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We study the potential of the axion, a, of Quantum Chromodynamics, in the two-flavor color
superconducting phase of cold and dense quark matter. We adopt a Nambu-Jona-Lasinio-like model.
Our interaction contains two terms, one preserving and one breaking the U(1), symmetry: the latter is
responsible of the coupling of axions to quarks. We introduce two quark condensates, /; and hp, describing
condensation for left-handed and right-handed quarks respectively; we then study the loci of the minima of
the thermodynamic potential, Q, in the (4, hg) plane, noticing how the instanton-induced interaction favors
condensation in the scalar channel when the 0 angle, € = a/f,, vanishes. Increasing € we find a phase
transition where the scalar condensate rotates into a pseudoscalar one. We present an analytical result for the
topological susceptibility, y, in the superconductive phase, which stands both at zero and at finite
temperature. Finally, we compute the axion mass and its self-coupling. In particular, the axion mass m, is
related to the full topological susceptibility via y = m2f2; hence our result for y gives an analytical result for
m, in the superconductive phase of high-density Quantum Chromodynamics.

DOI: 10.1103/PhysRevD.110.014042

I. INTRODUCTION

Axions, originally proposed by Peccei and Quinn in
1977 as a possible solution to the strong CP problem in
Quantum Chromodynamics (QCD) [1-9], have since then
become prime candidates for dark matter [3,10-19]. The
quest to understand the nature of dark matter, which
constitutes a significant portion of the mass of the
Universe, has led to extensive theoretical and experimen-
tal efforts, with axions emerging as particularly compel-
ling candidates due to their unique properties. Theoretical

“Contact author: fabrizio.murgana@dfa.unict.it
‘Contact author: dalvarez@ifj.edu.pl

*Contact author: ag.grunfeld@conicet.gov.ar
SContact author: marco.ruggieri @dfa.unict.it

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2024/110(1)/014042(17)

014042-1

models and experiments constrain the axion mass to be
very light, on the order of 107° to 1073 eV [20]. This range
arises from considerations such as the possible violation of
the CP symmetry of QCD and the consequent electric
dipole moment for the neutron [21-28], astrophysical and
cosmological observations, and experimental searches for
axions using techniques like cavity haloscopes and axion
helioscopes. In addition to their potential role as dark
matter candidates, axions, behaving as scalar fields, may
also serve as the constituents of boson stars [29] and
arrange into axion stars [30—44] and form Bose-Einstein
condensates [45,46]; see also [47,48] for further astro-
physical applications.

Furthermore, not only axions but axionlike particles have
been proposed to play the role of dark matter in order to
account for missing matter at cosmological scales. It has
been speculated that axions may exist in compact star
interiors, and can be buried deep in their cores, giving rise to
interaction with quark matter, as we investigate in this study.
In the assumption that axions may be able to escape
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compact star interiors, they would be prone to interact with
magnetic fields via the so called Primakov effect, i.e., the
axion resonantly converting into a radio photon [49,50],
which would provide a feasible way to detect them. The
emission of axions could also cool compact stars, deviating
their thermal evolution from standard scenarios [51-54].

Macroscopic properties of compact stars bearing axions
have been presented in [55,56], where particular modeling
has resulted in unstable compact stars that would collapse
due to radial oscillations if vector repulsive interactions in
quark matter are not taken into account. Furthermore,
axions have been investigated within astrophysical con-
texts, particularly in relation to supernova explosions and
the formation of protoneutron stars [57,58]. Previous
works on the coupling of the QCD axion to quarks can
be found in [55,59-69], where in particular the effect of the
QCD chiral phase transition on the low-energy properties
of the axion itself has been investigated, both at finite
temperature and at finite quark chemical potential, u. The
axions enter the model similarly to the 6 angle of QCD; in
fact, formally one can pass from QCD at finite & to QCD
with a finite axion background by identifying 6 = a/f,,,
where a denotes the axion field and f, is the axion decay
constant. Therefore, studies of the QCD interaction with
axions at finite chemical potential serve as studies of quark
matter at finite @ and finite x as well. Hence, within our
work we will interchangeably use 6 in place of a/f,.

Deep within the dense cores of compact stars, where
matter is subjected to extreme pressures and temperatures,
exotic phases of strongly interacting matter come into play,
as the 2SC color superconductive phase [60,70-73]. This
phase is characterized by a nonvanishing quark-quark
condensate: as such, it is not a color singlet, transforming
as a color antitriplet under color rotations. In most previous
calculations, in particular in those related to the QCD
phase diagram, only the scalar condensate was considered,
as it is the one that is favored by the one-instanton
exchange. Within the present work, we introduce both a
scalar and a pseudoscalar condensate, since both of them
are relevant when the coupling to the axions is considered.
In agreement with the common lore, we show that our
model is consistent with favoring the scalar condensate
when the axion is not included in the model. On the other
hand, changing @ can result in a phase transition to a new
ground state where the condensate is a pseudoscalar one, in
qualitative agreement with previous studies in normal
quark matter [55,65-68]. Therefore, in principle both
condensates need to be introduced.

In the low-energy regime, where nonperturbative effects
dominate, effective models become indispensable tools for
describing strongly interacting matter. Chiral Perturbation
Theory (yPT) stands out as a frequently employed effective
framework, significantly contributing to the understanding
of the vacuum structure of QCD and the properties of axions
at low temperatures [74-79]. yPT demonstrates notable

advantages in low-energy scenarios; for instance, its pre-
diction of topological susceptibility at zero temperature
aligns well with lattice QCD findings [80-82]. However, its
applicability diminishes at high temperatures and/or large
densities, as it lacks information about QCD phase tran-
sitions. Hence, there is a need for a QCD-like model capable
of accommodating axions and capturing the QCD phase
transition dynamics. One of the most popular is the Nambu-
Jona-Lasinio (NJL) model, which describes the dynamics of
fermions and their interactions through effective four-
fermion interactions [59,69]. In the formulation of the
model used in the present work it includes an instanton-
induced interaction, which breaks the U(1), symmetry, and
it can describe both the spontaneous breaking of chiral
symmetry and how quarks interact with axions.

The interaction of quark matter with axions has been
already explored in [55,65-68,83,84], in the framework of
the NJL model, where the effect of the chiral phase
transition on the properties of the QCD axion was
explored. Furthermore, the axion potential was studied
at finite quark chemical potential, and the behavior of
axion domain walls [13,85-89] (see also [90,91] for a
pedagogical introduction to walls) in bulk quark matter
was also investigated. It was found that the axion potential
is very sensitive to the chiral phase transition, particularly
when quark matter is near criticality, where the axion mass
decreases and the self-coupling is enhanced. In this study,
we aim to extend our previous work [83] considering the
coupling of axions to diquarks, in order to take into
account the effects of the presence of axions in a color-
superconducting medium. Our model is based on a four-
fermion effective interaction that contains a U(1),-pre-
serving term, that can be interpreted as an effective way to
describe one-gluon exchange, as well as a U(1) ,-breaking
term, describing the instanton-mediated effective interac-
tion. The relative strength of the two terms is regulated by a
dimensionless, free parameter of the model, , while the
overall strength of the effective coupling, Gp, is chosen in
order to reproduce a given value of the superconductive
gap when { is varied. A previous study of the coupling of
the axion to a color-supreconductive phase, based on chiral
effective theories, can be found in [92].

Our main results are related to the study of the
full topological susceptibility, y = 0°Q/0d6, in the color-
superconductive phase. Here, Q denotes the full thermo-
dynamic potential of superconductive quark matter, while
the derivative is understood at & = 0. We derive, within the
model at hand, an exact analytical relation between y
and the physical value of the superconductive gap. y is
related to the axion mass, m,, and decay constant, f,, via
y = m2f2; therefore the knowledge of y allows us to extract
an explicit, analytical formula for m, in the 2SC phase.
Moreover, we compute the full axion potential, and extract
from it the low-energy parameters of this potential: besides
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m,, we compute the axion self-coupling, A. Within this
work, we limit ourselves to a one-loop approximation
(usually called the mean field approximation), leaving the
study of the role of quantum fluctuations to future works.
The plan of the article is as follows. In Sec. II we
describe the model we adopt in our work. In Sec. III we
present our results regarding the superconductive gap at
finite € as well as the axion potential in the two-flavor
superconductive phase. Finally, in Sec. IV we draw our
conclusions and discuss possible future works. We use
natural units 7 = ¢ = kg = 1 throughout this paper.

II. THE MODEL

In this section, we present in some detail the model we
use in our work. We firstly present the Lagrangian density,
describing how we couple the axion to quarks in the
superconductive phase of QCD. Next we turn to write
the thermodynamic potential, computed at one loop. We
then show the shape of this potential in the gaps space,
discussing the location of its minima: this discussion is
useful to understand the results we show in the next section.
Finally, we present an approximated solution to the gap
equation, valid for small 6 = a/f,, that allows us to
qualitatively understand the behavior of the superconductive
gap versus 6.

A. Lagrangian density

To begin with, we consider the Lagrangian density

Line = 91(q" Ciyseeq)(giysCeeg")
+ 92(q" Ceeq)(qCeeq™). (1)

This has been used in many works on the superconductive
phases of QCD; see for example [63,64]. In those refer-
ences, it is assumed that g; = g,, so the U(1), symmetry is
preserved at the Lagrangian level. In this work, we assume
g1 # g, from the very beginning, in order to break the
U(1), symmetry at the level of the Lagrangian mimicking
the instanton-mediated interaction. In the Lagrangian den-
sity (1) we used C = —iy,y,, satisfying C> = C'C = —1.
Moreover, we adopted a condensed notation that suppresses
the color and flavor indices carried by the fields and the
antisymmetric symbols in every bilinear. For example,

q" Ciyseeq = qgiCinEamgijSQ/}j; (2)

here a, f denote color indices, while i, j stand for flavor
indices.

Starting from (1), we isolate a term that is invariant under
U(1), and a term that explicitly breaks this symmetry. This
can be easily achieved by adding and subtracting the terms
92(q" Ciyseeq)(giysCeeq") and g, (q" Ceeq)(qCeeq”); we
then get

(91 + 9)
2
+ (¢" Ceeq)(qCeeq"))
(91— %)

+ ) (g7 Cigseeq) (aiysCeeq”)

— (q" Ceeq)(qCeeq"))]. (3)

Line = [(¢" Ciyseeq)(qiysCeeq")

The first line in the above Lagrangian density is now U(1)
preserving, so we confined the breaking of U(1), to the
second line of (3). Writing ¢ = (P, + Pg)q, where

L +ys

Pr >

we can easily rewrite the second line of (3) as

(91 — 92)(q" CiysPLeeq)(giys P Ceeg")
+ (q" CiysPreeq)(qiys PrCeeq")), (5)

where we used ysPrq=-Prq=—q; and ysPrq =
Prq = qg. Finally, defining Gp = (g; +¢)/2 and
(Gp = (gl — ¢»), we can rewrite the interaction (1) as

Lin=Gp|(q" Ciyseeq)(qiysCeeq") + (¢ Ceeq)(qCeeq"))]
+{Gpl(q" CiysPLeeq)(giysP Ceeq")
+ (q" CiysPreeq)(giys PrCeeq")). (6)

The second line in (6) breaks U(1),: we consider it as an
effective way to model the quark-quark interaction arising
from the one-instanton exchange.

In order to couple the axions to the quarks, we note that
the former can only couple to the U(1),-breaking term in
Eq. (6) (in fact, the QCD axion couples to instantonlike
gluon configurations). In agreement with what has been
done for the coupling to quarks in the vacuum [83], we
write this coupling as

Lin = Gpl(q" Ciyseeq)(qiysCeeq” ) + (q" Ceeq)(qCeeq")]
+{Gple'a(qT CiysPLeeq)(giys P Ceeq™)
+e77(q" CiysPreeq)(qivs PrCeeq")]. (7)

The Lagrangian density (7) specifies the interaction we
adopt in our model. As emphasized above, the first line in
the right-hand side of (7) preserves the U(1), symmetry,
representing an effective way of writing the attractive
channel of the quark-quark interaction arising from one-
gluon exchange. The axial symmetry instead is broken by
the terms in the second line [93,94]. We note that in [64],
authors included both terms in the first line of (7); however,
they usually neglect the second addendum in the first line
of (7), since in the mean field, it gives rise to a pseudoscalar
condensate that is usually neglected: as a matter of fact the
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instanton-induced interaction, namely the second line of (7),
favors condensation in the scalar channel when a = 0 (we
explicitly verified this statement within our model; see
below). However, when a # 0 condensation can happen in
the pseudoscalar channel as well; therefore we need to
consider the whole interaction (7).

In this work, we treat the interaction (7) within the mean-
field approximation. In order to implement this, we
introduce the condensates

<‘ITCi757DL8€CI> = —hy, (8)

(giysPCeeg") = hj, 9)
|

(q" CiysPreeq) = hy, (10)

(giysPgCeeq’) = —h;, (11)
as well as their combinations

(¢" Ciyseeq) = hg — hy, (12)

(@irsCeeq") = iy — . (13)

Using these, as well as the assumptions h; = hj, hg = hj,
we get, within the mean-field approximation,

Lin = Gpee(hg — hy)[(giysCeeq”) + (q" Ciyseeq)] — Gp(hg — hy,)?
— Gpee|(hg + hy)(qiCeeq") — (hg + hy)(q" Ceeq)] — Gp(hg + hy)?
+ {Gpeee'ls[~hy (qiysPLCeeq") + hg(q" CiysPpeeq)] + {Gpe'lihy hy

+ {Gpeee Ta[hg(qiysPrCeeq”) — hy,(q" CiysPreeq)] + {GpeTahy hg.

Note that £;,, = L]

nt*
In order to simplify the notation we introduce the

Nambu-Gorkov bispinors

¥ — (quT) ¥ = (3.470). (15)

In terms of these, we then can rewrite the interaction
Lagrangian density as

Lin =V + PAY, (16)

where

V = =2Gp(h% + h?) + 2({Gphy hg cos <fi>’ (17)

a

and
0 @
A= , (18)
ot 0
with
& = Gp[2hg Py — 2h Pr — T (P,
+ e~ ahgCPRiyse;€aps (19)
(I)+ = GD[ZhRPR - 2hLPL + ei“/flthCPL
— e ap EPRivse; €aps- (20)

(14)

In the above equations, the first two terms arise from the
one-gluon exchange interaction, while those proportional
to ¢ arise from the one-instanton exchange. The matrix A
has a similar structure to that of [63]: indeed, it satis-
fies @ = yo (D7) Ty,.

To the interaction (16) we need to add the kinetic term of
quarks at finite chemical potential x. This contribution is
well known [63,64] and leads to the full Lagrangian, that in
momentum space reads as

L=V+¥Ps¥y. (21)
Here, the inverse quark propagator is given by
(B +pro)lelp o
S~ (p) = . (22)
o (P — uro)lelyp

where 1. and 15 correspond to the identities in color and
flavor spaces respectively. We note that these matrices have
dimension 4 x 3 x 2 x 2 = 48, due to Dirac, color, flavor,
and Gorkov indices, respectively.

B. Thermodynamic potential
The thermodynamic potential is obtained via the stan-
dard integration over the fermion fields in the partition
function [63,64], which leads at

Q=-V+ Ql—loo;n (23)
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where V' denotes the mean-field contribution (17), and
€2 j00p corresponds to the 1-loop contribution of the quarks,
namely

dp 1 .
Ql—loop = _T;/ (27253 ETrlOg (ﬂs_l(ia)nv p)) (24)
In getting Eq. (24) we performed the functional integral
over fermions at fixed a: in fact, in this work the axion field
is treated as a classical background. Consequently, the
thermodynamic potential is a function of a, and physical
quantities have to be computed at a given value of a.
Moreover, we used the imaginary time formalism of finite
temperature field theory, and w, = (2n + 1)zT are the
relevant fermionic Matsubara frequencies. The overall 1/2
in (24) takes into account the artificial doubling of degrees
of freedom introduced by shifting to the Nambu-Gorkov
bispinors. Finally, the trace is understood in Nambu-
Gorkov, Dirac, color and flavor spaces.

In order to evaluate the sum over w, in Eq. (24), we
follow the well-known strategy of computing the eigen-
values of the matrix [63,64]

(=roP -7 +u)lclp Y0P~
T = . (25)
7o®@* (=yop -7V —u)lclp
These are given by
1.+ =x[p —ul, (26)

&4 = £|p+ul, (27)

T

&30 = 1\/(p—p)* + A3, (28)

_|_
B

g1 =E1\/(p+p? : (29)

+
B

&4+ ==+ (p—n) > (30)

:

g6+ = E£\/(p+p)* + A3, (31)

where p = |p| denotes the magnitude of the 3-momentum
p; each of the eigenvalues above has a multiplicity equal to
4. The eigenvalues (26) and (27) correspond to those of the

blue quarks, which do not participate to the pairing and
remain ungapped. Moreover, we put

A2 = 22GA 2 + 4GHh3 — 4LGAhy hgcos(a/fa),  (32)
A2 = P2GA I3 + 4GHh2 — 4G hy hycos(a/fa),  (33)

that represent the (squared) gaps in the quark spectrum.

Putting &,(p) =&, (p), k=1,...,6, we use Indet
pS~! = TrinBS~" and write

6 2 =32
1. - wy + gk(p)
Indet fS;! (iw,, p) = 4 E In <—T2 . (34)

k=1

where we made explicit the degeneracy, equal to 4, of the
eigenvalues and matched the ones with opposite signs.
Now the Matsubara sum can be easily evaluated, since

2 =\2
T In (“W) — [ex(B)|+ 2T In (14 e(PIT),

(35)

so the 1-loop contribution finally results in

6 3
d R -
Qf-loop = —22/—173 [ex(P) +2T1In (1 + e_gk(P)/T)]’
=1 (27)
(36)

where we took into account that according to our defi-
nitions the ¢; are always positive. Therefore, the thermo-
dynamic potential is given by

Q=2G(h + h2) = 2£Gphy hg cos (fi>

a

_22/57’;3[8k(ﬁ)+2T1n(1+e‘5k(ﬁ)/7)]. (37)

The first addendum in the right-hand side of (36)
corresponds to the 7 = 0 contribution to the thermody-
namic potential, which is divergent in the ultraviolet. In
order to regulate this divergence, we introduce a sharp 3D
momentum cutoff, A, and rewrite that term as

3 T
[ et =g [ pdveto). 39)

The cutoff roughly represents the momentum scale above
which the contact interaction used in the present work
should replaced by a nonlocal term directly borrowed from
QCD. We treat A as a free parameter of the model, and from
previous studies based on the NJL model, we assume
A = O(1 GeV). We also notice that we inserted no cutoff
in the thermal part because it is finite; however in previous
studies, based on NJL models at zero baryon density, this
cutoff was introduced, and it was shown to mildly affect
thermodynamic quantities, particularly near the critical
temperature for chiral-symmetry restoration [95-97]. In fact,
the cut of high momenta in the loop could be interpreted as a
very rough implementation of a momentum-dependent mass
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Thermodynamic potential at 7 = 0, computed for @ = a/f, = 0, and for { = 0 (left panel) and for { = 0.2 (right panel) In the

plots, x and y axes denote A; and Ay respectively (measured in MeV).

function. The analysis of this occurrence, although very
interesting, is beyond the scope of the present study;
therefore we leave it to a future work.

We notice that although in (36) we sum over the six
positive eigenvalues of 7, the ones corresponding to the
blue quarks, which do not participate in the pairing, do not
contribute to the value of the condensates.

It is useful to stress that both V and the quark spectrum
are invariant under the set of transformations 4; <> hp and
hy <> —hg; moreover, if { = 0 then Q depends on h? and
h% only: as a consequence, in this limit we expect Q to
develop a set of four degenerate minima along the lines
h; = £hg. This degeneracy is removed by ¢ # 0. This
picture is confirmed by the direct evaluation of Q; see Fig. 1
in the next section.

C. Thermodynamic potential at finite =a/f,:
The lines h; = + hy

In this subsection, we analyze the shape of Q in the
(hy, hg) plane: this is preparatory to the results on the gap
that we present in the next section. In Fig. 1 we plot
the thermodynamic potential at 7 =0, computed for
0=a/f,=0, and for { =0 (left panel) and for { =
0.2 (right panel). In the plots, x and y axes denote A; and
Ap respectively (measured in MeV), which are defined as

AL — 2GDhL7 AR — 2GDhR' (39)

It is more convenient to use A, p instead of &, p since the

former correspond to the gaps in the quark spectrum when

¢ = 0. From these, we can introduce the following scalar
and pseudoscalar combinations as

As = Agp = A,

APS - AR+AL' (40)

We notice in Fig. 1 that for { = 0, namely when we only
consider the one-gluon-exchange interaction, there are
four loci of degenerate minima. Two of these correspond
to A; = Ap and therefore to finite pseudoscalar conden-
sate and vanishing scalar condensate whereas the other two
correspond to A; = Ap and consequently to finite scalar
condensate and vanishing pseudoscalar condensate.

On the other hand, when the instanton-induced inter-
action is switched on (§ # 0) this degeneracy is removed,
and the condensation in the scalar channel A; = —Ay is
favored.

In Fig. 2 we plot the thermodynamic potential at 7 = 0,
computed for { = 0.2, and several values of 0 =a/f,. In
each plot, x and y axes denote A; and Ay respectively
(measured in MeV). In the figure, the top left plot
corresponds to € = 0, top right to @ = /2 — ¢, center left
to @ = z/2, center right to 0 = n/2 + ¢, with ¢ = 0.25,
bottom left to @ = 37/2, and finally bottom right to § = 2.
For all the cases shown in the figure, the minima of Q sit on
the lines A; = £ Ag: this is the obvious consequence of the
fact that Q is invariant under the transformations
hy <> +hg. For a/f, in the range [0,7/2), the global
minima correspond to A; = —Ag; hence, in this range of
a/ f, only the scalar condensate exists. The minima become
less shallow as a/f, is increased: indeed, for a/f, in the
range (7/2,3r/2) the global minima are located along the
line A; = Ap, implying a phase transition from the scalar to
the pseudoscalar condensate. Finally, increasing a/ f, up to
27 the location of the minima changes again, resulting in
another phase transition from the pseudoscalar to the scalar
condensate. Along the lines A; = Ay we have Ay = As
for any a and {: hence, there is only one gap in the quark
spectrum; see (32) and (33).

We notice that the results on the minima of € discussed
above stand for { > 0: we checked that for { < 0 the role of
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right to 8 = n/2 + ¢, with £ = 0.25, bottom left to 8 = z, and finally bottom right to § = 2.

the scalar and the pseudoscalar condensates invert; besides Before going ahead, we determine the allowed values of
this, there is no major difference between the system with  { that lead to the nontrivial solution of the gap equation. To
positive and negative {. Consequently, from now on we  this end, it is enough to limit ourselves to the gap equation
limit ourselves to show results for { > 0 only. at T = 0 and small #. Imposing the stationarity condition of
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Q with respect to & , namely 0€Q2/oh; = 0 with Q given by
Eq. (37), and then applying this condition along the line
h; = —hg, which is the one along which Q develops
minima for small @ as discussed above, gives

2+4¢cos(a/f,)

=90 (" prap AG) = —p
27 Jo V(p—=n)* +GphiA(a,l) ’
(41)

where we removed the trivial solution #; =0, and we
defined

Aa,l) =4 +4Lcos(a/f,) + & (42)

The above equation shows that the condition { < 2 must be
satisfied in order to have a nontrivial solution of the gap
equation. In fact, the right-hand side of (41) is always
positive, and so the left-hand side must be positive as well:
this can be obtained for all values of a if and only if { < 2.
For { > 2 there is arange of a in which the gap equation has
only the trivial solution 4#; = 0: hence, in what follows we
limit ourselves to { < 2.

III. RESULTS
A. Gaps versus a/f,

In this subsection, we present our results for the gap
parameters. For A; = +Ap, which correspond to the
directions along which the minima develop at finite a,
we get from Egs. (32) and (33) that A; = As. Therefore we
limit ourselves to show results for A; only. We fix y =
400 MeV and A =1 GeV as representative values of the
quark chemical potential and the UV cutoff. For each ¢, we
fix Gp in order to have a desired value of A; at a = 0.

60

40

20 N

0

A_[MeV]
S
|

A
o
1
4 a0 00

UXYXSXSX Y
Noowiv

FIG. 3.
A; =50 MeV for a =0 at 4 = 400 MeV.

In Fig. 3 we plot A; and Ay versus a/f, at T =0 and
1 = 400 MeV; we consider several values of {, while G, is
fixed for each ¢ so that A; = 50 MeV at a = 0. We firstly
focus on the results for = 0.2, 0.5 and 1. For these values
of {, we notice that for a/f, in the range (0,7/2),
Ar = —A;; hence only the scalar condensate forms. On
the other hand, for a/f, in the range (x/2,37/2),
Ar = A;. In this case, only the pseudoscalar condensate
forms. Finally, for a/f, in the range (37/2,2z) we find
again Ar = —A;; hence there is a phase transition from the
pseudoscalar to the scalar condensate. We also notice that
for { = 1.6 and { = 1.75 the magnitude of A; increases
with a for a/f, in the range (0,7/2).

The results in Fig. 3 show several interesting features. In
fact, as we already pointed out, there is a noticeable
qualitative difference in dependency of A; when compar-
ing the three lowest values of { with the higher ones. In
particular, A; decreases closetoa/f, =0for{ =0.2,{ =
0.5 and { = 1.0, and it exhibits a local minimum at
a/f,= /2 and 37x/2. Furthermore one can observe a
discontinuity in its derivative at the aforementioned mini-
mum points, for the three lowest values of £, where the
derivative changes sign. In contrast, for the highest value
of £, i.e. { = 1.75, we observe that A; increases in the
proximity of a/f, = 0. This suggests the presence of a
critical value of { where the change from positive to
negative curvature at a/f, = 0 occurs. This is indeed the
case, and its value is derived in Eq. (49). The change in the
behavior of A; can already be observed for an intermediate
value of £, i.e., { = 1.6. In this case one can see that the
curve in the proximity of a/ f, is still increasing but almost
flat, signaling the proximity to the aforementioned critical
point. Furthermore we continue to observe local minima
and cusps at a/f, =x/2 and 3z/2. This signals the
emergence of two local maxima in the ranges a/f, =
[0,7/2] and a/f, = [x/2, z] (and the corresponding ones
in the ranges a/f,=1[0,n/2] and a/f,=[r/2, 7]

60

Gaps A; and Ay at T =0 and u = 400 MeV, versus a/f,, and for several values of {. G is fixed in order to have
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considering the periodicity of z). Although less evident,
the same behavior is also present for { = 1.75. According
to our line of reasoning then, we also conclude that a/f, =
nz (n integer) turn from being local maxima in the case of
lower values of £, to local minima for the higher ones.
From our previous discussion on the transition between
scalar and pseudoscalar condensates, the behavior of Ag,
shown in the left panel of Fig. 3, can be straightforwardly
understood from the corresponding one of A;.

The behavior of A; near a = 0 can be semiquantita-
tively understood by the approximate solution of the gap
equation (41), namely

45 2
Aoy <_uZGD®(a,c)>’ (43)

where A is given by Eq. (42) and

AL:

A(a.9)

0@ &) =3 reosa/r)

(44)

The approximated solution (43) can be obtained within the
High Density Effective Theory (HDET) of QCD (see [98]
and references therein), as well as Appendix A; it has the
standard form of the Bardeen-Cooper-Schrieffer (BCS)
gap in the theory of superconductivity [99,100]: in fact, x>
is proportional to the density of states of the pairing quarks
at the Fermi surface, and ¢ in (43) plays the role of the
Debye frequency, wp, of the BCS theory, which cuts high
momentum modes out of the pairing. The solution (43) is
strictly valid only in the weak coupling; hence it cannot
quantitatively reproduce the results in Fig. 3; however, it is
still helpful to grasp the behavior of A; near a = 0. In fact,
from (43) we notice that for a fixed value of {, the
coupling of the superconductive quarks to the axion field
effectively affects the pairing in two ways. Firstly, it
changes the width of the shell around the Fermi surface
that contributes to the pairing, namely

26 . 26
VA0.2)  A(a.0)

Secondly, it effectively changes the chemical potential of
the quarks, that is

(45)

1£0(0.0) = 120(a.{). (46)

Both A(a,{) and ©(a, {) are decreasing functions of a at
fixed {. Consequently, the response of A; to the coupling
with the axion has two competing effects: on the one hand,
it leads to the opening of the shell around the Fermi
surface, thus increasing the portion of phase space
involved in the pairing; on the other hand, it effectively
lowers the chemical potential of the paired quarks,
implying the decrease of the volume of phase space

120

100

A, [MeV]

alf,

FIG. 4. Gap in the quark spectrum, A;, at T=0 and
u =400 MeV, versus a/f,, and for several values of {. G is
fixed in order to have A; = 50 MeV for a = 0 at u = 400 MeV.

available for pairing. Which of the two effects wins
depends, at a given Gp, on the value of {. This can be
seen by inspecting the curvature of A; for small § = a/f,,.
To this end, it is enough to expand Eq. (43) near 0 = 0,
getting

AL=Ar, (1 + 592), (47)

where A denotes the gap (43) at € =0, and the
curvature is

7 =2) +2Gpu*(2 +¢)

R=c Gpu*(2+¢)*

(48)

The curvature is trivially zero for { = 0, as well as for

2(n* = Gpu?
g = gcrit = 51_2+—G;)/fz); (49)
it is negative for { in the range (0,(.;), and positive
otherwise. Hence, the response of A; to € around § = 0
depends on the specific value of {, and the turning point of
¢, namely {;, depends on the value of Gyp.

The gap in the quark spectrum, along the global minima
lines, is given by A; in (32). We show Aj versus a/f, in
Fig. 4. We notice that A5 is a periodic function of a/f,,
with a period equal to 7, as expected from the results on A
and Ay shown Fig. 3. We find that although the response of
A; and Ay on a/f, depends on ¢, hence on the weight of
the U(1) ,-breaking interaction term, the qualitative behav-
ior of A; does not depend on (.

B. Axion potential

One of the main results of our work is the computation of
the axion potential, V(a/f,), in a superconductive phase of
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FIG. 5. Axion potential, V(0) = Q(6) — Q(0) with 0 = a/f,,

versus a/f,, computed at 7 =0 and u =400 MeV and for
several values of {. The potential is measured in units of A* with
A =1 GeV. Gp is fixed to have A; = 50 MeV at a = 0.

QCD. In Fig. 5 we plot the V(a/f,) =Q(a/f,) -
Q(a/f, =0) versus a/f,, at T =0 and p =400 MeV.
For each value of a/f,, the potential has been computed at
the global minimum in the (A;, Ag) space. The behavior of
V is in agreement with that of the quark spectrum shown in
Fig. 4, particularly for what concerns the periodicity. We
notice that a = 0 is a global minimum of V(a/f,) for the
whole range of parameters studied here. Other degenerate
minima are located at a/f, = nz/2 with n = +1,42, ...
It is useful to stress the difference with respect to the
axion potential computed in the presence of the chiral and
the # condensate [83] at zero barion density: indeed, in that
case, the periodicity of V(a/f,) is equal to 2z, while in the
case of superconductive matter, we find a periodicity equal
to 7. This can be understood easily. In fact, in the present
case at a =0 only the scalar condensate forms, then
increasing the value of a the global minima become less
shallow and at a/f, = 7/2 the thermodynamic potential
develops four degenerate minima, see Fig. 2. Further
increasing a/f, in the range (x/2,37/2) results in the
rotation of the global minima of © and in the consequent
formation of the pseudo-scalar condensate. The ground
states at a =0 and a/f, = = are degenerate, hence the
periodicity of the potential, but the two adjacent minima
correspond to two different condensation channels: in
particular, the ground state at @ = 0 is characterized by
scalar condensation, while the minimum at @ = /2 cor-
responds to condensation in the pseudoscalar channel.

C. Topological susceptibility

In this section, we analyze the full topological suscep-
tibility, y, which measures the fluctuations of the topo-
logical charge and is defined as

T
200 -—-- A =25 MeV
A =50 MeV
----- AL=1OO MeV
= 50 Vacuum
O | e
=
100
3
T i /,—--—————_\\\
50/~ S0
.'/ \‘\l
/ v
! ! !
% 0.5 1 15 2
150 T ‘ T
-—=-- Analytical
AL=50 |V|eV Numerical
< 100 S L
() ////*// \“\\\
2 L // N
=3 f N
= 50[ \.\
/ ]
-’ \
! ! !
00 0.5 1 1.5 2

FIG. 6. Topological susceptibility, y'/*, versus £, at T = 0 and
for several values of A; . Weused y = 400 MeV, A = 1000 MeV.
The value of A; in the legend has been used to fix the value of G,
so that for each line A; is kept fixed while ¢ is changed. The
horizontal blue line corresponds to the reference value expected
for the topological susceptibility in the vacuum; see, e.g., [65,80].
The analytical curve corresponds to Eq. (52) computed for
A, =50 MeV and GpA? = 4.69.

2

=2 e (50)
do” |g—o fa

In the numerical calculation, we treat the above derivative

as a total derivative, that in principle takes into account also

the dependence of the condensates on 6 at 8 = 0.

In Fig. 6 we plot the fourth root of y versus {, at 7 =0
and for several values of A;. We used y =400 MeV,
A = 1000 MeV. The value of A; in the legend has been
used to fix the value of Gp, so that for each line A; is kept
fixed while ¢ is changed. y is an interesting quantity by
itself, since it encodes information about the fluctuations of
the topological charge in the dense and superconductive
QCD medium. Moreover, it is directly related to the
squared axion mass; see the next subsection. Previous
studies performed within lattice QCD in the isospin-
symmetric case, as well as within chiral perturbation theory
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and NJL models, agree on the value y'/*~78 MeV at

=0 and u =0 [9,65,80,101], as well as with the
Di Vecchia-Crewther-Leutwyler-Smilga-Veneziano for-
mula [102-105], that for two flavors reads as

m,mg

_, 51
mu+md ( )

x = (gq)l

where (gq) is the chiral condensate in the vacuum. y then
decreases at high T where the smooth crossover to the
quark-gluon plasma phase takes place [9,65,80,101].

The results in Fig. 6 show that for a given value of {, the
topological susceptibility increases with the strength of the
coupling, as expected. Moreover, if the coupling is tuned
in order to give a value of A;, changing ¢ within the range
(0.5,1.5) does not substantially affect y'/*. We also note
that keeping ¢ in the aforementioned range keeps y'/* in
the superconductive phase in the same ballpark of the value
it takes in the vacuum, unless we take a very large
superconductive gap as in the case of A; = 100 MeV
shown in Fig. 6.

Within our model we were able to obtain an analytical
result for y. In fact, taking into account that at the global
minimum 0Q/0A; = 0Q2/0Ag = 0, and according to the
results in Fig. 3 we have 0A; /00 = 0Ag/00 =0 at 0 =0
[see also Eq. (47)], it is straightforward to prove that (see
Appendix B)

¢
Eﬁm (52)

where A; corresponds to the solution of the gap equation at
6 = 0; Eq. (52) stands both at zero and at finite temperature.
In the bottom panel of Fig. 6 we plot the fourth root of the
topological susceptibility versus £, obtained by Eq. (52)
using A; =50 MeV and GpA”> =4.69. The agreement
between the analytical result and the numerical one is self-
explanatory (we checked the agreement also for other values
of the parameters).

D. Axion mass and self-coupling

The low-energy Lagrangian density of the axion field
can be written as

1 m2 A
S W g e 53
La=30"0a -~ n (53)

where the axion mass and the quartic coupling are defined

in terms of the potential V(0) = Q(6) — Q(0) as
1 d*Q 1 d*v(e
mi=—5—z| . =g S> . (54)
Ja do g Ja A& g
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Of=-2 e
<« N -
@ N T .
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! !
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FIG. 7. Axion self-coupling, A,f4, versus ¢ for several values
of AL

and 6 = a/ f,. Within our model, we can compute how the
axion mass and coupling behave in the superconductive
phase of QCD, as well as study their response to the phase
transition to the normal phase.

From (B8) we get an analytical formula for the axion-
squared mass in the color-superconductive phase, which is

2-[¢

mg = [q

2G f2 53)

where A; corresponds to the solution of the gap equation.
To our knowledge, Eq. (55) is a new result in the literature.
We have not been able to find an analytical expression
for A,; hence we computed it numerically. In Fig. 7 we plot
the rescaled axion self-coupling, versus ¢, for several
values of A;. The parameters are the same as used in
Fig. 6. For the sake of comparison, we note that studies
based on the NJL model find 1,f% = —(55.64 MeV)*
T = u = 0 [65]. We find that 1, is negative in a range of {
that partly depends on A;, hence on the strength of the
coupling. This sign of 4, is in agreement with what was
found within NJL models at zero as well as finite u [65,83].
However, we find also a range of { where 4,, is positive. The
value £ of ¢ # 0 such that A, = 0 depends on the strength of
the coupling; however, comparing with the results shown in
Fig. 3, we find that £ is in agreement with the value at which
A; and Ay invert their tendency to change as a/f, is
increased [see Eq. (49)].

E. Finite temperature

In this section, we briefly investigate the axion potential
in dense superconductive quark matter at a small, albeit
finite, temperature. Increasing the temperature we expect a
critical value, depending on the chemical potential, for
which a phase transition occurs from the color-supercon-
ducting phase to normal-quark matter. In particular, when
the critical temperature 7. is reached, the gaps A; and Ap
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FIG. 8. Ceritical temperature, T, as a function of ¢, for different

values of A;. Calculations correspond to a = 0.

vanish, and a second-order phase transition occurs. We do
not push this investigation too much, because we neglected
quark masses in this work, that contribute to obtain nonzero
values of y and 1, above the critical temperature: we limit
ourselves to compute how 7, depends on £, as well as to
show the behavior of y and 1, around T, obtained within
our model.

In Fig. 8 we plot T'.. versus { for several values of A; ; Gp
is varied as a function of £, such that along each line the
value of A; at T =0 is kept constant. We find that T,
increases linearly as a function of {; moreover, T, increases
upon increasing A; as expected. This is in agreement with
the analytic result that can be found within the framework
of the HDET,

e’
7, = a9 <L (56)

2r
where A? is the value of the gap at vanishing temperature
and y=0.577 is the Euler-Mascheroni constant. See
Appendix C for a derivation of (56).

It is also interesting to check the behavior of '/# and 4,
versus 7 near the transition to normal quark matter. In
particular, we verified that Eq. (52) is also valid in the
finite-temperature case (see Appendix B), and the temper-
ature dependence enters only via A; . In the upper panel of
Fig. 9 we show the topological susceptibility, y'/* (upper
panel) and axion self-coupling, A,f% (lower panel), versus
T for { = 1. We used u =400 MeV and A; = 25 MeV.
The trend we find is in agreement with Eq. (52), with a
vanishing y and A, in the normal phase. However, we
remark that the vanishing of these two quantities in the
normal phase is an artifact of our one-loop approximation
to the thermodynamic potential, as well as neglecting the
quark masses: including quark masses would lead to
nonzero axion mass and self-coupling also in the normal
phase, similarly to what happens in the high temperature/
low density region of the QCD phase diagram [9,65,83].

100 T
-—-- A=25 MeV

o e e i i o -
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FIG. 9. Topological susceptibility, y'/# (upper panel) and axion
self-coupling, 1,f% (lower panel), versus T for { = 1. We used
u =400 MeV, A = 1000 MeV, and A; =25 MeV.

IV. CONCLUSIONS AND OUTLOOK

We analyzed the QCD axion potential in dense, super-
conductive quark matter at finite quark chemical potential,
u, and finite temperature, 7. We assumed that both scalar,
Ap — A;, and pseudoscalar, Ay + A, diquark condensates
can form: the color-flavor structure that we assume is that
of the standard 2SC phase. We used a two-flavor model
based on an interaction that contains a U(1),-preserving
and a U(1),-breaking term: the former has coupling
strength Gp and is assumed to be derived from one-gluon
exchange, while the latter arises from the one-instanton
exchange; it has coupling strength {Gp, and contains the
coupling of the QCD axion, a, to the quarks. We treated G
and ¢ as free parameters: in particular, we tuned G, for a
given ¢ in order to reproduce a value of the superconductive
gap without axions; we then switch on the axion field and
study the response of the diquark condensate, as well as of
the thermodynamic potential, to a. This allowed us to
compute the axion potential in dense quark matter.

We found that for a = 0 and { > 0 the scalar condensate
is favored; however, increasing a/ f, in the range (0, z/2)
results in the global minima of Q to become less shallow
along the direction of the scalar condensate and in the
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formation of new global minima around the direction of
the pseudoscalar. Consequently, for a/f, in the range
(r/2,37/2) the pseudoscalar condensate replaces the
scalar one. Increasing further a/f, up to 2z the location
of the global minima of Q change again and the system
turns to condensate in the scalar channel.

We computed the full topological susceptibility, y, of the
2SC phase, finding an analytical formula that connects y to
the quark condensate; this relation holds both at zero and at
finite temperature. Our formula (52) explicitly contains
information relative to the specific model used in our work,
in particular, the effective coupling G, and . It is likely
that in a more refined framework, in which one uses a
momentum-dependent one-gluon exchange term and an
instanton kernel instead of our effective 4-fermion inter-
actions, both G, and ¢ will be replaced by quantities
directly related to QCD, namely the QCD coupling, a
dressed gluon mass as well as the instanton size. This
interesting improvement will be the subject of a near future
work. The introduction of the momentum-dependent gluon
term would also allow us to explore the effect of cutting
high momenta in the temperature dependent contribution to
the thermodynamic potential, as we mentioned in Sec. II B.

We then computed the axion mass, m,, which is related
to y by the relation y = m2f2: as a consequence of our
result (52), we were able to obtain an analytical formula for
m, in the 2SC phase of QCD. Also, in this case, it is our
hope that the dependence of m, on the parameters of our
model can be replaced by a dependence on quantities of
QCD by using more refined interactions instead of the 4-
fermion terms we adopted here. We completed this part of
the study by computing the axion self-coupling, A4,,.
Interestingly, we found a range of { where 1, > 0, differ-
ently from what was found in cases of normal quark matter;
see for example [9,55,65-67,83]: hence the interaction
among axions becomes repulsive in this range of {. This
might have some impact on the pressure of axions trapped
in the core of compact stellar objects. It will be interesting
to explore this scenario in detail in the future.

A possible improvement of the present work is the
inclusion of the strange quark, and the opening to
the three-flavor color superconductor with massive quarks.
This would potentially make the picture more complicated,
because in this work we neglected the current quark masses,
as well as light quark chiral condensate: previous studies
based on NJL-like interactions show that this can be a fairly
good approximation, as long as the light-quarks sector is
considered. However, this might be no longer true for the
strange quark, at least for the values of x which are relevant
for compact stars. Along this line, studying the axions in
gapless phases is also worth more investigation: works in
this direction are already ongoing, and we plan to report on
them soon. Secondly, it would be interesting to use the
results obtained here to compute the cooling of compact
stellar objects via axion emission. It would also be important

to check how the picture we drew in our work changes when
the local interaction kernels we used are replaced by
nonlocal ones, with a more direct link to QCD, as well
as when other interaction channels, in primis the vector and
axial-vector channels are included in the game. Even more, it
is of a certain interest to allow for chiral condensate besides
the diquark one, in order to study, within a single model, the
axion potential in proximity of the phase transition between
the chiral and the superconductive phases: this would allow
for the exploration of the properties of the axion in the whole
QCD phase diagram. We leave all these interesting improve-
ments to future works.
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APPENDIX A: HDET GAP EQUATION

In this section, we derive the HDET solution to the gap
equation (41). To this end, we put

O(a.0) = 5 oot)

- 2+ cos(a/f,)’ (A1)

Then, Eq. (41) gives

1= 9260 g)/Apde :
222 7 o V(p—u)*+GhhiA(a.{)

(A2)

|
i V(p+p)*+Ghh3Ala, C)>'

We then adopt the approximations of HDET [98]. Firstly,
we note that the first integral on the right-hand side of (A2)
gets its largest contribution from the momentum space
region p =~ u, namely around the Fermi surface of the
quarks. Moreover, the second integral in the right-hand side
is suppressed at large u in comparison with the first one,
since it does not receive the enhancement for p = p. Within
the spirit of HDET we can thus ignore the second integral,
and restrict the first integral to a thin shell around p = u:
we call 0 the width of this shell. In the limit 6 < u the
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volume of momentum space available for pairing is thus
87u*s. Introducing & = p — u, the HDET version of (A2)
reads as'

_ G dé

+6
1= O(a, .
227 O@4) /_5 VE 1 GoliA(a.0)

(A3)

Integration can be done exactly; in the weak coupling limit
0> Gphy, using the definition (39), we finally get

46 i

R/ e (_MZGDG)(a,c)

). (Ad)

APPENDIX B: DERIVATION OF EQ. (52)

In this section, we derive Eq. (52) starting from Q in (37)
and using the gap equation (41). The first step in the
calculation is to notice that all the results we found are

consistent with the conditions dQ/A; = 0Q/Ar =0 at
60 = 0 and at the minima of Q. This can be easily under-
stood since € develops minima along the directions
A; = £Ag, and on these lines, it is an even function of
A; or Ag. Hence we can write

_d*Q
- de?

_°Q

=7 (B1)
o= 00

X

-0
From Eq. (37) we get
L fa,
x =20Gph hg —— [ p*dp—5(es+es+pu— —p).
T~ Jo 20
(B2)
Along the line h; = —hyg, which is the relevant one for

small 0, and taking into account the expressions of the
dispersion laws of the quarks, we thus get

1 Gp [A 1
x=8(Gph? |——+— [ p*dp +pu——ull. (B3)
42 Jo VP =P+ 2+07Ghhi
Now, we notice from the gap equation (41) at @ = 0 that
1 Gp /A ) 1
> T7=53 [ Pdp +u——p, B4
22wy (wp RN AT ) o

where h; stands for the condensate at & = 0. Using (B4)
in (B3) we get

2-¢
=2Gph3t=—=.
X DL§2_|_C

(BS)
Finally, taking into account A; = 2Gph; [see Eq. (39)]
we have

_A_%g_;_z_c

_ B
=26, 2+ ¢ (B6)

in agreement with Eq. (52). We remark that A; in (B6)
denotes the diquark condensate at @ = 0. From the

"To be precise, in the HDET one introduces a sum over the
direction of the Fermi velocities, v, of the quarks; then, for each
vp, £ =p - vp — uvp measures the fluctuation of the longitudinal
momentum around the Fermi surface. Our & in (A3) is slightly
different from that of HDET; nevertheless, formally the gap
equation obtained within HDET is in agreement with (A3),
because the quark condensate is homogeneous and the sum over
velocities leads to an overall 1.

derivation presented here, it is evident that Eq. (52) stands
both at zero and at finite temperature, since the momentum
integrals in Egs. (B3) and (B4) are modified in the same
fashion at T # 0.

As we remarked in the main text, for { < 0 the role of the
scalar and pseudoscalar condensates invert, since the
minima of Q develop along the line /; = hy in this case,
and Eq. (52) becomes

(B7)

Hence, we can summarize the results (52) and (B7) as

2 -
2+

a3
=L BS
1=50- 1l (B)

APPENDIX C: DERIVATION OF EQ. (56)

We consider the HDET gap equation Eq. (A3), and
evaluate the integral analytically in the case a =0 and
0 > Gph; thus obtaining

014042-14
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GDM

2+¢)n

(Giera) (1)

where /9 is the value of the gap which satisfies the O-temperature gap equation.
In the same framework, we now consider the finite temperature gap equation for a = 0, which can be written as

Gpp? dé GD#

y 2
ot +g/ VET G2 +0? 27

The integral appearing on the left-hand side of the equation
above is analogous to the one in Eq. (A3). Thus, the
integration leads to the same result that appears in the rhs of
Eq. (A1), with the only difference that /9 is replaced by the
finite temperature gap h; . Inserting then Eq. (A1) into the
lhs of Eq. (A2), and noticing that the fast convergence of
the integral in the right-hand side of (C2) allows us to
extend the integration to the whole real axis, we obtain

hy
n(Ge)
/+oo dé
~ V@G (1+e
= I(u).

GDhL(2+c)2+:2/T)
(C3)

where we put

+o0 dx
= /—°° Va2 + u2<1 + e\/m) ’ “

with x =&/T and u = Gph; (2+{)/T. For T — T, the
condensate #; — 0; we can thus limit ourselves to consider

2+9)

+6 dé
L. VEFCHIE 2+ 0P (14 eV ooh BTy

the leading order expansion of Eq. (A4) for u ~ 0, namely

100 =0 ( ) (3)

e'u

where y =~ 0.577 is the Euler-Mascheroni constant. Using
this result in Eq. (A3) we obtain

h0> ( xT )
In(-£) =In{ —5—),
(hL vGp(2+Q)hy
where we set T =T, and discarded all the finite h?
contributions. Finally, Eq. (A3) can be fulfilled only if

(Co)

T
W=—""e 7
EyGp(2+9) 7
which gives from which we derive
(2
7, — a0 ¢Cr0) (C8)

in agreement with (56).
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