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In the present work, a relativistic relation that connects the difference of interacting and noninteracting
integrated two-particle correlation functions in finite volume to infinite volume scattering phase shift
through an integral is derived. We show that the difference of integrated finite volume correlation functions
converges rapidly to its infinite volume limit as the size of the periodic box is increased. The fast
convergence of our proposed formalism is illustrated by analytic solutions of a contact interaction model,
the perturbation theory calculation, and also the Monte Carlo simulation of a complex ϕ4 lattice field theory
model.
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I. INTRODUCTION

Few nucleon interactions provide crucial inputs to
nuclear many-body studies of matter: such as the neu-
tron-star equation of state and stability of neutron-rich
isotopes [1], exotic decays of various nuclei [2], and
experimental searches for new physics beyond-Standard-
Model particles [3]. The fundamental theory of nuclear
physics is quantum chromodynamics (QCD), the theory of
the strong interaction between quarks mediated by gluons.
The only model-independent and systematically improv-
able method for computing the properties and interactions
of nucleons directly from QCD is lattice QCD (LQCD),
which is the Euclidean spacetime formulation of QCD on a
finite and discrete lattice in a periodic hypercubic box. As
the consequence of calculation in Euclidean spacetime and
in a finite box, the energy spectra become discrete, no
asymptotic states and no direct access to scattering ampli-
tudes are available, and finite volume effect must be taken
into account.
To map out nucleon-nucleon scattering amplitudes in the

LQCD calculation, the Lüscher formula [4] has been
widely used, which relates discrete energy levels of finite
volume systems to their scattering phase shifts in a compact
form. The typical two-step procedure follows: (1) first,
extracting the low-lying energy spectrum by fitting

exponential decaying behavior of correlation functions in
Euclidean spacetime, and looking for the plateau in
temporal correlation functions when Euclidean time is
large enough so that the lowest energy level becomes
dominant and correlation functions are free of excited states
pollution; (2) the discrete energy spectra thus are converted
into scattering phase shifts by applying the Lüscher
formula. The two-step Lüscher formula approach has been
proven to be very successful in the number of applications
especially in the meson sector (see, e.g., Refs. [5–17]). The
formalism has been quickly extended to include inelastic
effects, such as a coupled-channel effect and three-body
problems (see, e.g., Refs. [17–47]). Unfortunately the
application of the two-step Lüscher formula approach in
two-nucleon systems is hindered by a few challenges:

(i) The signal-to-noise ratio (S/N) [48,49] in stochastic
evaluation of the path integral for the correlation of
two-nucleon systems at large Euclidean times be-
haves as

RðτÞ ∼τ→∞e−ðmN−3
2
mπÞτ; ð1Þ

where mN and mπ are the nucleon and pion mass.
Exponentially more statistics are required to over-
come the S/N problem.

(ii) A large volume leads to a significant increase of
density of states with small splitting between energy
levels: △E ≈ 1

mN
ð2πL Þ2, where L is a spatial extension

of the lattice. The required Euclidean time τ to
display the signal of clear plateau must be
τ ≫ ð△EÞ−1 ∼mNðL=2πÞ2, which could be well
into the region where the noise has swamped the
signal.
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(iii) The difficulties of the Lüscher formula approach at a
large volume limit increase significantly due to the
increasingly dense finite volume spectrum and the
large number of interpolating operators that are
required to faithfully project out desired low-lying
energy levels (see, e.g., Ref. [50]).

The challenges have prevented substantive progress on the
calculation of two-nucleon interactions in LQCD. Even
with all the technological advancements in computational
science, there are still no calculations of two-nucleon
systems utilizing the Lüscher formula with pion masses
lighter than 300 MeV.
These challenges alsomotivate exploration of alternatives

to the two-step Lüscher formula approach. The HAL QCD
Collaboration potential method [51–55] was developed a
decade ago and may offer an alternative approach to
determining two-nucleon interactions at low energies
without ground state saturation. Unfortunately, results from
the two-step Lüscher formula method and HAL QCD
Collaboration potential method do not agree, not even
qualitatively at a very heavy pion mass [49]. The discrep-
ancy between the Lüscher formula approach and the HAL
QCD Collaboration potential method is known as the two-
nucleon controversy and poses a severe challenge to the
LQCD prediction on few-nucleon dynamics. Some other
new ideas have also been proposed in recent years, such as
determining scattering amplitudes from finite volume spec-
tral functions in Ref. [50], extraction of spectral densities
from lattice correlators inRefs. [56,57], and extracting phase
shifts from integrated correlation functions [58].
In Ref. [58], we show that the difference of integrated

finite volume two-particle correlation functions between
the interacting and free nonrelativistic particles system to
infinite volume is related to the scattering phase shift, δðϵÞ,
through an integral weighted by a factor e−ϵτ,

CðtÞ − C0ðtÞ →
L→∞

t¼−iτ

τ

π

Z
∞

0

dϵδðϵÞe−ϵτ; ð2Þ

where CðtÞ and C0ðtÞ are integrated correlation functions
for two nonrelativistic interacting and noninteracting par-
ticles in the finite box, respectively. L stands for the size of
the periodic box, and t and τ are Minkowski and Euclidean
time, respectively. Most importantly, we also demonstrated
in Ref. [58] that the difference of integrated finite volume
two-particle correlation functions rapidly approaches its
infinite volume limit that is given by the right-hand side of
Eq. (2) at short Euclidean time, τ ≪ L, even with a modest
small size box. The fast convergence feature of Eq. (2) at
short Euclidean time (τ=L ≪ 1) makes it potentially a good
candidate to overcome the S/N problem in the two-nucleon
LQCD calculation. The proposal of Ref. [58] in principle is
free from issues, such as increasingly dense energy spectra
at large volume and ground state saturation. Hence, it also
offers a more suitable framework to overcome the

challenges that the conventional two-step Lüscher formula
faces at the large volume limit.
The aim of the present work is to extend the non-

relativistic formalism proposed in Ref. [58] to a relativistic
one. After installing all the relativistic kinematic factors, we
will show later on that the relativistic version of Eq. (2) in
1þ 1 dimensions is given by

△CðtÞ ¼t¼−iτX∞
n¼0

�
e−Enτ

En
−
e−E

ð0Þ
n τ

Eð0Þ
n

�

→
L→∞

t¼−iτ

1

π

Z
∞

2m
dϵδðϵÞ

�
τ þ 1

ϵ

�
e−ϵτ

ϵ
; ð3Þ

where En and Eð0Þ
n are eigenenergies of interacting and

noninteracting relativistic two-particle systems, respec-
tively, and m stands for the mass of two identical particles.
The fast convergence of△CðtÞ into its infinite volume limit
given by the relation in Eq. (3) will be illustrated by (1) an
exactly solvable contact interaction model, (2) a perturba-
tion theory calculation, and (3) a Monte Carlo simulation of
a complex ϕ4 lattice field theory model.
The paper is organized as follows. First of all, a field

theory model for the study of relativistic spinless particles
interaction is set up in Sec. II. The derivation of the infinite
volume limit of the integrated two-particle correlation
function, its relation to particle scattering phase shift,
and exact solutions and perturbation calculation of contact
interaction results are all presented in Sec. II. The two
dimensional (one spatial and one temporal dimensions)
Monte Carlo simulation test of the ϕ4 field is presented and
discussed in Sec. III. The discussions and summary are
given in Sec. IV.

II. A LATTICE FIELD THEORY MODEL

In the present work, we will consider a relativistic lattice
field theory model for the interaction of charged scalar
particles via a short-range potential in one spatial and one
temporal dimensional spacetime. The classical action of the
lattice model in two-dimensional Minkowski spacetime is

S ¼ 1

2

Z
∞

−∞
dt

Z
L

0

dx

�
∂ϕ�

∂t
∂ϕ

∂t
−
∂ϕ�

∂x
∂ϕ

∂x
−m2jϕj2

�

−
1

4!

Z
∞

−∞
dt

Z
L

0

dxdyjϕðx; tÞj2Vðx − yÞjϕðy; tÞj2; ð4Þ

where the complex ϕðx; tÞ field operator describes a
charged scalar particle of mass m, and it satisfies the
periodic boundary condition

ϕðxþ L; tÞ ¼ ϕðx; tÞ: ð5Þ

The short-range spatially symmetric instantaneous inter-
action potential is represented by VðxÞ ¼ Vð−xÞ.
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A. Two-particle correlation function and its spectral
representation

The two charged scalar particles interaction can be
studied via evaluating the time dependence of the corre-
lation function. The two-particle correlation function is
defined by

Cðrt; r00Þ ¼ θðtÞh0jOðr; tÞO†ðr0; 0Þj0i
þ θð−tÞh0jO†ðr0; 0ÞOðr; tÞj0i; ð6Þ

where two identical charged particles creation operator
after projecting out center of mass motion (CM) in the rest
frame is given by

O†ðr; tÞ ¼ 1ffiffiffi
2

p
Z

L

0

dx2ffiffiffiffi
L

p ϕðrþ x2; tÞϕðx2; tÞ: ð7Þ

The factor 1=
ffiffiffi
2

p
takes into account the exchange symmetry

of two distinguishable charged particles. Inserting the
complete energy basis,

P
n jEnihEnj ¼ 1, between inter-

polating operators, and defining the two-particle relative
wave function by

hEnjO†ðr0; 0Þj0i ¼ 1ffiffiffiffi
L

p ψ ðLÞ�
En

ðr0Þ
En

; ð8Þ

similarly

hEnjOðr; tÞj0i ¼ 1ffiffiffiffi
L

p ψ ðLÞ�
En

ðrÞ
En

eiEnt ð9Þ

defines the wave function of two-antiparticle states, where
we have assumed that wave functions of two-particle and
two-antiparticle are identical. The spectral representation of
two-particle correlation function is thus given by

Cðrt; r00Þ ¼ θðtÞ
L

X
n

ψ ðLÞ
En

ðrÞ
En

ψ ðLÞ�
En

ðr0Þ
En

e−iEnt

þ θð−tÞ
L

X
n

ψ ðLÞ
En

ðr0Þ
En

ψ ðLÞ�
En

ðrÞ
En

eiEnt: ð10Þ

The first and the second terms in Eq. (10) describe two-
particle states propagating forward in time and two-anti-
particle states propagating backward in time, respectively.
In general, both parities contribute to energy states, for
scalar particles considered in this work, only even parity
energy states survived due to Bose symmetry,

ψ ðLÞ
En

ð−rÞ ¼ ψ ðLÞ
En

ðrÞ: ð11Þ

The noninteracting correlation function is given by

C0ðrt; r00Þ ¼
1

L

X
p¼2πn

L ;n∈Z

cosðprÞ
Eð0Þ
p

cosðpr0Þ
Eð0Þ
p

e−iE
ð0Þ
p jtj; ð12Þ

where free two-particle energies are Eð0Þ
p ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
with p ¼ 2πn

L , n∈Z.
The two-particle relative wave function is required to

satisfy the relativistic Lippmann-Schwinger (LS)–like
equation; see, e.g., Appendixes A and B,

ψ ðLÞ
E ðrÞ ¼

Z
L

0

dr0GðLÞ
0 ðr − r0;EÞVðr0Þψ ðLÞ

E ðr0Þ: ð13Þ

The relativistic finite volume Green function is defined by
(see, e.g., Refs. [17,39])

GðLÞ
0 ðr;EÞ ¼ 1

L

X
q¼2πn

L ;n∈Z

1

ωq

eiqr

E2 − ð2ωqÞ2
; ð14Þ

where ωq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
is the energy of a single particle

with momentum q. The relativistic wave function is
normalized in momentum space by

1

L

X
p¼2πn

L ;n∈Z

1

2ωp
ψ̃ ðLÞ
En

ðpÞψ̃ ðLÞ�
En0

ðpÞ¼EnL
δn;n0 þδn;−n0

2
; ð15Þ

where theFourier transformof thewave function is definedby

ψ̃ ðLÞ
En

ðpÞ
2ωp

¼
Z

L

0

drψ ðLÞ
En

ðrÞeipr: ð16Þ

Using the normalization relation of the wave function in
Eq. (15), we find

1

L

X
p¼2πn

L ;n∈Z

2ωpC̃ðpt;p0Þ ¼
X∞
n¼0

e−iEnjtj

En
; ð17Þ

where the Fourier transform of the correlation function is
defined by

C̃ðpt;p00Þ ¼
Z

L

0

drdr0eiprCðrt; r00Þe−ip0r0 : ð18Þ

Equation (17) may be considered as the integrated corre-
lation function in momentum space. The difference of
interacting and noninteracting integrated correlation func-
tions is thus given by

△CðtÞ ¼ 1

L

X
p¼2πn

L ;n∈Z

2ωp½C̃ðpt;p0Þ − C̃0ðpt;p0Þ�

¼
X∞
n¼0

�
e−iEnt

En
−
e−iE

ð0Þ
n t

Eð0Þ
n

�
: ð19Þ
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B. Relating integrated correlation functions
to the scattering phase shift

In momentum space, the two-particle correlation func-
tion along the diagonal direction is given by

C̃ðpt;p0Þ

¼ 1

L

X
n

1

E2
n

ψ̃ ðLÞ
En

ðpÞ
Ep

ψ̃ ðLÞ�
En

ðpÞ
Ep

½θðtÞe−iEnt þ θð−tÞeiEnt�:

ð20Þ

Using identity

i
Z

∞

−∞

dλ
2π

e−iλt

λþ i0
¼ θðtÞ; ð21Þ

the particles time forward and antiparticles time backward
propagations can be combined. The momentum space
spectral representation of the two-particle correlation func-
tion along the diagonal direction is thus expressed in terms
of the two-particle Green function by

C̃ðpt;p0Þ ¼ i
Z

∞

−∞

dλ
2π

G̃ðLÞðp; p; λÞe−iλt: ð22Þ

The diagonal terms of the momentum space two-particle
Green function is defined by

G̃ðLÞðp; p;EÞ ¼
Z

L

0

drdr0eiprGðLÞðr; r0;EÞe−ipr0 ; ð23Þ

where the two-particle Green function is given by

GðLÞðr; r0;EÞ ¼ 1

L

X
q¼2πn

L ;n∈Z

1

ωq

ψ ðLÞ
Eq

ðrÞψ ðLÞ�
Eq

ðr0Þ
E2 − E2

q þ i0
; ð24Þ

and Eq ¼ 2ωq ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
. Hence, the difference of

integrated correlation functions is given in terms of Green’s
functions by

△CðtÞ ¼ i
Z

∞

−∞

dλ
2π

e−iλt

×
1

L

X
p¼2πn

L ;n∈Z

2ωp½G̃ðLÞðp; p; λÞ − G̃ðLÞ
0 ðp; p; λÞ�;

ð25Þ

where the Fourier transform of Green’s functions are
defined in a similar way as in Eq. (18).
Next, using the relativistic Friedel formula relation in

infinite volume (see Appendix A 3),

Z
∞

−∞

dp
2π

ωp½G̃ð∞Þðp; p;EÞ − G̃ð∞Þ
0 ðp; p;EÞ�

¼ −
1

π

Z
∞

4m2

ds
δð ffiffiffi

s
p Þ

ðs − E2 − i0Þ2 ; ð26Þ

where δðEÞ is the scattering phase shift of two scalar
particles, at a large volume limit, the difference of inte-
grated correlation functions thus approaches

△CðtÞ →
L→∞

−
1

π

Z
∞

4m2

dsδð ffiffiffi
s

p Þ
�
i
Z

∞

−∞

dλ
π

e−iλt

ðs − λ2 − i0Þ2
�
:

ð27Þ

Completing the integration in brackets, a compact form of
the large volume limit of the difference of integrated
correlation functions can be found,

△CðtÞ →
L→∞

t¼−iτ
−
1

π

Z
∞

2m
dϵδðϵÞ d

dϵ

�
e−ϵτ

ϵ

�
: ð28Þ

This relation that is also listed in Eq. (3) is our main result.
Using an exactly solvable model and perturbation theory in
Sec. II C and Sec. II D, respectively, we show that the
difference of integrated correlation functions converges
rapidly to its infinite volume limit.

C. Exactly solvable model with a contact interaction

Considering a contact interaction,

VðrÞ ¼ V0δðrÞ; ð29Þ

the action in Eq. (4) is thus reduced to a complex scalar ϕ4

theory action. The finite volume LS equation in Eq. (13)
yields the quantization condition

1

V0

¼ GðLÞ
0 ð0;EÞ; ð30Þ

where finite volume free two-particle Green’s function is
defined in Eq. (14).
Using scattering solutions in infinite volume, Eqs. (A3)

and (A8) in Appendix A, the potential strength V0 is related
to infinite volume free particle Green’s function by

1

V0

¼ Re½Gð∞Þ
0 ð0;EÞ� − ρðEÞ cos δðEÞ; ð31Þ

where the analytic expressions of Gð∞Þ
0 ð0;EÞ and ρðEÞ are

given in Eqs. (A6) and (A7), respectively (see details in
Appendix A). The quantization condition can be rewritten
in a form that is known as the Lüscher formula,
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cos δðEÞ ¼ Re½Gð∞Þ
0 ð0;EÞ� −GðLÞ

0 ð0;EÞ
ρðEÞ : ð32Þ

The right-hand side of Eq. (32) is typically referred to as a
zeta function that is associated with the long-range geom-
etry of a lattice (see, e.g., Ref. [4]). Let us rearrange the
Lüscher formula to

δðEnÞ þ ϕðEnÞ ¼ nπ; ð33Þ

where subscript-n in En is used to label the nth eigenenergy
of the system, and

ϕðEÞ ¼ −cot−1
�
Re½Gð∞Þ

0 ð0;EÞ� − GðLÞ
0 ð0;EÞ

ρðEÞ
�
þ lπ; ð34Þ

where l∈Z. The lπ is added to keep ϕðEÞ as a monotonic

function and prevent jumping at branch points when E ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πnL Þ2 þm2

q
where n∈Z [see, e.g., Fig. 1(a)].

The fast convergence of relation

X∞
n¼0

�
e−Enτ

En
−
e−E

ð0Þ
n τ

Eð0Þ
n

�
→

L→∞
−
1

π

Z
∞

2m
dϵδðϵÞ d

dϵ

�
e−ϵτ

ϵ

�
ð35Þ

can be verified numerically, where interacting energy
levels are determined by the quantization condition in
Eq. (33). The free particles energy levels are given by

Eð0Þ
n ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πnL Þ2 þm2

q
. The phase shift is computed by

using Eq. (31). The difference of the finite volume
integrated correlation functions approaches its infinite
volume limit rapidly [see, e.g., Fig. 1(b)].

D. Leading order result of the
perturbation calculation

The fast convergence of the difference of integrated
correlation functions to its infinite volume limit can also be
checked straightforwardly by perturbation theory. The
perturbation calculation can be carried out in a similar
way as demonstrated in Ref. [58], and the leading order
contribution is given by

Cðr;t;r0;0Þ−C0ðr;t;r0;0Þ

¼−
iV0

L

Z
L

0

dx2

Z
L

0

dx02

Z
∞

−∞
dt0

Z
L

0

dx00

×D−1
0 ðrþx2−x00;t− t00ÞD−1

0 ðx2−x00;t− t00Þ
×D−1

0 ðx00−r0−x02;t
00ÞD−1

0 ðx00−x02;t
00ÞþOðV2

0Þ; ð36Þ

where the free two-particle propagator is defined by

D−1
0 ðx; tÞ ¼ i

Z
∞

−∞

dϵ
2π

1

L

X
k¼2πn

L ;n∈Z

eikxeiϵt

ϵ2 − ðk2 þm2Þ : ð37Þ

Carrying out space and time integration, we find

Cðr; t; r0; 0Þ − C0ðr; t; r0; 0Þ

¼ −iV0

Z
∞

−∞

dϵ
2π

eiϵtGðLÞ
0 ðr; ϵÞGðLÞ

0 ðr0; ϵÞ þOðV2
0Þ; ð38Þ

(a) (b)

FIG. 1. The energy spectra and difference of integrated correlation function plots: (a) δðϵnÞ þ ϕðϵnÞ (solid black curves vs nπ (dashed
red lines) with L ¼ 3, and energy spectra are located at intersection points of black and red curves; (b) − 1

π

R
∞
2m dϵδðϵÞ d

dϵ ðe
−ϵτ

ϵ Þ (solid black
curve) vs △CðtÞ ¼ P∞

n¼0 ½e
−Enτ

En
− e−E

ð0Þ
n τ

Eð0Þ
n

� (dashed red curves) with L ¼ 3, 5, 10. The rest of the parameters are taken as

m ¼ 1 and V0 ¼ 5.

TOWARD EXTRACTING …. II. A RELATIVISTIC … PHYS. REV. D 110, 014504 (2024)

014504-5



where the finite volume free particles Green function,

GðLÞ
0 ðr; ϵÞ, is defined in Eq. (14). Using the definition of

the difference of integrated correlation functions in Eq. (19)
and further carrying out the integration of ϵ, the leading
order result of the perturbation calculation is given by

△CðtÞ ¼t¼−iτ −
V0

L

X
k¼2πn

L ;n∈Z

τ þ 1
Ek

E3
k

e−Ekτ þOðV2
0Þ; ð39Þ

where again Ek ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
is the total energy of two

particles. At the large volume limit, it thus approaches

△CðtÞ →
L→∞

t¼−iτ
−V0

Z
∞

−∞

dk
2π

τ þ 1
Ek

E3
k

e−Ekτ þOðV2
0Þ: ð40Þ

On the other hand, using the Taylor expansion of
scattering phase shift,

δðEkÞ ¼ −
V0

4kEk
þOðV2

0Þ; ð41Þ

we thus find

−
1

π

Z
∞

2m
dϵδðϵÞ d

dϵ

�
e−ϵτ

ϵ

�

¼ −V0

Z
∞

−∞

dk
2π

�
τ þ 1

ϵk

�
e−ϵkτ

ϵ3k
þOðV2

0Þ; ð42Þ

where ϵk ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
. This is indeed consistent with

perturbation calculation.

III. MONTE CARLO SIMULATION OF THE
COMPLEX ϕ4 LATTICE MODEL

In this section, the formalism is tested by carrying out the
Monte Carlos simulation of the complex ϕ4 lattice model,
which describes charged scalar particles interacting with a
contact potential. The results are compared with the result
by using the Lüscher formula. The Euclidean spacetime
lattice ϕ4 action is given by (see, e.g., Ref. [35])

SE ¼ −κ
X

x;τ;n̂x;n̂τ

ϕ̂�ðx; τÞϕ̂ðxþ n̂x; τ þ n̂τÞ þ c:c:

þ ð1 − 2λÞ
X
x;τ

jϕ̂ðx; τÞj2 þ λ
X
x;τ

jϕ̂ðx; τÞj4; ð43Þ

where ðx; τÞ refer to discrete coordinates of the Euclidean
L × T lattice site: x∈ ½0; L − 1� and τ∈ ½0; T − 1�. The
lattice spacing, a, is set to unity. The ðn̂x; n̂τÞ denotes the
unit vector in direction ðx; τÞ on a periodic square lattice.
The parameters ðκ; λÞ are related to bare mass m0 and
bare coupling constant g0 of interacting term g0

4!
jϕj4 by

m2
0 ¼ 1−2λ

κ − 8 and g0 ¼ 6λ
κ2
(see Ref. [35]). The ϕ field in the

ϕ4 lattice model has been rescaled:

ϕðx; τÞ ¼
ffiffiffiffiffi
2κ

p
ϕ̂ðx; τÞ:

The numerical simulation is carried out by the hybrid
Monte Carlo (HMC) algorithm, and the details of the HMC
algorithm are described in Ref. [35].
The single-particle and two-particle correlation functions

are defined, respectively, by

CðϕÞðxτ; x00Þ ¼
R
DϕDϕ†ϕðx; τÞϕ†ðx0; 0Þe−SER

DϕDϕ†e−SE
ð44Þ

and

Cð2ϕÞðrτ; r00Þ ¼
R
DϕDϕ†Oðr; τÞO†ðr0; 0Þe−SER

DϕDϕ†e−SE
; ð45Þ

where the relative motion of the two-particle interpolating
operator is defined in Eq. (7).
The individual energy levels can be projected out by

C̃ðϕ;2ϕÞðp; τÞ ¼
X

x;x0 ∈ ½0;L−1�
eipxCðϕ;2ϕÞðxτ; x00Þe−ipx0 ; ð46Þ

where p ¼ 2πn
L ; n∈ ½− L

2
þ 1; L

2
�.

A. Simulation test for the noninteracting case: λ= 0

For noninteracting particles by setting λ ¼ 0 in the
Euclidean action in Eq. (43), the analytic expression of
the correlation functions can be found. The single-particle
correlation is given by

CðϕÞ
0 ðxτ; x00Þ ¼ 1

L

Xn∈ ½−L
2
þ1;L

2
�

k¼2πn
L

eikðx−x0ÞGϕðk; τÞ; ð47Þ

and the two-particle correlation function is given by

Cð2ϕÞ
0 ðrτ; r00Þ ¼ 1

L

Xn∈ ½−L
2
þ1;L

2
�

k¼2πn
L

cosðkrÞ cosðkr0Þ½Gϕðk; τÞ�2;

ð48Þ

where

Gϕðk; τÞ ¼
1

T

Xn∈ ½0;T−1�

ω¼2πn
T

eiωτ

2 − 2 cos ω − 2 cos kþ 2 cosh m
:

ð49Þ

In the above expressions, the lattice spacing a has been set
to unity, and the lattice spacing can be installed easily, such
as by replacing ω by the dimensionless argument in
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cosðaωÞ. At the limit of T → ∞ and also taking lattice
spacing to zero (a → 0), we find

Gϕðk; τÞ →
T→∞

a→0

e−ωkτ

2ωk
; ð50Þ

and single and two-particle correlation functions approach

CðϕÞ
0 ðxτ; x00Þ →

T→∞

a→0

1

L

Xn∈Z

k¼2πn
L

eikðx−x0Þ
e−ωkτ

2ωk
ð51Þ

and

Cð2ϕÞ
0 ðxτ; x00Þ →

T→∞

a→0

1

L

Xn∈Z

k¼2πn
L

cosðkrÞ cosðkr0Þ e
−2ωkτ

ð2ωkÞ2
; ð52Þ

where ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
.

The individual energy level can be extracted by projec-
ting the correlation functions into momentum space along
the diagonal direction,

C̃ðϕ;2ϕÞ
0 ðp; τÞ ¼

X
x;x0 ∈ ½0;L−1�

eipxCðϕ;2ϕÞ
0 ðxτ; x00Þe−ipx0 ; ð53Þ

and, thus, we find

1

L
C̃ðϕÞ
0 ðp; τÞ ¼ Gϕðp; τÞ →

T→∞

a→0

e−ωpτ

2ωp
; ð54Þ

where p ¼ 2πn
L ; n∈ ½− L

2
þ 1; L

2
�, and

1

L
C̃ð2ϕÞ
0 ðp; τÞ ¼ σp

2
½Gϕðp; τÞ�2 →

T→∞

a→0

σp
2

e−2ωpτ

ð2ωpÞ2
; ð55Þ

where the symmetry factor σp is defined by

σp ¼

8><
>:

2; if p ¼ 0;
1
2
; if p ¼ π;

1; otherwise:

ð56Þ

At the limit of a → 0 and T → ∞, the integrated
correlation functions of free particles approach

CðϕÞ
0 ðτÞ ¼ 1

L

Xn∈ ½−L
2
þ1;L

2
�

p¼2πn
L

C̃ðϕÞ
0 ðp; τÞ →

T→∞

a→0

Xn∈Z

p¼2πn
L

e−ωpτ

2ωp
ð57Þ

and

Cð2ϕÞ
0 ðτÞ ¼ 1

L

Xn∈ ½−L
2
þ1;L

2
�

p¼2πn
L

2ωða;LÞ
p C̃ð2ϕÞ

0 ðp; τÞ

→
T→∞

a→0

Xn∈ ½0;∞�

p¼2πn
L

e−2ωpτ

2ωp
; ð58Þ

where

ωða;LÞ
p ¼ cosh−1½1þcoshm−cosp� →a→0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þm2

q
: ð59Þ

The simulations for noninteracting charged scalar par-
ticles are performed with the choice of the parameters:
κ ¼ 0.1213, and λ ¼ 0. The temporal extent of the lattice
and the spatial extent of the lattice are fixed at T ¼ 100 and
L ¼ 80, respectively. For each set of lattice, one million
measurements are generated.
The mass of a single particle is measured by fitting

projected single-particle correlation function C̃ðϕÞ
0 ðp; τÞ

with p ¼ 0, and we find m ¼ 0.3502� 0.0032. Using
the single particle’s mass as input, the comparison of the
analytic expression of effective mass, where

mðϕ;2ϕÞ
eff ðp; τÞ ¼ ln

C̃ðϕ;2ϕÞ
0 ðp; τÞ

C̃ðϕ;2ϕÞ
0 ðp; τ þ 1Þ

; ð60Þ

vs lattice data are plotted in Figs. 2(a) and 2(c). The plots of
projected single-particle and two-particle correlation func-

tions C̃ðϕ;2ϕÞ
0 ðp; τÞ that are defined in Eqs. (54) and (55) vs

lattice data are shown in Figs. 2(b) and 2(d). The plots of

integrated correlation functions, Cðϕ;2ϕÞ
0 ðτÞ=L, that are

defined in Eqs. (57) and (58), vs lattice data are shown in

Figs. 3(a) and 3(c). We also plot 1 − Cðϕ;2ϕÞ
0 ðτÞ=Cðϕ;2ϕÞ

lat ðτÞ
in Figs. 3(b) and 3(d) to illustrate good agreement between
lattice data and analytic expression of free single-particle
and two-particle correlation functions.

B. Contact interacting cases: λ ≠ 0

1. Extracting phase shift from integrated
correlation function

The simulations for interacting charged scalar particles
are performed with the choice of the parameters:
κ ¼ 0.1286, and λ ¼ 0.01. The temporal extent of the
lattice is fixed at T ¼ 120, and various spatial extents of
lattice L’s are computed.
The mass of a single particle is measured by fitting

projected single-particle correlation function C̃ðϕÞ
0 ðp; τÞ

with p ¼ 0, where we find m ≃ 0.2720� 0.0015. The
examples of the single-particle effective mass of lattice
data are plotted in Fig. 4(a), and the single-particle mass as
a function of lattice size L is
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mðLÞ ¼ mþ cffiffiffiffi
L

p e−mL; ð61Þ

where m ¼ 0.272� 0.0015 and c ¼ 0.31� 0.05, in
Fig. 4(c). The plot of the integrated single-particle corre-

lation function vs data, 1 − CðϕÞ
0 ðτÞ=CðϕÞ

lat ðτÞ, is shown in
Fig. 4(b). The difference of integrated two-particle corre-
lation functions between lattice data and the noninteracting
analytic expression, △Cð2ϕÞðτÞ, is plotted in Fig. 4(d),
where △Cð2ϕÞðτÞ is defined by

△Cð2ϕÞðτÞ ¼ Cð2ϕÞ
lat ðτÞ − Cð2ϕÞ

0 ðτÞ ð62Þ

and

Cð2ϕÞ
lat ðτÞ ¼ 1

L

Xn∈ ½−L
2
þ1;L

2
�

p¼2πn
L

2ωða;LÞ
p C̃ð2ϕÞ

lat ðp; τÞ: ð63Þ

The analytical expression of noninteracting particles cor-

relation function Cð2ϕÞ
0 ðτÞ is defined in Eq. (58), and ωða;LÞ

p

is defined in Eq. (59). The contact interaction coupling
strength can be extracted from △Cð2ϕÞðτÞ [see Fig. 4(d)],
and we find

V0 ¼ 0.196� 0.030: ð64Þ
Similar to the nonrelativistic case [58], both interacting and
noninteracting particles correlation functions are divergent
as L → ∞ and τ ∼ 0, where the divergent part behaves as

Cð2ϕÞ
lat ðτ ∼ 0Þ ∝ L ln L. The divergent parts are canceled out

so that △Cð2ϕÞðτÞ remains well behaved as L → ∞. The
cancellation of divergence is crucial; hence, the accurate

representation of Cð2ϕÞ
0 ðτÞ is important. The consequence is

that △Cð2ϕÞðτÞ is sensitive to the mass of the ϕ field near
small Euclidean time that ultimately generates large uncer-
tainties near τ ∼ 0.

(a) (b)

(c) (d)

FIG. 2. Comparison of (a),(c) single-particle and two-particle effective mass mðϕ;2ϕÞ
eff ðp; τÞ ¼ ln

C̃ðϕ;2ϕÞ
0

ðp;τÞ
C̃ðϕ;2ϕÞ
0

ðp;τþ1Þ (red band) vs lattice data,

where p ¼ 2πn
L , n ¼ 0 (black error bars), 1 (blue error bars), and 2 (purple error bars); (b),(d)

C̃ðϕ;2ϕÞ
0

ðp;τÞ
L (red band) vs lattice data, where

p ¼ 2πn
L , n ¼ 0 (black error bars), 1 (blue error bars), and 2 (purple error bars). The model parameters are taken as κ ¼ 0.1213, λ ¼ 0,

T ¼ 100, and L ¼ 80.
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2. Comparison with the Lüscher formula result

The individual two-particle energy levels can be extracted
by applying the generalized eigenvalue method [59]

C̃ð2ϕÞðτÞξn ¼ λnðτ; τ0ÞC̃ð2ϕÞðτ0Þξn; ð65Þ

where τ0 is a small reference time and is set to zero in this
work. The two-particle correlation function matrices is
defined by

½C̃ð2ϕÞðτÞ�p;p0 ¼
X

x;x0 ∈ ½0;L−1�
eipxCð2ϕÞðxτ; x00Þe−ip0x0 : ð66Þ

A simple form of λnðτ; 0Þ ¼ e−Enτ is used in the data fitting
for τ∈ ½0; 8�; see the example of the effective mass of two-
particle data in Fig. 5(a). To extract the scattering phase shift
or coupling strength for the contact interaction, the two-
particle lattice energy spectra are fitted by using the Lüscher
formula.
Twodifferent versions of quantization conditions are used

in this work: first of all, the zero lattice spacing limit version

of the quantization condition in Eq. (33) that is nothing but
the Lüscher formula. Second, we also use the finite lattice
spacing version of the quantization condition by taking into
consideration the finite lattice spacing effect (a ¼ 1)

1

V0

¼ Gða;LÞ
0 ð0; EÞ; ð67Þ

where

Gða;LÞ
0 ð0; EÞ ¼ 1

L

Xn∈ ½−L
2
þ1;L

2
�

p¼2πn
L

1

ωða;LÞ
p

1

E2 − ð2ωða;LÞ
p Þ2

: ð68Þ

As described in Sec. II C, Eq. (67) can be rewritten to the
familiar Lüscher formula form. Two versions of quantiza-
tion conditions make a negligible difference at low-lying
energy spectra [see, e.g., Fig. 5(b)]. The value of the
coupling strength extracted from lattice data is

V0 ¼ 0.165� 0.040;

(a) (b)

(c) (d)

FIG. 3. (a),(c) Comparison of
Cðϕ;2ϕÞ
0

ðτÞ
L (red band) vs lattice data (black error bars); (b),(d) plot of 1 − Cðϕ;2ϕÞ

0 ðτÞ=Cðϕ;2ϕÞ
lat ðτÞ (black error

bars); the red error band is also plotted. The model parameters are taken as κ ¼ 0.1213, λ ¼ 0, T ¼ 100, and L ¼ 80.
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which is slightly lower than thevalue by fitting the difference
of integrated correlation functions.

3. Spectral representation check

As a consistent check, we also compute the difference of
integrated two-particle correlation functions by its spectral
representation

△Cð2ϕÞðτÞ ≃
Xn∈ ½−L

2
þ1;L

2
�

p¼2πn
L

σp
2

�
e−E

ða;LÞ
p τ

Eða;LÞ
p

−
e−2ω

ða;LÞ
p τ

2ωða;LÞ
p

�

→
T→∞

a→0

Xn∈ ½0;∞�

p¼2πn
L

�
e−Epτ

Ep
−
e−E

ð0Þ
p τ

Eð0Þ
p

�
; ð69Þ

where the finite volume energy levels are determined by
the quantization condition in Eq. (67) or the Lüscher
formula at the zero lattice spacing limit in Eq. (33). In
terms of spectral representation results, we observe that
the lattice data seem to prefer the value of the coupling
strength, V0 ¼ 0.196� 0.030, which is extracted from the
integrated correlation function in Sec. III B 1. The spectral
representation of △Cð2ϕÞðτÞ with V0 ∼ 0.196 agrees well
with lattice data. The example of the comparison of
△Cð2ϕÞðτÞ by spectral representation vs the lattice data
result is shown in Figs. 6(a) and 6(b), where the result
of using the zero lattice spacing limit version of the
Lüscher formula in Eq. (33) is also plotted in Fig. 6(a).
Again, the finite lattice spacing quantization condition in
Eq. (67) and the zero lattice spacing limit version of the
quantization condition in Eq. (33) make negligible

(a) (b)

(d)(c)

FIG. 4. (a) Plot of single-particle and two-particle effective mass mðϕÞ
eff ðp; τÞ ¼ ln

C̃ðϕÞ
lat ðp;τÞ

C̃ðϕÞ
lat ðp;τþ1Þ, where p ¼ 2πn

L , n ¼ 0 (black error bars),

1 (blue error bars), and 2 (purple error bars). The red dashed lines represent the free particles energy level, and the solid red lines and

red bands are the center value and its error band of interacting energy levels. (b) Plot of 1 − CðϕÞ
0 ðτÞ=CðϕÞ

lat ðτÞ (black error bars), and the
red error band is also plotted. (c) Single-particle mass as a function of lattice size L, mðLÞ ¼ mþ cffiffiffi

L
p e−mL, where m ¼ 0.272� 0.0015

and c ¼ 0.31� 0.05. (d) Plot of△Cð2ϕÞðτÞ for lattice data with various L’s ranging from L ¼ 10 (green error bars), 20 (blue error bars),
30 (magenta error bars), and 40 (black error bars) vs its infinite volume limit (solid red curve and red band). The lattice data are plotted
off-site horizontally for better visualization. The model parameters are taken as κ ¼ 0.1286, λ ¼ 0.01, and T ¼ 120.
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difference in spectral representation results. The patten of
convergence of both lattice data and spectral representa-
tion of △Cð2ϕÞðτÞ as increasing L is displayed in
Fig. 6(b).

4. A short summary

With the set of lattice model parameters κ ¼ 0.1286 and
λ ¼ 0.01, the difference of integrated correlation functions,

△Cð2ϕÞ
lat ðτÞ, for various L’s and a fixed T ¼ 120 are

computed. The mass of the ϕ field is m ∼ 0.272. The

convergence of △Cð2ϕÞ
lat ðτÞ is observed and displayed in

Figs. 4(d) and 6(b).
The coupling strength of the contact interaction potential

is extracted by two different approaches:
(1) Fitting lattice data of △Cð2ϕÞ

lat ðτÞ with its infinite
volume limit form in the right-hand side of
Eq. (3), we find the value of coupling strength: V0 ¼
0.196� 0.030 [see Fig. 4(d)].

(2) The low-lying two-particle energy levels with vari-
ous L’s ranging from L ¼ 10 up to 80 are extracted
from projected two-particle correlation functions,

(a) (b)

FIG. 5. (a) Plot of two-particle effective mass mð2ϕÞ
eff ðp; τÞ ¼ ln

C̃ð2ϕÞ
lat ðp;τÞ

C̃ð2ϕÞ
lat ðp;τþ1Þ, where p ¼ 2πn

L , n ¼ 0 (black error bars), 1 (blue error

bars), and 2 (purple error bars). The red dashed lines represent free particles energy level; solid red lines and red bands are the center

value and its error band of interacting energy levels. (b) Comparison of two-particle energy spectra lattice data vs the Lüscher formula by
using Gða;LÞ

0 ð0; EÞ (red dashed curve), and vs the Lüscher formula result by using the zero lattice spacing version of GðLÞ
0 ð0; EÞ (blue

dashed curve). The model parameters are taken as κ ¼ 0.1286, λ ¼ 0.01, T ¼ 120, m ¼ 0.272, and V0 ¼ 0.165� 0.04.

(a) (b)

FIG. 6. (a) Comparison of △Cð2ϕÞðτÞ by using spectral representation in Eq. (69) vs the lattice result (black error bars) for two sets of
V0’s: V0 ¼ 0.196� 0.030 (purple) and V0 ¼ 0.165� 0.040 (red). The blue dashed curve is produced by using the zero finite spacing
limit version of the Lüscher formula in Eq. (33). (b) Comparison of spectral representation of △Cð2ϕÞðτÞ with various L’s for fixed
V0 ¼ 0.196� 0.030: L ¼ 10 (green error bars), 20 (blue error bars), 30 (purple error bars), and 40 (black error bars) vs lattice data. Only
the center value curves are plotted. The model parameters are taken as T ¼ 120 and m ¼ 0.272.
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and then fitting lattice data of low-lying energy
levels by using the quantization condition in
Eq. (67), the coupling strength is thus extracted:
V0 ¼ 0.165� 0.040 [see Fig. 5(b)].

(3) The spectral representation of △Cð2ϕÞðτÞ in Eq. (69)
is also computed with V0 ¼ 0.196 and plotted in
Fig. 6(b).

Overall, the result by using the Lüscher formula to fit
low-lying energy spectra and the result by fitting
△Cð2ϕÞðτÞ agree with each other within errors. The
possible cause on the difference of V0 ’s from two
approaches may be that the Lüscher formula fits only
low-lying energy spectra; however, the integrated corre-
lation function is the result of summing all energy levels.
Fitting the difference of integrated correlation functions is
more like a “global fit.” In principle, the lattice data in the
integrated correlation function contain inelastic contribu-
tions as well; however, the main result in Eq. (3) is only
formulated based on the assumption of the existence of the
elastic channel. The inelastic contributions are suppressed
by exponentially decaying factor e−Ent

En
for large τ.

However, since the mass of the single ϕ field is only
m ∼ 0.272, the four-particle threshold starts at 4m ∼ 1.1,
which is not too heavy; they may still have some residual
effects near τ ∼ 0. The data in Figs. 4(d) and 6(b) near
τ ∼ 0 start going wild, which may be the indication of an
inelastic contribution.
We remark that for the simple (1þ 1)-dimensional

lattice model with a contact or short-range interaction
potential, the scattering phase shift can be parametrized
by a single parameter, V0, which represents the strength of
the short-range potential:

δðEÞ ¼ cot−1
"
Re½Gð∞Þ

0 ð0;EÞ� − 1
V0

ρðEÞ

#
; ð70Þ

where the analytic expression of Gð∞Þ
0 ð0;EÞ is given in

Eq. (A6). In 1þ 1 dimensions, the contact interaction
potential strength, V0, is free of ultraviolet divergence, so it
is convenient to use it as a free parameter for the scattering
phase shift directly at the scope of current discussion. In
general, the scattering phase shift is usually parametrized in
terms of a few free parameters and kinematic factors based
on either chiral perturbation theory or K-matrix formalism
(see, e.g., [24,25]). The free parameters of the analytic form
of the scattering phase shift can be associated with the
renormalized coupling strength, mass of resonance, etc. For
instance, the coupling strength of the contact interaction
potential in 3þ 1 dimensions suffers ultraviolet divergence
and must be renormalized, and the parametrization
of the scattering phase shift is hence given in terms of
the renormalized coupling strength [see, e.g., Eq. (75)
in [17] ].

C. Sanity check on inelastic contribution

As another sanity check about consistency between the
Lüscher formula and the fitting △Cð2ϕÞðτÞ approach, two
possible ways of suppressing inelastic channel contribution
may be the following: (1) reducing coupling strength, since
a four-particle contribution may start at the order of V2

0; and
(2) increasing the mass of the ϕ field; hence, the threshold
of the four-particle contribution is lifted and the inelastic
contribution is suppressed by e−Enτ

En
factors.

1. Perturbation calculation check

First of all, we reduce the coupling strength and compare
results from the lowest order perturbation calculation,
spectral representation of △Cð2ϕÞðτÞ in Eq. (69), and also
the low-lying two-particle spectra. The lattice model
parameters are reset to κ ¼ 0.1235 and λ ¼ 0.001.
The single-particle mass and coupling strength now are
around m ¼ 0.267� 0.002 and V0 ¼ 0.025� 0.008,
respectively.
The perturbation calculation in Euclidean spacetime can

be carried out as described in Sec. II D, also taking into
consideration the finite lattice spacing, and we find

△Cð2ϕÞ
pert ðτÞ ¼

1

L

Xn∈ ½−L
2
þ1;L

2
�

p¼2πn
L

2ωða;LÞ
p △C̃ð2ϕÞ

pert ðp; τÞ; ð71Þ

where

△C̃ð2ϕÞ
pert ðp; τÞ ¼ −

V0

T

Xn∈ ½0;T−1�

ω¼2πn
L

eiωτ½G2ϕðp;ωÞ�2; ð72Þ

and the finite volume two-particle Green function is
defined by

G2ϕðp;ωÞ ¼
1

T

Xn0 ∈ ½0;T−1�

ω0¼2πn0
L

1

2− 2 cos ω0 − 2 cos kþ 2 cosh m

×
1

2− 2 cosðω−ω0Þ − 2 coskþ 2 cosh m
:

ð73Þ

At the limit of T → ∞ and zero lattice spacing,

G2ϕðp;ωÞ →
T→∞

a→0

1

ωp

1

ω2 þ ð2ωpÞ2
ð74Þ

and

△C̃ð2ϕÞ
pert ðp; τÞ →

T→∞

a→0
−V0

τ þ 1
2ωp

ð2ωpÞ4
e−2ωpτ: ð75Þ
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Hence, the perturbation result at the limit of zero lattice
spacing in Eq. (39) is recovered. It can be shown numeri-
cally [see, e.g., Fig. 7(a)] that except at τ ¼ 0, Eq. (71) can
be well approximated by

△Cð2ϕÞ
pert ðτÞ ≃ −

V0

L

Xn∈ ½−L
2
þ1;L

2
�

p¼2πn
L

τ þ 1

2ωða;LÞ
p

ð2ωða;LÞ
p Þ3

e−2ω
ða;LÞ
p τ: ð76Þ

The example of lattice data of△Cð2ϕÞðτÞ vs perturbation
results is plotted in Fig. 7(a), as the comparison, the result
of △Cð2ϕÞðτÞ by computing the spectral representation in

Eq. (69), is also shown in Fig. 7(a). With the same set of
coupling strength, V0 ¼ 0.025� 0.008, the low-lying two-
particle spectra are computed by using the finite lattice
spacing version quantization condition in Eq. (67) com-
pared with lattice data [see Fig. 7(b)]. Overall, the con-
sistency is excellent.

2. Heavy ϕ field check

Next we also increase the mass of the ϕ field by setting
lattice model parameters to κ ¼ 0.122 and λ ¼ 0.01.
The single-particle mass and coupling strength in this case
are about m ¼ 0.500� 0.001 and V0 ¼ 0.271� 0.030,
respectively.

(a) (b)

FIG. 7. (a) Comparison of the complete perturbation result of △Cð2ϕÞ
pert ðτÞ given in Eq. (71) (dashed blue curves) vs approximation

expression in Eq. (76) (red band) vs △Cð2ϕÞðτÞ by spectral representation in Eq. (69) (dashed purple curve) vs lattice data of L ¼ 30
(green error bars), 40 (blue error bars), and 50 (black error bars). (b) Comparison of two-particle energy spectra lattice data vs spectral
generated by the Lüscher formula (red band) for weak coupling V0 ∼ 0.025. The model parameters are taken as κ ¼ 0.1235, λ ¼ 0.001,
T ¼ 120, and m ¼ 0.267.

(a) (b)

FIG. 8. (a) Comparison of the heavy ϕ field infinite volume limit of △Cð2ϕÞðτÞ (solid red band) vs the spectral representation of
△Cð2ϕÞðτÞ in Eq. (69) (dashed colored curves) vs lattice data of L ¼ 6 (brown error bars), L ¼ 10 (green error bars), 20 (blue error bars),
and 30 (black error bars). (b) Comparison of two-particle energy spectra lattice data vs spectral generated by the Lüscher formula (red
dashed curve) for the heavy ϕ particle and coupling V0 ∼ 0.271. The model parameters are taken as κ ¼ 0.122, λ ¼ 0.01,
T ¼ 120, and m ¼ 0.500.
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The lattice data of △Cð2ϕÞðτÞ vs its infinite volume limit
results are plotted in Fig. 8(a), and the result of △Cð2ϕÞðτÞ
by computing the spectral representation in Eq. (69) is also
shown in Fig. 8(a). With the same set of coupling strength,
V0 ¼ 0.271� 0.030, the low-lying two-particle spectra are
computed by using the finite lattice spacing version
quantization condition in Eq. (67) compared with lattice
data [see Fig. 8(b)]. Again, both approaches show excellent
consistency.

IV. SUMMARY AND DISCUSSION

In summary, a relativistic formalism that connects the
difference of interacting and noninteracting two-particle
correlation functions to the scattering phase shift by an
integral is derived, and the main result is shown in Eq. (3).
The difference of finite volume two-particle correlation
functions converges rapidly to its infinite volume limit near
small Euclidean times as the size of the finite box is
increased. Hence, the proposed approach may have a good
potential to overcome the S/N problem in the lattice
calculation of two-nucleon interactions.
The numerical tests are conducted by (1) analytic

solutions of an exactly solvable contact interaction model,
(2) perturbation calculation, and (3) Monte Carlo simu-
lation of the ϕ4 lattice field theory model.
In Monte Carlo simulation of the ϕ4 theory, the model

with four different sets of parameters is calculated, and the
single-particle mass and coupling strength are extracted
accordingly (see Table I). The first set ðκ; λÞ ¼ ð0.1213; 0Þ
represents noninteracting ϕ fields, and it is used to check
the lattice dispersion relation, as well as agreements of
analytic expressions of noninteracting correlation functions
vs lattice data. The second set ðκ; λÞ ¼ ð0.1286; 0.01Þ
represents interacting particles with a mass of m ∼ 0.272
and a coupling strength of V0 ∼ 0.20 (our approach) or
V0 ∼ 0.17 (Lüscher formula approach). The coupling
strengths extracted from two different approaches differ
slightly within errors. The difference may be caused by an
inelastic channel contribution: the Lüscher formula
approach fits only low-lying energy spectra, but the
integrated correlation function approach fits the sum of
all energy levels and may be considered as a “global fit”

approach. The inelastic contributions are not yet included
in our formalism at the current scope, which may show at a
small Euclidean time region. At the current ϕ4 lattice
model, there are no three-to-two particles coupling, so the
inelastic threshold starts at 4m ∼ 1.1, and the inelastic
effects are not significantly suppressed by e−Enτ

En
near τ ∼ 0.

As a sanity check, two other sets of parameters are chosen
to simulate scenarios of (1) weak coupling strength V0 ∼
0.025 with m ∼ 0.267, and (2) heavy mass m ∼ 0.5 with
V0 ∼ 0.27. The inelastic contributions are suppressed in
both scenarios: (1) four-particle interaction shows up at an
order of V2

0 in a weak coupling scenario, and (2) the 4ϕ
threshold starts now at 4m ∼ 2 in a heavy mass scenario.
Numerically, both scenarios show good agreement between
the proposed approach and the Lüscher formula approach.
On the other hand, the inelastic effect and coupled-channel
dynamics should be installed and studied in a more
rigorous way, which will be carried out in our further
publications.
At last, we comment that both the Lüscher formula

approach and the integrated correlation function approach
proposed in this manuscript have their own pros and cons.
The Lüscher formula offers a model-independent way of
extracting elastic scattering phase shifts, which convert one
energy level from the lattice calculation into one point of
phase shift directly. However, it suffers difficulties at a large
volume calculation or S/N problem. On the other hand, the
integrated correlation function approach in principle is also
a model independent approach [see, e.g., Eq. (3)].
However, the difference of the integrated correlation
function is related to the phase shift by an integral, and
hence, the phase shift cannot be pulled out from lattice data
point-by-point directly. Instead, we have to first model and
parametrize the scattering phase shift in terms of a few
parameters and kinematic factors based on either the chiral
perturbation theory or the K-matrix formalism. The phase
shift can then be obtained by fitting lattice data of integrated
correlation functions with these free parameters through an
integral. The advantage of the integrated correlation func-
tion approach is that it shows the rapid convergence as the
volume is increased, and it also shows potentials to over-
come the S/N problem, which may be useful in the
nucleon-nucleon interaction lattice calculation.
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TABLE I. List of sets of ϕ4 model parameters ðκ; λÞ, and
corresponding single-particle mass and coupling strength V0.

ðκ; λÞ m V0

(0.1213, 0) 0.350� 0.003 0
(0.1286, 0.01) 0.272� 0.003 0.20� 0.03 vs 0.17� 0.04
(0.1235, 0.001) 0.267� 0.003 0.025� 0.008
(0.1220, 0.01) 0.500� 0.001 0.27� 0.03
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APPENDIX A: RELATIVISTIC TWO-PARTICLE
SCATTERING SOLUTIONS IN INFINITE

VOLUME

1. Relativistic Lippmann-Schwinger–like equation
and scattering amplitude

For the short-range interaction, the scattering of
relativistic particles may be well described by relati-
vistic Lippmann-Schwinger–like equation (see, e.g.,
Refs. [17,39]), where the relativistic Lippmann-Schwinger–
like equations can be derived fromBethe-Salpeter equations
with an assumption of the “instantaneous interaction
kernel” [17,39].
In the present work, a contact interaction is considered,

VðrÞ ¼ V0δðrÞ;

hence, only even parity states are affected by interaction.
The scattering solutions can be found in Appendix B in
Ref. [17]. The relative scattering wave function satisfies
LS-like equation

ψ ð∞Þ
Ek

ðrÞ ¼ cosðkrÞ þGð∞Þ
0 ðr; EkÞV0ψ

ð∞Þ
Ek

ð0Þ; ðA1Þ

where k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
k
4
−m2

q
is the relative momentum of two

particles in the CM frame and free particles of Green’s
function are defined by

Gð∞Þ
0 ðr;EÞ ¼

Z
∞

−∞

dq
2π

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p eiqr

E2 − 4ðq2 þm2Þ þ i0
:

ðA2Þ

The scattering amplitude is introduced by

tðEÞ ¼ −
1

1
V0

−Gð∞Þ
0 ð0;EÞ

; ðA3Þ

and hence, the wave function can be rewritten as

ψ ð∞Þ
Ek

ðrÞ ¼ cosðkrÞ − tðEkÞGð∞Þ
0 ðr; EkÞ: ðA4Þ

The functionGð∞Þ
0 ð0;EÞ is an analytic function of E2 with a

branch cut starting at threshold 4m2,

Gð∞Þ
0 ð0;EÞ ¼ 1

2π

Z
∞

4m2

ds0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s0ðs0 − 4m2Þ
p 1

E2 − s0 þ i0
:

ðA5Þ

The analytic expression of Gð∞Þ
0 ð0;EÞ can be found rather

straightforwardly,

Gð∞Þ
0 ð0;EÞ ¼ ρðEÞ

π

�
ln
E2 − 2m2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ðE2 − 4m2Þ

p
2m2

− iπθðE − 2mÞ
�
; ðA6Þ

where

ρðEÞ ¼ 1

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ðE2 − 4m2Þ

p : ðA7Þ

The scattering amplitude can be parametrized by a phase
shift,

tðEÞ ¼ 1

ρðEÞ
e2iδðEÞ − 1

2i
¼ 1

ρðEÞ
1

cot δðEÞ − i
; ðA8Þ

and the on-shell unitarity relation is determined by

Im½t−1ðEÞ� ¼ −θðE − 2mÞρðEÞ: ðA9Þ

The scattering amplitude can also be expressed in terms
of the Muskhelishvili-Omnès (MO) representation [60,61]
that is sometimes also referred to as the N=D
method [62,63] (also see, e.g., Refs. [64–69]),

tðEÞ ¼ Ne
1
π

R
∞
4m2 ds

δð ffiffisp Þ
s−E2−i0; ðA10Þ

where N ¼ tð2mÞe−1
π

R
∞
4m2 ds

δð ffiffisp Þ
s−4m2−i0 is a constant factor.

2. Two-particle Green’s function
and its spectral representation

Relativistic two-particle Green’s function may be intro-
duced by Dyson equation

Gð∞Þðr; r0;EÞ
¼ Gð∞Þ

0 ðr− r0;EÞ þGð∞Þ
0 ðr;EÞV0Gð∞Þð0; r0;EÞ; ðA11Þ

and the analytic solution is thus given by

Gð∞Þðr; r0;EÞ −Gð∞Þ
0 ðr − r0;EÞ

¼ −Gð∞Þ
0 ðr;EÞtðEÞGð∞Þ

0 ðr0;EÞ: ðA12Þ

Spectral representation of Green’s function is given by

Gð∞Þðr; r0;EÞ

¼
Z

∞

−∞

dq
2π

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p ψ ð∞Þ
Eq

ðrÞψ ð∞Þ�
Eq

ðr0Þ þ sinðqrÞ sinðqr0Þ
E2 −E2

q þ i0
;

ðA13Þ
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where Eq ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
. The sinðqrÞ is the wave function

of odd parity states that will be canceled out between
interacting and noninteracting Green’s function and do not
contribute on the right-hand side of Eq. (A12).

3. Integrated Green’s function and its relation
to the scattering phase shift

Using Eq. (A12) and the analytic expression of free
particles Green’s function in Eq. (A2), we find

G̃ð∞Þðp;p;EÞ− G̃ð∞Þ
0 ðp−p;EÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þm2

p tðEÞ d
dE2

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2þm2
p 1

E2−E2
pþ i0

�
; ðA14Þ

where the momentum space Green’s function is defined by

G̃ð∞Þðp;p0;EÞ¼
Z

∞

−∞
drdr0eiprGð∞Þðr;r0;EÞe−ip0r0 : ðA15Þ

Hence, the difference of integrated Green’s functions is
given in terms of the scattering amplitude by

Z
∞

−∞

dp
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

q
½G̃ð∞Þðp; p;EÞ − G̃ð∞Þ

0 ðp − p;EÞ�

¼ d
dE2

ln ½tðEÞ�: ðA16Þ

Using the MO representation of the scattering amplitude in
Eq. (A10), thus we finally find

Z
∞

−∞

dp
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

q
½G̃ð∞Þðp; p;EÞ − G̃ð∞Þ

0 ðp − p;EÞ�

¼ −
1

π

Z
∞

4m2

ds
δð ffiffiffi

s
p Þ

ðs − E2 − i0Þ2 : ðA17Þ

The imaginary part of Eq. (A17) yields

Z
∞

−∞

dp
2π

1

2ωp
½ψ̃ ð∞Þ

Ek
ðpÞψ̃ ð∞Þ�

Ek
ðpÞ − ψ̃ ð0;∞Þ

Ek
ðpÞψ̃ ð0;∞Þ�

Ek
ðpÞ�

¼ −4k
d

dEk
δðEkÞ; ðA18Þ

where

ψ̃ ð0;∞Þ
Ek

ðpÞ ¼ 2ωp
δk;p þ δk;−p

2
: ðA19Þ

Equation (A18) may be considered as the normalization of
the scattering wave function, and the finite term on the
right-hand side of the equation is the result of the boundary
condition of scattering solutions (see discussion in
Ref. [70]). As the matter of fact, when condition

Z
∞

−∞

dp
2π

1

2ωp
ψ̃ ð∞Þ
E ðpÞψ̃ ð∞Þ�

E0 ðpÞ ¼ 0 for E ≠ E0 ðA20Þ

is imposed, the on-shell unitarity relation of the scattering
amplitude in Eq. (A9) can be further generalized to

tðEÞ − t�ðE0Þ ¼ ½Gð∞Þ
0 ð0;EÞ −Gð∞Þ�

0 ð0;E0Þ�t�ðE0ÞtðEÞ:
ðA21Þ

APPENDIX B: RELATIVISTIC LIPPMANN-
SCHWINGER–LIKE EQUATION IN FINITE

VOLUME AND RANDOM PHASE
APPROXIMATION

In this section, we show that the relativistic Lippmann-
Schwinger–like equations can be derived from random
phase approximation (RPA) [71]. The Hamiltonian of the
lattice field theory defined in Eq. (4) is given by the free
particles term

Ĥ0 ¼
1

L

Xn∈Z

p¼2πn
L

ωpðâ†pâp þ b̂†pb̂pÞ; ðB1Þ

and the interaction term

ĤI ¼
1

4!

Z
L

0

dxdyjϕ̂ðxÞj2Vðx − yÞjϕ̂ðyÞj2; ðB2Þ

where

ϕ̂ðxÞ ¼ 1

L

Xn∈Z

p¼2πn
L

1ffiffiffiffiffiffiffiffi
2ωp

p ½eipxâ†p þ e−ipxb̂p�; ðB3Þ

where ωp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. The â†pðâpÞ and b̂†pðb̂pÞ are

creation (annihilation) operators of particles and antipar-
ticles, respectively, and they satisfy commutation relations,

½âp; â†p0 � ¼ ½b̂p; b̂†p0 � ¼ Lδp;p0 : ðB4Þ

Based on the RPA assumption, the two-particle states
can be created by creating two particles from vacuum or
equivalently by annihilating two antiparticles in the vac-
uum, so the two-particle wave function is defined by

ψ̃ ðaÞ
E ðpÞ ¼ hEj 1ffiffiffi

2
p â†pâ

†
−pj0i ðB5Þ

and

ψ̃ ðbÞ
E ðpÞ ¼ hEj 1ffiffiffi

2
p b̂pb̂−pj0i; ðB6Þ
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where superscripts (a) and (b) are used to label the
two-particle wave functions created by two different
mechanisms.
The dynamical equations of two-particle states under

RPA are derived from

hEj
�
Ĥ;

1ffiffiffi
2

p â†pâ
†
−p

�
j0i ¼ Eψ̃ ðaÞ

E ðpÞ ðB7Þ

and

hEj
�
Ĥ;

1ffiffiffi
2

p b̂pb̂−p

�
j0i ¼ Eψ̃ ðbÞ

E ðpÞ; ðB8Þ

where Ĥ ¼ Ĥ0 þ ĤI is the full Hamiltonian operator.
After some length calculations, we finally find coupled
equations,

ψ̃ ðaÞ
E ðpÞ ¼ 1

2ωp

1

E − 2ωp

×
1

L

Xn0 ∈Z

p0¼2πn0
L

1

2ωp0
Ṽðp − p0Þ½ψ̃ ðaÞ

E ðp0Þ þ ψ̃ ðbÞ
E ðp0Þ�

ðB9Þ

and

ψ̃ ðbÞ
E ðpÞ ¼ −

1

2ωp

1

Eþ 2ωp

×
1

L

Xn0 ∈Z

p0¼2πn0
L

1

2ωp0
Ṽðp − p0Þ�ψ̃ ðaÞ

E ðp0Þ þ ψ̃ ðbÞ
E ðp0Þ�;
ðB10Þ

where ṼðpÞ ¼ R
L
0 dreiprVðrÞ is the Fourier transform of

the interaction potential. Two equations can be combined
together by defining

ψ̃EðpÞ ¼ ψ̃ ðaÞ
E ðpÞ þ ψ̃ ðbÞ

E ðpÞ; ðB11Þ

and we thus find

ψ̃EðpÞ
2ωp

¼ 1

ωp

1

E2−ð2ωpÞ2
1

L

Xn0∈Z

p0¼2πn0
L

Ṽðp−p0Þψ̃Eðp0Þ
2ωp0

: ðB12Þ

Next let us define the coordinate space wave function by

ψ ðLÞ
E ðrÞ ¼ 1

L

Xn∈Z

p¼2πn
L

e−ipr
ψ̃EðpÞ
2ωp

; ðB13Þ

and we thus find

ψ ðLÞ
E ðrÞ ¼

Z
L

0

dr

�
1

L

Xn∈Z

p¼2πn
L

1

ωp

eipðr−r0Þ

E2 − ð2ωpÞ2
�
Vðr0Þψ ðLÞ

E ðr0Þ;

ðB14Þ

which is consistent with the result that is derived from
Bethe-Salpeter equations with an assumption of the
“instantaneous interaction kernel” [17,39].
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