2. Scatter plots in the F, — H;,; plane after satisfying the axion density in the 3¢ range of dark matter relic density put by Planck. The
color bar corresponds to different values of 6; and percentage of axion density from isocurvature fluctuation in the LP and RP, respectively.
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D. Axion DM searches

There have been several attempts to detect the axion type
DM at the haloscope experiments and also proposals for
future exploration in the context of the DFSZ and KSVZ types
of axion model. A detailed discussion on the detection
prospects by using different techniques has been exhibited
in Ref. [46]. In particular, the axion dark matter experi-
ment (ADMX) has already probed the axion mass range
2.7-4.2 peV, using haloscope for axion dark matter, which
represents the total amount of DM for O(1) misalignment
angle [74-76]. There is also an attempt to explore the higher
mass range, for example CAPP-8TB [77], which aims to
probe the axion mass range 6.62-7.04 peV with the
follow-up proposal like CAPP-12TB and CAPP-25T [78].
Another dielectric haloscope experiment MADMAX [79]
can probe the axion mass range 50-100 peV. On the other
hand, probing the lower mass range of axion DM needs a
larger haloscope which is more challenging. The KLASH
experiment [80] aims to explore the axion mass range
0.3—1 peV. There is also an attempt to explore the axion
mass range below 1078 eV using different techniques.
ABRACADABRA [81] is one such attempt which can detect
oscillating magnetic flux through the center of the toroid
produced by the axion and posed the possibility to detect the
axion DM mass range below 1078 eV. They have already
explored the mass range (3.1-83.0) x 107! eV from one-
month data collection with ABRACADABRA-10 cm.

V. MUON (g-2)

In this section, we are going to address the muon (g — 2)
anomaly which SM cannot explain but the present model
has the potential to explain it. The SM contribution to
(g—2) ., has been measured very precisely after taking into
account all the contributions; namely, quantum electro-
dynamics (QED), hadronic vacuum polarization, hadronic
light by light, and electroweak processes. Based on the
aforementioned contributions, SM predicts the muon
(9 — 2) contribution as a,(SM) = 116591810(43) x 107"
(0.37 ppm) [5]. Moreover, with the advancement of
experimental techniques, there is also an attempt to mea-
sure the muon (g — 2) experimentally. The main contrib-
utors in the measurement of muon (g — 2) experimentally
include CERN [82-85], BNL E821 [86] at Brookhaven,
and the recent measurement by the FNAL [19]. BNL and
FNAL have followed the same techniques to measure the
muon spin precision in the magnetic field and agree with
each other. The world average value in the present time
from different experiments is a, (exp) = 116592061(41) x
10~'" (0.35 ppm). Therefore, the difference between the
experimental and theoretical prediction from SM is [5,19]

Aa, = a,(exp) — a,(SM)

= (251 £59) x 107! (48)

which implies a 4.2¢ discrepancy between the experimental
and theoretical values. It is worth mentioning here that
the recent advancement in lattice computation measured
the hadronic vacuum polarization which differs from the
different experimental measurements of the hadronic vac-
uum polarization by 2.1¢ [20]. Therefore, it reduces the
significance of the discrepancy between the experiment and
theory to 1.5¢ [20]. Moreover, a new measurement by
CMD-3 experiments for vacuum hadronic polarization
(VHP) contribution to the theoretical prediction indicates
that the theoretical and experimental values are closer than
before with 2.4¢ discrepancy [21]. This new finding also
poses a conflict with the previous measurements of
ete” — n7n~ by the same and different experiments
[87-90]. In summary, new data are required to definitively
assess that the measure of (g—2) really represents a
deviation with respect to the SM prediction. Having this
in mind we take, anyway, the hypothesis, for this work, that
new physics is responsible for the g —2 anomaly. In the
scenario under scrutiny, there are two kinds of BSM
contributions to the anomalous magnetic moment of the
muon. The first come from the extended Higgs sector, see,
e.g., [91-95], while the other comes from the additional
gauge boson [51,96-99]. We will see that both contribu-
tions are important in order to explain the muon (g — 2). As
we have explained before, we need a positive contribution
from the BSM physics in order to address the (g—2),
anomaly. In the case of scalar sector contribution, we have
one-loop and two-loop contributions. The one-loop con-
tribution can be summarized as [100-104]

2
1-1 Grpm
Aay, 0P — £

= a5 SO (89

where j = {hy, hy, h3,A,a, H*}, Gy is Fermi constant,
i m? . . .
rji = 32 (m,, is muon mass and M is the mediator scalar
j

mass), and the function f;(r) has the following form:

[t X(2-x)
R et
1 3
Fral) = [
[t =x(1-x)
Ju=(r) A T—(l=x)r (50)

The normalized Yukawa coupling is defined as L;;; =

vl (“4)jff and given in Table III. The contribution from the
scalar sector comes from the diagrams mediated by
hy3,A,a and we have ignored the contribution from the
SM like Higgs h; because we work in the misalignment
limit # — a = 7 and its contribution is already taken in the
standard computation of Aa,,.
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From the previous expressions of the one-loop contribution
to Aa,, we can see that the contribution is proportional
to the fourth power of the muon mass. It has been shown in
[105-107] that the two-loop contribution which is propor-
tional to the heavier fermions can contribute significantly
compared to the one-loop contribution. The two-loop con-
tribution comes from the Bar-Zee type diagram and contrib-
utes to the (g —2), by the following amount [105-107]:

GFm aEM Z
42

where j is as defined earlier and f = b quark, ¢ quark, and
N, y}, Oy represent the color degree of freedom, associated

Yukawa coupling of fermion f with the scalar j, and
electromagnetic charge of mediator fermion f. The function
g;(x) can be expressed as

gi(x):AIdx (N"(x) logx(l_x), (52)

x(l=x)=r r

2—loop __
Ay

fyﬂyf fg,(rjc) (51)

where NV, . =2x(1 —x) =1 and N ,(x) = 1. As dis-
cussed before, in the two-loop contribution as well we have
not taken into account the SM Higgs contribution.
Moreover, in the present work, we also have the one-loop
contribution mediated by the U(1) L,-L, gauge boson and
has the following contribution to the (g 2), [108,1091]:

s 2x(1 — x)?

Aaf = —
- 82 x(l—x)2+rx

(53)

2.5 <tanf < 250,
101 < v, [GeV] < 10',

800(80) < M, [GeV] < 1500,

10_4 S (1273 S 10_1,

We have considered 5, as the SM Higgs and kept its mass
fixed at M), = 125.5 GeV. The mass for the CP-odd
scalars A, a depends on the VEVs, quartic couplings
(A1), scalar mass and mixing angles, and have been
evaluated automatically during the scanning of the param-
eters. The parameter ¢ has been measured using the quartic
coupling 4; and the other Higgs masses and mixing angles.

In Fig. 3, we have shown scatter plots in the M, — M),
and 1, — 4}, planes after satisfying DM total relic density,
muon (g —2) and the perturbativity and bound from the
below conditions on the quartic couplings. In the upper
panel, we have shown the result for the type-X 2HDM
model and in the lower panel we have shown it for type-II

65 < M), [GeV] < 1500,
107 < ¢ <1072,

105 < M,, GeV < 10°,

107* < Ay < 4.

As evidenced in the next section, the interplay of the
different kinds of contributions allows us to reproduce the
(g —2) anomaly in a relatively large parameter space.

VI. RESULTS: ALLOWED PARAMETER REGIONS
IN DIFFERENT PLANES

We are now going to display allowed regions among the
parameters by performing a scan over the ranges summa-
rized below. Each parameter assignation has been subject
to bounds from DM relic density, (g —2) as well as the
theoretical bounds mentioned in Sec. B. Only the model
points passing all of these constraints have been retained.
For what concerns the 2HDM configurations, we have just
focused on the type-II and type-X scenarios. Notice that in
the type-1I scenario, we have imposed a priori the bound
M+ > 800 GeV to comply automatically with the bounds
on b — sy [110]. Reference [110] also mentioned that, for
tan § < 2, the bound will change, so in our study we have
considered tanf > 2.5 throughout the paper. We will
discuss in detail the scanning plots that will exhibit the
correlations among the parameters and will deliver us a
broader idea about the choice of the model parameters.
Additionally, in the case of type-X 2HDM, we are about to
see that the parameters are more relaxed but it does not
provide us with the effective coupling between the axion
and the gluons (see Sec. IV). Therefore, we choose to study
the type-Il (type-X) 2HDM scenario which serves our
purpose of having axion DM. We have varied our model
parameters in the following range:

125 < M), [GeV] < 1500,
103 < M,[GeV] < 1,

p—a =~

t\)lﬁ

(54)

|
2HDM. In scanning the parameters, we have used the usual
misalignment mechanism in 2HDM and £, as the SM like
Higgs with mass 125.5 GeV. Let us first discuss the upper
panel and the lower panel will be followed thereafter. We
see a sharp correlation between M, and M), because the
scatter plot follows the M, = M, line represented by the
red line. In general, the quartic coupling 4; depends on
the masses of the scalars and the tan j for a, 3 ~ 0, so in the
misalignment limit it can be expressed as

1

A
: 20%

(M}, — M3)sin®f + cos’Mj . (55)
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Left panel: scatter plot in the M, — M), plane after satisfying all the relevant bounds where the color bar corresponds to the

different values of quartic coupling 4, associated with the Higgs doublet H. Right panel: scatter plot in the 1;, — 4}, plane and the color
bar represents the contribution of the Higgs sector to muon (g — 2) in percentage.

For larger values of tan 3, we have cos f < 1 and sinff ~ 1,
then the 1; will be smaller than 47 only when we have
My ~ M, , i.e, represented by the red diagonal line. In the
other regime when we have sin f <« 1 and cos ff ~ 1, then
we can go for M;, > M, because it is suppressed by sin /3
and at the same time v; ~ v, so the coupling additional
suppression will happen due to the larger values of v
which is not possible for tanf > 1. The points that are
outside the M, ~ M), line correspond to the larger values
of 4;. On the other hand, the points that are on the red line
can take 4; < 0.1 because of the possibility of the exact
cancellation among the masses. In the RP, we have shown
the scatter plot in the 4;, — 4}, plane. We see that 4, and

|, follow an anticorrelation. This happens because we
have used the condition on 4, and 2),, i.e., 4;, + 1}, < 4x

which makes the plot look like this. In particular, if we look
at A;, = 4z then |, = 0 and vice versa and this follows all
over the points. In the plots, we have also shown the color
variation for each point which represents the scalar sector
contribution to muon (g—2). The more green points
represent 4, < 0 and tan  larger values which corresponds
to M, < M+ and hence contribute in the muon (g —2)
more. Additionally, each point also satisfies the condition
A + 4}, > —2+/21 4, which keeps the possibility that their
sum can be negative as well and not exactly zero. In the
lower panel, we have shown the same plots but for the
type-1I 2HDM model. Here, one of the main constraints
comes from the b — sy which demand charged Higgs mass
M= > 800 GeV. Because of such high values of M=, we
also need M, around that order otherwise ;. 4}, would
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FIG. 4. LP shows the scatter plot in the M, — M- plane for type-X 2HDM where the color bar shows the variation with respect to
tan f. In the RP we have also shown the variation in the same plane with the same color variation but for type-II 2HDM.

violate perturbativity. Because of such a high value of M-,
we see a very sharp correlation and the starting value for
M, is around 500 GeV. In the RP of the lower panel, we
have shown the scatter plot in the 1;, — 4}, plane and the
color bar shows the contribution from the scalar sector in
(9—2),. We can see from the color bar that most of the
contribution comes from the gauge boson mediated
process.

In the LP and RP of Fig. 4, we have shown scatter plots
in the M, — My- for type-X and type-II 2HDM models
and in both plots the color variation shows different values
of tanf. The allowed region is mostly obtained by the
perturbativity and the bound from the below conditions
on the quartic couplings. In the misalignment limit and
a, 3 — 0, the quartic couplings 4, 4}, can be expressed in
terms of the masses as follows:

LM = (MM M) )
12— 2

~ a2 2
, L A= (MR- M),

(56)

From the above expressions, we can see that the masses of
the scalars cannot be very much apart; otherwise, it will
conflict with the perturbativity bound. In Fig. 3 we have
shown a sharp correlation between M, and M), which will
ensure also a sharp correlation with the charged Higgs mass
as seen in both the LP and RP. In the LP for type-X 2HDM,
we do not have strong constraints on the charged Higgs
mass, hence small mass ranges of M, and My: are
allowed. The color variation on the points implies the
different values of tan . The muon (g — 2) depends on tan 3
tan” 8
M;,
higher values of M, we also need higher values of tan 3 but

as can be seen in Sec. V. So for the

and M, generally as

we have taken maximum tanf = 500. In general, higher
values of tan # will impact the A; perturbativity bound and
also the Yukawa coupling perturbativity bound for the b
quark (z lepton) for the type-II (type-X) 2HDM model puts
an upper bound on tan # < 206(tan # < 500). In the RP, we
have shown it for the type-Il 2HDM case and we have
strong constraints on the charged Higgs mass from b — sy,
i.e., My > 800 GeV. Therefore, we see the allowed range
also starts at higher values of M ,. Therefore, for this case,
we do not have a dominant contribution from the scalar
sector in (g — 2) if a very accidental cancellation does not
happen among the masses which makes 1, perturbative for
higher values of tan # as well. The dependence of type-II
and type-X 2HDM models on muon (g — 2) will be more
clear in the later part.

In the LP and RP of Fig. 5, we have shown scatter plots in
the ¢ —tanf plane where the color bars represent the
variation for the CP-odd scalar mass and the gauge boson
contribution to muon (g — 2) in percentage. Let us first
discuss the upper panel which is for the type-X 2HDM
model. The general contribution from the Higgs sector to

2HDM
U

seen earlier in Fig. 3, M, < 100 GeV is allowed for smaller
values of tanf due to the perturbativity limit on 4;. As
explained before (g —2), is inversely proportional to the
mass square Mi and linearly to the square of tanj.
Therefore, ¢ < 4 x 10~ and tan # < 200; we do not have
any points because (g — 2) ,, cannot be produced sufficiently.
Once, we have a sufficient contribution to g —2 for the
parameter space 60 < M, GeV < 300 and tan S > 200,
then most of the contribution to (g — 2) , anomaly comes

(g = 2), can be parametrized as Aa x “]’:}# As we have
A

from the Higgs sector. On the other hand, when ¢ > 4 x
10~ then we can produce the total g — 2 contribution solely

015011-16



AXION DARK MATTER AND ADDITIONAL BSM ASPECTS IN ...

PHYS. REV. D 110, 015011 (2024)

1000}

ool

yp > Van
@ 100
= Type-II
8
10}
L Il 2ol
107° 107° 107*
1
g

FIG. 5.

T T T T

1
10 100 |

100
10
107° 0.01
1
g
T T T
-l 1
1000k 1 10 100
A% [%]
° o ° ° °
[<al
= 100p Type-II
-
10
L L 1 1
107° 107° 107*
1
g

The LP shows the scatter plot in the ¢’ — tan § plane where the color bar shows the variation with respect to the mass of the

CP-odd Higgs A. The RP also shows the variation in the same plane but the color bar represents the Z' contribution to (g — 2) u

from the Z’', therefore for those parameter spaces lower
values of tan # as well as the higher values of M, are also
allowed. On the other hand in the right panel, we have shown
the color variation with respect to the U(1)y gauge boson
contribution to (g — 2) 4+ Ascanbe seen from Eq. (53), gauge
boson contribution to muon g — 2 is proportional to ¢’>. This
kind of behavior can be easily seen from the color variation
like for ¢ <4 x 1074, the gauge boson contribution is
subdominant, but for the opposite regime it is the dominant
one. The higher values of ¢, represented by the region
g > 6 x 1073, are also ruled out because that region will
produce a more positive contribution to muon (g — 2)
anomaly. The green points represent the dominant contri-
bution from the scalar sector, whereas the magenta points
represent the dominant contribution from the gauge boson
sector Z'. In the lower panel, we have shown the same kind of

plots but for the type-II 2HDM model. Since here we
have to obey My > 800 GeV, then we can see larger
values of M 4 are allowed due to the perturbativity bound. In
the LP, we can see a few points; at lower ¢ those points
correspond to My = M), and small value of M, , then those
points can pass the perturbativity bound for a high value of
tan S value as well. Therefore, those points can give us a full
contribution to muon (g — 2) from the scalar sector only;
although those points fall in the cyan region which corre-
sponds to the perturbative violation for the b-quark Yukawa
coupling. In the RP, we can see the distinction between the
points which distinguish the contribution from the scalar
and gauge boson sectors. Again the points that represent
dominant contribution from the scalar sector are ruled
out by the perturbativity bound on the b-quark Yukawa
coupling.
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FIG. 6. LP and RP show the scatter plots in the M4 —tan# and M, — ¢ planes, respectively. The color variation in both plots
represents the scalar sector contribution and gauge boson contribution to the muon (g — 2) in percentage.

In the LP and RP of Fig. 6, we have shown the scatter
plots in the M, —tanf and M, — ¢ planes where the
upper panel corresponds to the type-X 2HDM and the
lower panel corresponds to the type-II 2HDM model. We
first discuss the upper panel, then we discuss the lower
panel. As discussed, the LP of Fig. 6 shows the allowed
region in the M, — tan # plane where the color variation
represents the Higgs sector contribution to muon (g — 2).
As can be seen, for tan < 60 the Higgs sector contribution
to (g —2) 4 18 less than 10%. Once we go to larger values of
tan B, say tan 8 > 100, we see the magenta points which
represent more than 50% contribution to (g —2),. The
color variation in the figure also clearly explains that for a
particular value of M, if we go for higher values of tan
then we gradually move towards the magenta points, i.e.,

more contribution to (g —2), from the Higgs sector. The
figure also explains that if one wants the muon (g —2)
anomaly is accounted for the Higgs sector, the viable
parameter space is very narrow as it is represented only by
the deep magenta points. The presence of the extra gauge
boson is essential to enlarge the parameter space. We
notice, additionally, that the distribution of the points
complying with (g —2) has extended for M, < 62.5 as
well. These points can conflict with the LHC bound coming
from h, - AA decay but needs proper treatment which
limits our further discussion. On the other hand in the RP,
we have shown the scatter plot in the M, — ¢ plane. Here,
the deep magenta region can only explain the (g—2),
anomaly fully if we consider only the gauge boson
contribution. But because of the presence of the Higgs
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FIG.7. Scatter plotsin S — 7, S — U, and T-U planes after satisfying total DM relic density, muon (g — 2), perturbativity, and unitarity

bounds. In the upper panel, the color bars show the variation of the Z’ contribution to muon (g — 2) in percentage whereas the lower
panel shows the variation with respect to mass of the CP-odd Higgs A. All of the plots are generated by using a type-X 2HDM kind of

model.

sector, the region expands for lower values of ¢’ as well
represented by the green points. The region below M, <
0.01 GeV and 4 x 107 < ¢ < 8 x 107* have no points
because those points make 1y, > 4x. A part of the allowed
region in the M, — ¢ plane was already explored by the
CCFR neutrino trident experiment [111], represented by
the blue shaded region in the plot. Moreover, the remaining
parameter space will be explored through different experi-
ments like NA64, at CERN [112], M?3 at Fermi Lab [113],
and even at the proposed muon collider [114]. All of the
future bounds are represented by the dashed lines and
labeled according to the associated experiment name. In the
lower panel, the figures are in the same plane and also with
the same kind of color variation for the type-11 2HDM case.
As we have seen before, scalar sector contribution to muon
(g — 2) is subdominant so the full contribution comes from
the gauge boson sector which can be seen from both left
and right plots. A few points which can give 100% are the
points which satisfy M, = M}, , and the M, value is small

near the SM Higgs mass. But those few points are already
contradictory due to the perturbative violation of the
b-quark Yukawa coupling.

VII. EXPLANATION OF W-BOSON MASS
OBSERVED AT CDF-II

Recently, the CDF-II collaboration has reported the
larger values of W-boson mass based on their 8.8 fb~!
data of /s = 1.96 TeV run of pp collision. They have
obtained the W-boson mass [6],

MSGPF = 80.4335 £ 0.0094 GeV (57)

while there is also a prediction for the W-boson mass
from other collaborations like LEP [115], ATLAS [116],
LHCb [117], and Tevatron [6,118] and can be summarized as
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2HDM model.

My =80.41124+0.0076 GeV, LHC+ LEP+ Tevatron,
My =80.3790+0.0120 GeV, PDG2020. (58)

The values disagree with each other with quite a high
statistical significance as the CDF-II disagrees with the
SM values at the significance of 70. We need beyond
Standard Model contribution to address the increased value
of the W-boson mass at the CDF-II detector. The recent
reanalysis of ATLAS data collected in 2011 for the 7 TeV run
corresponding to 4.6 fb~! integrated luminosity using the
state-of-the-art analysis methods estimated the W-boson mass
which is in agreement with the SM predicted value [119].
Therefore, it is very early to conclude that the discrepancy
observed at the CDF-II measurement is due to the BSM
physics; still, investigate the possibility of the present model
to explain the discrepancy at CDF-II as well as the SM
predicted value. In the present work, we have additional
particles which can give extra contributions to the W-boson
mass and hence potentially account for the experimental

anomaly. In order to investigate quantitatively such possibil-
ity, we have calculated the oblique parameters S, 7', and U by
following Ref. [120] for the present work which also
coincides with the result obtained in Refs. [47,48] in the
particular limit. The deviation of the mass of the W-boson,
with respect to the SM prediction, can be expressed in terms of
the oblique parameters as [120]

, 5 a 1 o Ch—Sh
MW:MW|SMX 1+m —§S+CWT+ 4sa U N

(59)

where 52, = sin’ 6,, ~ 0.23 and a is the fine structure constant
at the scale of Z-boson pole mass. From the above expression,
itis clear that if the oblique parameters S, 7, and U are small or
zero then the W-boson mass coincides with the SM value.
In Fig. 7, we have shown scatter plots among the oblique
parameters plane, namely, S — 7, S — U, and T — U in the
context of the type-X 2HDM model. In the upper panel, we
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have shown the percentage of gauge boson contribution to
(9 —2), whereas in the lower panel, we have shown the
color variation in terms of the mass of the CP-odd scalar A.
Through these plots, we have tried to show that our model
can explain all of the measured values of the W-boson mass
from ATLAS to CDF-II. The contour plots in different
oblique parameters plane which fit the W-boson mass
from different measurements, namely, PDG, CDF-II, and
LEP + LHC + Tev, have been borrowed from Ref. [121].
In the first plot of the upper panel we have shown the
allowed region in the S—T plane and the red contour plot
represents the allowed region to explain the W-boson mass
from different measurements. We can see a substantial
amount of points within the red contour region. Similarly,
we have shown the allowed region in the S — U and T-U
planes where the allowed regions from different exper-
imental measurements of W-boson mass are represented as
cyan, blue, and magenta contour plots. We can see in both
plots we have common overlap regions which can explain
the W-boson mass simultaneously from all of the mea-
surements. In generating the plots, we have considered 7' <
0.5 because beyond this value, there will be more con-
tribution to the W-boson mass and have already been ruled
out from experiments. In the lower panel, we have shown
the color variation in terms of the mass values M 4. We can
see that both lower and higher values of M, can explain
the W-boson mass. Finally, in Fig. 8, we have also shown
the region which can explain the W-boson mass from the
different measurements in the type-Il 2HDM model. Here
we need higher values of M, and the other mass scales,
so we have less beyond SM effects on the S, T, U para-
meters which can be easily seen from the figures.
All of the points represent a subdominant contribution to
(9 —2), from the scalar sector so 100% contribution comes
from the gauge sector. The variation of the oblique
parameters slightly differs from the SM value which is
S, T,U=0.

VIII. SUMMARY AND CONCLUSION

In this work, we have proposed and studied a framework
aiming to address some of the most relevant puzzles which
call for the existence of physics beyond the Standard
Model: dark matter, neutrino masses, (g — 2),, and anoma-
lous measure of the W-mass by CDF-II. In this context, we
have taken 2HDM as the basis model and extended its
particle content by two singlet scalars and three right-
handed neutrinos. The gauge group has also been extended
by an additional Abelian gauge symmetry. Additionally, we
have also introduced an additional global symmetry which
can be resembled with the PQ symmetry and upon its
breaking we have the axion field. Among the two singlet
scalars, one of them is charged under the U(1) L,-L, gauge

group and its CP-odd component becomes the longitudinal
part of the additional gauge boson and imparts its mass.

On the other hand, the remaining CP-odd scalar coming
from ¢; becomes an axion field when the global PQ
symmetry breaks spontaneously due to ¢»; VEV. The axion
field can be produced in the early universe by the misalign-
ment mechanism and becomes a cold DM. In the case of
type-II configurations for the Yukawa couplings of the
scalar sector, the axion DM can be identified with the QCD
axion possibly solving the strong CP problem. Even if it
cannot account for the solution of the latter puzzle, we have
considered, in this work, the type-X scenario as well as it
appears to be more favorable for interpreting the (g — 2)
anomaly and for neutrino masses. Another important
beyond SM problem, namely, neutrino mass, can also be
addressed by the type-I seesaw mechanism when the
scalars take the spontaneous VEV. In particular, few
elements in the RH neutrino mass matrix are suppressed
by the Planck mass; therefore it is hard to generate the RH
neutrino mass above 1 GeV for the type-II 2HDM case but
for the type-X case RH neutrino mass can be generated as
large as 1 TeV. Although the aforementioned statement is
true when we consider all of the elements in the right-
handed neutrino mass matrix are the same, they can be
deviated by a few orders of magnitude obeying the neutrino
oscillation data. We are also able to explain the muon
(g —2) anomaly in the present setup. In our work, we have
two contributions in the (g —2),, one coming from the
scalar sector and the other contribution coming from the
additional gauge boson. As found in the case of type-II
2HDM, due to strong constraint on the charge Higgs mass
from b — sy measurement the scalar sector contribution to
(9 —2), is negligible but for type-X 2HDM variant scalars
can produce 100% deficiency in (g —2),. Therefore, for
type-X we can have the freedom to choose gauge coupling
and gauge boson mass which can give us higher values of
VEV and, hence, the possibility of obtaining TeV scale
right-handed neutrinos. The gauge sector effect in Aa,, is
the same irrespective of type-X or type-II variants of the
2HDM model. Additionally, due to the presence of addi-
tional particles, we can have an effect on the oblique
parameters S, T, U which can contribute to the W-boson
mass. We have found that the allowed parameters after
taking into account all the observables can also explain the
CDF-II measurement in some part of the parameter space
and the remaining part can address the SM predicted value,
1.e., subdominant BSM contribution. Therefore, our model
can explain both the data for the W-boson mass, i.e.,
CDF-II and SM values of the W-boson mass. Finally, we
conclude that our model can explain many beyond
Standard Model drawbacks simultaneously namely dark
matter, neutrino mass, strong CP problem, muon (g — 2),
and the potential discrepancy in the measurement of the
W-boson mass. Additionally, the present work has the
potential to explain the gravitation waves and inflation
due to the rich scalar sector which are left to pursue in
the future.
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APPENDIX A: GAUGE ANOMALY

Gauge anomaly conditions associated with the gauge
symmetry are very crucial to make them zero, otherwise the
theory would become nonrenormalizable. For a generator
T of any gauge symmetry, the gauge anomaly term can be
written as

I = (ZA R)=> AR )128 STe[T{T" T°}]FF,

left right

(A1)

where A(R) depends on the group representation; for funda-
mental representation it is equal to A(R)|gnq. = | and for
adjoint or singlet representation is A(R)|agjor sing = O-
In SM, the left-handed fermions are in fundamental repre-
sentation whereas right-handed fermions are in singlet
representation; therefore, in the present work we mainly
need to check the quantity Tr[T¢{T?, T¢}] if it vanishes or
not for all possible combinations of the gauge groups. It is
clear that if the trace contains only one non-Abelian
generator then it trivially vanishes because of the traceless
property of the non-Abelian generator. Moreover, due to the
vectorial nature of the fermions under U(1 ) gauge

symmetry, the gauge combinations [SU(3)]? x U ( 1) L-L.
|

(UMW), P x Uy, [U(), ], and  [Gravity] x

U(l) 1,-1, vanish. The nonzero contrlbutlons include
aab] 3

[SUQ)P x U(1),, ., > (3bi+ b))

i=1

U(1)2 x U(1

’;
5.3 1,
_LT:Z]:<—§b,-—§b,.>. (A2)

Nonzero contributions can be made zero by choosing

S 30+ 8) =

i=1

(A3)

Therefore, there are many ways we can choose b;, b,
(i=1,2,2) to satisfy the above equation. In this work,
we have chosen the simplest combination which is b; = 0,
by =0, and by = —bj =1 which is U(1), _, Abelian
extension of the SM and has been extensively studied in the
literature. The more general kind of U(1) gauge symmetry
with different kinds of flavor combinations has been
shown in [122].

APPENDIX B: BOUND ON THE QUARTIC
COUPLINGS

(1) Bound from below. In this part, we put the bound on
the quartic couplings which are needed to prevent
the total potential from becoming negative for very
high values of the fields. In this part, we have
assumed that 1y 4 , A, ¢, » 4g, 9, ~ 0. As described in
[123], we can have two scenarios depending on
A, >0or <O0.

Case I. 2, > 0.

y)
— </1¢2,/11,/12 > 05 1,9, > =24/ A his Az > =28/ i A g, =~y 7;)

/ [A
U (/1“2,11,/12 >0;2 /1(/,2)«2 > /1H2(/’2 > =2 /1(/,le; _/1H2(/)2 —;Z )“Hl(/)z > =2 A’nzll;

2hp,412 > Ae oAby p, — \/(iH b — Mgl ) (4 by 4/1¢212)>

where i =1, 2.

(B1)

Case II. |, < 0. For this case, the condition will be the same as before but we need to replace 12 by Ay, + 4,, i.e.,

Q = Ql3,20012,-
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(i) Bound from perturbativity. The quartic couplings
can be written in terms of the scalar masses and
mixing angles in the following manner:

HVU2Vp, 2 202
A -+ R M
= 21}1( o SR

i=1

HU Uy, 2 802 >
A + R-M
2T 27}2 < fvz Z &

i=1

APPENDIX C: OBLIQUE
PARAMETERS S, T, AND U

By following Ref. [120], we can write down the scalars
in terms of the mass eigenstates when the first component
in the lhs column matrix matches with the SM Higgs
neutral component as

G
5152 2 N2 ZRIQBMQ h,
Y = ho+1iG i Vi Vi Vi3 0 U;3 0
2M2. o, [ by +iA 0 Vay Vas Vs i Uxs 0| | ™
Ay = 2H n - ZRHRQM%I. b A 21 Voo V3 23 . n |,
v \/QUI/UZ V10 i=1 ¢L~+la 0 V31 V32 V33 0 U33 1 A
/ __ZM?# 2M; ba 0 Ri3 R3 R30 0 0 4
12 — 2 2 4 ﬂ) 1
S a
3
(C1)
A R R M
Hy¢, v U¢2[Z i1 i3y
Aty = V20, ZRIZRﬁMh (B2) where
2 =
Vii=UnRy +UpRypy, Vio = U 1Ry + UpRy, Vis =UnR3; + UppR3,,
Va1 = UsiRy1 + UnRyy, Voo = Uy Ry + UnRo, Va3 = UsiR31 + UnRs,
V31 = U3 Ry + UnRyy, V3, = Uz Ry + UsnRy, V33 = U3 R3; + UsR3o. (C2)

In the above relations, R;; and U,; are matrices which diagonalize the CP-even and CP-odd mass matrices shown in
Egs. (10) and (16). The oblique parameters S, T, and U can be expressed as

s=-L [(25% - M?

1)2G(M?
24rx ) (

HY’

+ V3G(M;,, M3, M) + U3,G(M3, My, . M7))

H*

M3) + (V3 G(M}, . M3, M%) + V3,G(M}, , M5, M)

—2InM;. + ((V§, + V3,) InMj,

+ (Vi + V3) InMj + (Vis + V3) In M +In M} + (Ui; + Usy) In M ) —InMj,
(V3HiG(M}, . M3) + VL, G(M, M3) + Vi,G(M}, . M%) + UL G(MG, . M3) - G(M}, . M3))] (C3)
T = o [(VEF(M3 M3, + Vi F(M M3,) + VEF(M3 M3, + F(M3. M)
wSw

+ UL F(M3,. M},)) = (V3 F(Mj, . M3) + V3, F(M}, . M3) + V3, F (M, M)
+ UL F(M3.MG)) +3(V3 (F(MZ. M3) = F(Miy. M3)) + Viy (F(M2. M) = F(M3,. Mj,))
+ VL(F(MZ. M}, ) — F(M3,. M3,)) + UL (F(M7.M3,)) = F(M§y, M3, )
— (F(M3.M},,) = F(M3,. M;, )] (C4)
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1
U= (V3 G(M7,., MG, M3,) + V3,G(M3., M} M3y) + V3,G(M7,., M5, M7,)

24z

+ G(M2 M3 MYy) + UL G(M3,. . M3, M) —

(2sW - 1)°G( Hin?_ItvM%))

— (V3,G(M;, .M, M7) + V5,G(Mj, . M3, M%) + V3,G(M], , M3, M3) + U5, G(M3, M}, , M%)

+ (Vi (G(M%l, M)
+ V3 (G(M7,, M3,)

— (G(M},,. M3y) = G(M}, | M3)))].

= G(M;, . M3)) + Vi, (G(
- G(M}, . M3)) + UL (G(MG . M3,) = G(M, . M7))

The explicit form of the functions F(x,y), G(x,y,z), and G(x, z) are given by

S 2 Y

Fx,y _{ 2 x=y ;’
(x.) 0, forx=y

forx#y

G(x,y,2) = o

-+ 2+ 5f(p.9),
2

A 79 X x X
G(x,z) ==z 925+ (—10+18;—6Z—2+Z—3—9

2 2
2 —4
+(u_4x+g>f@xx@
Z Z

Z

where p=x+y—2z,qg=2-2z(x+y)+ (x —y)%

f(p7Q): 0,

16 x+y =y 3 |2y
L= +;[ t

M} . M3,) - G(M},. M%)
(CS)
_y o ‘ ]lnx—i— Lf(p,q), forx#y
forx =y
32 X3 x—|—Z> X
In—
xX—2z Z
(Co)

and the function f(p, g) can be expressed as

VqIn ’;*\Z, for g #0

for g =0

2,/—qtan~! g, for ¢ < 0.
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