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We have investigated the process J=ψ → K̄0Kþρ− by taking into account the S-wave K�K̄�, ρω, and
ρϕ final-state interactions, where the scalar meson a0ð1710Þ is generated. In addition, we also take into
account the contributions from the scalar a0ð980Þð→ K̄0KþÞ and the intermediate resonances
K1ð1270Þ−ð→ K̄0ρ−Þ and K1ð1270Þ0ð→ Kþρ−Þ. Our results show that, in the K̄0Kþ invariant mass
distribution, a clear peak structure around 1.8 GeV appears, which could be associated with the scalar
a0ð1710Þ, however, no significant structure of the a0ð980Þ is observed. On the other hand, one can find
clear peaks of the K1ð1270Þ in the K̄0ρ− and Kþρ− invariant mass distributions. The future precise
measurement of this process by the BESIII and Belle II Collaborations and the planned Super Tau-Charm
Facility in the future could shed light on the nature of a0ð1710Þ.
DOI: 10.1103/PhysRevD.110.014032

I. INTRODUCTION

In the last two decades, many states have been accu-
mulated experimentally whose properties cannot be well
described by the qq̄mesons and the qqq baryons within the
conventional quark model. Some exotic explanations are
proposed for their nature, such as tetraquark, pentaquark,
hybrid, glueball, kinematic effects, and the mixing of
different components [1–7]. It is difficult to distinguish
between those explanations, especially for states with the
quantum numbers allowed by the conventional quark
model [6,7].

Recently, the BABAR Collaboration reported the scalar
resonance a0ð1710Þ in the π�η invariant mass spectrum of
the process ηc → ηπþπ− [8]. The a0ð1710Þ state was also
observed by the BESIII Collaboration in the K0

SK
0
S invari-

ant mass spectrum of the processDþ
s → K0

SK
0
Sπ

þ [9] and in
the K0

SK
þ invariant mass spectrum of the process Dþ

s →
K0

SK
þπ0 [10]. We have tabulated the experimental masses

and widths of a0ð1710Þ in Table I. It should be noted that,
in Ref. [9], BESIII did not distinguish between the
a0ð1710Þ and f0ð1710Þ in the process Dþ

s → K0
SK

0
Sπ

þ

and denoted the combined state as Sð1710Þ, while in

TABLE I. Experimental measurements on the mass (Ma0ð1710Þ)
and width (Γa0ð1710Þ) of the scalar state a0ð1710Þ. The first error is
statistical, and the second one is systematic. All values are in units
of MeV.

Collaboration Ma0ð1710Þ Γa0ð1710Þ Ref.

BABAR 1704� 5� 2 110� 15� 11 [8]
BESIII 1723� 11� 2 140� 14� 4 [9]
BESIII 1817� 8� 20 97� 22� 15 [10]
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Ref. [10] the a0ð1710Þ was renamed as a0ð1817Þ because
of the different fitted Breit-Wigner mass of this state.
Before the observation of a0ð1710Þ, there have been

many theoretical studies about the a0ð1710Þ and its isospin
partner f0ð1710Þ from various perspectives [11–25]. In
Refs. [26,27], the f0ð1710Þ, as a well-established state
according to the Review of Particle Physics (RPP) [28],
could be dynamically generated from the vector-
vector interactions, and one isovector scalar state a0
with a mass around 1770 MeV was also predicted, the
picture of which remains essentially the same when the
pseudoscalar-pseudoscalar coupled channels were taken
into account [29]. Based on the SU(6) spin-flavor sym-
metry, the f0ð1710Þ is mostly a K�K̄� bound state, and an
a0 state with a pole position of

ffiffiffiffiffi
sR

p ¼ ð1760;−12Þ MeV
was predicted to couple strongly to K�K̄� and ϕρ in
Ref. [17]. In addition, a scalar state a0 with a mass of
1744 MeV is also predicted in the approach of the Regge
trajectories [30]. In Ref. [19], it was suggested that the
f0ð1710Þ wave function contains a large ss̄ component,
while in Refs. [20–23], the f0ð1710Þ was regarded as the
candidate of a scalar glueball. Recently, it was shown that
the a0ð1710Þ as aK�K̄� molecule plays an important role in
the three-body interactions of ηK�K̄�, which could dynami-
cally generate the πð2070Þ [31].
As shown in Table I, there is not yet a consensus on the

mass of the a0ð1710Þ experimentally, which could com-
plicate understanding its nature. For instance, a0ð1710Þ
[or a0ð1817Þ] and Xð1812Þ have been explained as the
33P0 qq̄ state by assuming a0ð980Þ and f0ð980Þ as 13P0 qq̄
states [32]. However, Xð1812Þ was observed in the process
J=ψ → γϕω by the BESIII Collaboration [33,34], and
the enhancement near the ϕω threshold, associated with
Xð1812Þ, could be described by the reflection of f0ð1710Þ,
as discussed in Ref. [15]. Regarding the a0ð1710Þ as a
K�K̄� molecular state, Refs. [35–39] have successfully
described the invariant mass distributions of the processes
Dþ

s → K0
SK

0
Sπ

þ and Dþ
s → K0

SK
þπ0 measured by the

BESIII Collaboration [9,10].
Since the peak positions of the a0ð1710Þ in the KK̄

invariant mass distributions of the processes Dþ
s →

K0
SK

0
Sπ

þ; K0
SK

þπ0 observed by the BESIII Collaboration
are very close to the boundary region of the KK̄ invariant
mass, we have suggested to measure its properties in the
process ηc → K̄0Kþπ− in Ref. [40] and predicted a dip
structure around 1.8 GeV, associated with the a0ð1710Þ, in
the K̄0Kþ invariant mass distribution [40], which is
consistent with the BABARmeasurements [41]. In addition,
the photoproduction process is also proposed to search for
the a0ð1710Þ in Ref. [42].
The BESIII Collaboration has accumulated ð10.09�

0.04Þ × 109 J=ψ events at the BEPCII collider [43], and
the Super Tau-Charm Facility (STCF) project under devel-
opment in China is expected to accumulate 3.4 × 1012 J=ψ

events per year [44]. Since the dominant decay mode of the
a0ð1710Þ state is KK̄ within the molecular picture [26,29],
it is natural to search for the scalar a0ð1710Þ in the process
J=ψ → a0ð1710Þþρ− → K̄0Kþρ−. It should be stressed
that the BABAR Collaboration has measured this process,
and the branching fraction is BðJ=ψ → K0

SK
�ρ∓Þ ¼

ð1.87� 0.18� 0.34Þ × 10−3 [45]. However, the K0
SK

�

mass spectrum was not reported by the BABAR Collabo-
ration [45].
In this work, we will investigate the process J=ψ →

a0ð1710Þþ=a0ð980Þþρ− → K̄0Kþρ− by considering the
contributions from the intermediate resonances a0ð1710Þ
and a0ð980Þ. It should be pointed out that another state
a2ð1700Þ with a mass of 1706� 14 MeV and a width of
378þ60

−50 MeV may give a broad contribution and should
not significantly affect the narrow peak of a0ð1710Þ in
the K̄0Kþ invariant mass distribution [28]. Furthermore,
a2ð1700Þ couples to KK̄ in the D wave with a small
branching fraction of Bða2ð1700Þ→ KK̄Þ ¼ ð1.3� 0.8Þ%.
Therefore, we will neglect its contribution.
On the other hand, the interactions of vector mesons and

pseudoscalar mesons within the unitary chiral approach
could dynamically generate the resonance K1ð1270Þ with a
two-pole structure [46–48], where the lower pole mainly
couples to the K�π channel, and the higher one couples
strongly to the Kρ channel. Thus, we also consider the
contribution from the intermediate resonance K1ð1270Þ
in this work. Considering that the branching ratios of
the process K1ð1400Þ → Kρ and K�ð1410Þ → Kρ are
ð3.0� 3.0Þ% and < 7%, which are 10 times smaller than
the BðK1ð1270Þ → KρÞ ¼ ð38� 13Þ% [28], we will also
neglect the contributions from the intermediate states
K1ð1400Þ and K�ð1410Þ in this work. Thus, the precise
measurements of the process J=ψ → K̄0Kþρ− could also
shed light on the two-pole structure of K1ð1270Þ, which
is crucial to understanding the hadron-hadron inter-
actions [49,50].
The paper is organized as follows. In Sec. II, we present

the theoretical formalism for studying the J=ψ → K̄0Kþρ−
decay, and in Sec. III, we show our numerical results and
discussions, followed by a summary in the last section.

II. FORMALISM

First, we present the theoretical formalism for studying
the process J=ψ → K̄0Kþρ− via the K�K̄�, ωρ, and ϕρ
final-state interactions in coupled channels, which will
generate the scalar resonance a0ð1710Þ in Sec. II A.
Next, we show the formalism for the process J=ψ →
K1ð1270Þ−Kþ½K1ð1270Þ0K̄0� with K1ð1270Þ− → K̄0ρ−

[K1ð1270Þ0 → Kþρ−] in Sec. II B. In the Sec. II C, we
will describe the contribution from the S-wave KK̄ final-
state interaction, which would generate the scalar meson
a0ð980Þ. At last, the formalism of the double differential
widths for this process is given in Sec. II D.
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A. Mechanism for the intermediate a0ð1710Þ
As done in Refs. [35,36,40], the scalar meson a0ð1710Þ

is regarded as a vector-vector molecular state [26,27]. To
study the role of a0ð1710Þ in the J=ψ → ρ−KþK̄0 decay,
one needs to first produce the meson ρ− and a vector-vector
pair, then the final-state interactions of the vector-vector
pair will produce the a0ð1710Þ, which decays into KþK̄0 in
the final state. Considering that the J=ψ is a flavor singlet,
we could introduce the combination modes in the primary
vertex [51–53], whose diagrammatic expression is depicted
in Fig. 1,

hVVVi; hVVihVi; hVihVihVi; ð1Þ

where V is the matrix of the SU(3) vector mesons [52–54],

V ¼

0
BB@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ

ρ− − ρ0ffiffi
2

p þ ωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CCA; ð2Þ

where the symbol h…i stands for the trace of the SU(3)
matrices. Since no term contains ρ− in hVihVihVi, we do
not take this combination in our work. One could obtain the
relevant contributions by isolating the terms containing ρ−,
as follows:

hVVVi∶ α ×
�
ρþρ0ffiffiffi

2
p þ 3

ffiffiffi
2

p
ωρþ þ 3K̄�0K�þ

�
ρ−; ð3Þ

hVVihVi∶ β ×
�
2

ffiffiffi
2

p
ωρþ þ 2ϕρþ

�
ρ−: ð4Þ

Here, two parameters α and β are introduced to account
for the weights of hVVVi and hVVihVi structures, respec-
tively. It is concluded in Refs. [26,55,56] that the hVVVi
onewas favored and the best ratio β=α ¼ 0.32was obtained
by fitting to the experimental measurements of the process
J=ψ → ϕVV [26,56], thus we will use this finding and take
α ¼ 1 and β ¼ 0.32 in this work.
In the molecular picture, the a0ð1710Þ is dynamically

generated from the S-wave K�K̄�, ωρ, and ϕρ interactions

in coupled channels [26,27]1 and then decays into the final
state K̄0Kþ, as depicted in Fig. 2. The decay amplitude of
Fig. 2 can be written as

Ma ¼ Vp ×
�
3αGK̄�0K�þtK̄�0K�þ→K̄0Kþ

þ �
2

ffiffiffi
2

p
β þ 3

ffiffiffi
2

p
α
�
Gωρþtωρþ→K̄0Kþ

þ 2βGϕρþtϕρþ→K̄0Kþ
�
; ð5Þ

where Vp is a global factor, and tK̄�0K�þ→K̄0Kþ , tωρþ→K̄0Kþ ,
and tϕρþ→K̄0Kþ are the transition amplitudes.GK̄�0K�þ , Gωρþ ,
and Gϕρþ are the loop functions for the K̄�0K�þ, ωρþ, and
ϕρþ channels, respectively, and read [26,57]

GiðMK̄0KþÞ ¼
Z

m2
1þ

m2
1−

Z
m2

2þ

m2
2−

dm̃2
1dm̃

2
2

× ωðm̃2
1Þωðm̃2

2ÞG̃
�
MK̄0Kþ ; m̃2

1; m̃
2
2

�
; ð6Þ

where

ωðm̃2
i Þ ¼

1

N

	
−
1

π



Im

�
1

m̃2
i −m2

Vi
þ iΓðm̃2

i Þm̃i

�
; ð7Þ

N ¼
Z

m̃2
iþ

m̃2
i−

dm̃2
i

	
−
1

π



Im

�
1

m̃2
i −m2

Vi
þ iΓðm̃2

i Þm̃i

�
; ð8Þ

Γðm̃2
i Þ ¼ ΓVi

k̃3

k3
Θ
�
m̃ −mP1

−mP2

�
; ð9Þ

k̃ ¼ λ
1
2

�
m̃2

i ; m
2
P1
; m2

P2

�
2m̃i

; k ¼ λ
1
2

�
m2

Vi
; m2

P1
; m2

P2

�
2mVi

; ð10Þ

with the Källén function λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy−
2xz − 2yz. Here, we consider the decay channels ππ and
Kπ for the vector mesons ρ and K�, respectively, and
neglect the small widths of ω (Γω ¼ 8.68 MeV) and ϕ
(Γϕ ¼ 4.249 MeV). Taking the vector K�, for example,
m2

1þ ¼ ðmK� þ 2ΓK� Þ2 and m2
1− ¼ ðmK� − 2ΓK�Þ2.

(a) (b) (c)

FIG. 1. Diagrammatic expression of (a) hVVVi, (b) hVVihVi,
(c) hVihVihVi terms in Eq. (1).

FIG. 2. Diagram for the process J=ψ → VVρ− →
a0ð1710Þþρ− → KþK̄0ρ− where VV stands for K̄�0K�þ, ωρþ,
and ϕρþ.

1It should be noted that the conservation ofG parity forbids the
coupling of a0ð1710Þ to the channel ρρ.
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Similarly, one can obtainm2
1þ andm2

1− for the ρmeson. The
masses, widths, and spin parities of the involved particles
are taken from the RPP [28], as listed in Table II.
The loop function G̃ in Eq. (6) is for stable particles,

and in the dimensional regularization scheme, it can be
written as [58]

G̃ ¼ 1

16π2

�
aμ þ ln

m2
1

μ2
þm2

2 −m2
1 þ s

2s
ln
m2

2

m2
1

×
pffiffiffi
s

p �
ln
�
s − ðm2

2 −m2
1Þ þ 2p

ffiffiffi
s

p �

þ ln
�
sþ ðm2

2 −m2
1Þ þ 2p

ffiffiffi
s

p �
− ln

�
−sþ ðm2

2 −m2
1Þ þ 2p

ffiffiffi
s

p �

− ln
�
−s − ðm2

2 −m2
1Þ þ 2p

ffiffiffi
s

p ���
; ð11Þ

with

p ¼ λ1=2ðs;m2
1; m

2
2Þ

2
ffiffiffi
s

p ; ð12Þ

where aμ is the subtraction constant, μ is the dimensional
regularization scale, and s ¼ M2

K̄0Kþ . In this work, we take
aμ ¼ −1.726 and μ ¼ 1000 MeV as used in Ref. [26]. It is
worth mentioning that any change in μ could be reabsorbed
by a change in aμ through aμ0 − aμ ¼ lnðμ02=μ2Þ, which
implies that the loop function G̃ is scale independent [59].
To show the influence of the widths of vector mesons on

the loop functions, we have calculated the loop functions
Gϕρþ and G̃ϕρþ as functions of the K̄0Kþ invariant mass,2 as
presented in Fig. 3. The blue dashed and red dot-dashed
curves correspond to the real and imaginary parts of the
loop functionG, considering the width of ρ. In contrast, the
green solid and purple dotted curves correspond to the real
and imaginary parts of the loop function G̃ without the
contribution from the ρ width, respectively. One can find

that the loop functions G, considering the width of the
vector meson, become smoother around the threshold
of the ϕρ.
On the other hand, the transition amplitudes ti→K̄0Kþ in

Eq. (5) can be written as

ti→K̄0Kþ ¼ gi × gKK̄

M2
K̄0Kþ −M2

a0ð1710Þ þ iMa0ð1710ÞΓa0ð1710Þ
; ð13Þ

where Ma0ð1710Þ and Γa0ð1710Þ are the mass and width of the
a0ð1710Þ, respectively, and we take their values from
Refs. [26,60], which are tabulated in Table III. gi are the
coupling constants of a0ð1710Þ to K�K̄�, ωρ, and ϕρþ,
whose values are determined in Ref. [26], while the
coupling gKK̄ is determined from the partial decay width
of a0ð1710Þ → KK̄,

ΓKK̄ ¼ g2KK̄
8π

jp⃗Kj
M2

a0

; ð14Þ

TABLE II. Masses, widths, and spin parities of the involved
particles in this work. All values are in units of MeV.

State Mass Width Spin parity (JP)

J=ψ 3096.900 0.0926 1−

ρ�;0 775.26 149.1 1−

K̄0 497.611 � � � 0−

K� 493.677 � � � 0−

K� 893.6 49.1 1−

ω 782.66 8.68 1−

ϕ 1019.461 4.249 1−

K1ð1270Þ 1284 146 1þ

FIG. 3. Real and imaginary parts of the loop functions Gϕρ and
G̃ϕρ as a function of the K̄0Kþ invariant mass. The blue dashed
and red dot-dashed curves correspond to the real and imaginary
parts of the loop function G, considering the width of ρ.
Meanwhile, the green solid and purple dotted curves correspond
to the real and imaginary parts of the loop function G̃ without the
contribution from the ρ width, respectively.

TABLE III. Mass, width, and coupling constants of the scalar
a0ð1710Þ [26]. All values are in units of MeV.

Parameters Value

Mass 1777
Width 148
ΓKK̄ 36
gKK̄ 1966
gρρ 0
gK�K̄� (7525, 1529)
gωρ (−4042, 1391)
gϕρ (4998, 1872)

2One can find the invariant mass distributions of the loop
functions G̃K̄�0K�þ and G̃ωρ in Refs. [35,40].
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where p⃗K is the three-momentum of the K or K̄ meson in
the a0ð1710Þ rest frame,

jp⃗Kj ¼
λ1=2

�
M2

a0 ; m
2
K̄; m

2
K

�
2Ma0

: ð15Þ

With the partial decay width ΓKK̄ ¼ 36 MeV predicted by
Ref. [26], one can only obtain the absolute value of the
coupling constant, but not the phase, thus by assuming that
gKK̄ is real and positive we take gKK̄ ¼ 1966 MeV, as done
in Refs. [35,36].

B. Mechanism for the intermediate K1ð1270Þ
In Fig. 4, we show the Dalitz plot for the process

J=ψ → K̄0Kþρ−, and one can find that the contribution
from theK1ð1270Þ (the green band) could interfere with the
one from the a0ð1710Þ (the red band) close to the Kρ
threshold. Since the K1ð1270Þ state could be dynamically
generated from the interaction of vector mesons and
pseudoscalar mesons [46,47,47], the Kþρ− and K̄0ρ− could
undergo the S-wave final-state interaction, which will
generate the K1ð1270Þ state, followed by the decay
K1ð1270Þ → Kρ, as depicted in Fig. 5.
The decay amplitude for J=ψ → K̄0K1ð1270Þ− →

K̄0Kþρ− of Fig. 5(a) can be written as

Mb ¼ V 0
p ×GKþρ−tKþρ−→Kþρ− ; ð16Þ

where V 0
p stands for the weight of the direct production

vertex, and the tKþρ−→Kþρ− is the transition amplitude,
which can be written as

tKþρ−→Kþρ− ¼ gKþρ−gKþρ−

M2
Kþρ− −M2

K1
þ iMK1

ΓK1

; ð17Þ

whereMKþρ− is the invariant mass of the Kþρ− system, and
gKþρ− denotes the coupling constant. In this work, we adopt
the value gKþρ− ¼ ð4804þ i395Þ MeV of Table IV. Since
the higher pole of the K1ð1270Þ mainly couples to the Kρ
channel, we can relate the mass and width of the K1ð1270Þ
with the higher pole position of Table IV, i.e., MK1

¼
Re

ffiffiffiffiffi
s0

p
and ΓK1

¼ 2Im
ffiffiffiffiffi
s0

p
. Similarly, the amplitude of the

process J=ψ → KþK1ð1270Þ− → KþK̄0ρ−, as depicted in
Fig. 5(b), can be expressed as

Mc ¼ V 0
p × GK̄0ρ−tK̄0ρ−→K̄0ρ− ; ð18Þ

tK̄0ρ−→K̄0ρ− ¼ gK̄0ρ−gK̄0ρ−

M2
K̄0ρ−

−M2
K1

þ iMK1
ΓK1

; ð19Þ

where MK̄0ρ− is the K̄0ρ− invariant mass, and gK̄0ρ− is the
coupling constant, gK̄0ρ− ¼ gKþρ− ¼ ð4804þ i395Þ MeV
in this work. We take the same weight V0

p for the
contributions from the K1ð1270Þ0 and K1ð1270Þ−.
According to Eqs. (6) and (11), we have also calculated

the loop function GKþρ−=GK̄0ρ− and G̃Kþρ−=G̃K̄0ρ− as
functions of the Kþρ− and K̄0ρ− invariant masses, respec-
tively, as presented in Figs. 6 and 7. One can find that the
loop functions G become smoother around the threshold
when considering the width of the ρ.

FIG. 4. The Dalitz plot for the J=ψ → K̄0Kþρ−. The red band
stands for the region ofMa0 � 1

2
Γa0 where the predicted a0ð1710Þ

state lies. The green band stands for the region of MK1
� 1

2
ΓK1

where the K1ð1270Þ state lies.

(a)

(b)

FIG. 5. Diagrams for J=ψ → K̄0Kþρ− via the intermediate
(a) K1ð1270Þ0 and (b) K1ð1270Þ− followed by the decay
K1ð1270Þ0;− → Kþρ−=K̄0ρ−.

TABLE IV. Pole positions and coupling constants of the two
poles of the K1ð1270Þ [46]. All values are in units of MeV.

First pole Second pole

Pole position
ffiffiffiffiffi
s0

p
1195 − i123 1284 − i73

gKρ −1671þ i1599 4804þ i395
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C. Mechanism for the intermediate a0ð980Þ
In addition to the intermediate resonances a0ð1710Þ and

K1ð1270Þ, the process J=ψ → KþK̄0ρ− can happen via the
direct production, as depicted in Fig. 8(a), and the KþK̄0

final-state interaction, which generates the scalar meson
a0ð980Þ, as depicted in Fig. 8(b). Thus, the decay ampli-
tude can be written as

Md ¼ V 0
p½1þ GKK̄tK̄0Kþ→K̄0Kþ�; ð20Þ

where V 0
p is the weight of the direct production vertex

J=ψ → ρ−K̄0Kþ of Fig. 8(a), the same as the one of
Eq. (18). The loop function GKK̄ could be written as

GKK̄ ¼ i
Z

d4q
ð2πÞ4

1

ðP − qÞ2 −m2
1 þ iϵ

1

q2 −m2
2 þ iϵ

; ð21Þ

where m1 and m2 are the masses of the two mesons in the
loop of the KK̄ channel, and P and q are the four-momenta
of the KK̄ system and the K̄ meson, respectively. The loop
function of Eq. (21) is logarithmically divergent. For GKK̄,
we adopt the cutoff method and perform the integral for q in
Eq. (21) with a cutoff qmax ¼ 903 MeV to regularize the
loop, the same as Ref. [36].
The tK̄0Kþ is the transition amplitude, which depends on

the invariant mass MK̄0Kþ and could be obtained in the
chiral unitary approach by solving the Bethe-Salpeter
equation [61–64]

T ¼ ½1 − VG�−1V; ð22Þ
where V is a 2 × 2 matrix with the transition potentials
between the isospin channels KK̄ and πη. The transition
amplitudes tK̄0Kþ→K̄0Kþ in particle basis can be related to
the one in isospin basis,

tK̄0Kþ→K̄0Kþ ¼ tKK̄→KK̄: ð23Þ

With the isospin multiplets K ¼ ðKþ; K0Þ, K̄ ¼
ðK̄0;−K−Þ, π ¼ ð−πþ; π0; π−Þ, the 2 × 2 matrix V can
be easily obtained as follows [65–68]:

VKK̄→KK̄ ¼ −
1

4f2
s;

VKK̄→πη ¼
ffiffiffi
6

p

12f2

	
3s −

8

3
m2

K −
1

3
m2

π −m2
η



;

Vπη→KK̄ ¼ VKK̄→πη;

Vπη→πη ¼ −
1

3f2
m2

π; ð24Þ

where f ¼ 93 MeV is the pion decay constant, mπ and mK
are the isospin averaged masses of the pion and kaon,

FIG. 6. Real and imaginary parts of the loop functions GKþρ−

and G̃Kþρ− as a function of the Kþρ− invariant mass. The
notations of the curves are the same as those of Fig. 3.

FIG. 7. Real and imaginary parts of the loop functions GK̄0ρ−

and G̃K̄0ρ− as a function of the K̄
0ρ− invariant mass. The notations

of the curves are the same as those of Fig. 3.

(a)

(b)

FIG. 8. Diagrams for the process J=ψ → a0ð980Þþρ− →
KþK̄0ρ−. (a) Tree diagram and (b) the final-state interaction
of K̄0Kþ to produce the a0ð980Þ state.
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respectively, and s is the invariant mass squared of the
pseudoscalar-pseudoscalar system.
It is worth mentioning that, since the transition amplitude

of Eq. (22) is unstable in the high energy region, we should
not use the model for higher invariant masses. For that
purpose we take the following prescription: we evaluate
GtðMinvÞ combinations up to Minv ¼ Mcut. From there on,
we multiply Gt by a smooth factor to make it gradually
decrease at large Minv. Thus, we take [69]

GtðMinvÞ ¼ GtðMcutÞe−αðMinv−McutÞ ð25Þ

for

Minv > Mcut: ð26Þ

In our work, we take the value Mcut ¼ 1100 MeV and
α ¼ 0.0037 MeV−1, as used in Ref. [69].

D. Invariant mass distributions

With the amplitudes obtained above, we can write down
the total decay amplitude of J=ψ → K̄0Kþρ− as follows:

M ¼ Ma þMb þMc þMd; ð27Þ

and the double differential widths of the process J=ψ →
K̄0Kþρ− are

d2Γ
dMK̄0KþdMKþρ−

¼ MK̄0KþMKþρ−

128π3m3
J=ψ

jMj2; ð28Þ

d2Γ
dMK̄0KþdMK̄0ρ−

¼ MK̄0KþMK̄0ρ−

128π3m3
J=ψ

jMj2: ð29Þ

Furthermore, one can easily obtain dΓ=dMK̄0Kþ ,
dΓ=dMK̄0ρ− , and dΓ=dMKþρ− by integrating over each of
the invariant mass variables with the limits of the Dalitz plot
given in the RPP [28]. However, since the final meson ρ−

has a large width (∼149.1 MeV), and the K1ð1270Þmass is
very close to the Kρ threshold (as shown by Fig. 4), one
needs to take into account its finite width by folding with
the vector-meson ρ− spectral function for the invariant mass
distributions [48], as follows:

dΓ̃
dM12

¼
Z

mρ−þ2Γρ−

mρ−−2Γρ−

dm̂ρ−

�
dΓ

dM12

× ωðm̂2
ρ−Þ

�
; ð30Þ

where the mass mρ− in dΓ=dM12 should be replaced by
m̂ρ− . For example, the differential width dΓ̃=dMK̄0Kþ of the
process J=ψ → K̄0Kþρ− becomes

dΓ̃
dMK̄0Kþ

¼
Z

min
�
mρ−þ2Γρ− ;mJ=ψ−M

K̄0Kþ

�
mρ−−2Γρ−

dm̂ρ−

Z
Mmax

Kþρ−

Mmin
Kþρ−

dMKþρ−

×
MK̄0KþMKþρ−

128π3m3
J=ψ

jMj2 ×ωðm̂2
ρ−Þ; ð31Þ

where the range of MK̄0Kþ is

mK̄0 þmKþ < MK̄0Kþ < mJ=ψ −mρ− þ 2Γρ− ; ð32Þ

and the upper and lower limits for MKþρ− are

�
Mmax

Kþρ−
�
2 ¼ �

E�
Kþ þ E�

ρ−
�
2

−
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�2
Kþ −m2

Kþ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
ρ− − m̂2

ρ−

q 

2

;

�
Mmin

Kþρ−
�
2 ¼ �

E�
Kþ þ E�

ρ−
�
2

−
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�2
Kþ −m2

Kþ

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
ρ− − m̂2

ρ−

q 

2

;

where E�
Kþ and E�

ρ− are the energies of Kþ and ρ− in the
K̄0ρ− rest frame, respectively,

E�
Kþ ¼ M2

K̄0Kþ −m2
K̄0 þm2

Kþ

2MK̄0Kþ
;

E�
ρ− ¼ m2

J=ψ −M2
K̄0Kþ − m̂2

ρ−

2MK̄0Kþ
: ð33Þ

III. RESULTS AND DISCUSSION

In our formalism, there are two unknown parameters: Vp

for the weight of the a0ð1710Þ contribution and V 0
p for the

one of the intermediate K1ð1270Þ and a0ð980Þ contribu-
tions. Since there are some similarities between the
processes J=ψ → VVV and J=ψ → VPP, it is expected
that Vp and V 0

p are of the same order of magnitude. Thus,
we first take Vp ¼ V 0

p and discuss the influence on our
results of different values of Vp and V 0

p.
In Fig. 9, we show the K̄0Kþ invariant mass distribution

of the process J=ψ → K̄0Kþρ−. The red solid curve stands
for the total contributions from the a0ð1710Þ state, the
axial-vector K1ð1270Þ meson, and the S wave K̄K inter-
action, while the blue dashed curve corresponds to the
contribution from the a0ð1710Þ state. Moreover, the green
dot-dashed and purple dotted curves correspond to the
contributions from the intermediate K1ð1270Þ0 and
K1ð1270Þ−, respectively, and the orange dashed curve
corresponds to the contributions from the direction pro-
duction and the S-wave KK̄ interaction of Eq. (20). One
can find a clear peak structure around 1.8 GeV, which could
be associated with the scalar a0ð1710Þ. However, there is
no significant structure of the a0ð980Þ near the K̄0Kþ
threshold, because of the suppression by the phase space.
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The intermediate resonances K1ð1270Þ0 and K1ð1270Þ−
give the smooth contributions in the region of 1.4–2.4 GeV,
which is due to the fact that the K1ð1270Þ couples to Kρ in
the S wave.
However, it should be pointed out that the peak structure

appearing in the K̄0Kþ invariant mass distribution of Fig. 9
could also manifest itself as a dip structure if the interfer-
ence betweenMa,Mb,Mc, andMd is different from our
naive assignments explained above. For instance, if we
multiply the contribution of tree diagram “1” of the term
Md of Eq. (27) by a phase factor eiϕ with ϕ ¼ 0; π=3;
2π=3; π, and 4π=3, we would obtain the K̄0Kþ invariant

mass distribution shown in Fig. 10, where one can see a dip
structure around 1.8 GeV for ϕ ¼ 4π=3.
Next, we have predicted the Kþρ− and K̄0ρ− invariant

mass distributions of the process J=ψ → K̄0Kþρ− in
Figs. 11(a) and 11(b), respectively. One can see the clear
peaks of the K1ð1270Þ0 and K1ð1270Þ− around 1.3 GeV. It
should be stressed that the axial vector K1ð1270Þ is
predicted to have a two-pole structure, the lower pole is
around 1200 MeV, coupled strongly to the K�π channel,
and the higher pole is around 1280 MeV, coupled strongly
to the Kρ channels [46].
As we discussed above, since the higher pole of

K1ð1270Þ mainly couples to the Kρ channel, we have
adopted the pole position and coupling constant of the
higher pole in Eq. (19). To show the difference between the
two poles of the K1ð1270Þ, we have calculated the K̄0Kþ,
Kþρ−, and K̄0ρ− invariant mass distributions for the
process J=ψ → K̄0Kþρ− with the pole position and cou-
pling constant of the lower pole of Table IV in Eq. (19), as
shown in Fig. 12. Because the coupling of the lower pole to
Kρ is smaller and the width is larger, the contribution from
the lower pole of the K1ð1270Þ is very small. For the
contributions from the lower pole and the higher pole to

FIG. 9. K̄0Kþ invariant mass distribution of the process
J=ψ → K̄0Kþρ−. The results are obtained with Eq. (30), where
the width of final ρ− is considered. The red solid curve stands
for the total contribution, while the blue dashed curve, green
dot-dashed curve, purple dotted curve, and orange dashed curve
correspond to the contributions from the a0ð1710Þ state, the
intermediate K1ð1270Þ0, K1ð1270Þ−, and the one from the
direction production and the S-wave KK̄ interaction of Eq. (20),
respectively.

FIG. 10. K̄0Kþ invariant mass distribution of the process
J=ψ → K̄0Kþρ− obtained with a phase angle ϕ ¼ 0; π=3; 2π=3;
π, and 4π=3, respectively. See the text for details.

(a)

(b)

FIG. 11. (a) Kþρ− and (b) K̄0ρ− invariant mass distributions of
the process J=ψ → K̄0Kþρ−. The explanations of the curves are
the same as those of Fig. 9.
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have the same order of magnitude, we take V 0
p=Vp ¼ 8.0 in

the results of Fig. 12. In the K̄0Kþ invariant mass
distribution of Fig. 12(a), one can find the clear peak
structure around 1.8 GeV. However, in the K̄0ρ− and Kþρ−
invariant mass distributions of Figs. 12(b) and 12(c), only
an enhancement structure appears. Thus, future measure-
ments of K̄0ρ− andKþρ− invariant mass distributions could
shed light on the two-pole structure of the K1ð1270Þ.
In addition, we take different ratios of V 0

p=Vp ¼ 0.5, 1.0,
and 1.5 and show the K̄0Kþ, Kþρ−, and K̄0ρ− invariant

mass distributions for the process J=ψ → K̄0Kþρ− in
Figs. 13(a)–13(c), respectively. One can find that the peak
structure of the a0ð1710Þ in the K̄0Kþ invariant mass
distribution remains similar for different values of V 0

p=Vp,
and the peak structures of the K1ð1270Þ become clearer for
larger values of V 0

p=Vp.

IV. SUMMARY

Assuming the a0ð1710Þ as a K�K̄� molecular state, we
have investigated the process J=ψ → K̄0Kþρ− by taking

(a)

(b)

(c)

FIG. 12. The (a) K̄0Kþ, (b) Kþρ−, and (c) K̄0ρ− invariant mass
distributions of the process J=ψ → K̄0Kþρ− with the parameters
of lower pole of K1ð1270Þ. The explanations of the curves are the
same as those of Fig. 9.

(a)

(b)

(c)

FIG. 13. (a) K̄0Kþ, (b) Kþρ−, and (c) K̄0ρ− invariant mass
distributions of the process J=ψ → K̄0Kþρ− with V 0

p=Vp ¼ 0.5,
1.0, 1.5.
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into account the contribution from the S-wave ωρ, K�K̄�,
and ϕρ interactions, as well as the contribution from the
intermediate resonances a0ð980Þ and K1ð1270Þ.
We have predicted one peak structure around 1.8 GeV in

the K̄0Kþ invariant mass distribution, which could be
associated with the scalar meson a0ð1710Þ. However, there
is no significant near-threshold enhancement structure of
the a0ð980Þ in the KK̄ invariant mass distribution. Further-
more, we have also predicted the Kþρ− and K̄0ρ− invariant
mass distributions of the process J=ψ → K̄0Kþρ− and find
clear peaks of the resonance K1ð1270Þ0;−. Considering the
two-pole structure of theK1ð1270Þ, we have also calculated
the results adopting parameters of the lower pole and
find an enhancement structure near 1.3 GeV in the Kþρ−

and K̄0ρ− invariant mass distributions, which implies that
future measurements of the Kþρ− and K̄0ρ− invariant mass
distributions could shed light on the two-pole structure of
the K1ð1270Þ.
Finally, considering different weight ratios V 0

p=Vp¼0.5,
1.0, and 1.5 of contributions from a0ð1710Þ and K1ð1270Þ,
we have shown the K̄0Kþ, Kþρ−, and K̄0ρ− invariant mass
distributions of the process J=ψ → K̄0Kþρ− and find that
the peak structure of a0ð1710Þ remains essentially the

same. We hope that our theoretical predictions could be
tested by the BESIII and Belle II experiments and the
planned STCF in the future, and precise measurements of
the process J=ψ → K̄0Kþρ− could shed light on the nature
of the scalar a0ð1710Þ and the axial vector K1ð1270Þ.
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