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We construct symmetry-preserving lattice regularizations of 2D QED with one and two flavors of Dirac
fermions, as well as the “3450” chiral gauge theory, by leveraging bosonization and recently proposed
modifications of Villain-type lattice actions. The internal global symmetries act just as locally on the lattice
as they do in the continuum, the anomalies are reproduced at finite lattice spacing, and in each case we find

a sign-problem-free dual formulation.
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I. INTRODUCTION

Numerical Monte Carlo simulations of quantum field
theories (QFTs) discretized on Euclidean spacetime lattices
are one of the few known nonperturbative techniques to
study strongly coupled QFTs. However, it is famously
difficult to discretize fermions while preserving all of their
symmetries [1]. For example, a free massless Dirac fermion
has the internal global symmetry [(U(1), x U(1),)/
Z,)X(Z,) for even d. The continuous symmetries have
a mixed 't Hooft anomaly, and standard lattice regulariza-
tions do not preserve the continuum version of the chiral
symmetry at finite lattice spacing a.

If we integrate out a massless Dirac fermion in a
Euclidean QFT, we obtain the path integral

Z = / Dgp det [P (¢)]e 59, (1)

where D(¢) = y*D,(¢) is the Dirac operator and ¢ stands
for an appropriate set of bosonic fields with path integral
measure D¢ and Euclidean action S(¢). The starting point
for lattice Monte Carlo studies is a discretization of Z that
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preserves as much of the internal symmetry of the QFT as
possible.

Replacing the massless continuum Dirac operator by a
simple lattice difference operator on a (hyper)cubic lattice
does not give the desired symmetries and anomalies.
Instead, it yields 2¢ massless Dirac fermions in the
continuum limit with the symmetry charges of the “dou-
bler” fermions such that the chiral anomaly cancels [2,3].
The Nielsen-Ninomiya theorem [4-7] states that in fact
there is no lattice Dirac operator which is simultaneously
local, has the desired continuum limit with just one
massless Dirac fermion, and is consistent with a locally
acting chiral symmetry {I", B} = 0 where {I', y*} = 0.

The standard ways around this “fermion doubling
problem” all give up some desirable features of the
continuum theory. Wilson fermions remove the doublers
but explicitly break chiral symmetry [2,3,8]. Staggered
fermions [9—13] do not remove all the doublers.! Domain-
wall and overlap fermions [16-24], which satisfy2 the
Ginsparg-Wilson relation {I', D} = aPI'P [25], remove
all of the undesired doubler modes at the cost of making
both chiral symmetry transformations and the Dirac oper-
ator itself nonlocal at finite lattice spacing [26].

lHowever, when the continuum theory of interest has the same
number of fermions as produced via doubling, one can use
staggered fermions (or the closely related Kahler-Dirac fermions)
to reproduce the anomalies of the continuum theory; see e.g.,
[14,15].

’In the case of domain-wall fermions the Ginsparg-Wilson
relation is satisfied in the limit where the extra dimension is
infinitely large.
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This was historically viewed as an unavoidable conse-
quence of anomalies, which in popular textbook presenta-
tions are characterized as solely arising from subtleties in
regularizing fermions. Relatedly, there is a belief that ’t
Hooft anomalies are necessarily absent in lattice theories
with locally acting symmetries [1,2,4,5,25], so that the
overlap formulation is the best one can do [16-24].

However, anomalies are not restricted to fermionic
systems, and it has recently become appreciated that there
exist lattice discretizations in which anomalies of locally
acting symmetries can appear even at finite lattice spacing
[27-32]. We show that these results straightforwardly lead
to lattice discretizations of Dirac fermions coupled to
Abelian gauge fields in d = 2 which preserve the internal
symmetries and anomalies exactly, with chiral symmetries
acting locally even at finite lattice spacing. Our approach is
to first apply Abelian bosonization to N Dirac fermions
and then discretize the resulting bosonic theory using an
appropriate modified Villain action.” We discuss how this
works in 2D QED with Ny =1 and Ny =2 charge O
fermions and in the “3450” Abelian chiral gauge theory. We
also discuss a related spatial lattice Hamiltonian for Ny = 1
QED in Appendix A.

A. Bosonization

Consider the charge Q Schwinger model: 2D QED with
a massless Dirac fermion coupled to a U(1) gauge field a,,
with electric charge Q € Z [36-50]. We normalize a,, such
that ;- [}, d*xe*f,, €Z, where f,, =d,a,—d,a,, and
write the action as

1
S = /dzx [@f/wf’w + l/_/yﬂ<aﬂ - lQau)W:| : (2)

The Nielsen-Ninomiya theorem constrains discretizations
of D but does not directly constrain det.2. We thus aim to
circumvent this theorem by discretizing det ® directly, by
using the fact that in d = 2 [38,39,51,52]

det(D /Dgaexp{ /d2 <8 0,00 ¢

+ —Qe””a aygo>] (3)
27

In this “bosonized” action ¢ is a compact real scalar field
@ =@ + 2 and the mapping of the U(1), and U(1),

A more conventional discretization of the bosonized
Schwinger model was studied in Refs. [33,34]. Here our main
focus is on the symmetries and global aspects of the model, and
our analysis leverages a number of special features of the
modified Villain formalism. An alternative approach to discre-
tization of bosonized 2D gauge theories that shares some (but not
all) features of the modified Villain construction was recently
discussed in Ref. [35].

currents is yty < —5-e0,¢ and Yy Y’y < £-0,0. We

hasten to emphasize that the existence of a map to bosonic
variables (3) does not mean that the fermion discretization
problem is trivially solvable. Such a solution requires
exhibiting a lattice action in which all the desired sym-
metries and anomalies are preserved.

The Adler-Bell-Jackiw (ABJ) anomaly is encoded at tree
level in (3), where it is clear that the O-form symmetry
counting chiral charges of local operators is (Z,) 5, acting as
@ — @ + 2xk/Q, rather than U(1),. There is also a 1-form
[53] “electric” symmetry (Z, ), which counts the charges of
Wilson loops modulo Q, as well as a mixed 't Hooft anomaly
between (Z), and (Z), which is matched by the sponta-
neous breaking of both symmetries, with the walls separating
chiral vacua carrying electric charge [42—44,46-49]. The
spectrum in each degenerate discrete chiral vacuum consists
of a single free massive scalar field with mass m, = eQ/x,
often called the Schwinger boson.

II. MODIFIED VILLAIN DISCRETIZATION

We will work with an N x N periodic Euclidean space-
time lattice with spacing a = 1, with sites s, links #, and
plaquettes p. The corresponding simplices on the dual
lattice are denoted by 3, Z, and p. Following Villain [54],
we represent the continuum U(1) gauge field a, by a pair
of lattice fields {a,€R,r,€Z} and the compact scalar
field by the pair {¢; €R,n; € Z} on the dual lattice. We
adopt the modified [27,28] Villain formulation and also
introduce an auxiliary field y; € R which can be viewed as
the T-dual of ¢;. See Fig. 1 for an illustration.

The action for our discretization of Ny =1 QED is

SNfZl :g[(da)p —27rrp]2

+%¢*p[(da)p

K .
+§ [(d(ﬂ)2 - 2””?]2 - l){‘\'(dn)*s
—2mr,] —iQasny,, (4)

where repeated indices are summed and d is the lattice
exterior derivative (dw) 1 = Y .r ¢ gor+1 @cr, Where ¢” is an

r cell, so that, for example, (dy), = x,., — X, and d* = 0.
i r, |- a,(x)
) ——4— >
¢ s ag
L 4
»s

FIG. 1. The setting for the field content of our lattice action (4).
The solid grid is the primary lattice with sites s, links ¢, and
plaquettes p. The dotted grid is the dual lattice with sites §, links
¢, and plaquettes j. The three red fields ¢, y, and n are associated
with the continuum ¢. The two blue fields a and r correspond to
the continuum a,,.
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The Hodge star * maps an r cell ¢ on the lattice to the
(d —r) cell (x¢)%" on the dual lattice which pierces ¢".*
The partition function is

z_gﬁmpm;émgjngywm<a

n,€Z p r,eZ

where the products are over all sites, links, and dual sites of
our periodic square lattice with N x N sites. Similar
expressions can be written for the other gauge theories
considered in this paper. The Z gauge redundancy on each
site makes Z formally infinite, and readers who find this
uncomfortable can work in the “Villain” gauge where
integrals over R are replaced by integrals over the interval
(—m, n]; see e.g., Refs. [27,55] for discussions of various
possible gauge choices. However, Z is in any case not an
observable, and all physical observables are necessarily
finite even without this gauge choice.
The gauge redundancies of the lattice action (4) are

ay — ap+ (dA), + 2zmy, Ty, =T, + (dm)p, (6a)

@5 = @5 + 2wk, ny — nz + (dk)z, (6b)

Xs = X5 + QA + 2mhy, (6¢)

where {4, €R, m, k;, hy € Z} are gauge parameters. They
ensure that {a,r} and {y,¢,n} describe a U(1) gauge
field and a 2z-periodic boson with a conserved winding
charge, with the topological properties one expects in the
continuum. For example, the instanton number on the
spacetime torus [ = —5-%" [(da), = 2ar,| =3 r, is
an integer. The path integral over y, implies that (dn); =
0 on shell, the % term in the lattice action (4) is the analog
of the continuum % term (3), and the last contribution
to the lattice action (4) is necessary to maintain gauge
invariance [28].

Given that f = 1/(2¢%a?), to get a continuum limit with
fixed Le, where L is the physical box size L = Na, we
should take N — co with /N? fixed. While naively one
should also set k = 1/(4x) to reach the continuum (3), this
parameter value is not protected by any symmetries of the
lattice theory and can receive some finite renormalization
[54,56,57]. Varying x amounts to varying the coefficient of
the marginal Thirring term (py*y ).

The lattice action (4) has precisely the desired global
symmetries of the continuum (2). There is no continuous
U(1), symmetry, but thanks to the quantization of instan-
ton number, there is a remnant (Z), symmetry that acts as
@5 — @z +2rq/0Q with geZ. This reproduces the

“Differential forms on the lattice are reviewed in Appendix A
of Ref. [27]. Two useful facts are that x> = (—1)"(“~") on an r cell
and the identity > .1 (dA) 1Byt = (1) 'Y A (dB) o

expected ABJ chiral anomaly. The (Z,), symmetry acts
as ay, - ay, + %‘W with v € Z and dv = 0, also matching
the continuum.

To see the ’t Hooft anomaly between (Z), and (Z),
on the lattice, it is easiest to linearize the quadratic terms in
the action by integrating in auxiliary fields {,, & € R and
summing by parts, turning the original action (4) into’

1
S=1 = <ﬂ§§ +iCe[(dp) s — 27”1*/])

1
+ (ﬁ ip + i&*p[(da)p - 271'?‘,,])

+ g(ﬂ*p[(da)p - 271"’17] - i”*K[Qaf - (d)()f}'

(7)

The generators of the axial (Zy), and electric (Zg),
symmetries are topological line and local operators on
the lattice and dual lattice, respectively:

(UA)[C] = e 2rec B (U = 0 (8)
where C is a closed curve. The fact that (U,)[C] is charged
under (Z), and (U.), is charged under (Z), encodes the

mixed 't Hooft anomaly of these symmetries, just as in the
continuum.

III. ABSENCE OF A SIGN PROBLEM

The discretizations provided above, and indeed those
presented below, provide symmetry-preserving nonpertur-
bative definitions of their respective models. While this is
interesting in its own right, it is natural to ask whether these
definitions have some practical value. Can we learn some-
thing new about the physics of these models just from
defining them nonperturbatively, either numerically or
analytically? On the analytic side, we will see in Sec. V
that putting a simple chiral gauge theory (the 3450 model)
on the lattice reveals the presence of an exotic symmetry of
the model that is not at all obvious from continuum
analyses. On the numerical side, one might initially worry
that the constructions described in this paper are completely
useless, because direct numerical Monte Carlo with the
complex lattice actions (4) and (7) would face a severe sign
problem. We now show that this issue can be eliminated by
a change of variables, so that the discretizations we give
here can be explored using numerical Monte Carlo
simulations.

Summing (i.e., path integrating) over ny, r, in the
auxiliary-field action (7) yields constraints that can be

5Throughout the paper we ignore any overall constant factors
in the partition function which appear in “dualization” proce-
dures.
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solved by setting

1
Cf:_<d)()f_%af_uf’ fﬁz—g(ﬂ&‘ﬂs 9)

2n 2n

with u,, t; € Z which transform as t; — t; + Qk; and u, —
uy + (dh), — Om, under discrete gauge transformations.
The field u also transforms under (Z,), transformations
us = up —2mv,/Q, while ¢ transforms under (Z,), as
t; — t; + q. Plugging the constraints (9) into the action (7)
and dropping total derivatives and integer multiples of 27,
we obtain an action

11 Q 2 0° 2nt;)?
o ﬂ(d)()f 5.4 W} + 280207 {fﬂs 0 ]
— 5 (Qa +211,)(dp) s + it (da),. (10)

Shifting a - a + éd){ - 25” u and dropping a total deriva-
tive gives

1<Q >2+ 0? [ _271'1‘5]2
i G T G
] 2
_éQaf(d(p)*f—l—it*p[(da)p—Eﬂ(du)p}, (11)

and subsequently integrating over a yields

K 2r 2 1 /0)\?
SNf:l.dual ) |:(d§0)2 - 5 (dt);:| + ﬁ <%>
X <(P3—2§ﬂtg>2_%t*p(du)p, (12)

This action describes Q copies (“universes” [42,46-48,58-63])
of a free massive scalar particle, as expected from continuum
arguments. Adding a fermion mass term in the original action
(2) corresponds to adding > < cos(¢;) to the dual action (12),
which would lead to strong coupling in general.

The sole imaginary term in the dual action (12)
involves u, but summing over u just gives the constraint
(dt) =0 mod Q. One can thus avoid the sign problem
entirely by proposing updates for 7; that satisty (dt);=
Omod Q in a Monte Carlo calculation.

Procedures to generate field configurations which satisfy
constraints such as (dt); =0 mod Q, and hence avoid
apparent sign problems, are well known; see, for example,
Ref. [64]. Nevertheless, to make our presentation self-
contained, we now give a brief discussion of how simple
constraints such as the one above—and indeed others that
we encounter later in this paper—can be taken into account
in Monte Carlo calculations without sign problems.

Consider a lattice field theory with an action S where the
only term where the field u appears is

.
S 9guf(dr)f, (13)

where Q €N, u, € Z, and t; € Z. The dual one-flavor (12),
two-flavor (20), and 3450 (29) models all have this
character.

Because it is purely imaginary, direct Monte Carlo
evaluation of the QFT path integral based on importance
sampling with this term as part of the action suffers from a
sign problem. However, the path integral over u can be
done analytically and yields a delta function setting

(dt), =0 mod Q. (14)

If we can make proposals that maintain this constraint but
are otherwise ergodic, we will consider all supported
configurations of #, and avoid the sign problem caused
by the phase (13).

There is a simple solution to the constraint (14) on a
spacetime torus, where we can write?

Ig :x+stv (15)

X,y,€Z and x is a constant so that (dx), =0. This
decomposition is not unique, since (for example) we can
shift x by O and all y’s by —1 without changing ¢. But the
key point is that any constraint-satisfying ¢, can be written
in the form above. This helps us define two kinds of
proposals which together reach all constraint-satisfying
configurations.

The first proposal is a global update of x. We randomly
pick a site-independent integer Ax€[-X,+X] with
X eZ and Metropolis test t, — t, + Ax for all sites s
simultaneously.

The second is a local update of y which we can sweep
across the lattice. On a particular site s we pick an integer
Ay, €[-Y,+Y] with Y € Z and test 1, — t, + QAy,.

An ergodic algorithm should offer proposals of both
kinds, and their relative frequency may be adjusted to
control autocorrelation times. This algorithm also mani-
festly satisfies detailed balance thanks to the Metropolis
tests described above. The algorithm parameters X and Y,
or more generally the distributions for Ax and Ay, may be
adjusted to optimize acceptance and thermalization.

Similarly, suppose the action includes a term

S > in,(dn),, (16)
where 17, ER, n, € Z, and 5 does not appear in any other

terms. The dual 3450 action (29) has a term of this
character. Integrating out 5 yields the constraint (dn), = 0.

6Formally, this very simple solution is possible because all of
the integer cohomology groups of a torus are torsion-free.

014510-4



EXACT LATTICE CHIRAL SYMMETRY IN 2D GAUGE THEORY

PHYS. REV. D 110, 014510 (2024)

+Aw,

A 4

A 4
A 4

»
»

+Aw,

FIG. 2. Two kinds of proposals for n, which satisfy (dn) » =0
In red is a local update which is an exact form, i.e., the exterior
derivative dz of a single-site O-form. The blue and green updates
consist of noncontractible strips of links and are closed because
opposite edges of a plaquette contribute inversely to (dn),.

The field n, may be split into a closed 1-form w, € Z
and an exact 1-form (dz), € Z:

ng =we + (dz),. (17)

As we will see below, updates of z are local, while updates
of w “wrap” around cycles of the torus. Again, for any
given field configuration n,, the decomposition above is
not unique, but the key point is that any constraint-
satisfying n, can be written in the form above.

As before, we offer two kinds of proposals, depicted in
Fig. 2, which together reach all constraint-satisfying
configurations of n.

We first an offer update of the closed 1-form w. We
update a torus-wrapping strip of parallel links at once, as
shown by the blue and green updates in Fig. 2. We pick a
single integer Aw € [-W, +W] with W € Z and Metropolis
test n, — n, + Aw for all the links on the strip. We can
sweep this update across all the strips of the lattice in either
orientation.

The second proposal offers a local update to the exact
1-form dz. We pick Az € [-Z,+Z] with Z € Z and a site s
and build a O-form z that vanishes everywhere except at s
where it is —Az. We propose n, — n, + (dz),, which
amounts to the simultaneous proposal

ngo = nyo+ Az

ngp =gyt Az g g - Az (18)
where 0 and 1 are unit vectors in the positive space and time
directions.

An ergodic algorithm should offer proposals of both
kinds, and as before their relative frequency may be
adjusted to control autocorrelation times. The distributions
of Aw and Az may be adjusted to optimize performance, for

example by changing W and Z.

The constrained update algorithms presented here are
simple examples of field update methods which evade
the sign problem. We again emphasize that the problem
of constructing ergodic detailed-balanced algorithms to
sample discrete gauge fields satisfying flatness constraints
has long been solved in the literature, and we have only
described the algorithms above to make our paper self-
contained. The specific algorithms we have presented
might have long autocorrelation times in some para-
meter regimes, especially given that some of the proposals
touch a number of variables growing with the lattice size N
and may be rejected often. In practice one may want to
construct more efficient constraint-satisfying field update
algorithms. For example, worm algorithms [65,66] can
quickly decorrelate worldline formulations which have
closed-loop constraints; it would be interesting to try
and adapt these powerful tools to our actions.

IV. 2D QED WITH Ny=2

Let us now consider 2D QED with two flavors of
massless Dirac fermions y and i with a common charge
Q. The global flavor symmetry is

SU(2), x SU(2),
Z,

Gy,—2 = X (Zy)g x (Zg)s-

where SU(2); » act on the left and right-handed compo-
nents of y and ¥y, the quotient is by the gauge trans-
formation w, — —y, =, (Z,) is G parity [67], and the
discrete axial symmetry (Z,), is the same as before. There
is also a (Zy), 1-form symmetry. This model is believed
to be equivalent to a self-dual ¢ =1 compact boson
conformal field theory (CFT) plus a decoupled massive
Schwinger boson [38,39,68,69]. Mass terms and other
perturbations can make this model strongly coupled, and
so this field theory has been a popular testing ground for
analytic and numeric approaches to confining gauge
theories [33,42-44,70-90].

Abelian bosonization maps y, { to a pair of 2z-periodic
compact bosons ¢, ¢, so we can discretize it in a parallel
way to the one-flavor case (4):

Sny=2 = 'g (da), —2ar,)?

+ 5 ([(d0) s = 2700 P+ [(d) s = 2 ?)

iQ .
+t5, (Pxp + @xp)l(da), — 271,
—iQ(nyp + Nyp)ap +ing (dy), + iftyp(dy) .

(19)

where a, @, 9,y y €R, n, i, r € Z, and gauge transforma-
tions act as in the one-flavor case (6) plus the analogous
shifts of @, A, and 7 with k,he Z.
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As before, the lattice parameter # = 1/(2¢%a?) and the
continuum limit requires the same scaling as in Ny =1
QED. However, we will see below that now k = 1/4x is
associated with an enhanced symmetry of the action (19),
and thus we can set k = 1/4z on the lattice and be sure
that the lattice theory will flow precisely to Ny = 2 charge
Q massless QED in the continuum limit without any
Thirring terms.

The Abelian subgroup of Gy —, is manifestly respected
by the two-flavor action (19), and we will argue below that
the theory flows to a continuum limit where all of Gy =2 is
preserved. Following a similar dualization procedure to the
Ny =1 case (see Appendix B) we reach

1
SN/:Z,dual = 4K.'(27T)2

(do), = 2mu,* + ipsp (du),,

2w

+ g [(dn)z ) (dt)zﬂ} - % i (d1) 4 r

1 /0\?2 27 \2
+35(a) (#-5%)" 20

where the fields u, it, t € Z emerge during the dualization
process and

are real and invariant under U(1) gauge transformations.
The remaining gauge redundancies are

Oy = Oy + Zﬂhsv Uy = Uy + (dh)f7 (218')
b5 — ¢s + 2mhs, ity = iy + (dw), + Qge.  (21¢)

with all gauge parameters taking values in Z. Finally, the
terms with factors of i simply impose constraints (du), =
0 and (dr); = 0 mod Q, and solving these constraints when
generating field configurations in a Monte Carlo calcula-
tion avoids the sign problem, as discussed in the preceding
section.

The dual formulation (20) shows that in the massless
limit our lattice theory decomposes into two decoupled
sectors. The top line of (20) is simply the modified Villain
discretization of the compact boson ¢. But when we set
k = 1/(4r), the effective radius of ¢ makes the theory
self-dual under Poisson resummation on u,, which imple-
ments T-duality on the lattice [28]. This implies the
existence of a topological line operator which is absent for
generick [91,92], sothatthe x = 1/(4x) pointis protected by
an enhanced symmetry against quantum corrections. The
continuum limit is thus guaranteed to be the self-dual ¢ = 1
compact boson CFT with non-Abelian [SU(2) x SU(2)|/Z,

global symmetry. The decoupled “Schwinger boson” QFT in
the lower lines of the dual action (20) matches the remaining
symmetries:

2
(22)6: 15 = =15, ¢§—’¢§+§f7

l’/\lf—>—l,/\l5+uf, tg —)—tﬁ,
2rq
(ZQ)A3773—’773+?’ =i+ q,  g€Z,
N N /3
(ZQ)e: btf—)l/tf"-avg, WEZ, (dU)p =0. (22)

V. CHIRAL GAUGE THEORY

We now turn to a popular example [32,93-110] of a
2D Abelian chiral gauge theory, namely the 3450 model,
which has two left-handed Weyl fermions y; and
coupled to a U(1) gauge field with charges 3 and 4 as well
as two right-handed Weyl fermions y» and yp with charges
5and 0.” This QFT satisfies the gauge anomaly cancellation

condition (Q; )%+ (0,)? = (Qr)* + (Ox)? as well as the
gravitational 't Hooft anomaly cancellation condition on
the left and right central charges ¢; = cy. After repack-
aging the matter into two Dirac fermions y = (wg,w;)"
and ¥ = (frg, )", the gauge field couples to the vector
and axial currents of w and Y with charges Qy =8,
04 =-2, QV =4, and QA =4, and the gauge anomaly
cancellation condition becomes Qy Q4 + QVQA =0.

We will study the variant of the 3450 model with a
gauged (—1)F symmetry to avoid dealing with the Arf
invariant [111,112]. Our discretization takes the form

s K
S3450 = 2 Kda)p - 27”p]2 + B ([(de)7 - QAaf(Z”) - 2””?]2
+ [(d9); — QAaf(E) —2zh;]?
i A
—+ b (va*p =+ QV(p*p)[(da)p - 27"p]
—i(Qynys + Qvityp)as + iny,(dy), + ift(d7),
- irf(*s)(QA)(s + QA)?S)? (23)

where f: s — s+ 1 (& + 9) shifts cells from the lattice to
the dual lattice, and the gauge redundancies are

as—ag+(dA),+2zmg, 1, —>7r,+(dm),,
@5 = @5+ Oady) + 27k, Pz — Ps+ QA/lf(s) + 2k,
np—np+(dk)p—Qamyz),  hz—hz+(dk); = Qamyz),

As _))(S+QV/1s+2”hsv )?s _))?s+QV/Is+2ﬂils- (24)

"In particular, [32] mentioned that a Villain Hamiltonian
[29,31] formulation of the 3450 model should exist.
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Modulo 27zi and total derivative terms, the gauge variation
of S3450 is

AS350 = i(QyQa + Qv 04) [mfaf“(*f)

1
+ /1.; <Z (da)f‘](*s) T T ks) T Ff(xs)

- () )| 25)

which vanishes precisely when the charges satisfy the
anomaly cancellation condition.

The function f was introduced to allow the U(1) gauge
field to couple to fields that live on the “primary” lattice as
well as on the dual lattice, which is necessary in the present
context when trying to couple the gauge field to both vector
and axial currents. But the presence of the function f in
(23) appears to break Z, lattice rotation symmetry. Also,
ImSs450 # 0, leading to an apparent sign problem.
However, following the same method as in Ny =1, 2
vectorlike QED, one can derive (see Appendix C) a dual
representation which both avoids the sign problem and
shows that Z, lattice rotation symmetry is actually pre-
served, since it is manifest in the dual variables. This dual
representation can be written as

1
S =55 ((dh), =210,

1 1
—_(dp)s -2 ;= 4v3))?
+ 35075y i)z = 2n((dy); = 4v5)
1 1
(4 + 25 — 27y;)?
+2ﬂ<2”)2( b5 + 25 — 2my;)
. . 4
+i045(dv); — imit, 7(dy) 7 = 271 VipVyp(e).- (26)

5

The fields ¢ and ¢ are U(1)-gauge invariant combinations
of the fields in (23):

Ws = 20p0) = Xp(s)- (27)

When r; = w; + 2ng; and ¢; — ¢; + 27bs, the discrete
fields shift as vy — v; + (db); and y; — y; + 4b; + 2¢;.

We can simplify the expression above further by intro-
ducing the variable

T
ps =35 =W = 5 Vs T 5 X5 ~ R (s)s (28)

which shifts as p; — p; + 2zb; under the discrete gauge
transformations described in the preceding paragraph. We
can then rewrite the dualized action of the discretized 3450
chiral gauge theory as

o [(dp); — 2007

K
S =—|[(dp)> — 2mv;)?
10[( $)7 — 2mvy] BT =

+ ﬁ (¢§ —ﬂ§>2 + ia*[,(dv)i, - l'ﬂ'fl*g(dy);

4
- 2m§v*fvf<f). (29)

This action has several interesting physical consequences.
First, the iziidy term is a decoupled topological Z, gauge
theory. This topological quantum field theory appears
because the charges of the Dirac fermions in the 3450
chiral gauge theory are even with a minimal charge of 2.
Therefore the model has a Z, 1-form symmetry, and this
symmetry is spontaneously broken. Second, we see that
one linear combination of ¢ and p acquires a Schwinger-
type mass. These two features are analogous to the behavior
of the charge-Q N, = 1 Schwinger model. Third, another
linear combination of ¢ and p remains exactly massless,
thanks to the presence of the odv term, which ensures that
there are no dynamical v vortices, implying that there
cannot be any Berezinskii-Kosterlitz-Thouless transition
[113,114] as a function of k. This gapless mode matches the
U(1) x U(1) "t Hooft anomaly of the 3450 model, which is
analogous to what we saw above in the Ny =2 vector-
like QED.

The last interesting physical consequence of Eq. (29) we
want to highlight is that the model has an extra Z, 0-form
symmetry that acts by exchanging ¢ and p if we set
k = 1/z. Dialing x maps to dialing the coefficients of the
Thirring interaction terms (yy*w)> and (Jy*y)? in the
original fermionic theory. The extra Z, symmetry is
therefore not present at weak coupling, helping to explain
why it is not obvious in the original fermionic description
of the model. It is even quite opaque after bosonization and
only becomes obvious after finding a particularly simple
duality frame. Another reason this symmetry is not obvious
from the start is that it involves exchanging ¢, a six-fermion
operator, with p, which is an exotic defect operator from the
point of view of the original fermionic description.

Before closing this section, we can return to our original
motivations for looking for a dual representation of
Eq. (23): the sign problem and the lack of a manifest Z,
rotation symmetry. We have already seen that the latter
issue is automatically taken care of by passing to the
representation in Eq. (29), so all that remains is under-
standing why in the end there is no sign problem. The first
two terms in the second line of Eq. (29) yield constraints
(dv); = 0and (dy); = 0 mod 2. We have already seen that
such constraints are easy to enforce when generating field
configurations, and consequently these terms are harmless.
The remaining term in the bottom of Eq. (29) looks
alarming at first glance, but when dv = 0, it can be shown
to be a total derivative (see Appendix C) and can be
dropped, giving a sign-problem-free formulation with a
manifest Z, rotation symmetry.
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VI. OUTLOOK

We leveraged recent advances in the understanding
of anomalies on the lattice [27-29,31,32] to construct
symmetry-preserving discretizations of d =2 Abelian
gauge theories with massless fermions with vectorlike
and chiral couplings. These discretizations evade the
Nielsen-Ninomiya theorem essentially because they
directly discretize the fermion determinant det® rather
than the fermion matrix P itself, and det P is rewritten in
terms of a path integral over bosonic fields with local
interactions. We emphasize that in our construction the
vectorlike and chiral symmetries act just as locally at finite
lattice spacing as they do in the continuum, and all of the
ABJ and 't Hooft anomalies are reproduced on the lattice.
Finally, while the lattice actions we construct are complex,
we have shown that the resulting sign problems can be
avoided by judicious choices of dual variables.

Our results open many directions for future work.
Numerical lattice calculations using this formalism can
be used to explore strongly coupled regions in parameter
space. It would be interesting to see if our approach can be
generalized to d > 2, for example by taking advantage of
advances in the understanding of continuum bosonization
in d =3 [115-121] and the development of symmetry-
preserving discretizations of Chern-Simons terms [122].
It would also be nice to see if generalizations of our
construction can preserve non-Abelian chiral symmetries at
finite lattice spacing [14,123—130]. Finally, to get inspira-
tion toward constructing more direct symmetry-preserving
fermion discretizations, one can compute the discretized
Dirac operators corresponding to our representations of the
fermion determinant det D).
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APPENDIX A: HAMILTONIAN FORMULATION

To construct the Hamiltonian for the one-flavor boson-
ized Schwinger model we follow the discussion of Ref. [29]
(see Sec. 3.5 therein for a parallel discussion). We go to

Lorentzian signature, take time to be continuous, drop
the timelike integer-valued fields in the lattice action (4),
and assume that space is discretized on a lattice with
periodic boundary conditions. The Lagrangian density
becomes

K., Kk p., Q . .
L= Erp? ~3 [(dep); — 2mn;]* + Eafﬂ - ZQD*KW + X sTxs-

(A1)

Note that on the 1D lattice xZ = 3, s = Z. The canonical
momenta (which live on the duals of the cells of their
respective fields) can thus be written as

Q

(I,) s = K@, (My); = pa, — o (A2)

(IT,); = X (A3)

(IT,)7 = 0.
The lower two lines are second-class constraints. They can
be taken into account using Dirac brackets, which lead us to
the quantum Hamiltonian

1 1
H=— (H¢)2

Q 2
M2 45 L)+ 2

K
+ 3 (dp); - 2m; P, (A4)
where @, II,, a, II,, n, and y are operators with the
commutation relations

(AS)

1. Gauge operators

In the Hamiltonian formalism the gauge redundancies
must be imposed as constraints. We have four such
redundancies: compactness of y, compactness of ¢, small
gauge transformations of a and y, and large gauge trans-
formations that ensure that the gauge group is U(1) and not
R. These transformations will be associated with four
operators G, G, Gya, and Gyyge Which have to act like
identity operators on all physical states.

The 27z shifts of y are generated by

G, = [{s7}] = ¥ 200, (46)
where s, € Z. Therefore n; must have an integer spectrum.

The compactness condition for ¢ is associated with
the transformation @; — @; + 27k;, ny — n; + (dk),,
(I,); — (I,); — %k; with ky € Z, which is generated by

S
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Gyl{k)) = exp |15 2k (1), = o =), )|
(A7)

Therefore the operator

0 1
qQ ={,),+-—a,——

A8
27 27 (A8)

(dx)s
must have an integer spectrum. Its commutation relations
are

7. @5] = 105 4r,
iQ
N Ha < :—5 3
[/, (T1,);] 220>
i
[qs,m;] = Py (5f(f),? - 5f*‘(f),i)7 (A9)
where f(£) is a positive translation by half a lattice unit,
which takes the lattice to the dual lattice.
Continuous (“small”) gauge transformations a — a +
dA and y — y + QA are generated by

Gsmall({/l}) = exXp [iZ(dﬂ')f(Ha)f - iQZﬂsn*s] >

14
(A10)

where A; €R. This yields the Gauss law constraint

(dIl,); + On; = 0. (A11)

Finally, the large gauge transformations (II,), —
(IL,), + 27wm, are generated by

Grurge({m}) = eizfz’””f(ﬂa)f’

m,eZ, (Al2)

which implies that II, must have an integer spectrum.

2. Symmetry operators

The two internal global symmetries of our Hamiltonian
are associated with the following operators. The Z, chiral
symmetry is generated by the line operator

UL = exp | 750X (@), + 20 ) |

€L
— B, (A13)
where L is all of space (that is, a time slice). This means that
q, is a charge density operator (which manages to exist in
this case despite the fact that chiral symmetry is discrete)
and Q = >, q, is the total charge operator. The equation
of motion of q is q = i[H, q] = 0, so U(L) is conserved,

and the coefficient in front of Q is quantized thanks to the
requirement that U, (L) must commute with Gj,ge.

The Z, 1-form symmetry is generated by the local
operator

V,,(3) = e¢Mas, (A14)

The coefficient in the exponent must be quantized so that
[V, G,] = 0, and it is topological thanks to the Gauss law.

The ’t Hooft anomaly is encoded in the fact that these
symmetry operators do not commute:

(A15)

Therefore (A4) provides a Hamiltonian discretization of
the charge Q Schwinger model which encodes all of its
continuum internal symmetries and anomalies.

APPENDIX B: DUALIZING N;=2 QED

We start with the action (19), linearize the gauge and
scalar kinetic terms using auxiliary fields, and sum over n,
i, and r to find

1 /N\?2 l(d) 2 2
2w \2n) [\ TN TN
1, . 27 \2
+<af_N(d)()f_Nuf):|
P LA by (PP P R (dt)
26\ 21 @5 T Ps3 N lay *p

5 (Nay + 2xity)(AP) yp»

i
/2

- é (Nay +27y,)(dg) s
(B1)

where y, i1, t € Z. Doing the Gaussian integral over a gives

%@((Cl){)f —(d}), —2x(y, —1iy))*

K

+5 (o) + (o= 2 ary)

Jri Ny’ +¢ Z—Et ’
25 \2x Ps T Qs N3
] i2r

l ~ o A
=5 e =) (dp) s = (dP) i) =557 Ve + l1e)(d1)
(B2)
after dropping total derivatives and multiples of 2zi. Now

let us define o=y -y, n=¢+ @, ¢:%—%_”Nt’ and
u=y-—i:
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o ((@0) =202+ (Can)y -3 an; )
1

2r )2 2
+—ﬂ<%) <71§—W”t3> +iug(de), _%l“f(dt)*f’
(B3)

which is the result (20). The first line is the modified Villain
formulation of a compact scalar. If we had started with the
free-fermion radius « = 4% we end up with an effective
radius & = 5- (27'[) 5, which is the self-dual radius.

For completeness, we note the dual description of the
fermion mass terms:

cos(¢p) — cos (g — - % t> (B4)

and

cos(@) — cos (g +¢+ % t) . (B5)

As aresult, a flavor-symmetric mass deformation becomes

cos(¢) + cos(@) — 2 cos (g) cos <¢ + %t) . (B6)

Note this is respects the 2z periodicity because when  —
N+ 2rk and t — t + Nk, both factors pick up a sign (—1)*
which squares away. If we turn on a theta angle, this is
modified to cos(] + 9) cos(¢ + Z1).

APPENDIX C: DUALIZING THE 3450 MODEL

Let us write the action of the 3450 model using (real)
auxiliary fields £, £, and &:

1 .
S = Tkéi; + i, 7[(dp)7 — — 2zng)

Onayz)

1. s . . R
- _Ci% +i¢,7[(dp); — QAaf(g) — 27|

1 N
=+ Zﬂgip =+ i(é*p + g(Qvéﬂ*p + QV@*p))

x [(da), —2zr,] = i(Qyn.s + Ovitys)a,
+inge(dy), + ity (d7) ,

—irp,(QaX 1 (xp) T QA)?f"(*p))' (C1)
Summing over r, € Z sets
Eup = == (Qvpap + Ouioay + Catia)
+ OuZ 1 (xp) = 27V ) (C2)

where y; € Z. Plugging this back into the action and
integrating out the gauge field a, allows us to solve for ¢:

1 N
5*2 QA QA C*f (QA (d)()*? + 04 (d)?)*?)
+(dY) pxzy = Qvipinp) — Qvﬁf(*z’)] : (C3)

If we plug this back into the action and perform a field
redefinition ¢, — £, — 5 (d),, we land on

L
E(d)()f:|
103 [ (@) + ”f(f)r
oA, A )
2k QA ¢ Qy 27 Ox
&

_ZQ_A |:QA( ?) K_QA(d(p)*f+2”g_:‘/u*f:|

+ auf(f)[(dw)*f

with & set to its value in (C2), and for notational conven-
ience we have defined

1 2 4 s
S =% ) )2‘5 [gf
04 (dy),

A

2ri
—27n,] + O, (dy) peynxes (C4)

A

Qv » .
= =" (Qanz — Qahiy).

Oa
where the second equality follows from the anomaly-free
condition. Note this is not a GL(2, Z) change of basis, and
we have to remember that uy € QyZ + QyZ. The integral
over ¢ is Gaussian. To simplify the calculation let us define
(Co)

¢§ = QV(pS + QV@E’ Vs = QA)(S + QA)?S?

= Quxs — Quds- (C7)
Note that ¢p and y are (O-form) gauge invariant but 7 is not.
One can check that this defines an invertible change of basis
assuming the anomaly-cancelation condition. In terms of
these new variables, the result of integrating over £ is

_x 03/0% 2
S = Em((d¢)*f - 277:14*/))
11 1
22 o g7 1 37 (e = 2@y = )
L
Fapy e e
o
+Q—uf ) [(d@) xp = 2mn] +QiAl(dY)f<f>”*f
i QA/QV
Tan gy 1 03 (W) 7 2mee)

A

(dn), - 2ng—<<dy> 1 (C8)

A
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Let us collect the terms linear in du:

: 1 04/ Qy
idu)p | o @rxp) ~ 2+ 02"
_03/(040v)

(¢f*'(*p) - 2”)’/‘(*;3)) . (C9)

03 + 03
Ignoring total derivatives, neither ¢ nor 5 appear anywhere
else in the action, so we can freely make another change
of variables and define a new field o,; which is equal to
the quantity in brackets (note that this quantity is gauge
invariant). The role of ¢ is to set (du); = 0.
The remaining imaginary terms in the action are

2w QA/(QAQV)
d - . =
QA((}O ¢) = Up(e) Mg + 27 0+ 0

Usely(e)-
(C10)
The last term is trivial when du = 0. To see this, fix a

plaquette p on the dual lattice whose lower left-hand corner
is at the site X. One can verify the identity8

Z uf”f *7) %(d( 2));3

(du)y(uzo + sz 5 + uzg + U iqo)s

N|>—‘

(C11)

where the sum is over the two links emanating from ¥. The
first term is a total derivative which vanishes when summed
over the lattice and the second line vanishes when du = 0.
Recalling the definition of u, we arrive at the dual
formulation (ignoring the term discussed above)

x 03/0%
de),
St ..

11/ @2a)?
26 0% + 03

—27(Qytyy + Qyityy))?

x ((dyr), — 2”((d)’>f(f) = Qynyge — Qvﬁf(f)))2
1 1

+ lG*p(Qv(d”)p + QV(dﬁ)[))
2 N

+£((dJ’)f Qvnyp) = Qvitpp))yp. (C12)

¥This is equivalent to the following identity involving higher
cup products:  2uUu = —d(u Uy u) + du Uy u—u U du,
where u is an arbitrary 1-form. See [122] for explicit formulas
for higher cup products on square lattices.

So far we have allowed the charges to be arbitrary but
satisfying the anomaly-cancelation condition. Note that
there are still imaginary terms which remain, indicating a
sign problem. In future work, it would be interesting to
determine the set of 2D chiral gauge theories where one can
avoid this sign problem, possibly by finding alternatives
to (C12) in some cases.

Here we focus on the particular case of the 3450 model,
where the sign problem can indeed be removed thanks
to the fact that the 3450 charge assignments make the last
two terms in (C12) multiples of 2zi. Dropping these terms
we find

k1 7
S =2 g0 (@) e =27(8nsp +4isr))?

1 A
22020 ((dw) s =272((dy)s(0) = 8nse) = 4iy(e))?
1 1
b5ty 27y5)?
METIeE 3 ( £1(5) = 27295)
* w*i’(g(d”) p+A(dR);) —in(dy) sipnae
2

(8n*f—|—4n*f)(8nf( ) +4ﬁf(f))7 (C13)

20

where for completeness we have reinstated the imaginary
term we argued was zero above. Now we can perform a
GL(2, Z) change of basis to v; = 2n; + i1 and n as the

integer degrees of freedom:

k1
S = 2380 ((dep)sr — 8mvyp)

1 1
+5<20(2 B ((dy) s = 22((dy) ey = 4v1(0)))?

] 1

b5 + v 1 s) — 27y5)°
a5y BTV 2R
. . 4

+4io,p(dv), — in(dy) ypNxp — 27 5 Ve Vr(e)-

(C14)

We now rescale ¢p — 4¢, y - 2y, and ¢ — io— to reach

k1
_Eg((d¢)*f_2ﬂv*f)2
1 1
— 2
2020020 HW)e =25 ( D)0 = 4050))
1 1
———— (4ps + 2 o1 5y — 27Y5)?
+2ﬁ(2ﬂ)2( s+ 2y 1) mys)
. . 4
+i04p(dv)y —in(dy) o nxe = 27rl§v*fvf(f). (C15)

The Z, lattice rotation symmetry is not manifest at this
level—for instance the second and third lines involve the
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shift f which does not commute with rotations. However,
the first three lines of the action are invariant if one
performs a (counterclockwise) #/2 rotation together
with a shift w; — w 5. The last line just encodes the
constraints, modulo the last term which we argued is a
total derivative. Alternatively, we can make the Z,
lattice rotation symmetry manifest by simply defining
Ws =Yz and 2; = N1 (47)> SO that

$ =55 ().~ 2w,

1o A 2
20 200a7 Pl sy = (D)) = 40110)
I

1
— 4 % 2A~. - 2 < 2

4
+i045(dv); —inh (dy) 27ti§v*fva(f). (C16)

The path integrals over ¢ and 7 serve to impose
the constraints (dv); =0, (dy); =0 mod 2, so that

> ¢ VieVs(z) = 0. Finally, we observe that for any lattice
field g7, 3/ gj(s) = 2.7 95» so that we can rewrite S as

$ =52 ((h).e ~2m0,07
+ 30T )7 = 2a((d); = 4v7)?
1 1
2ﬂ( ) ( ¢s+2l//3 Z”yi)z

. A 4
+ioyp(dv), — imhyy(dy)z = 27l S Vs V(o) (C17)

This is form of the dual action we will discuss in the
main text.
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