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We explore the utility of d ¼ 8 qudits, qu8its, for quantum simulations of the dynamics of 1þ 1D SU(3)
lattice quantum chromodynamics, including a mapping for arbitrary number of flavors and lattice size and a
reorganization of the Hamiltonian for efficient time evolution. Recent advances in parallel gate applications,
along with the shorter application times of single-qudit operations compared with two-qudit operations, lead
to significant projected advantages in quantum simulation fidelities and circuit depths using qu8its rather
than qubits. The number of two-qudit entangling gates required for time evolution using qu8its is found to be
more than a factor of 5 fewer than for qubits. We anticipate that the developments presented in this work will
enable improved quantum simulations to be performed using emerging quantum hardware.
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I. INTRODUCTION

Quantum simulations of Standard Model physics are
expected to provide results and insights about fundamental
aspects of the structure and dynamics of matter that
are not possible with experiment or with classical comput-
ing alone [1–9]. A major objective for high-energy physics
and nuclear physics quantum simulations is to perform real-
time simulations of nonequilibrium dynamics, such as of
the low-viscosity quark-gluon liquid produced in heavy-ion
collisions [10,11], of the high-multiplicity events produced
in proton-proton collisions [12], and the creation of matter
in the early Universe [13]. Progress toward such simula-
tions is currently at early stages, in terms of the capabilities
of quantum computers, of the sophistication of relevant
quantum algorithms and workflows, and in understanding
how to codesign quantum computers to best simulate
quantum field theories. A degree of focus is being placed
on 1þ 1D systems, such as the Schwinger model, SU(3)
quantum chromodynamics (QCD) and its SU(2) analog,
and the Gross-Neveu model, in order to prepare for
simulating QCD in 2þ 1D and 3þ 1D, with the ultimate
goal of providing robust results (with a complete quanti-
fication of uncertainties) for observables that cannot be
assessed in the laboratory or with observation.
Most of the development so far has been centered around

quantum computers utilizing qubits [4,11–53], such as

trapped-ion systems and superconducting qubit systems.
However, in pursuit of hybrid qubit-qudit architectures
[54,55], further device capabilities, such as vibrational
excitations [56–60] or superconducting radio-frequency
cavities [22,61–63], are being integrated into system func-
tionalities. Compared to qubits alone, quantum simulations
using higher-dimensional qudits [64],1 which can allow for
“better fit” Hilbert spaces and reductions in the number of
entangling gates [66], take us, in a sense, onemore step away
from classical computing. With recent developments in
quantum hardware, including results from qudit trapped-
ion systems [67–70], superconducting circuits [71–73],
photonic systems [74], and nitrogen vacancy centers in
diamond [75], and anticipating that such devices will become
increasingly capable and available (in particular, trapped-ion
systems with d > 10 [69]), a more general consideration of
how one can utilize qudits in simulations of Standard Model
quantum field theories is timely. Examples of such applica-
tions can be found inRefs. [22,54,55,76–83],where the larger
Hilbert space of qudits is used to describe the gauge fields of
(non-)Abelian lattice gauge theories, or in Refs. [66,84],
where nuclear many-body systems naturally map to qudits.
Quantum simulations of 1þ 1D SU(2)

[11,18,23,24,34,51] and SU(3) [22,30,31,37–39,44,53]
lattice gauge theories have recently been performed.
Those that included matter fields have used the Kogut-
Susskind (KS) staggered discretization2 of the quark fields
[89,90] and worked in axial gauge to utilize Gauss’s law to
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uniquely define the gauge fields [37,91], enabling their
contributions to be included by nonlocal all-to-all inter-
actions. In this mapping, one color of one flavor of quark is
mapped to two qubits, one describing the occupation of that
quark and one of the corresponding antiquark. For exam-
ple, to describe one site of two-flavor (Nf ¼ 2) SU(3) QCD
requires 12 qubits.3 Quantum circuits for preparing the
ground state and implementing Trotterized time evolution
have been identified and the quantum resources established
(providing an upper bound) [37].
In this work, we explore the utility of qudits with d ¼ 8,

which we denote as qu8its,4 in simulating 1þ 1D lattice
QCD using the KS discretization. This is motivated, in
part, by our demonstration of the utility of using qu5its in
quantum simulations of multifermion (nucleon) systems
with pairing interactions [66] and an underlying SO(5)
symmetry. The eight states associated with a single quark
flavor mapped to three qubits can be mapped to the states
of a single qu8it, and the eight states associated with
single antiquark mapped to three qubits can be mapped to
another qu8it (which we loosely denote as an antiqu8it).
While it does not seem to be an immediate gain by
counting the number of states, the advantage is in the
number of entangling gates required to implement time
evolution and in the number of units in a quantum register.
Analogous to qubit operations, the single-qudit gate
operations are significantly faster and of higher fidelity
than the two-qudit operations.5 Consequently, the factor of
≳5 reduction in the number of two-qudit gates and the
factor of 3 reduction in the number of units in the register
that we find in mapping to qu8its suggest that quantum
computers with qu8its are likely to provide enhanced
capabilities for simulating non-Abelian lattice gauge
theories.

II. THE KOGUT-SUSSKIND HAMILTONIAN FOR
QCD AND MAPPING TO QUBITS

The 1þ 1D SU(3) KS Hamiltonian [89,90] with Nf

flavors formulated in AðaÞ
x ¼ 0 gauge [37,91] takes the

form

H ¼
X
f

"
1

2

X2L−2
n¼0

ðϕðfÞ
n

†
ϕðfÞ
nþ1 þ H:c:Þ

þmf
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�
2

; ð1Þ

where ϕðfÞ
n correspond to annihilation operators for fer-

mions of flavor f. They are color triplets, with their color
indices suppressed in Eq. (1). The color-charge operators
on each lattice site are the sum of contributions from each
flavor. For example, for Nf ¼ 2 (up and down quarks), the
color-charge operators are

QðaÞ
m ¼ ϕðuÞ†

m TaϕðuÞ
m þ ϕðdÞ†

m TaϕðdÞ
m ; ð2Þ

where the generators of SU(3), Ta, are given in AppendixA.
With open boundary conditions (OBCs) and vanishing fields
at spatial infinity, corresponding to vanishing net color
charge on the lattice (enforced by additional terms in the
Hamiltonian [37]), Gauss’s law is sufficient to determine the
chromoelectric field at all lattice sites:

EðaÞ
n ¼

X
m≤n

QðaÞ
m : ð3Þ

There are a number of ways that this system, with the
Hamiltonian given in Eq. (1), can be mapped onto qubit
registers. In our previous works [37,39], the KS
Hamiltonian for an arbitrary number of colors Nc and
flavors Nf was mapped to qubits using the Jordan-Wigner
(JW) transformation [93]. For the Nc ¼ 3 and Nf ¼ 2 case,
each staggered site requires six qubits, with ordering db, dg,
dr, ub, ug, ur, and the antiquarks associated with the same
spatial site adjacent with ordering d̄b; d̄g; d̄r; ūb; ūg; ūr.
This is shown in the left panel of Fig. 1. The resulting
JW-mapped Hamiltonian is the sum of three terms [37,39],
neglecting the possible presence of chemical potentials:

H ¼ Hkin þHm þHel;

Hkin ¼ −
1

2

X2L−2
n¼0

X1
f¼0

X2
c¼0

�
σþ6nþ3fþc

�
⊗
5

i¼1
σz6nþ3fþcþi

�
σ−
6ðnþ1Þþ3fþc þ H:c:

�
;

3The lepton fields have also been included, in simulating the β decay of a baryon [39], requiring four additional qubits per lepton
generation.

4Which we suggest is pronounced q-huits.
5For example, in IonQ’s current flagship trapped-ion qubit quantum computer, single-qubit operations require ∼100 μs while two-

qubit operations require ∼600 μs [92].
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Hm ¼ 1
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where repeated adjoint color indices (a) are summed over, the flavor indices f ¼ f0; 1g correspond to u- and d-quark
flavors, and σ� ¼ ðσx � iσyÞ=2. Products of charges, given in terms of spin operators, are given in Refs. [37,39]:
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A constant has been added to Hm so that all basis states
contribute a positive mass.
The time-evolution operator corresponding to this

Hamiltonian can be implemented by sequences of unitary
operators. These Trotterized quantum circuits, and hence
the associated gate counts per Trotter step, have been
determined in Refs. [37,39].

III. QU8ITS FOR QCD

The main drivers for considering mapping the KS
Hamiltonian to qudits with d ¼ 8, as discussed above, is
to reduce the number of two-qudit entangling gates from
the number required for qubits. The single-component
fermion formulation (per color state) that defines the
staggering of the quark fields draws comparisons with

the constructions used in describing nuclear many-body
systems. We recently showed the utility of using d ¼ 5
qudits (qu5its) to describe spin-paired multinucleon sys-
tems in the context of the Agassi model [66]. We make use
of this analogy in mapping the quark (and antiquark) fields
to qu8its, as displayed in the right panel of Fig. 1.

A. Mapping quarks and antiquarks to qu8its

For a single-flavor quark staggered site and using the JW
mapping to three qubits, the qubits define the occupation of
the three colors qr, qg, and qb throughout a quantum
simulation. Satisfying fermion anticommutation relations,
the mapping of color occupations to qu8its can be chosen
to be

fjqu8itig ¼ fjΩi; jqri; jqgi; jqbi; jqgqbi;−jqrqbi; jqrqgi; jqrqgqbig
¼ fjΩi; ĉ†r jΩi; ĉ†gjΩi; ĉ†bjΩi; ĉ†gĉ†bjΩi;−ĉ†r ĉ†bjΩi; ĉ†r ĉ†gjΩi; ĉ†r ĉ†gĉ†bjΩig
¼ fj1i; j2i; j3i; j4i; j5i; j6i; j7i; j8ig; ð6Þ

FIG. 1. Mapping QCD with Nf quark flavors onto a lattice of qubits (left) or qu8its (right) describing a spatial site. Kogut-Susskind
(staggered) fermions are used for the quark fields, with (anti)quarks on (odd) even sites. Using qubits, color and flavor degrees of
freedom of each quark and antiquark site are distributed over six qubits with a JWmapping. Using qu8its, with the quark (and antiquark)
degrees of freedom being mapped to the internal states, only two qu8its are required per each quark flavor.
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where the fermionic vacuum state is jΩi and the ĉα
operators are elements of the ϕðfÞ

j defined below Eq. (1).6

At first, the group structure might be a little confusing, for
instance the reason as to why there is only one state
associated with the three quarks in the maximally
occupied state (j8i). Given that quarks reside in the
fundamental representation of SU(3), 3, products of two
and three quarks give rise to the following irreducible
representations (irreps): 3 ⊗ 3 ¼ 6 ⊕ 3̄ and 3 ⊗ 3 ⊗ 3 ¼
10 ⊕ 8 ⊕ 8 ⊕ 1. For spinless fermions at the same lattice

site, only the total antisymmetric irreps are allowed;
therefore, the irreps of the mapping in Eq. (6) are con-
strained to be f1; 3; 3; 3; 3̄; 3̄; 3̄; 1g, respectively. The sym-
metric representation 6, for example, is forbidden by
antisymmetry. The states in Eq. (6) map naturally to the
eight states of a single qu8it. Further details about this
embedding can be found in Appendix B.
The antiquarks are mapped to qu8its in an analogous

way to the quarks, but with the replacement
fr; g; bg → fr̄; ḡ; b̄g:

fjqu8itig ¼ fjΩi; jq̄ri; jq̄gi; jq̄bi; jq̄gq̄bi;−jq̄rq̄bi; jq̄rq̄gi; jq̄rq̄gq̄big
¼ fjΩi; ĉ†r̄ jΩi; ĉ†ḡjΩi; ĉ†b̄jΩi; ĉ†ḡ ĉ†b̄jΩi;−ĉ†r̄ ĉ†b̄jΩi; ĉ†r̄ ĉ†ḡjΩi; ĉ†r̄ ĉ†ḡ ĉ†b̄jΩig
¼ fj1̄i; j2̄i; j3̄i; j4̄i; j5̄i; j6̄i; j7̄i; j8̄ig: ð7Þ

As is the case for the quark mapping, each state in Eq. (7)
transforms as a single SU(3) irrep, which for the antiquarks
are f1; 3̄; 3̄; 3̄; 3; 3; 3; 1g, respectively.
With the mappings defined in Eqs. (6) and (7), the

relevant operators for quantum simulation can be formed.
The color-charge operator acting on the quarks is

Q̂ðaÞ ¼ ĉ†Taĉ; ĉ ¼ ðĉr; ĉg; ĉbÞT: ð8Þ

As the 3̄ of diquarks is also present in the mapping to

qu8its, the color-charge operators acting on the antifunda-
mental representation (the same as the antiquarks) is also
required:

ˆ̄QðaÞ ¼ ˆ̄c†T̄a ˆ̄c; ˆ̄c¼ðĉr̄; ĉḡ; ĉb̄ÞT; T̄a¼ð−TaÞ�: ð9Þ

Therefore, the (8 × 8) matrix representations of the color-
charge operator acting on qu8its and antiqu8its are

Q̂ðaÞ → Q̃ðaÞ ¼

0
BBBB@

0 0 0 0

0 Ta 0 0

0 0 T̄a 0

0 0 0 0

1
CCCCCA
; ˆ̄QðaÞ

→ ˜̄QðaÞ ¼

0
BBBBB@

0 0 0 0

0 T̄a 0 0

0 0 Ta 0

0 0 0 0

1
CCCCCA
; ð10Þ

respectively, where the blocks of Q̃ðaÞ in Eq. (10) correspond to the action on f1; 3; 3̄; 1g irreps and the blocks of ˜̄QðaÞ

correspond to the action on f1; 3̄; 3; 1g irreps. A qu8it prepared in an arbitrary state jψi, acted on by the color-charge
operator, becomes

jψi ¼ fjqu8itig · ξ ¼
X8
k¼1

jkiξk; Q̂ðaÞjψi ¼ fjqu8itig · Q̃ðaÞ · ξ ¼
X8
k¼1

jkiðQ̃ðaÞ · ξÞk; ð11Þ

where ξ is the vector of complex numbers defining the state. The baryon-number operator has a diagonal matrix
representation:

B̂ → B̃ ¼ 1

3
diagð0; 1; 1; 1; 2; 2; 2; 3Þ: ð12Þ

Finally, the annihilation and creation operators acting on a qu8it have matrix representations

6The sign in the definition of j6i results from the ϵ132 in constructing a 3̄ from 3 ⊗ 3.
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ecr¼

0
BBBBBBBBBBBBBBB@

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 −1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCA

; ecg¼

0
BBBBBBBBBBBBBBB@

0 0 1 0 0 0 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCA

; ecb¼

0
BBBBBBBBBBBBBBB@

0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 −1 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCA

; ð13Þ

respectively, with ecr† ¼ ecrT , ecg† ¼ ecgT , and ecb† ¼ ecbT ,
satisfying the (required) fermionic anticommutation rela-
tions, f ecα; ecβ†g ¼ δαβ and f ecα; ecβg ¼ f ecα†; ecβ†g ¼ 0 (with
α; β∈ fr; g; bg). The annihilation and creation operators act
on the states analogously to the charge operators. For
example, the action of ĉr on a state jψi is

jψi ¼ fjqu8itig · ξ; ĉrjψi ¼ fjqu8itig · ecr · ξ: ð14Þ

The actions of the creation operators in Eq. (13) are shown
in Fig. 2. The creation and annihilation operators acting on
the antiqu8it have the same representations as those acting
on the qu8it in Eq. (13): ecα ¼ ecα.
IV. THE 1+ 1D QCD HAMILTONIAN MAPPED

TO QU8ITS

In terms of the annihilation and creation operators, the
Nf ¼ 1 SU(3) Hamiltonian in Eq. (1) can be written as

Ĥ ¼ Ĥkin þ Ĥm þ Ĥel

¼ 1

2

X2L−2
n¼0

X
α¼r;g;b

ðĉ†α;nĉ†α;nþ1 − ĉα;nĉα;nþ1Þ

þ 3m
X2L−1
n¼0

B̂n þ
g2

2

X2L−2
n¼0

X8
a¼1

�X
m≤n

Q̂ðaÞ
m

�
2

: ð15Þ

When written explicitly in terms of matrix operators acting
on qu8its (analogous to the JW mapping to qubits with the
operators written in terms of Pauli matrices), it becomes

Ĥ→
1

2

X2L−2
n¼0

X
α¼r;g;b

�ð ecα†P̃Þn⊗ ecα;nþ1
† −ð ecα P̃Þn⊗ ecα;nþ1

�

þ3m
X2L−1
n¼0

B̃nþ
g2

2

X2L−2
n¼0

X8
a¼1

� Xn
m∈even

Q̃ðaÞ
m þ

Xn
m∈odd

Q̃
ðaÞ
m

�
2

;

ð16Þ

where the phase matrix P̃ is

P̂ → P̃ ¼ diagð1;−1;−1;−1; 1; 1; 1;−1Þ: ð17Þ
The P̃matrix is the generalized form of the σz Pauli matrix,
generally acting on strings of qudits between quark
operators in order to satisfy Fermi statistics. Examining
the connectivity map shown in Fig. 3, one observes that
each state is connected to either three or five other states
within the qu8it. The states corresponding to color-singlet
states have connectivity of 3 (originating from the kinetic
term), while those corresponding to color-triplet or anti-
triplet states have connectivity of 5 (originating from the
kinetic and chromoelectric terms).
The extension to systems with a larger number of quark

flavors, Nf > 1, is straightforward. For each flavor of
quark at a given lattice site, there is a corresponding qu8it,
and similarly for antiquark sites. The kinetic and mass
terms in the Hamiltonian are replicated for each flavor (with
the appropriate masses), and the color-charge operators are
extended as in Eq. (2).

A. QCD with Nf = 1 on L= 1 spatial site with OBCs

It is helpful to explore examples of mappings to qu8its.
Consider L ¼ 1, with lattice sites n ¼ 0, 1, with one flavor

FIG. 2. Transitions among the quark states mapped to a qu8it,
defined in Eq. (6), induced by the creation operators ĉ†r (left), ĉ

†
g

(center) and ĉ†b (right) from Eq. (13). The color of the arrows
corresponds to the color charge of the operator.
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Nf ¼ 1, whichmaps to two qu8its (one for the quarks and one for the antiquarks), a system that we have studied previously [37].
The matrix representation of the Hamiltonian, as given in Eq. (16), reduces to

H1 ¼
1

2
ðecr†P̃ ⊗ ecr† þ ecg†P̃ ⊗ ecg† þ ecb†P̃ ⊗ ecb† − ecr P̃ ⊗ ecr − ecg P̃ ⊗ ecg − ecb P̃ ⊗ ecbÞ

þ 3mðB̃ ⊗ Ĩ þ Ĩ ⊗ B̃Þ þ g2

2

X
a

ðQ̃ðaÞ ⊗ ĨÞ2 þ h2

2

X
a

ðQ̃ðaÞ ⊗ Ĩ þ Ĩ ⊗ Q̃
ðaÞÞ2

¼ H1kin þH1m þH1el þH1h; ð18Þ

where Ĩ is the identity operator. The term with coefficient
h has been included to enforce color neutrality across
the lattice as h → ∞, as we implemented in previous
work [37]. This generates a significant penalty for chromo-
electric-energy density beyond the end of the spatial lattice,
and without this term color-edge states appear as low-lying
states in the spectrum due to OBCs [37]. In the large-h
limit, only color-singlet states remain at low energies.
This system is sufficiently simple and of small dimen-

sionality, involving a 64 × 64Hamiltonianmatrix, that it can
be exactly diagonalizedwith classical computers. Projecting
to stateswith good baryon number further reduces the size of
the matrix. For example, in the B ¼ 0 sector, the contrib-
uting configurations correspond to (i) both qu8its in the
vacuum (a 1); (ii) the qu8its are in the one-quark one-
antiquark sector (3 ⊗ 3̄ ¼ 8 ⊕ 1); (iii) the qu8its are in the
two-quark two-antiquark sector (3̄ ⊗ 3 ¼ 8 ⊕ 1); and
(iv) both qu8its are in the completely occupied state, a
baryon-antibaryon pair (a 1). Consequently, the total num-
ber of B ¼ 0 basis states is nB¼0 ¼ 1þ 9þ 9þ 1 ¼ 20.
However, a large value of h propels the 8’s high in the
spectrum, leaving only four color-singlet states in the low-
lying spectrum. These are formed from linear combinations
of the eight pairings of states in the qu8its.7

As this is a system we have analyzed previously using
the JW mapping to qubits [37], the low-lying spectra and
time evolution from arbitrary initial states are known. The
(exact) time evolution found from matrix exponentiation of
the Hamiltonian in Eq. (18) is found to furnish results that
agree with our previous analyses.
As shown in Eq. (21) below, the chromoelectric term

Ĥ1el is diagonal in the qu8it computational basis for L ¼ 1.
Thus, in the case of an ideal quantum computer, with an
initial state that is a color singlet, exact time evolution will
leave the system in a color-singlet state at all subsequent
times, even without the “h term” in Eq. (18). As such, that
term can be omitted in the time-evolution operator in the
case of L ¼ 1. For systems with L > 1, however, color
charge is violated by Trotterized time evolution (in par-
ticular, due to Trotterization of the eight contributions to
the color sum in the chromoelectric field term, when the
color-charge operators act on different sites), and, con-
sequently, including the h term is a means to mitigate this
violation.

1. Quantum circuits and Givens rotations

To establish the quantum circuits for the Nf ¼ 1 and
L ¼ 1 system, the Hamiltonian is decomposed into
unitary operations on each of the qu8its. As is standard
for quantum operations on qudits, the Hamiltonian in
Eq. (18) is decomposed into generators of Givens rota-
tions, X ij, Yij, and Zi. In this case, d ¼ 8, these provide a
complete set of generators for SU(8) transformations on a

FIG. 3. A connectivity map among the eight qu8it states that is required by the Hamiltonian in Eq. (16). Colored connections are for
the kinetic term, while black ones are for the color charge-charge interactions (different line styles correspond to different charge
combinations).

7If we were working in U(1) lattice gauge theory describing
quantum electrodynamics, the situation would be somewhat less
complex because each (tensor-product) basis state is an eigenstate
of the electric-charge operator. This is not the situation for non-
Abelian theories, where the color-charge operator generally
mixes basis states.
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single qu8it. It is convenient, in an effort to better connect
with hardware aspects of simulations, to work with
Hadamard-Walsh matrices wi rather than with Zi. For
d ¼ 8, there are 28 X ij, 28 Yij, and eight wi (including the
identity), as defined in Appendix C.

The kinetic-energy operator in the Hamiltonian in Eq. (18)
is comprised only of terms that act on both qu8its. As the
annihilation and creation operators induce multiple transi-
tions within a qu8it, as depicted in Fig. 2, this term decom-
poses into multiple tensor products of Givens matrices:

H1kin ¼
1

4

X
r∈ fð12Þ;ð13Þ;ð14Þ;
ð58Þ;ð68Þ;ð78Þ;

−ð26Þ;−ð27Þ;−ð35Þ;
−ð37Þ;−ð45Þ;−ð46Þg

ðX r ⊗ X r − Yr ⊗ YrÞ þ
1

4

X
ðr;sÞ∈ fð12Þð58Þ;ð13Þð68Þ;

ð14Þð78Þ;ð26Þð35Þ;
ð27Þð45Þ;ð37Þð46Þg

ðX r ⊗ X s þ X s ⊗ X r − Yr ⊗ Ys − Ys ⊗ YrÞ

þ 1

4

X
ðr;sÞ∈ fð12Þð37Þ;ð46Þð12Þ;
ð27Þð13Þ;ð13Þð45Þ;ð14Þð26Þ;
ð35Þð14Þ;ð78Þð26Þ;ð27Þð68Þ;
ð35Þð78Þ;ð58Þð37Þ;ð68Þð45Þ;

ð46Þð58Þg

ðX r ⊗ X s − X s ⊗ X r − Yr ⊗ Ys þ Ys ⊗ YrÞ; ð19Þ

where the minus sign in some of the indices in the first summation means a global minus sign for that corresponding term.
The mass term in the Hamiltonian is diagonal, given in terms of the action of the baryon-number matrix B̃ defined in
Eq. (12), and which can be further decomposed into the wi:

H1m ¼ 3mðB̃ ⊗ Ĩ þ Ĩ ⊗ B̃Þ
¼ mffiffiffi

2
p ðð6w1 − 3w2 − w4 − w6 − w8Þ ⊗ Ĩ þ Ĩ ⊗ ð6w1 − 3w2 − w4 − w6 − w8ÞÞ;

B̃ ¼ 1

3
diagð0; 1; 1; 1; 2; 2; 2; 3Þ ¼ 1

3
ffiffiffi
2

p ð6w1 − 3w2 − w4 − w6 − w8Þ: ð20Þ

For a single site, the contribution of the chromoelectric-energy density to the Hamiltonian from within the lattice, receiving
contributions from the n ¼ 0 qu8it site only, can be written as (details can be found in Appendix D)

H1el ¼
g2

2

X
a

ðQ̃ðaÞ ⊗ ĨÞ2 → 2g2

3
diagð0; 1; 1; 1; 1; 1; 1; 0Þ ⊗ Ĩ

¼ g2

2

�
8w1 ⊗ w1 −

8

3
ðw3 þ w5 þ w7Þ ⊗ w1

�

¼ g2

2

�
Ĩ ⊗ Ĩ − diag

�
1;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
; 1

�
⊗ Ĩ

�
: ð21Þ

The h term introduced to enforce color neutrality of an L > 1 lattice requires computing the square of the total color charge
of the lattice (see Appendix D):

H1h ¼
h2

2

X8
a¼1

ðQ̃ðaÞQ̃ðaÞ ⊗ Ĩ þ Ĩ ⊗ ˜̄QðaÞ ˜̄QðaÞ þ 2Q̃ðaÞ ⊗ ˜̄QðaÞÞ

¼ h2

2

�
16w1 ⊗ w1 −

8

3
w1 ⊗ ðw3 þ w5 þ w7Þ −

8

3
ðw3 þ w5 þ w7Þ ⊗ w1

−ðw3 − w5Þ ⊗ ðw3 − w5Þ −
1

3
ðw4 þ w6 − 2w8Þ ⊗ ðw4 þ w6 − 2w8Þ

þ 1

2

X
r∈ fð23Þ;ð24Þ;ð34Þ;
ð56Þ;ð57Þ;ð67Þg

ðYr ⊗ Yr − X r ⊗ X rÞ þ
1

2

X
ðr;sÞ∈ fð23Þð56Þ;
ð24Þð57Þ;ð34Þð67Þg

ðX r ⊗ X s þ Yr ⊗ Ys þ X s ⊗ X r þ Ys ⊗ YrÞ
�
: ð22Þ

The Trotterized time evolution arising from this Hamiltonian, written in terms of generators of
Givens transformation, can be implemented on qu8its using known quantum circuits, requiring 96 two-qu8it Givens
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rotations, and including the H1h contribution would
require an additional 26 rotations.8 Figure 4 shows the
quantum circuits for implementing the unitary operations
of the form GXX

abmnðαÞ ¼ e−iαXab⊗Xmn and GYY
abmnðαÞ ¼

e−iαYab⊗Ymn , which are the only required entangling struc-
tures, as a function of controlled gates. The associated gate
count for implementing one Trotter step of time evolution
forNf ¼ 1 and L ¼ 1 is, including the h term, 732 controlled-

X and -Y gates and 249 single qu8it rotations, which is
much larger compared to the direct application ofGXX

abmnðαÞ
and GYY

abmnðαÞ via the generalized Mølmer-Sørensen
gates [67,94].

2. Restructuring

A recent paper [82], where a different route to imple-
menting similar types of gates is taken, indicates significant
reductions in two-qu8it rotations can be gained by grouping
operators. This is motivated by advances in quantum
hardware [67,68] so that multiple of the transitions asso-
ciatedwith, for instance, the addition of a red quark at a given
site can be implemented simultaneously, as opposed to
sequentially. This suggests that all of the operations asso-
ciated with the red-quark-creation operator can be grouped
together. Similarly for the green and blue operations and for
their corresponding annihilation. The kinetic-energy term in
Eq. (19) can be greatly simplified and written as

H1kin ¼
1

4
ðAðrÞ

0 ⊗ AðrÞ
1 − BðrÞ

0 ⊗ BðrÞ
1 Þ þ 1

4
ðAðgÞ

0 ⊗ AðgÞ
1 − BðgÞ

0 ⊗ BðgÞ
1 Þ þ 1

4
ðAðbÞ

0 ⊗ AðbÞ
1 − BðbÞ

0 ⊗ BðbÞ
1 Þ; ð23Þ

where

AðrÞ
0 ¼ X ð12Þ − X ð37Þ þ X ð46Þ þ X ð58Þ; AðrÞ

1 ¼ X ð12Þ þ X ð37Þ − X ð46Þ þ X ð58Þ;

AðgÞ
0 ¼ X ð13Þ þ X ð27Þ − X ð45Þ þ X ð68Þ; AðgÞ

1 ¼ X ð13Þ − X ð27Þ þ X ð45Þ þ X ð68Þ;

AðbÞ
0 ¼ X ð14Þ − X ð26Þ þ X ð35Þ þ X ð78Þ; AðbÞ

1 ¼ X ð14Þ þ X ð26Þ − X ð35Þ þ X ð78Þ; ð24Þ

and the BðαÞ
n operators are analogous to the AðαÞ

n operators with X ↔ Y. The 96 two-qu8it entangling terms in Eq. (19) are
reduced to just six in Eq. (23). The mass term is unchanged, as is the contribution from the chromoelectric field proportional
to g2, neither of which involve two-qu8it entangling gates.
For the h term, a similar simplification of terms exists by groupings into commuting sets:

H1h ¼
h2

2

�
1

2
ðDð12Þ ⊗ Dð12Þ − Cð12Þ ⊗ Cð12ÞÞ þ 1

2
ðDð45Þ ⊗ Dð45Þ − Cð45Þ ⊗ Cð45ÞÞ

þ 1

2
ðDð67Þ ⊗ Dð67Þ − Cð67Þ ⊗ Cð67ÞÞ þ 2Q̃ð3Þ ⊗ ˜̄Qð3Þ þ 2Q̃ð8Þ ⊗ ˜̄Qð8Þ

þ 2Ĩ ⊗ Ĩ − diag

�
1;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
; 1

�
⊗ Ĩ − Ĩ ⊗ diag

�
1;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
; 1

��
; ð25Þ

where the C and D terms are, respectively,

8We had hoped that the qu8it mapping would eliminate or mitigate the violation of SU(3) color charge occurring for L > 1 lattices
due to Trotterization (that we identified in Ref. [37]). However, this is not the case, and Trotterization of the time evolution arising from
the qu8its Hamiltonian also violates color-charge conservation for L > 1.

FIG. 4. Quantum circuits acting on qu8its that implement (left panel) GXX
abmnðαÞ ¼ e−iαXab⊗Xmn and (right panel)

GYY
abmnðαÞ ¼ e−iαYab⊗Ymn . These are required to implement Trotterized time evolution, along with single-qu8it gates, corresponding

to the Hamiltonian terms in Eqs. (19)–(22). This circuit structure is reproduced from our previous work [66].
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Cð12Þ ¼ X ð23Þ − X ð56Þ; Cð45Þ ¼ X ð24Þ − X ð57Þ; Cð67Þ ¼ X ð34Þ − X ð67Þ;

Dð12Þ ¼ Yð23Þ þ Yð56Þ; Dð45Þ ¼ Yð24Þ þ Yð57Þ; Dð67Þ ¼ Yð34Þ þ Yð67Þ: ð26Þ

The 26 two-qu8it operations in H1h in Eq. (22) is reduced to eight in Eq. (25) by this restructuring.

B. QCD with Nf flavors on L spatial site and quantum resource requirements

Considering the general situation of an arbitrary number of spatial lattice sites and an arbitrary number of flavors of
quarks, the Hamiltonian becomes (including the h term)

Ĥ ¼ Ĥkin þ Ĥm þ Ĥel þ Ĥh

¼ 1

2

X2L−2
n¼0

X
f¼u;d;s;…

X
α¼r;g;b

ðĉ†α;f;nĉ†α;f;nþ1 − ĉα;f;nĉα;f;nþ1Þ þ 3
X2L−1
n¼0

X
f¼u;d;s;…

mfB̂f;n

þ g2

2

X2L−2
n¼0

X8
a¼1

�X
m≤n

X
f¼u;d;s;…

Q̂ðaÞ
f;m

�
2

þ h2

2

X2L−1
n¼0

X8
a¼1

�X
m≤n

X
f¼u;d;s;…

Q̂ðaÞ
f;m

�
2

: ð27Þ

The mapping to qu8its is a generalization of that discussed above and displayed in Fig. 1. There are 2NfL qu8its; half
support the quark sites and half support the antiquark sites. The kinetic term connects adjacent qu8its and antiqu8its of the
same flavor across the lattice, the mass term provides contributions from individual qu8its and antiqu8its, and the
chromoelectric term(s) connects all qu8its and antiqu8its. The kinetic term in the Hamiltonian becomes

Hkin ¼
X2L−2
n¼0

X
f¼u;d;s;…

X
α¼r;g;b

1

4
ðAðαÞ

0;f;n ⊗ AðαÞ
1;f;nþ1 − BðαÞ

0;f;n ⊗ BðαÞ
1;f;nþ1Þ; ð28Þ

where AðαÞ
0;f;n denotes AðαÞ

0 from Eq. (24), acting on the flavor f qu8it at site n. The mass terms given in Eq. (27), with a
straightforward generalization of the above, become

Hm ¼ 3
X2L−1
n¼0

X
f¼u;d;s;…

mfB̃f;n: ð29Þ

The color charge-charge contribution is somewhat more involved due to the number of terms but can be simplified using
symmetries of the sums, as shown in Appendix D. The summation can be reorganized:

X
n¼0

X8
a¼1

�X
m≤n

X
f¼u;d;s;…

Q̂ðaÞ
f;m

�
2

¼
X
n¼0

X
m;m0≤n

X
f;f0

X8
a¼1

Q̂ðaÞ
f;mQ̂

ðaÞ
f0;m0

¼
X
n¼0

Xn
m;m0 ∈ even
m;m0 ∈ odd

X
f;f0

�X
a

Q̃ðaÞ
f;mQ̃

ðaÞ
f0;m0

�
þ 2

X
n¼0

Xn
m∈ even
m0 ∈ odd

X
f;f0

�X
a

Q̃ðaÞ
f;m

˜̄QðaÞ
f0;m0

�
; ð30Þ

where some of the terms act on the same site and flavor. Equation (30) can be expanded in terms of the D and C operators
from Eq. (26).

TABLE I. The number of qudits (d ¼ 2 and d ¼ 8) and entangling gates for applying a single Trotter step using the unitary operators
corresponding to the kinetic ðUkinÞ and the Oðg2Þ chromoelectric ðUelÞ parts of the SU(3) Hamiltonian, comparing qubit and qu8it
implementations.

Qudits Number of qudits Ukin ent. gates Uel ent. gates

Qubit (d ¼ 2) 6NfL 6Nfð8L − 3Þ − 4 Nfð2L − 1Þ½23Nfð2L − 1Þ − 17�
Qu8it (d ¼ 8) 2NfL 6Nfð2L − 1Þ 4Nfð2L − 1Þ½Nfð2L − 1Þ − 1�
Reduction in resources (L → ∞) 3 4 5.75
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Now that the full Hamiltonian has been decomposed into
one-qu8it and two-qu8it operations, an estimate of quan-
tum resources can be performed for a single Trotter step of
time evolution for the qu8it mappings and compared to
previously established results for qubit mappings [37].
Since the Trotter decomposition used in this work is the
same as the one used for qubits [37], the error accumulated
after performing a certain amount of Trotter steps will be
the same (see Fig. 14 in Ref. [37]). The advantage of using
qu8its will be in the reduction of gates required to apply a
single Trotter step. Table I displays the resource estimates
for entangling gates for qu8its and qubits. The number of
entangling operations required for the qu8it mapping is
significantly less than for the qubit mapping (by factors
≳5), see Table I.

V. SUMMARY AND OUTLOOK

Motivated by continuing advances in the development of
qudits for quantum computing, we have explored mapping
1þ 1D QCD to d ¼ 8 qudits. We have presented the
general framework for performing quantum simulations of
QCD with arbitrary number of flavors and lattice sites and
provided a detailed discussion of the theory with Nf ¼ 1

and L ¼ 1. The main reason for considering performing
quantum simulations using qu8its is because the number of
two-qu8it entangling operations required to evolve a given
state forward in time is significantly less (more than a factor
of 5 reduction) than the corresponding number for map-
pings to qubits. This is an important consideration for two
main reasons. One is that the time to perform a two-qudit
entangling operation on a quantum device is much longer
than for a single-qudit operation, and the second is the
relative fidelity of the two types of operations. The naive
mapping with sequentially Trotterized entangling opera-
tions does not provide obvious gains, but the recently
developed capabilities to simultaneously induce multiple
transitions within qudits, enabling multiple entangling
operations to be performed in parallel, is the source of
the large gain. Thus, qudit devices of comparable fidelity
gate operations and coherence times to an analogous device
with a qubit register are expected to be able to perform
significantly superior quantum simulations of 1þ 1D
QCD.
The results presented in this work readily generalize to

an arbitrary number of colors. For theNc ¼ 2 case, relevant
for SU(2), ququarts (d ¼ 4) are needed to embed the
vacuum in one state, single quarks in two states, and
singlet two-quark in one state. The number of entangling
gates for each term of the kinetic piece of the Hamiltonian
is reduced to 4, and for each Q̃ðaÞ ⊗ Q̃ðaÞ term, three
entangling gates are required. For Nc ¼ 4, analogous

gains can be achieved using qudits with d ¼ 16, qu16its.
The mapping is such that the vacuum occupies one
state, single quarks occupy four, two quarks occupy six,
three quarks occupy four, and four quarks occupy one. It
requires eight entangling gates for the kinetic piece and 15
for each Q̃ðaÞ ⊗ Q̃ðaÞ term. Quarks transforming in higher-
dimension gauge groups can be mapped in similar
ways, with 2Nc terms needed for the kinetic piece and
N2

c − 1 for Q̃ðaÞ ⊗ Q̃ðaÞ. While the reduction in resources
compared to qubits remains constant for the kinetic part,
for the chromoelectric piece it is found to scale as
Ncð2Nc þ 17Þ=ð3þ 3NcÞ, which increases as a function
of Nc. Mapping fermion occupations to qudits, as we have
presented in this work, inspired by quantum chemistry and
nuclear many-body systems, are also expected to accelerate
quantum simulations of quantum field theories in higher
numbers of spatial dimensions. There, where both fermions
and gauge bosons have to be considered, hybrid architec-
tures might provide the most efficient mapping [54,55].
This is the subject of future work.
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APPENDIX A: GELL-MANN MATRICES

The matrix representation of the generators of SU(3)
transformations, Ta, acting on the fundamental representa-
tion are related to the Gell-Mann matrices via Ta ¼ 1

2
λa,

such that Tr½TaTb� ¼ 1
2
δab. Using Gell-Mann’s convention,
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λ1 ¼

0
B@

0 1 0

1 0 0

0 0 0

1
CA; λ2 ¼

0
B@

0 −i 0

i 0 0

0 0 0

1
CA; λ3 ¼

0
B@

1 0 0

0 −1 0

0 0 0

1
CA; λ4 ¼

0
B@

0 0 1

0 0 0

1 0 0

1
CA;

λ5 ¼

0
B@

0 0 −i
0 0 0

i 0 0

1
CA; λ6 ¼

0
B@

0 0 0

0 0 1

0 1 0

1
CA; λ7 ¼

0
B@

0 0 0

0 0 −i
0 i 0

1
CA; λ8 ¼ 1ffiffiffi

3
p

0
B@

1 0 0

0 1 0

0 0 −2

1
CA: ðA1Þ

APPENDIX B: EMBEDDING QUARKS AND ANTIQUARKS INTO QU8ITS

The fully antisymmetric quark states can be built from the vacuum and fermionic creation operators. Starting with the
vacuum state,

j1i≡ jΩi; ðB1Þ

the one-quark states are

ĉ†r j1i ¼ ĉ†r jΩi ¼ jqri≡ j2i; ĉ†gj1i ¼ ĉ†gjΩi ¼ jqgi≡ j3i; ĉ†bj1i ¼ ĉ†bjΩi ¼ jqbi≡ j4i; ðB2Þ

the two-quark states are

ĉ†r j2i ¼ ĉ†r jqri ¼ 0; ĉ†gj2i ¼ ĉ†gjqri ¼
1ffiffiffi
2

p jqgqr − qrqgi≡ −j7i;

ĉ†r j3i ¼ ĉ†r jqgi ¼
1ffiffiffi
2

p jqrqg − qgqri≡ j7i; ĉ†gj3i ¼ ĉ†gjqgi ¼ 0;

ĉ†r j4i ¼ ĉ†r jqbi ¼
1ffiffiffi
2

p jqrqb − qbqri≡ −j6i; ĉ†gj4i ¼ ĉ†gjqbi ¼
1ffiffiffi
2

p jqgqb − qbqgi≡ j5i;

ĉ†bj2i ¼ ĉ†bjqri ¼
1ffiffiffi
2

p jqbqr − qrqbi≡ j6i;

ĉ†bj3i ¼ ĉ†bjqgi ¼
1ffiffiffi
2

p jqbqg − qgqbi≡ −j5i;

ĉ†bj4i ¼ ĉ†bjqbi ¼ 0; ðB3Þ

and the three-quark state is

ĉ†r j5i ¼ ĉ†r
1ffiffiffi
2

p jqgqb − qbqgi ¼
1ffiffiffi
2

p
�

1ffiffiffi
3

p jqrqgqb − qgqrqb þ qgqbqri −
1ffiffiffi
3

p jqrqbqg − qbqrqg þ qbqgqri
�
≡ j8i;

ĉ†r j6i ¼ ĉ†r
1ffiffiffi
2

p jqbqr − qrqbi ¼ 0; ĉ†r j7i ¼ ĉ†r
1ffiffiffi
2

p jqrqg − qgqri ¼ 0;

ĉ†gj5i ¼ ĉ†g
1ffiffiffi
2

p jqgqb − qbqgi ¼ 0; ĉ†bj5i ¼ ĉ†b
1ffiffiffi
2

p jqgqb − qbqgi ¼ 0;

ĉ†gj6i ¼ ĉ†g
1ffiffiffi
2

p jqbqr − qrqbi≡ j8i; ĉ†bj6i ¼ ĉ†b
1ffiffiffi
2

p jqbqr − qrqbi ¼ 0;

ĉ†gj7i ¼ ĉ†g
1ffiffiffi
2

p jqrqg − qgqri ¼ 0; ĉ†bj7i ¼ ĉ†b
1ffiffiffi
2

p jqrqg − qgqri≡ j8i: ðB4Þ

We note that with these definitions it is equally profitable to denote the qu8it states as
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fjqu8itig ¼ fjΩi; jqri; jqgi; jqbi; jqgqbi;−jqrqbi; jqrqgi; jqrqgqbig
¼ fj1i; j2i; j3i; j4i; j5i; j6i; j7i; j8ig
¼ fj10i; j31; 1i; j31; 2i; j31; 3i; j3̄2; 1i; j3̄2; 2i; j3̄2; 3i; j13ig; ðB5Þ

where the subindex in the irrep labels the number of quarks in the state. As discussed in the main text, an analogous
mapping for the antiquarks is

fjqu8itig ¼ fjϕi; jq̄ri; jq̄gi; jq̄bi; jq̄gq̄bi;−jq̄rq̄bi; jq̄rq̄gi; jq̄rq̄gq̄big
¼ fj1̄i; j2̄i; j3̄i; j4̄i; j5̄i; j6̄i; j7̄i; j8̄ig
¼ fj10i; j3̄1; 1i; j3̄1; 2i; j3̄1; 3i; j32; 1i; j32; 2i; j32; 3i; j13ig: ðB6Þ

APPENDIX C: GIVENS ROTATIONS FOR SU(8)

Givens rotations are a straightforward way to access SU(8) transformations and are particularly convenient for quantum
operations that are sequential applications of two-level transformations, as are induced, for example, by application of lasers
to trapped ions. The notation that we will use parallels and extends the notation used for Pauli operators, σx, σy and
σz → X ij, Yij and Zi. For SU(8) transformations, there are 28 X ij, 28 Yij, and seven Zi.
For the seven diagonal generators Zi, one basis is a straightforward extension of Gell-Mann’s SU(3):

Z1 ¼ diagð1;−1; 0; 0; 0; 0; 0; 0Þ; Z2 ¼
1ffiffiffi
3

p diagð1; 1;−2; 0; 0; 0; 0; 0Þ;

Z3 ¼
1ffiffiffi
6

p diagð1; 1; 1;−3; 0; 0; 0; 0Þ; Z4 ¼
1ffiffiffiffiffi
10

p diagð1; 1; 1; 1;−4; 0; 0; 0Þ;

Z5 ¼
1ffiffiffiffiffi
15

p diagð1; 1; 1; 1; 1;−5; 0; 0Þ; Z6 ¼
1ffiffiffiffiffi
21

p diagð1; 1; 1; 1; 1; 1;−6; 0Þ;

Z7 ¼
1ffiffiffiffiffi
28

p diagð1; 1; 1; 1; 1; 1; 1;−7Þ; Tr½ZiZj� ¼ 2δij: ðC1Þ

However, an alternate choice that makes better connection to sequency analysis, and which we have chosen to use in our
work, is the Hadamard-Walsh basis, which includes the identity operator

w1 ¼
1ffiffiffi
8

p diagð1; 1; 1; 1; 1; 1; 1; 1Þ; w2 ¼
1ffiffiffi
8

p diagð1; 1; 1; 1;−1;−1;−1;−1Þ;

w3 ¼
1ffiffiffi
8

p diagð1; 1;−1;−1;−1;−1; 1; 1Þ; w4 ¼
1ffiffiffi
8

p diagð1; 1;−1;−1; 1; 1;−1;−1Þ;

w5 ¼
1ffiffiffi
8

p diagð1;−1;−1; 1; 1;−1;−1; 1Þ; w6 ¼
1ffiffiffi
8

p diagð1;−1;−1; 1;−1; 1; 1;−1Þ;

w7 ¼
1ffiffiffi
8

p diagð1;−1; 1;−1;−1; 1;−1; 1Þ; w8 ¼
1ffiffiffi
8

p diagð1;−1; 1;−1; 1;−1; 1;−1Þ; ðC2Þ

which are normalized such that Tr½wiwj� ¼ δij. The ordering of the wi is the same as those produced in Mathematica from
HadamardMatrix[8].
The matrix representations of the (symmetric) σx-type generators, X ij, have all zero entries except for the elements

defined by ij, such that X ij ¼ X ji ¼ 1. Similarly, the matrix representations of the (antisymmetric) σy-type generators, Yij,
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have all zero entries except for the elements defined by ij, such that Yij ¼ −Yji ¼ −i. Examples are

X 13 ¼

0
BBBBBBBBBBBBBB@

0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCA

; Y13 ¼

0
BBBBBBBBBBBBBB@

0 0 −i 0 0 0 0 0

0 0 0 0 0 0 0 0

i 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCA

: ðC3Þ

APPENDIX D: CONTRACTIONS OF COLOR-CHARGE OPERATORS

Expressions for the contractions of color charge-charge operators can be found straightforwardly. Acting on a qu8it
lattice site twice (for a two-site system), the summations over adjoint indices reduce to

X
a

ðQ̃ðaÞ ⊗ ĨÞ2 ¼ 4

3
diagð0; 1; 1; 1; 1; 1; 1; 0Þ ⊗ Ĩ

¼ 8w1 ⊗ w1 −
8

3
ðw3 þ w5 þ w7Þ ⊗ w1

¼ Ĩ ⊗ Ĩ − diag

�
1;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
; 1

�
⊗ Ĩ; ðD1Þ

and acting on an antiqu8it lattice site twice, the summations over adjoint indices reduce to

X
a

ðĨ ⊗ ˜̄QðaÞÞ2 ¼ 4

3
Ĩ ⊗ diagð0; 1; 1; 1; 1; 1; 1; 0Þ

¼ 8w1 ⊗ w1 −
8

3
w1 ⊗ ðw3 þ w5 þ w7Þ

¼ Ĩ ⊗ Ĩ − Ĩ ⊗ diag

�
1;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
;−

1

3
; 1

�
: ðD2Þ

In general, there will be contributions from color-charge operators acting on two sites, of the form quark-quark,
antiquark-antiquark and quark-antiquark. For color-charge operators acting on arbitrary quark-quark and antiquark-
antiquark sites,

X
a

Q̃ðaÞ ⊗ Q̃ðaÞ ¼
X
a

˜̄QðaÞ ⊗ ˜̄QðaÞ ¼ 1

2
ðw3 − w5Þ ⊗ ðw3 − w5Þ þ

1

6
ðw4 þ w6 − 2w8Þ ⊗ ðw4 þ w6 − 2w8Þ

þ 1

4

X
r∈ fð23Þ;ð24Þ;ð34Þ;
ð56Þ;ð57Þ;ð67Þg

ðYr ⊗ Yr þ X r ⊗ X rÞ þ
1

4

X
ðr;sÞ∈ fð23Þð56Þ;
ð24Þð57Þ;ð34Þð67Þg

ðYr ⊗ Ys − X r ⊗ X s þ Ys ⊗ Yr − X s ⊗ X rÞ;

ðD3Þ

with

w3 − w5 ¼
1ffiffiffi
2

p diagð0; 1; 0;−1;−1; 0; 1; 0Þ; w4 þ w6 − 2w8 ¼
1ffiffiffi
2

p diagð0; 1;−2; 1;−1; 2;−1; 0Þ: ðD4Þ
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Similarly, for operators acting on quark-antiquark or antiquark-quark sites,

X
a

Q̃ðaÞ ⊗ ˜̄QðaÞ ¼
X
a

˜̄QðaÞ ⊗ Q̃ðaÞ ¼ −
1

2
ðw3 − w5Þ ⊗ ðw3 − w5Þ −

1

6
ðw4 þ w6 − 2w8Þ ⊗ ðw4 þ w6 − 2w8Þ

þ 1

4

X
r∈ fð23Þ;ð24Þ;ð34Þ;
ð56Þ;ð57Þ;ð67Þg

ðYr ⊗ Yr − X r ⊗ X rÞ þ
1

4

X
ðr;sÞ∈ fð23Þð56Þ;
ð24Þð57Þ;ð34Þð67Þg

ðX r ⊗ X s þ Yr ⊗ Ys þ X s ⊗ X r þ Ys ⊗ YrÞ:

ðD5Þ

Rewriting these sums in terms of commuting operators gives

X
a

Q̃ðaÞ ⊗ Q̃ðaÞ ¼ 1

4
ðDð12Þ ⊗ Dð12Þ þ Cð12Þ ⊗ Cð12ÞÞ þ 1

4
ðDð45Þ ⊗ Dð45Þ þ Cð45Þ ⊗ Cð45ÞÞ

þ 1

4
ðDð67Þ ⊗ Dð67Þ þ Cð67Þ ⊗ Cð67ÞÞ þ Q̃ð3Þ ⊗ Q̃ð3Þ þ Q̃ð8Þ ⊗ Q̃ð8Þ; ðD6Þ

X
a

˜̄QðaÞ ⊗ ˜̄QðaÞ ¼ 1

4
ðDð12Þ ⊗ Dð12Þ þ Cð12Þ ⊗ Cð12ÞÞ þ 1

4
ðDð45Þ ⊗ Dð45Þ þ Cð45Þ ⊗ Cð45ÞÞ

þ 1

4
ðDð67Þ ⊗ Dð67Þ þ Cð67Þ ⊗ Cð67ÞÞ þ ˜̄Qð3Þ ⊗ ˜̄Qð3Þ þ ˜̄Qð8Þ ⊗ ˜̄Qð8Þ

¼
X
a

Q̃ðaÞ ⊗ Q̃ðaÞ; ðD7Þ

X
a

Q̃ðaÞ ⊗ ˜̄QðaÞ ¼ 1

4
ðDð12Þ ⊗ Dð12Þ − Cð12Þ ⊗ Cð12ÞÞ þ 1

4
ðDð45Þ ⊗ Dð45Þ − Cð45Þ ⊗ Cð45ÞÞ

þ 1

4
ðDð67Þ ⊗ Dð67Þ − Cð67Þ ⊗ Cð67ÞÞ þ Q̃ð3Þ ⊗ ˜̄Qð3Þ þ Q̃ð8Þ ⊗ ˜̄Qð8Þ; ðD8Þ

X
a

˜̄QðaÞ ⊗ Q̃ðaÞ ¼ 1

4
ðDð12Þ ⊗ Dð12Þ − Cð12Þ ⊗ Cð12ÞÞ þ 1

4
ðDð45Þ ⊗ Dð45Þ − Cð45Þ ⊗ Cð45ÞÞ

þ 1

4
ðDð67Þ ⊗ Dð67Þ − Cð67Þ ⊗ Cð67ÞÞ þ ˜̄Qð3Þ ⊗ Q̃ð3Þ þ ˜̄Qð8Þ ⊗ Q̃ð8Þ

¼
X
a

Q̃ðaÞ ⊗ ˜̄QðaÞ; ðD9Þ

where the CðijÞ and DðijÞ are given in Eq. (26) and ˜̄Qð3Þ ¼ −Q̃ð3Þ and ˜̄Qð8Þ ¼ −Q̃ð8Þ have been used.
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