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We study the QCD equation of state and other thermodynamic observables including the isentropic
trajectories and the speed of sound. These observables are of eminent importance for the understanding of
experimental results in heavy ion collisions and also provide a QCD input for studies of the timeline of heavy-
ion-collisions with hydrodynamical simulations. They can be derived from the quark propagator whose gap
equation is solved within a minimal approximation to the Dyson-Schwinger equations (DSEs) of QCD at
finite temperature and density. This minimal approximation aims at a combination of computational
efficiency and simplification of the truncation scheme while maintaining quantitative precision. This minimal
DSE scheme is confronted and benchmarked with results for correlation functions and observables from
lattice QCD at vanishing density and quantitative functional approaches at finite density.
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I. INTRODUCTION

The thermodynamic properties of strong interaction
matter are of both experimental and theoretical interest.
The phase structure of strongly interacting matter is explored
in currently running and planned heavy-ion-collision facili-
ties such as the BNL Relativistic Heavy Ion Collider
(RHIC), GSI Facility for Antiproton and Ion Research
(FAIR), JINR Nuclotron-based Ion Collider facility (NICA),
and High Intensity heavy ion Accelerator Facility (HIAF).
Its thermodynamic properties in the phase structure are
governed by the QCD equation of state (EOS), i.e.,
thermodynamic functions such as pressure, entropy density,
energy density, etc., at finite temperature 7 and quark
chemical potential u, [1-4]. Specifically, for hydrodynamic
simulations of heavy-ion collision, the QCD EOS is a crucial
input as are further transport coefficients, see, e.g., [5,6].
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Moreover, at large densities and small temperatures, the
QCD EOS is required for explaining the physics of compact
stars such as neutron stars, e.g., [7].

Accordingly, obtaining the EOSs and other thermody-
namic observables from first principles QCD is of utmost
importance for the physics phenomena discussed above.
At finite chemical potential and in particular for uz/T = 3,
these results can only be obtained with functional QCD
approaches such as Dyson-Schwinger equations (DSEs) and
the functional renormalization group (fRG) approach, as
lattice simulations at finite chemical potential to date suffer
from the sign problem. Investigations of the phase structure
of QCD with functional QCD approaches have made
significant progress over the past decade, see in particular
[8-12], and the reviews [13] (DSE) and [14,15] (fRG).
In turn, at vanishing up, first principles QCD computations
on the lattice provide benchmark results for the chiral
phase transition temperature, thermodynamic observables,
and fluctuations of conserved charges of QCD, see, e.g.,
[16-18], which also can be used for extrapolations to finite
chemical potential [19-21].

By now the results for the chiral phase structure from
functional approaches are converging quantitatively at finite
density with the increasing order of the truncations used.
Moreover, these up-to-date results meet the lattice bench-
mark results at vanishing (and low) chemical potential, see
[11,12,22,23]. The convergent results include an estimate
for an onset regime of new physics, potentially a critical
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end point (CEP), at about (7,uz)~ (110,600) MeV.
This location lies beyond the quantitative convergence
regime up/T <4 of the current best approximations, and
hence it is only an estimate and not a fully quantitative
prediction. Still, this is exciting news and furthermore there is
an ongoing quest for even more elaborate truncations
that aim for full apparent convergence. However, the
present approximations already allow for quantitative com-
putation in the regime uz/T < 4 and for estimates in the
regime ug/T = 4.

This opens the path towards a comprehensive analysis of
the equation of state, further thermodynamic observables,
fluctuations of conserved charges, as well as timelike
observables such as transport coefficients within functional
approaches. In the present work we contribute twofold to
this endeavor.

(i) We want to make quantitative functional QCD
computations accessible to a wider audience beyond the
technical experts. To that end we set up a minimal
computational scheme for DSE computation: such a
scheme aims at the technically most simple approximation
at finite temperature and density that still reproduces the
phase structure results with the state-of-the-art approxima-
tion scheme in [11,12,22,23] and, hence, allows a relatively
simple access to many observables beyond the phase
structure itself.

(i) We compute the equation of state and other thermo-
dynamic observables in a wide range of T and up within
this scheme. This allows us to study further thermodynamic
observables such as the isentropic trajectories and the speed
of sound, highly relevant for hydrodynamic simulations at
finite density.

This work is organized as follows: In Sec. II, we present
the framework of the minimal scheme and its agreement
with the other studies in vacuum. In Sec. III, we apply the
framework in the plane of temperature and chemical
potential and obtain the chiral phase transition. Then in
Sec. IV, we present the results of EOS in the (¢, T') plane and
also the isentropic trajectories. In Sec. V, we summarize the
main results and make further discussions and outlook.

II. THE MINIMAL DSE SCHEME

In this section we develop the minimal truncation
scheme for the DSE approach at finite temperature and
density, which can provide quantitative and semiquantita-
tive results with minimal computational effort (miniDSE).
A central element of the system of DSEs in QCD at finite
temperature and density is the DSE or gap equation for
the quark propagator. The full quark propagator at finite
density and temperature provides access to many observ-
ables, ranging from the chiral phase boundary over the
density to fluctuations of conserved charges. We use it here
also for illustrative purposes. The quark DSE is given by

[S(p)]™" = [So(p)]™" + Zo(p). (1a)

W

E(p)

FIG. 1. Quark DSE for the quark self-energy X(p). Full
propagators are depicted with lines with gray blobs, the full
vertex is depicted with black blob, and the classical vertex with
small black dot. The classical quark propagator is depicted with a
straight black line.

where S is the classical bare propagator,

1
Cig4m’

So(p) (1b)

where m is the matrix of current quark masses with entries
my for all flavors f = 1,..., Ny. & is the bare self-energy,
which satisfies the DSE

4
%(p) =50 [ GnS@ e D). (10

In (1) we have dropped the renormalization details for the
sake of structural simplicity. We shall use a Bogoliubov-
Parasiuk-Hepp-Zimmermann (BPHZ)-type renormalization
procedure setup in [24], which features renormalization
constants, which are set to unity for a sufficiently large
renormalization group scale. More details are provided in
Sec. I B. In Eq. (Ic), D,, (k) is the full gluon propagator
with gluon momenta k = ¢ — p, and I',, is the full quark-
gluon vertex. The diagrammatic depiction of (1) is provided
in Fig. 1 and the momentum arguments in the quark-gluon
vertex are the incoming and outgoing quark momenta. We
proceed with the detailed discussion of the miniDSE
scheme: In Sec. II A we put forward the essential elements
for such a minimal scheme in functional approaches. Then,
in Sec. II B the scheme is developed and its application is
illustrated a quantitative analysis of vacuum QCD. Finally,
in Sec. II D we demonstrate the remaining developments at
finite temperature and density, which then completes the
whole scheme used in the present work.

A. Minimal scheme for functional approaches

The minimal scheme in functional approaches (miniDSE
or miniFRG) supposedly allows for quantitative results
with a small systematic error, while minimizing or reducing
the computational costs. It builds on previous develop-
ments in [11,22] and is built on two pillars.

(i) Minimal fluctuations. It is an advantageous property
of functional approaches such as the DSE and the fRG, that
QCD correlation functions such as continuum extrapolated
lattice results or quantitative functional QCD results can be
implemented straightforwardly. Moreover, functional loop
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equations of QCD for given external parameters such as
temperature 7', baryon chemical potential up, and number
of quark flavors N, can be expanded about QCD for
different external parameters; for more details see [12,22].
This minimizes the amount of quantum, thermal, and
density fluctuations carried by the functional equations
themselves. The benefit of such a procedure is twofold:
First, assuming a negligible or small systematic error of the
input it minimizes the systematic error as the latter only
concerns the fluctuations carried by the functional equa-
tions. This allows us to reduce the intricacy of the
approximation within the DSE or fRG considerably with-
out a significant loss of the quantitative nature of the result.
Second, it minimizes the need of renormalizing the func-
tional equations. For a given n-point correlation function
' the procedure can be expressed as follows [12]:

ry) =14 +ar,, (2)
where v collects the external parameters, e.g.,
v = (T, up, Ny, my). Equation (2) represents the difference
of the DSEs between v and v, and constitutes a functional

equation for I'") with the input '} We emphasize that the

difference DSE in Eq. (2) depends on further FS,"), which
are computed from their own difference DSEs.

An instructive example is the quark gap equation at finite
temperature and chemical potential which can be expanded
about the vacuum results from other studies,

Z, = Zvo + sz.vo’ 3)
where v = (T,uB,Nf,mf) and v, = (0,0, Nf,mf) and
the input, e.g., is the quark propagator and vertices from the
quantitative DSE study of vacuum QCD in [24]. Then, the
gap equation Eq. (3) can be resolved for AX with the input
of the vacuum self-energy %, , the vacuum quark-gluon
vertex ', ,, and the vacuum gluon propagator D, ,,. This
leads us to

{ Su(@)T(q P)DpunK)

saor
q

where [ is the momentum integration in the vacuum and
takes into account a Matsubara sum for 7 # 0,

Z;_ neZ/ 27 / /

Note that the solution of the gap equation Eq. (4) requires
the knowledge of the vertex and the gluon propagator,

(4 p)Dﬂy;y0<k>}, 4

(2m)*

which satisfy their respective difference version of the
DSE Eq. (2).

For numerical convenience it is advisable to recast the
right-hand side of Eq. (4) such that the exponential
suppression of thermal contributions is included not by
differences of sums and integrals, for a detailed discussion
see [22]. There, this has been explained at the example of
the gluon propagator. For the quark gap equation, the sums
and integrals on the right-hand side of Eq. (4),

4
AZ(p) = 5 Js {i |:yﬂSva;vD;w;v - yuSvory;voDyu;v0:|
q

+ [I_/} yﬂSUOFU;UODﬂU;Uo}‘
q
q

To begin with, the DSE for AX is finite (for fixed N ¥
and my); the subtractions from the renormalization have
dropped out. Moreover, the second line only depends on
the input, both the thermal sum and the integral have the
same summand/integrand. Then, the thermal suppression is
readily extracted in a numerically safe way. Note that the
second line can be precompiled for all v and serves as an
input in the first line. Moreover, in most cases the second
line carries most of the thermal change. If solving the set
of DSEs in an iterative procedure about AT =0, the
difference of the self-energies AX in the first iteration step
is simply given by the second line. As this carries already
the correct thermal suppression, it is also present in the first
line due to the subtraction of the summands/integrands. In
conclusion, this leads us to a numerically stable and cost-
efficient procedure for solving DSEs.

(i) Minimal correlation functions. Complete n-point
correlation functions T'™(py,...,p,) carry a rapidly
increasing number of tensor structures as

(6)

T (prsevsp) = S H(prs e )T (7)

Their respective scalar dressing functions A’ depend on
the momenta p, ..., p,_;, the remaining momentum p,, is
fixed by momentum conservation. However, only few of
these dressings have a sizable impact within the system of
functional equations and higher order vertices are typically
suppressed due to space-time and momentum locality of
the vertices in gauge-fixed QCD; for more details see [14].

In our example of the difference gap equation for Eq. (3),
a respective evaluation concerns only the quark-gluon
vertex I[',. In the vacuum it has a basis of twelve tensor
structures that come with respective dressings,

ZT (4, p)2(q. p), (8)

014036-3



LU, GAO, LIU, and PAWLOWSKI

PHYS. REV. D 110, 014036 (2024)

while its transverse part carries a basis of eight tensor
structures and one typically simply considers transverse
projections of eight elements; see, for example, [24]. There
it has been shown in detail, that only three of these eight
tensors are relevant, say 1, 4, and 7, and the other tensors
can be dropped completely even for quantitative purposes.
This leads us to a reduced vertex,

. p) = > T (q.p)Aq.p).  (9)

i=14,7

which is used in combination with the gap equation for
the quarks, Eq. (1c), and gluons as well as with the DSE for
the gluonic vertices. Similarly to Eq. (3), the vertex DSEs
are expanded about the quantitative vacuum solution,
taken, e.g., from [24],

AT

AT

=T

u:v_r

(10)
Equation (10) is expanded analogously to Eq. (8) in terms
of sums and integrals. As there this leads to numerically
stable and rapidly converging iterations in the DSE.

In summary, the above minimal scheme allows us to
obtain quantitatively reliable results for observables with a
significant reduction of the numerical costs and a sizable
improvement of the stability of the convergence of the
numerics. In combinations this can lead to a reduction of
the computation time by orders of magnitude. Moreover,
some of these reduced truncations in the miniDSE are
easily accessible technically also for nonexperts.

B. miniDSE scheme in the vacuum

In this section we develop the minimal truncation
scheme for the DSE approach (miniDSE) in the vacuum.
The key to this approach is the quantitative solution of the
quark gap equation or quark DSE for the full quark
propagator S(p) already discussed in the introduction of
Sec. 1I, see (1). Its renormalized form is given by

[S(p)]™" =ip+m+Z(p). (11)

with the renormalized mass m and the renormalized self-
energy X. The latter satisfies the renormalization conditions

trDE(p) = 0,

pr=p’

terL/ZZ(p) —0, (12)

Pr=p?

with the renormalization scale u?. The first condition
entails that the renormalized mass m, is the full mass
function at p> = u?, while the second condition entails that

the wave function of the quark is trivial at p> = y?. The
conditions Eq. (12) can be summarized in

2_,2 — 0 (13)

Similar renormalization conditions hold for the corrections
of the ghost and gluon propagators, as well as the
primitively divergent three- and four-point vertices at the
symmetric point,

p* = p?=u’, i=1,...n, (14)
with n = 3, 4 for the three- and four-gluon, ghost-gluon,
and quark-gluon vertices. It is left to detail the renormal-
ization scheme used here. Instead of using the usual MOM
scheme with multiplicative renormalization, the numerical
computation will be performed with the MOM? scheme
devised in [24], briefly recapitulated below.

1. Renormalization

Equation (11) is computed within the MOM? scheme
developed in [12,22,24] that also underlies the fRG
computations. It is for the latter reason that this scheme
allows the direct insertion of fRG results, as well as
DSE results computed in this scheme. We refer to [24]
for a detailed analysis of this renormalization group (RG)
scheme in the vacuum: Its chiefly important property is the
fact that its renormalization factors converge towards unity
for sufficiently large renormalization scales u/Aqgcp > 1;
typically one uses u = O(10) GeV. This convergence to
unity is a property of the RG scheme used in the fRG
approach, which is a generalized BPHZ subtraction
scheme. It is precisely this property that allows for a direct
use of fRG input, and is achieved by appropriate self-
consistent subtractions at the renormalization point .

We illustrate the practical implementation of the sub-
traction scheme at the example of the quark gap equa-
tion (1c), the other subtractions are implemented similarly.
The BPHZ-type subtractions in [24] are simply given by
the DSEs for a theory with a sharp infrared momentum
cutoff A in the propagators, leading to

Ga(p* <A?) =0, (15)

for quark, gluon, and ghost propagators. For the specific
scheme used here we employ cutoffs A > Aqgcp and set
the RG scale u = A. Then, the propagator G, shows the
standard perturbative behavior for p > A. Accordingly, the
difference between the full propagator and the infrared
regularized one vanished approximately up to higher order
terms, namely,

[G=GAl(P> 2 #?)~0.  [G=Gul(p* <p?) =G(p).

(16)
In summary this leads us to

Y(p) = AZ\(p) +loops,(p), (17)
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where loops, (p) is simply the difference of the loop in (1¢)
with the full propagators and vertices and the loop with
infrared regularized propagators G, and the respective
vertices. AX, carries the renormalization condition and
renders the sum on the right-hand side of Eq. (17) A
independent. Effectively this reduces to the self-energy
loop in (Ic) with the propagators

G(p)o(A* = p?). (18)

where we have dropped subleading terms that vanish with
A — co. At the renormalization point p?> = p?> = A? the
self-energy vanishes, Eq. Eq. (13), which fixes AX,(p),

1
AZ\(p) = _ZUD loops(p) L
PP=u
1
_ yztrD {%bops,\(p)} . (19)
p

pr=’

where trp, is the Dirac trace. This choice also removes the A
dependence of the self-energy up to subleading terms that
vanish for A — oo. The first term in Eq. (19) is a finite mass
renormalization, while the second term constitutes a finite
wave function renormalization for the quark in the limit
A — oo. This factor can be absorbed readily in the
definition of the quark field. In summary, this leaves us
with a trivial limit for all renormalization constants for
A/Agcp — co. The derivation of Eq. (17) and (19) from
the Wilsonian point of view including rules for its practical
implementation can be found in Appendix A in [24].
Finally, we note that the classical quark propagator Sy(p)
in (1b) is flavor diagonal. The full quark-gluon vertex I', is
also taken flavor diagonal, and hence (Ic) constitutes
equations for the self-energies ¥/ for a given flavor f,
which only depends on the classical and full quark

propagators S/, S/ or rather £/ of the same flavor f and

IJ. Hence, the quark gap equation is flavor diagonal;
however, the gluon propagator depends on all flavors.

2. Approximation

In the current work we restrict ourselves to 2 + 1 flavor
QCD with f =u, d, s. In the vacuum, the full quark
propagator is parametrized with a flavor diagonal Dirac
dressing A and a scalar dressing B, namely,

S'(p) = ipA(p) + B(p). (20)

The vacuum gluon propagator is transverse in the Landau
gauge used in the current work and has the transverse
dressing Z,

kk,
I (k) = 8,, —— (21)

D;w(k> = GA(k)H;Jt_u(k)’ H K

with the transverse projection operator IT* and the scalar
propagator part,

Galk) =2 (22)

with Z(k) the dressing function. By now, the vacuum gluon
propagator Eq. (21) can be very accurately computed, e.g.,
for the 2 4 1 flavor gluon propagator, there are consistent
results from lattice QCD simulations and functional com-
putations [11,12,22,25,26]. Therefore, we use the para-
metrization of the 2 4 1 flavor gluon put forward in [24];
see Appendix A for the details.

The last ingredient is the quark-gluon vertex. As dis-
cussed before, the quark-gluon vertex in the vacuum has a
complete basis of twelve tensor structures, {7 ()} with
i=1,...,12, while its transverse part can be expanded in
eight transverse projections of these tensors with
i=1,...,8, see, e.g., [24]. For the development of our
minimal truncation scheme we can build on many func-
tional results obtained for the quark-gluon vertex in the
vacuum, see, e.g., [24,27-33]. At finite temperature and
density these transverse projections all come with a thermal
split, which will be discussed later in Sec. II D.

The following construction of a simplified quark-gluon
vertex in the miniDSE scheme builds on results of the in-
detail analysis of the importance ordering of the vertices
in [24] in the vacuum. Moreover, we also work in the
information from DSE results at finite temperature and
density obtained in the precursor of the present minimal
scheme in [22], and its comparison with the full compu-
tation in [12]. This combined analysis showed that five of
the eight tensor structures are completely subleading, and
we only have to consider the transverse projections of the
remaining three,

1 .
T!<¢ )(q9 p) = _IY;u
i

4 : v _
Tl(l )(q’ p) = _lg/wk ’ [T 5 [yw YD]’

i
Tg) (q9 p) = g {Gaﬁyy + O'ﬁuya + Gﬂayﬂ}lakﬂ' (23)
Each tensor comes with a momentum dependent dressing
function 1()(q, p) with the incoming and outgoing
quark momenta g and p, respectively, and the gluon
momentum k and the weighted sum of the quark and
antiquark momenta /,

(q+p). (24)

N =

k=q-p, 1=
Then, the miniDSE quark-gluon vertex takes the form

T(g.p) =Y T (q.p2q.p). (25

1,47
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The terms in Eq. (25) have the following relevance ordering
[24]: the by far dominant component of the vertex is that
with the classical (chiral) tensor structure, 7 ;4;, and the
dressing is constrained by the Slavnov-Taylor identities
(STIs). This is followed by the chiral symmetry breaking
part 744,. The smallest contribution originates in the
second chirally symmetric part 7 ;4;. The Dirac structures
of quark-gluon vertex are adopted from [24], except 74
which has less overlap with the other components and
avoids kinematic singularities due to its symmetric form,
see [34].

Then, the fully quantitative miniDSE scheme would
utilize the splits Eq. (2) with v' = (N, m, T, ufy) =
(Ng,mg,0,0) or even with 7" = T as well as the quanti-
tative data from [24] or finite temperature results.
Moreover, at finite temperature and density the dressings
A1.47 with or without thermal split would be approximated
by combinations of the dressings of the quark propagator as
done in [22]. The latter step further reduces the numerical
costs significantly. The quantitative nature of this approxi-
mation has already been confirmed in [12,22]. This con-
cludes our discussion of the quantitative miniDSE scheme
for applications to the phase diagram of QCD.

C. Simplifications beyond the miniDSE scheme

In the present work we will further simplify the scheme
by approximating the vertex dressings also at 7 = 0 with
combinations of the propagator dressings. Moreover, we
shall drop the least important part 7,4,, even though it
accounts for an about 20% decrease of the mass function.
We accommodate for this decrease of the mass function by
decreasing the coupling constant with roughly 3% com-
pared with the full QCD coupling in [24]. A comparison of
the A; contribution on the quark mass function is shown
in Fig. 2.

0.4 T T T
- e DSE: this work
) — =with A,, same coupling
0.3 =-= with &,, 3% enhanced coupling ]
-~
>
[0
O]
= 0.2 .
N
2
=
0.1 .
0.0 T L L R R R L | T L T

0.1 1 10 30

3
p [GeV]

FIG. 2. Quark mass function M(p?) = B(p?)/A(p?) from the
truncation scheme Eq. (26), compared to the scheme with an
additional A5 structure from the data input of [24], and with the 4,
and a 3% enhanced coupling.

In summary, this leads us to a computationally minimal
scheme only in terms of the quark dressings with the quark
gluon vertex,

T.(q.p) =T (g, p)AV (g, p) + T\ (g, p)A¥(q, p),
(26)

where the dressing of the classical tensor structure is
constrained by the STIs for the quark-gluon vertex. We
shall use

AV(q, p) = g,F(K)Za(q, ), (27)

with the ghost dressing function F(k*) = k*G..(k), where
G. (k)8 is the ghost propagator. The other factor X is the
sum of the quark dressings A defined in Eq. (20),

A(p) +Alg).

; (28)

ZA(q’ p) =

Several studies suggest that A is proportional to
differences of the scalar quark dressing function [35-37],

B(p) - B(Q)_

29
o (29)

AB(q’ p) =

The scalar dressing of the quark propagator carries the RG
scaling of the quark and antiquark leg of the quark-gluon
vertex. The RG scaling of any vertex dressing A’ also has to
accommodate the RG scaling of the gluon momentum as
o 1/Z'2(k), with the gluon dressing defined in Eq. (22). It
has been shown in [22,24] by comparison to the full vertex
computed in [24] (DSE) and fRG [31] (fRG), that this
factor indeed not only carries the appropriate RG scaling
but also the correct momentum dependence of A, in the
vacuum. For the explicit comparison, see, e.g., Fig. 15 in
Ref. [22]. Hence, in the vacuum we choose

29(q, p) = %@Am, p). (30)

with Z(k) the gluon dressing function introduced in
Eq. (21), see [22]. In the deep infrared, Eq. (30) introduces
a kinematic singularity into the vertex that it absent in the
direct computation. Note however that, in our computa-
tions, the vertex is always attached to a gluon propagator
with momentum & and the factor 1/Z'/?(k) is canceled.
Moreover, the loop integration introduces a further k* at
finite temperature and k* in the vacuum, which leads to a
very efficient suppression of this regime. This is checked
with a comparison to the results from computations with
full vertices which allows for a systematic error estimate,
which is described in detail in Appendix B. It is shown that
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the change of results is no more than 3%, well within the
systematic error estimate of our computation and hence
supports our procedure.

This concludes the discussion of the simplified version
of the miniDSE scheme in the quark sector used in the
present paper. The price to pay for the last simplification
steps Eq. (26)(30) beyond the miniDSE scheme is a loss
of quantitative reliability for baryon chemical potentials
with up /T Z 3. This will be discussed in detail in Sec. I D.
The quantitative reliability regime for uz/T < 3 has been
checked with the results from the fully quantitative finite
temperature and chemical potential computation in [12]:
the loss of quantitative reliability manifests itself, e.g., in an
increasing difference of the chiral phase transition line from
that in full QCD in Fig. 6 for these chemical potentials
including a 10% reduction of the temperature and the
chemical potential values of the location of the critical end
point from the estimated regime in full quantitative func-
tional QCD. For the first computation of thermodynamic
quantities we consider this an acceptable price to pay. Still,
we emphasize that the lack of quantitative reliability from
the simplified construction of 4; and A, is highly relevant
for self-consistency checks of functional approaches: a
necessary condition for the full quantitative reliability or
small systematic error bars is the confirmation of lattice
and functional benchmarks at small chemical potentials
without the need for phenomenological parameters such as
a minor decrease of the coupling. Amongst other con-
ditions, it is this property which informs the current
quantitative reliability bound for predictions from func-
tional QCD of ug/T < 4.

The vertex dressings in Eq. (26)(30) are also based on
dressings from the ghost-gluon sector. The ghost propa-
gator is almost independent of temperature and density and
we use the vacuum fRG data in two-flavor QCD [31]. See
Appendix A for the details. In turn, the gluon dressings are
computed from a difference DSE analogously to that of the
quark discussed around Eq. (5). The respective difference
DSE have been discussed in detail in [12,22]. This
procedure accommodates further intricacies that arise from
the need of a numerically optimal treatment of differences
of frequency integrals and Matsubara sums, and hence we
defer its description to the next section, Sec. IV, where the
setup at finite 7', up is described, see Egs. (42) to (45).

With this input and simplification of the miniDSE
scheme, the quark propagators are computed in the isospin
symmetry approximation with m, = m,; = m; with the
coupling parameters a, = g2/(4x), m;, m being fixed at
an RG scale u = 15 GeV. This is significantly lower than
the perturbative RG scale u = 40 GeV used in [24] for
precision computations in the vacuum, but suffices for the
present accuracy goals. We use

a, = 0.235,

m,=30MeV,  m,=27m =81 MeV, (31)

0.4
1 |=——DSE: this work
J [— —fRG-DSE: Gao et.al.
.%\ < Lattice: Oliveira et al., 3=5.29
A © Lattice: Oliveira et al., B=5.20
0.34 ' A /A Lattice: Bowman et al.
>
]
(2. B
= 0.2-
I ]
o
=
0.1 1
0.0
0

p [GeV]

FIG. 3. Light (u, d) quark mass functions M(p?) =
B(p*)/A(p?) and the wave function 1/A(p?) calculated from
the truncation scheme Eq. (26). The results from lattice QCD
simulation [38] and previous DSE computation in the fully
coupled scheme [24] are also shown for comparison.

at y =15 GeV, which is compatible with the coupling
parameters in [24] within the same RG scheme, the
MOM? scheme.

As a benchmark result we show the light quark mass
function M(p?) = B(p?)/A(p?) and the quark wave func-
tion 1/A(p?) in Fig. 3 in comparison to the quantitative
fRG-DSE results in [24] and the lattice results from [38].
From this quark propagator we compute the reduced quark
condensate

Ay =(qq) — —(qq)s- (32)

For the comparison with the lattice and functional results
for the reduced condensate, we have to map our present
results to the respective RG scales. This has been described
in detail in [24] where the precision results for the quark
condensates have been compared to the lattice results at the
lattice RG scale pj,, = 2 GeV. Hence, we simply map the
present result to the lattice RG scale and compare it with
the lattice and functional results. We are led to

Ay (i) = —(277.6 MeV ). (33)

Another and even more direct benchmark is provided with
the light quark condensate in the chiral limit: it relates to the
quark mass function [24,39,40], and we obtain

Ay (i) = —(273.9(8) MeV)?, (34)

in comparison with the functional precision result in the
vacuum A, (u,) = (269.3(7) MeV)? [24] and the lattice
result Ay, (1) = (272(5) MeV)? (FLAG [41]). A, can
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also be used to determine the chiral condensate at the
physical quark mass, and we find

A;() = —(274.5 MeV)?, (35)

in comparison to the functional precision result A; () =
(272.0 MeV)? in [24].

Moreover, using the Pagels-Stokar formula [22] (PS),
we obtain an estimate for the pion decay constant of
[ =947 MeV. Given the expected 10% deviation of
the PS result from the full results, this agrees well with
fz=~93 MeV. Moreover, the Gell-Mann—-Oakes—Renner
relation yields a pion mass of m, = 140.4 MeV.

In summary, despite its relative simplicity the quark
propagator and the derived observables in the vacuum,
obtained from the present approximation, show an already
impressive agreement with the precision functional results
and those from lattice simulations. We emphasize again that
the truncation scheme with the simplifications Eq. (26)
and (30) beyond the miniDSE scheme only requires a slight
decrease of the coupling compared to the fully coupled
DSE result [24]. At finite temperature and chemical
potential, the scheme is quantitatively reliable up to
up/T <3, which will be seen in the following sections.

D. miniDSE scheme at finite 7 and pup

We proceed with a discussion of the extension of the
miniDSE scheme to finite temperature and density. This
concerns, in particular, the thermal split and the treatment
of the gluon sector.

The full quark and gluon propagators S(p) and D, (p) at
finite temperature and density are parametrized as follows:

S™(p) = iya@,C(p) + iy -p A(P) + B(p).
p*D,(p) =TI, (p)Zg(p) + L(p) Zu(p). (36)
with
p=(p.w,), (37)

and the quark and gluon Matsubara frequencies

d)n:wn+iﬂqﬂ ﬁ:p+lﬂqﬂ

quark: @, = 2n+ 1)zT, gluon: w, =2nxT,  (38)

respectively. Equation (36) also depends on the electric and
magnetic gluon projection operators H,];:;M,

H/%(p) =(1- 5;44)(1 —6,4) (5/w - p;zpb>’

PuPv
HEu(p) = 5/41/ - M—z - H/IYII/ (39)
p
The quark DSE at finite (T, ug) is of the form (1) with a
spatial momentum integral and a thermal sum over
Matsubara frequencies defined in Eq. (5). The DSE of

FIG. 4. Diagrammatic depiction of the gluon DSE. Full
propagators are depicted with lines with gray blobs, full vertices
are depicted with large black blobs, and classical vertices with
small black dots. The classical gluon propagator is depicted with
a spiralling black line.

the gluon propagator at finite 7 and quark chemical
potentials (u,, ptg, ) is computed along the lines sug-
gested in [22]. A diagrammatic depiction of the gluon DSE
is provided in Fig. 4.

We first use the difference DSE for the gluon propagator
as in Eq. (5) in an expansion about the gluon propagator in
the vacuum,

D—l

1, v

(k) = D7)

2]

(k) + AT (k), (40)

Aspv
with

v= (Nf’ mf’T’,uB>’ Yy = (Nf’mf’()?()) (41)

In Eq. (40), T4, is the vacuum polarization of the gluon
that comprises all quantum, thermal, and density fluctua-
tions in terms of the diagrams in the DSE. In a further step
we split the diagrams in the thermal and density difference
DSE into the gluonic part Al'Iil(k) whose classical three- or
four-gluon vertex comes from the Yang-Mills sector, and
the quark part AIT}" (k) that is proportional to the classical
quark-gluon vertex. The latter part is one-loop exact while
the former one also contains two-loop diagrams.

AT (k) = Aniﬂ;,’;”ﬂ(k) +ATIEY ™ (k). (42)

The quark loop contribution AIT}' in Eq. (42) reads

Ay Ay Ay

Al—Iqu;v,vo(k) _ Z [Hf;v (k) _ Hf;"o (k)i| , (43)
f
with

13,0 = =52 Y bl S' (P 0)S @), (44)

q

for each flavor. The trace in Eq. (44) sums over Dirac
indices and gauge group indices in the fundamental
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representation. The contribution is flavor diagonal as
already assumed in the quark gap equation.

The pure gauge theory part can be evaluated analo-
gously. While the difference does not require renormaliza-
tion, the numerical implementation of this property requires
some care and for this purpose a numerically stable scheme
has been set up and successfully used in [12,22]. In the
present work we resort to a further simplifying approxi-
mation suggested in [10,42] and expand the gauge loop
contribution in Eq. (42) about the lattice data of the Yang-
Mills (YM) gluon propagator. We obtain

AT (k) = (DY, (0] = (DY, (K)]7". (45)
where we have used that YM theory is only sensitive to the
temperature and not the rest of the parameters in v and vy,.
The systematic error of this approximation for physical
quark masses has been evaluated in detail in [11] and does
not add significantly to the total systematic error for the
T, up regime considered here. In a forthcoming work this
approximation is also resolved with the numerically stable
scheme from [12,22].

Finally, we have to consider thermal and density splits in
the vertices and especially in the quark-gluon vertex. The
miniDSE approximation of the latter with two tensor
structures has been introduced in Sec. II in the vacuum,
see Eq. (26). At finite T', ug we have to take into account the
thermal or density split of tensor structures as the heat bath
or medium singles out a rest frame. To begin with, the
classical tensor structure in Eq. (26) is split as

yﬂZA(q’ p) > Vu [5/4426’(@7 ]~7> + (1 - 5/44>ZA (é’ p)]’ (46)

where ¢, p contain complex frequencies Eq. (37).

In the present work we employ the further simplification
beyond the miniDSE scheme already discussed in the
previous section on vacuum QCD: we only consider the
second most important tensor structure 7*) of the quark-
gluon vertex, dropping the 7(7) contribution. Moreover, we
use an RG-consistent split as in the vacuum. The vertex part

with the second tensor structure 7 ) in Eq. (26) is split as
follows:

7,7(q. )4 (g, p)
= [T (g, p) [T (0 (0. p) + TREAT (0. p)]
(47)

with the miniDSE approximation for the electric and
magnetic dressing functions

k@, p) = 9. 25X (@) Ap(@. p).  (48)

This concludes the discussion of the simplified version of
the miniDSE scheme used in the present work: We have

reduced the task of solving the gap equations and vertex
DSEs to that of solving the gap equations, where each
approximation step has been benchmarked and controlled
by functional results obtained within more sophisticated
approximations as well as lattice results. We proceed
by solving this set of difference DSEs for the quark and
gluon dressings with the coupled quark and gluon DSEs
[Egs. (1) and (40)].

III. QCD PHASE STRUCTURE

We now present results for QCD phase structure, which
are confronted with that obtained with lattice simulations
and functional approaches at vanishing density and func-
tional approaches at finite density. The latter results offer
a quantitative benchmark up to densities pz/T < 4. The
calculation is performed in the isospin-symmetric approxi-
mation and with a vanishing strange quark chemical
potential, (u,, ug, pts) = (1/3up, 1/3up,0), which give
the net-baryon number density nz =2/3n,, and the
vanishing strange quark density n, = 0. This matches
the scenario of heavy-ion collision with a vanishing net
strangeness.

We define the pseudocritical temperature of the
chiral phase transition T.(ug) as the peak temperature of
the thermal susceptibility of the reduced condensate A
defined in Eq. (32),

(49)

xr(T ug) = —0r (M)

Al,s (07 0)

Numerical results of y; at several chemical potentials are
shown in Fig. 5. At zero up, we obtain 7.(0) = 156.5 MeV
in agreement with results from lattice QCD [16-18] and
functional approaches [10-12,22,23].

A further benchmark result is provided with the curva-
ture coefficients of the pseudocritical temperature at
up = 0. Its Taylor at yp = 0 is given by

it e ) )

and the present simplified version of the miniDSE scheme
yields

Ky = 0.0169(6). (51)

This result is slightly larger but compatible with lattice
QCD [16,17,43] and fRG/fRG-DSE [11,12,22] predictions
with x, = 0.015 [0.0142(2) in [11], 0.0147(5) in [12]].
On the other hand, we found x, ~ 5 % 10~* which is also
larger but of the same magnitude as the functional results
ks ~3 x 107 in quantitative approximations [12].

These slight deviations grow larger at finite chemical
potential. In Fig. 6 we depict the obtained phase transition
line in Fig. 6 in comparison to other functional and lattice
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FIG. 5. Temperature dependence of the susceptibility y, at

several quark chemical potentials, including u$EP = 567 MeV.
For the case of puz = 640 MeV, the first order phase transition
occurs and the y; for both Nambu and Wigner solutions
are shown.

studies. Our result agrees well with the previous functional
QCD results within more sophisticated truncations until
up ~ 400 MeV or up/T ~ 3. For ug/T = 3 the deviations
become sizable, which also manifests itself in the location
of the critical end point (CEP) with

TCEP uSEP) = (108.5,567) MeV. 52
B

This location has to be contrasted with the quantitative
estimate

200 - - ” —

[~ DSE: this work o %o
100 4~ —RrG-DSE: Gao et al. 1
o - = = fRG: Fu et al.

Ll — - DSE: Gunkel et al.

77 Lattice: WB

50 - Lattice: HotQCD i

freezeout: Alba et al.

freezeout: Becattini et al.

freezeout: STAR

0 freezeout: Andronic et al.
T T T

0 200 400 600 800

g [MeV]

*ude

FIG. 6. Phase diagram obtained here within the simplified
miniDSE scheme, compared to other functional QCD studies
[11,22,23], lattice QCD extrapolation [16,17], and the extracted
freeze-out data from different groups [44-47]. The present
approximation to the minimal DSE scheme is reliable up to
up/T < 3, which is marked by the black dashed line. We also
display the reliability of the full quantitative computations
[11,12], the dotted line with ug/T < 4.

(TCEP 4CEP) ~ (100110, 600-650) MeV.  (53)

from the results in [11,12,22]. Considering the small error
of the curvature obtained in Eq. (53), the phase transition
temperature is well constrained. Therefore, the parameter
space singles out a line instead of an area.

In short, Eq. (52) shows a ~10% deviation with respect
to the estimate Eq. (53) and this deviation provides a
systematic error estimate for the simplified miniDSE
scheme used in the present work. In summary, this analysis
entails that the simplified miniDSE scheme, provides
semiquantitative results for a large range of chemical
potentials. Hence, we can use it for the computation of
thermodynamic quantities which are directly related to the
measurements.

We close this section with a brief discussion of the
twofold origin of the deviations, which are responsible for a
successive loss of fully quantitative reliability of the present
results for uz /T = 3. To begin with, we already know from
the comparison of the phase structure computation in [22],
that the use of full vacuum dressings for the quark-gluon
vertex corrects the curvature coefficient k. Moreover, the
deviation at larger chemical potential is also caused by
the use of Ag, Eq. (29), in the dressing A4, Eq. (30): in
comparison to the dressing computed in [12], Ay carries a
singular momentum dependence. This can be compensated
for with the introduction of higher order corrections from
the scattering kernel together with the imaginary part of the
propagator induced by the chemical potential. An upgrade
of the present simplified miniDSE scheme based on two-
point dressings is work in progress and we hope to report
on the respective results soon.

Another interesting aspect is the negligible contribution
of the thermal chemical potential splits. For example, we
find that the difference of chiral crossover temperature for
the O(4)-symmetric vertex without split and the vertex with
thermal split is less than 1 MeV, and the curvature is barely
changed. This result is also corroborated within a DSE
computation with full vertices, [48] as well as many fRG
tests, see, e.g., [14]. In conclusion, the split affects mainly
the quark and gluon propagators, and the O(4)-symmetric
approximation for the quark-gluon vertex gives agreeing
results for ug/T 2 3 as discussed above. Note, however,
that the explicit results here are obtained within the
thermal split.

IV. EQUATION OF STATE OF QCD

The miniDSE scheme allows for a numerically cheap
complete scan of the EOS and other observables in the
phase diagram of QCD. In the present work we also employ
the further simplification beyond the miniDSE scheme
described in Secs. II C and II D and tested in Sec. III.

In Sec. IVA we present results for the quark number
density and the pressure. These results are accompanied
by further derived observables, the entropy and energy
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densities as well as the ratio of pressure to energy density.
In Sec. IV B these results are used to compute the isentropic
trajectories, and the speed of sound in Sec. IV C. Finally,
we discuss extrapolations in the phase structure in
Sec. IVD.

A. Thermodynamic observables

The quark number densities nf;

from the quark propagators,

()~ -NZTY [ 50

where we use pup = 3p; with u, = p; = p; and pg, = 0. In
the present work we simply use the momentum-dependent
propagators in the 7 — up plane on the right-hand side of
Eq. (54) and leave a more detailed analysis to future work.

First, it is well known that Eq. (54) has to be evaluated in
the nonvanishing background (A,) that solves the equa-
tions of motion, see [49,50]. This is tantamount to
implementing the nontrivial expectation value of the
Polyakov loop away from unity. Only with such a back-
ground the change from quark-gluon degrees of freedom to
hadronic ones is described accurately. This is well illus-
trated with the kurtosis whose asymptotic temperature
values is 1/9 in the quark-gluon phase for large temper-
atures and unity in the hadronic phase for vanishing
temperature, capturing the change of the degrees of free-
dom from asymptotically free quarks to weakly interacting
baryons. Without the A, background, the degrees of free-
dom in the low temperature phase resemble the quarks and
the kurtosis is far smaller than unity; for a detailed
discussion see [51]. In short, with (4y) = 0 the qualitative
behavior around the crossover line with its change of the
dynamical degrees of freedom is captured, for the quanti-
tative or even semiquantitative behavior the A, background
is required. Respective results and formal developments in
functional approaches can be found in [11,52-55,55].

Second, the density Eq. (54) requires renormalization
and is subject to a nontrivial normalization, reflecting its
UV degree of divergence. This intricacy worsens at large
temperatures but can be resolved by representing the
density in terms of a (multiple) chemical potential inte-
gration of density fluctuations with a lower or absent UV
degree of divergence, e.g., the kurtosis. Indeed, the
thermodynamic relation between pressure and quark
number density discussed below is precisely of this type
as the quark number density has a lower UV degree of
divergence.

Both issues will be addressed in a forthcoming work
and we proceed with the present qualitative approximation.
The EOS follows from n) in the (T, ug) plane with the

thermodynamic relation between the pressure and quark
number densities,

are directly obtained

stp[raS/(p)]. (54)

P(T. i) = P(T.0) + / " dun(Tog).  (55)

where n; = ng + ng . The standard thermodynamic relation
Eq. (55) is of the same structural form as our difference
DSE: The integral in Eq. (55) is simply AP(T,pug) =
P(T,u) — P(T,0) and follows from the quark propagators.
In turn, the pressure at vanishing chemical potential can be
determined from the QCD trace anomaly I(7),
(e —3P)/T*,

I(T) = (56)

with

P(T,0)/T* = A Larary . (57)

For I(T) we use 2+ 1 flavor QCD lattice data [56].
Moreover, the integral over the quark number density
expresses the density part of the pressure in terms of a
less-divergent operator which stabilizes the numerical
computation and lowers the systematic error.

In summary, with the lattice input for the trace anomaly
at up = 0 and the relations Eq. (54)(55), we can compute
the QCD pressure P(T, jiz), the energy density e, and the
entropy density s and in the 7-up plane,

ug) + pgng(T,up) — P(T, ug),

T,ug)/oT. (58)
The respective numerical results for the pressure P/Pgp
and the light quark number density n, 4/T> are shown in
Fig. 7 and provide us with the EOS. Further thermody-
namic observables, namely the entropy density s/sgg, the
energy density €/egg, and pressure to energy density ratio
P /e are shown in Fig. 8. We have normalized the pressure
and energy density with the free Stefan-Boltzmann counter-
parts in three flavor QCD at zero chemical potential,

19 19 19
PSB == %7'172714 SSB — 3ﬂ2T3, € — ET[ZT4

(59)

In the vicinity of the CEP, the entropy s and the energy
density e experience rapid changes close to the chiral
crossover line T.(ug). This rapid change indicates the
increasingly rapid change of the degrees of freedom from
hadrons to quarks in the vicinity of crossover. Moreover,
the successively sharper and deeper minimum of P/e is
related to the peak of the trace anomaly in Eq. (57) as well
as the minimum of the speed of sound, and leaves a strong
imprint on the EOS. The latter allows us to estimate the
location of the CEP even relatively far away from it.
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energy density P/e.

B. Isentropic trajectories

We have also investigated the isentropic trajectories, i.e.,
the trajectories satisfying s/ng = const in the (T, up)
plane, which are related to the cooling of the hot quark
gluon plasma matter produced in heavy-ion collision
experiments. The isentropic trajectories calculated from
our EOS at these s/np values are shown in Fig. 9, together
with the chiral phase transition line and the CEP. We also
compare the obtained phase diagram and the trajectories to
the freeze-out data, which are marked with the same labels
as in Fig. 6. In the vicinity of the phase transition line,
our calculated trajectories are in good agreement with
those obtained from the state-of-the-art equation of state
named NEoS in [57,58]. Especially, our trajectories for
s/ng = 420, 144, 51, and 30 whose values are chosen in
the previous studies for the corresponding collision ener-
gies in heavy ion collision experiments, also precisely meet
with the freeze-out points at /syy = 200, 62.4, 19.6, and
11.5 GeV, respectively.

At high temperatures, our results deviate from the
trajectories from lattice QCD simulation and we can trace
this back to the normalization intricacy of the quark number
density discussed below Eq. (54). In turn, below the
crossover line the background (A,) [10,11,49,50,59] has
not been incorporated in the present computations of the

Light quark number density n, ;, and QCD pressure P, normalized by the Boltzmann limit Eq. (59), at finite temperature 7 and

Calculated entropy density s, energy density e, which are scaled by their Boltzmann limits Eq. (59), and the ratio of pressure to

s/ng
51 30 23
240 . -
SB
220 4 a
a
eﬂ
200 - i
a o Guenther et al:
8 o s/ng=420 O
S.180— 2 N ® 144 A
()] S 51 O
=.160 5, 30 o
freezeout:
. Albaetal. &
140 4 H Andronic etal. %
ji,\ Becattinietal. v
120 % STAR =
B N
.' .
100 - _“‘ua/T:?’ CEP
0 300 600 900
g [MeV]
FIG. 9. Isentropic trajectories for several values of s/ng

together with QCD phase diagram; the black-dashed curve stands
for the chiral crossover phase transition line. The trajectories are
consistent with the lattice QCD calculation as shown with the
open points [57]. The filled points mark the freeze-out points
from Refs. [44-47].
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density or other thermodynamic quantities and has a
significant impact. A full quantitative computation is
beyond the scope of the present paper and will be presented
elsewhere.

In addition to the s/mp values obtained from the
extrapolation of lattice data at vanishing density, we also
have investigated a smaller value with s/np = 23 with the
present EOS. By comparing the result with the STAR
freeze-out points [46], we estimate that s/ny = 23 corre-
sponds to /sxn 2 7.7 GeV. This estimate should be taken
with a grain of salt as the curve is located at the border of
(and beyond) the quantitative reliability regime of the
present simplified miniDSE scheme, and we have neither
tackled the A, background nor the normalization issue.
With this caveat we note that this trajectory still does not
cross the CEP, and it may require a smaller collision energy
for approaching it.

C. Speed of sound

Finally, we report results for the speed of sound ¢, in the
simplified miniDSE scheme. We have computed c? in the
vicinity of the phase transition line. In order to investigate
the experimental scenario of adiabatic cooling, the speed of
sound is evaluated along the isentropic trajectories, using
the following formula [60]:

2 ngo07P — 2snporo, P + szdﬁBP'
' (e+ P)[03Pd;, P — (0r0,,P)?]

(60)

The temperature T is chosen as the control parameter for
each trajectory, and the results are shown in Fig. 10. The
minimum of ¢(T) agrees with the chiral phase transition
point for each trajectory. The value of the speed of sound at
the minimum does not change too much in the current
energy range, as c> ~0.13, but the minimum becomes
sharper as s/ny decreases.

The speed of sound is computed from the second and
fourth order T,up derivatives of QCD pressure, see
Eq. (60), including for example the mixed up, T derivative,
the thermal susceptibility of the baryon number, as well as
its derivative. Its minimum may be regarded as a criterion
for the crossover temperature of the confinement-
deconfinement phase transition. This crossover can also
be measured more directly in terms of fluctuations of
baryonic charges, see [55] for recent functional results.
We observe that the crossover temperature is a bit lower as
the chiral crossover temperature defined by the peak of the
thermal susceptibility of the chiral condensate, Eq. (49), even
though this difference does not exceed the respective error
bars and the widths of these transitions. With increasing pup
the transition regime gets sharper as the region around the
minimum of ¢? is getting steeper. Hence, both the chiral and
confinement-deconfinement phase transitions get steeper
towards the critical end point as expected.

0.30
0.25 4
0.20 +
N
o(l)
0.15 1
this work:
s/ng = 420 —— Bollweg et al:
0.10 1 144 ——  sing = 400
5 100
30— 50
0.05 - 23— 30
120 160 200 240
T [MeV]

FIG. 10. Speed of sound squared c2 in isentropic evolution as a
function of temperature 7 along the trajectories in Fig. 9, labeled
with their s/np values. Results from the lattice calculation
Refs. [19,58] are also attached for comparison.

D. Extrapolations in the phase structure

Note that we do not observe critical scaling; for a more
detailed analysis see [55]. However, it is precisely the
smallness of the critical regime, observed by now for both
the O(4)-scaling regime in the chiral limit, [61-63] and
around the critical end point [64], that allows for a precision
estimate of the location of the latter: the extrapolation of
suitable nonuniversal observables towards higher chemical
potentials provides a quantitative estimate of the location of
the CEP, if the data are sufficiently accurate. Such an
endeavor requires a theoretical search for and quantitative
computation of optimal observables in the phase structure
together with their extraction from high precision exper-
imental data. A respective program has been advocated
and started in [54,55] with the theoretical computation and
the comparison to experimental data of fluctuations of
observed charges.

In the present work, we contribute to this program by
comparing the estimates of the location of the critical end
point from several thermodynamic functions with the
computed location in the present simplified miniDSE
scheme, see Fig. 11. To that end we consider the thermal
width AT for both thermal susceptibilities y; and ong/0T,
which is defined as the width of the 90% value of the peak
heights of the respective susceptibility. In case of P/e the
width AT is defined as the width of 110% value of the
minimum. These thermal widths monotonously decrease
for larger chemical potential and vanish at the CEP. Hence,
an extrapolation of the widths towards zero provides us
with an estimate of the location of the CEP. A fully
conclusive analysis will be presented elsewhere and will
answer the question about the required precision and
wealth of the experimental data for such a quantitative
estimate in dependence of the distance to the CEP in terms
of chemical potential or collision energy +/s.
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FIG. 11. Estimates for the location of the critical end point from

the extrapolation of the thermal width AT, using the thermal
susceptibility of the chiral condensate y; « d70,,P, the thermal
susceptibility of the baryon number density dng/0T = drd,, P,
and that of the ratio of pressure to the energy density P/e. The
width AT is calculated as the width of the 90% peak height for y
and ong /0T, or the 110% value of the minimum for P/e. The
extrapolation of AT is performed using the data within upz < 330,
420, and 510 MeV, respectively, and the extrapolated CEP
position is at AT = 0. The actual CEP position of up =
567 MeV is also displayed by the gray-dashed line.

Here we proceed by simply elucidating this task with a
limited amount of data points, see Fig. 11. We perform
cubic polynomial fits for the AT data within several up
regions and then extrapolate towards larger . For current
AT data, adding higher order polynomial terms only
changes the extrapolated CEP position for about 5% and
thus a cubic fit is sufficient for convergence. We find that
with successively larger yp included into the fit regime, the
estimates for the location of the CEP get closer to its actual
location. However, even with the present sparse data one
does not have to zoom into the neighborhood of the CEP.
Moreover, the comparison shows that the chiral condensate
or rather its susceptibility is better suited for such an
extrapolation. In summary, it is very suggestive that a
global combination of experimental precision data is best
suited for such a task. This asked for the latter, which can be
obtained in a combination of STAR data and in particular
future high precision CBM data, based on its orders of
magnitude larger luminosity.

V. SUMMARY

In the present work we have computed thermodynamic
quantities such as the chiral phase structure, the QCD
equation of state (EOS), the isentropic trajectories, and the
speed of sound within first principles functional QCD.
At low densities, the results are benchmarked with lattice
results, while at larger densities the current approach offers
qualitative predictions. The EOS was obtained from inte-
grating the quark number density from vanishing to finite
chemical potential, while using lattice results for the trace

anomaly at zero chemical potential as an input. Apart from
the above mentioned observables we have also computed
the pressure, entropy density, and energy density in a wide
range of temperature and chemical potential. In particular,
we also discussed the implications of our results for the
adiabatic speed of sound on the search for novel phases and
the location of critical end point in the strong interaction
matter produced in the collider experiments.

Our thermodynamic results are obtained within a minimal
computational scheme for functional approaches, developed
in the present work for quantitative and semiquantitative
computations, see Secs. II and II D. This scheme is also
based on previous developments in [11,12,22] both in the
DSE approach as well as in the fRG approach. Here we have
applied its DSE version, the miniDSE scheme, to compu-
tations of the quark propagator at finite temperature and
density. Additional truncations reduced the regime of quan-
titative reliability to the regime pg/T < 3, where the current
results for the phase structure agree very well with that in
state-of-the art quantitative truncations [11,12,23]. Still, also
the results in the regime uz/T = 3 provide semiquantitative
and qualitative estimates. For example, the current estimate
of the location of the critical end point only differs by
approximately 10% by that given in the quantitative studies.
This leads us to the suggestion to finally determine its
location within a combination of theoretical constraints and
predictions for both, the phase structure as well as exper-
imental observables, and respective experimental precision
measurements.

While the current application has been tuned to minimal
computational costs and further truncations have been
done, aiming at the computation in terms of two-point
functions alone, the fully quantitative miniDSE scheme is
set up as well. Moreover, the miniDSE scheme can also be
readily applied to the low temperature and finite chemical
potential regime, i.e., cold dense quark matter and the
equation of state of neutron stars. Furthermore, it provides a
simple and quantitative access for the exploration of the
QCD phase structure in the (7,m;,m) space, the
Columbia plot, which is work under completion.

We hope to report soon on the respective results in the
Columbia plot and for cold dense matter, and in particular
on a precision prediction for experimentally accessible
observables in the regime 2 GeV <+/s <15 GeV. This
regime includes the location of the critical end point or
more generally the onset regime of new phases: Theoretical
predictions accompanied with an analysis of the ug or /s
dependence, and a combination of STAR data and future
high precision CBM data in this regime should allow us to
finally pin down the location of the CEP or the onset regime
of new phases as well as its physics.

ACKNOWLEDGMENTS

We thank G. Eichmann, C.S. Fischer, W.-j. Fu, M. Q.
Huber, J. Papavassiliou, F. Rennecke, B.-J. Schaefer, N. Wink,

014036-14



QCD EQUATION OF STATE AND THERMODYNAMIC ...

PHYS. REV. D 110, 014036 (2024)

and Hui-Wen Zheng for discussions. This work is done within
the fQCD collaboration [65], and we thank the members of the
collaboration for discussions and collaboration on related
subjects. This work is funded by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) under
Germany’s Excellence Strategy EXC 2181/1-390900948 (the
Heidelberg STRUCTURES Excellence Cluster) and the
Collaborative Research Centre SFB 1225-273811115
(ISOQUANT). Y.L. and Y.X.L. are supported by the
National Science Foundation of China under Grants
No. 12175007 and No. 12247107. F. G. is supported by the
National Science Foundation of China under Grant
No. 12305134.

APPENDIX A: PARAMETRIZED FORMULA OF
THE VACUUM GLUON AND GHOST
PROPAGATORS

In our computations we use the parametrization in [24]
of the 2+ 1-flavor gluon propagator in the vacuum
equation (22), which combines the data from quantitative
functional QCD and from lattice QCD [11,12,22,66,67],

i
GA(kz) _ b>+k>
MZ(K*) 4+ K*[1 + ¢ log(d*k* + e*MZ (k)]
4 13-4N,
ME(R) = —L = 37 Al
G( ) g2_|_k2 14 22_43_1Nf ( )

where y is the anomalous dimension of the one-loop gluon
propagator and

a=1GeV, b=0735GeV, c=0.12,
d=00257 GeV~',  e=0.081 GeV~',
f=065GeV, g=087 GeV. (A2)

For the ghost dressing function F(k?) in Eq. (27), the
vacuum fRG data in two-flavor QCD is taken from
Ref. [31], which is parametrized as

ay+b VIE+2
F(kz) _ C|+d1\/]?+k2
[1+ ey In (16> + giME(K))]°”

(A3)

where M is the same as in Eq. (Al), with § = 0.27 the
anomalous dimension, and

a; =0.152 GeV2, b, =0.697 GeV,
¢, =0.0055 GeV2,  d, =0.016 GeV, e, =0.045,
f1=0.025GeV-', g, =0.0237 GeV~'. (A4)

Equations Eq. (A1) and (A3) fit the functional and lattice
data well in the regime p € [0,40] GeV, and hence cover
the momenta relevant for the present computations.

APPENDIX B: ERROR ESTIMATE OF THE
KINEMATIC SINGULARITY

As a part of the evaluation on the kinematic singularity
effect in Eq. (30), we first argue that the kinematic
singularity can be avoided by the following upgrade of
the present procedure: Instead of using Eq. (21) and its
finite temperature and chemical potential analogs for the
definition of the gluon wave function, one can use a
parametrization for the scalar propagator part G, (k) in
Eq. (21), which takes into account the mass gap of QCD
explicitly. In the vacuum this reads

1 1
B ZA,scr(k> k2 + Mger

Gu(k) ) (B1)

where m2, is the spatial screening mass. This mass is
defined via the exponential decay of the large distance limit
of the spatial Fourier transform of the gluon propagator,

&k

Galko.r) = /WGA(kmk)eikx’ (B2)

with the spatial momentum k and the spatial position or
distance x and r = ||x||. The large distance limit » — oo can
be parametrized with

limG,(ky = 0,7) = R(r)e =",

r—00

(B3)

where R(r) is a polynomial or at most a rational function of
r. The spatial screening mass m2,, is the inverse screening
length and is defined as the strength of the exponential
decay. A similar definition holds true for the temporal
screening mass, which is obtained from the asymptotic time
dependence of the Schwinger function.

In the vacuum these two masses agree due to Lorentz
invariance and we get from the functional and lattice 2 4 1
gluon data in [11,12,22,25,67],

Mg, = 850 MeV. (B4)
The overall error of Eq. (B4) and the respective ones for
N;=2 flavor QCD and Yang-Mills theory is about
20 MeV which can be reduced significantly if producing
dedicated data for the task of determining the screening
mass. Equation (B4) can be considered as a physics
definition of the gluon mass gap, and can be compared
with my, ~ 830 MeV for the two-flavor data from [31] that
underlie the 2 + 1 flavor computations in [11,12,22] and
Mg, =760 MeV in Yang-Mills theory from the gluon
data in [68], compatible with the 7" — 0 extrapolation of
the finite temperature screening mass computed in [69].
The physical nature of this definition is corroborated by the
quantitative agreement of the screening mass with the
Debye screening mass in thermal perturbation theory for
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temperatures T 2 2T, where T, is the critical temperature
of the confinement-deconfinement phase transition.

The spatial and temporal screening masses differ at finite
temperature and chemical potential, and a more quantitative
vertex construction at finite temperature and chemical
potential takes into account both screening masses. For a
respective discussion and computation in finite temperature
Yang-Mills theory, see [69], and the notation in Eq. (B1) is
close to that used there and in further fRG works such
as [11] and the DSE works [12,22,24,62].

We emphasize that the spatial and temporal screening
masses reflect the physical gluon mass gap in QCD even in
the present gauge-fixed settings and constitute a relevant
physics input in phenomenological considerations in the
phase structure of QCD. This is already evident for its
importance for the confinement-deconfinement phase tran-
sition in Yang-Mills theory, see [69]. Importantly, with the
substitution

(BS)

in Eq. (30) as well as other dressings, kinematic singular-
ities are avoided and the respective dressings reflect the
decoupling of the dynamics below the (gluon) mass gap of
QCD. This as well as their phenomenological importance
will be considered elsewhere.

For the present purposes we find that the simplified
vertex construction Eq. (30) serves well and the kinematic
singularity has no impact on the physics considered here.
We proceed with the systematic error estimate with a
comparison to results with the full vertex. First, we note
that the negligible impact of this kinematic singularity has
been discussed in detail in [22], based on the explicit
vacuum results in [28-31]. Importantly, this analysis has
also been extended to finite 7 and pp in [12]. Below we
briefly discuss these different checks.

In [22], it has been shown that Eq. (30) describes the 7 )
structure of the full vertex in the vacuum very well down to
momenta k =~ 1 GeV, using also vertex data from [31]. This
has later been corroborated with vertex data from the
quantitative DSE vacuum computation in [24]. In turn,
for k£ <500 MeV, the vertex Eq. (30) shows a kinematic
singularity which is not present in the full vertex that
monotonously rises and approaches a constant for k = 0.

0.4 T T T
1 N0 freezing
= . — —freeze at 0.4 GeV

0-3_' S —-— freeze at 1.7 GeV |
S
[0
0] ]
= 0.2 7
(\\.% ]
=

0.1 ]

0.0 : : .

0.1 1 3 10 30

p [GeV]

FIG. 12. A comparison of the calculated quark mass function
M(p?) in the vacuum: with no freezing, and with a freezing
Z(k) for k€[0,1/2my,] = [0,0.4] GeV and for k € [0, 2mg.,| =
[0,1.7] GeV.

The kinematic singularity in Eq. (30) is in a regime which is
suppressed by the mass gap of QCD, and hence it has no
impact. This has been checked and confirmed in several
ways: Its reliability for computations in the phase structure
has been benchmarked with the good agreement of the
results with that from [11] up to baryon chemical potentials
up <600 MeV, and this has been corroborated by the
phase structure results with the direct computation of
quark-gluon vertex DSEs in [12]. In the present work
we check the irrelevance of the kinematic singularity by
freezing Z(k) in Eq. (30) for small momenta with a freezing
scale in the regime

Kfreeze = 0.4-1.7 GeV, (B6)
which is roughly 1/2mg, S kireere < 2 With the 2 + 1
flavor screening mass in Eq. (B4). This emulates the effect
of Eq. (BS5) as Z, ., indeed freezes for small momenta.
Moreover, it covers efficiently the difference to the full
vertex: while the kinematic singularity leads to an enhance-
ment of the vertex, the freezing leads to a lowering of the
vertex in comparison to the full vertex. The results do not
change by more than 3%, for example in the vacuum the
freezing effect on the quark mass function is shown in
Fig. 12. This is well within the systematic error estimate of
our computation and, hence, supports our procedure.
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