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Color chiral Cherenkov radiation and energy loss in the quark-gluon plasma
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We introduce and investigate the color chiral Cherenkov effect which consists in radiation of the
circularly polarized gluons by a fast color charge moving with constant velocity in the presence of the chiral
magnetic current. We derive the transition rates for all gluon polarizations. We compute the contribution of
the color chiral Cherenkov effect to the parton energy loss in the quark-gluon plasma.
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I. INTRODUCTION

A fast particle carrying electric charge and moving in
a medium with chiral fermions can lose a significant
portion of its energy by means of the chiral Cherenkov
radiation [1-4]. It is emitted due to the unique dispersion
relation of the electromagnetic field and is closely related
to the chiral magnetic [5-9] and anomalous Hall effects
[8,10-13]. Thus far all studies of the chiral Cherenkov
radiation focused on the media governed by the quantum
electrodynamics because of possible technological appli-
cations. However, it is clear that the color version of the
chiral Cherenkov effect is expected to give a significant
contribution to the energy loss in strongly interacting media
with chiral fermions. We therefore set in this paper to derive
the color version of the chiral Cherenkov effect and
estimate its magnitude in the quark-gluon plasma.

The color version of the chiral magnetic effect—the
induction of the color current in the direction of the color
magnetic field—can be described by letting the 0 angle
slowly vary with time. The gluon field excitations in the
chiral medium supporting the chiral magnetic current are
governed by the Lagrangian [14-16]

1 c -
L= = Te(F,F") = ?AHTr(FWF’”), (1)
where the field tensor is
F, =0A,-0A, - ig[A,,,AD]. (2)

A, =Aj and F,, = Fj,t“, where 1* are the SU(Q3)
generators. F* =1le,,, F¥ is the dual field tensor. The
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external pseudoscalar field 6 is sourced by the topological
charge and c, is the anomaly coefficient.

The equations of motion derived from the Lagrangian (1)
depend only on the gradient d,0. We adopt a model of
the quark-gluon plasma with spatially homogeneous and
slowly time-dependent 0: c,d,0 = bé,9, where by is the
(constant) chiral magnetic conductivity. As a result the
chiral magnetic current j* = byB“ emerges as a source of
the color magnetic field in Amper’s law. That 6 is a slow
function of time is indicated by the parametrically large
sphaleron transition time 1/(¢*T) at a given plasma
temperature 7 [17-19].

The chiral magnetic current modifies the spectrum of the
gluon excitations, which can be found by solving the
equations of motion without the self-interaction terms:

0,F™ + b, Fm =0, 3)

along with the Bianchi identity. In the radiation gauge, the
corresponding vector potential obeys the equation

PA — V2A = by(V x A). (4)

The plane wave solutions of (4) are circularly polarized and
have the dispersion relation

w* = k* — Jbolk

; (5)

where k = (w,k) and 4 = +£1 indicate the right or left
polarization. With the account of the screening effects the
in-medium gluons have the dispersion relation

0 = k2 + 2 (k) = k> = Abolk| + o2, (6)

where y is the gluon mass parameter and w,, is the plasma
frequency. Actually, Eq. (6) is the short wavelength limit of
the full dispersion relation [20,21], which nevertheless
suffices for the present calculation. Throughout the paper
we assume that b is positive. Since Eq. (6) scales with 1b,
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FIG. 1. 1 — 2 processes contributing to the color chiral
Cherenkov radiation. The anomalous contributions come about
by the way of the gluon dispersion relation (6) and as an extra
term in the triple-gluon vertex (10). The latter fact is indicated by
the big red circle.

the negative b, case can be obtained by the replacement
b() b d —b() and 1 - —A4.

The chiral term in the gluon dispersion relation generates
the spacelike gluon mode w? —k?> < 0 which opens the
possibility for novel 1 — 2 processes that are otherwise
prohibited in QCD by energy and momentum conservation.
This effect is analogous to the Cherenkov radiation where
the spacelike excitations of the electromagnetic field
produced by a particle moving at a speed greater than
the phase velocity of light represent the propagating wave
solution in dielectric materials. In chiral media, the chiral
conductivity effectively contributes to the medium dielec-
tric response making possible excitation of the gauge field
wave. This effect is referred to as the chiral Cherenkov
radiation. We refer to its QCD version as the color chiral
Cherenkov radiation.

Unlike QED, where the chiral Cherenkov radiation is
described by a single diagram e — ey, where the photon
dispersion relation is modified by the anomaly, in QCD
there are two possible channels depicted in Fig. 1. The first
of these channels g — gg is quasi-Abelian. The corre-
sponding emission rate can be derived from the Abelian
expression by including the appropriate color factors.
We performed this calculation in [3]. The novel channel
is g — gg where all three gluons are excitations of the chiral
medium. It is the focus of the present article.

The paper is structured as follows. The next section
deals with the Feynman rule for the triple-gluon vertex
stemming from the second term in the right-hand side
of (1). The main result, namely, the transition rates for all
quark and gluon polarization states, is derived in Sec. III.
Section IV discusses the energy loss due to the color chiral
Cherenkov radiation. The summary and outlook are pre-
sented in Sec. V.

II. THE TRIPLE-GLUON VERTEX

The diagrams contributing to the color chiral Cherenkov
radiation are depicted in Fig. 1. Whereas the anomaly does
not affect the Feynman rule of the fermion-gluon vertex, it
does modify the triple-gluon one. To derive the rule we
write in the second term in (1)

Tr(F*F*) = 20,K*, (7)

where

2i
KH# = e"re Tr (AyapAg - ggAyApAa> , (8)
and integrate by parts the corresponding term in the action.
The result is

1 2i1
Sp=c4 / 3,0e0 (ZA;‘OPA,‘;— ;4if“”"AﬁA},’A§> dx.

©)

The first term in (9) contributes to the equation of motion
(3), while the second one to the triple-gluon vertex. The
variation of action Sy with respect to three gluon fields
produces the Feynman rule for the anomalous contribution
to the triple-gluon vertex in momentum space:

anomalous triple-gluon vertex = gb, e’ f abe —(10)

where we follow the conventions of [22]. This is the only
new Feynman rule due to the anomalous term in the
Lagrangian (1). The red circle in Fig. 1 includes both
the conventional and anomalous contributions.

III. THE CHIRAL CHERENKOV
RADIATION RATE

The radiation rates can be computed as
g Ca—»bc v
221)? 25 o+ E -

1

X S
8EF w

dWa—»bc -

E)5(k +p' —p)

|Mu—>h6|2d3pld3k7 (11)

where the sum runs over the fermion polarization states,
M. p. are the amplitudes without color generators “ and
the structure constants £, and C,,_, . are the color factors.
The color factors are given by

1 v N% -1 4
Coogg = thr(z‘ 1) = N, 3 (12)
(fahc)z
Cgﬁgg:ﬁ:]vc :3 (13)
The matrix elements read
i/\/lq_wg = Qg 1) Upss (14)

’.Mg—wg = iM?—mg + ’.Mg*gg
= (ep/lo ceg)(p+k)- e;/,v + (ex1 e;w)(P/ - k)
" Cply T (ep/lo : ‘3;/,1/)(17 + ') e

: vpo * *
- lbﬂeﬂ g eplloﬁl/ek/l,/)ep’l’.o’ (15)
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where e,,,’s are the circular polarization vectors and the
superscripts A and B refer to the second and third lines of
(15), respectively. Note that not just the last line in (15), but
all terms in (14) and (15) depend on the anomaly by the
way of the dispersion relation (6).

We perform the calculation in the high-energy approxi-
mation, meaning that the momenta of all particles along the
jet axis are much larger than the transverse momenta and

the effective mass. Let z be the jet axis, and then

p= (E,o,o,E—kzl + (1 :;C)“2(E)), (16a)

2x(1 —=x)E
k2 2
k= (w,kl,O,w—%@)), (16b)
k2 2 E
p = (E’,—kL,O,E’ _%ﬁ) (16¢)

where the mass parameter in (6) becomes u*(w)~
w?% — Abyw and x = w/E is the fraction of energy of the
incident parton carried away by the gluon k. Equations (16)
assume that k| < E,E',w and |u| < E, E', w. The latter
condition is equivalent to by < E, E', w.

Given (16), the polarization vectors can be chosen as

1 .

ep :E(o, 1, 4i,0), (17a)
1 k

=7 (0, 1,2, —;L) (17b)
1 k

ep//lr = E <0, l,ﬁll,F%) . (17C)

The integral over the p’ in (11) is trivial considering the
delta function expressing the momentum conservation. The
remaining delta function in ¢ — ¢g rate reads
S(E'+ w—E) =2x(1 = x)ES[k} + pi?()(1 = x) + m*x?]

=2x(1 = x)ES[K3 + (w? — AbyxE)
x (1 =x) 4+ mx?]. (18)
|

Clearly, the argument of this delta function can vanish only
if Aby > 0. We assumed in the introduction that b, > 0.
Therefore, only the right-polarized gluons A > 0 can be
radiated by the incident quark. Moreover, the energy
conservation, expressed by the argument of the delta
function (18), can be satisfied only if

x4~ < x < x17 (19)

where
2 2 2 422
% + AboE & (@} — boE)? — 4me o

2(m2 + lboE)

The requirement that (20) have real values sets the infrared
threshold for the energy of the incident quark:

2
Zma)p + wy,

E>E1:
by

(1)

The delta function in g — gg rate reads

S(E'+w—E) = 2x(1 — x)ES[k3 + xp2(E')
+ (1= x)p*(@) = x(1 = x)p* (E)]
=2x(1 = x)ES[K} + @ (1 —x + x?)
—boE(A+ X = 29)x(1 —x)]. (22)

In this case the gluon emission is possible only if 1 + A’ > A,,.
Apparently only the following four channels are allowed:

91 = 9rY9r> 91 = 9L9rs IR —> 9rIr»> and gr — grgr. In the
first three of these channels A + A’ — 4, = 1, whereas in the

last one A + A’ — Ay = 3. Additionally,

x99 < x < x99, (23)

where

@2 + (A + A = dg)boE + \/(wf, — (h+ 4 = Jo)boE)? — 4as’

999 _ 24
= 2(w? + (A+ A = A9)boE) (24)
The requirement that (24) have real values sets the infrared threshold for the energy of the incident gluon:
3 2
E>E, =-2¢ (25)
by
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The amplitude M was computed in [1]:

q9—499

(k-p)(k-p')
D Mgy P =4 [EE —m? - =, (26)
Z| gagl” =0 (27)
For the gluon splitting amplitudes we find
ki
lMl;R_’gR!]R = X(l _ )C)’ (283)
(1 =x)k,
iM3, g, = Y (28Db)
xk
MA — 1 )
l 9. 9LIR (1 _ X) ’ ( 8C)
ZM?L_’_[]R!JR = O(ki/E’ bo/E), (28d)
—bok | (A(1 — A A
My, = oky (1 = x) + Xx+ o) (28e)

x(1 =x)E ’

provided that k|, by < E, E',®. In the high-energy limit
Mg_,gg appears only as a subleading correction to Mg_,gg
and therefore can be neglected in our calculation. We note,
incidentally, that M5 _ =0 so that the anomalous
vertex correction does not contribute even in the subleading
channel (28d). Substituting (26), (28), (12), and (13) into
(11) and summing over the final gluon polarizations we
derive

2

AW gy _

dk2 dx

a9
3x*(1 = x)E

x 8(k3 + p*(1 = x) + m*x?),

[(14 (1 =x)?)k3 + m*x*]

(29a)

0.2 0.4 0.6

AW g9 3a,9”
— s K2 o(k? 2,2
diddx  2x(1—x)E (L +
+ (0% — byw)(1 = x)), (29b)
dw,, _, 3a,0% [(1 —x)? x?
9L=99 s k25 k2 2.2
dedx 26 | 2 (=x29 (K +

+ (@3 = byw)(1 = x)). (29¢)
One can easily identify in (29) the contributions to the stan-
dard splitting functions P, (x) and Py, (x) corresponding to
gluon emission. Integrating over the transverse momentum
k| we obtain the spectra of the gluon emission rate:

aw e asgz
= 2l (1= 2 (boxE — ) — 2ma?)
X @( q—q9 x)@(x _ xz—»qg)’ (303_)
AWy, g9 3a,q°
i 5 g (B~ @)1 =) — )

X {[x4 +(1- x)4]540,_1 + 540!1}

X O(xI7% — x)O(x — x9799). (30b)
Here O is the Heaviside step function, and 15 = *1 is the
right- and left-hand polarizations of the incident gluon.

IV. COLOR CHIRAL CHERENKOV RADIATION
IN QUARK-GLUON PLASMA

We now consider the rate of gluon radiation due to the
color chiral magnetic current in quark-gluon plasma. The
plasma frequency and the quark thermal mass are given

by wj, = L T = (2N.+ N;) and m* = %(N% — 1), respec-
tlvely [23]. Usmg these equations in (30) we compute the
anomalous contribution to the gluon emission spectra from

quark-gluon plasma shown in Fig. 2. We emphasize that

w
0.2 0.4 0.6 E

FIG. 2. The color chiral Cherenkov radiation rates versus x = w/E. The channels ¢ — gg, gr = g9, and g; — gg are represented by
blue, orange, and green lines, respectively. Left panel: E = 20 GeV; right panel: E = 100 GeV. Both panels: g =2, T = 300 MeV,

and by = 50 MeV.
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this calculation takes into account only the anomaly-
induced radiation which is but a fraction of the total gluon
radiation. One can observe that the gluon spectrum is
constrained by the thresholds (20) and (24). The thresholds
nearly coincide in the infrared but are different in the
ultraviolet part of the spectrum. The right-handed gluons
decay most readily except in the far infrared which is
dominated by the radiation off the quark.

The contribution of the color chiral Cherenkov radiation
to the energy loss by a fast parton propagating in quark-
gluon plasma along the z axis is given by

dEa—>bc /E dWa—>bcd
- = 0———dw
dz 0 dw

! dWa—>bc
=F ———dx. 1
A x— o dx (31)

Substituting (30) into (31) yields for each channel

_ qu—>qy _ 2as.g2 { (xi—’qg _ xz—»qg) [(x:{_’qg + xz—»qg _ 8)

dz 3
X boE — 8m? — 2a)f,]
e
—I—(b0E+wp)lnx(i_)qg}®(E—E,), (32a)
dE,, . 3a,9° x99
_ ZZW:_Z—{@@Fw@hu?W—%%E+w@
x (x979 — x9=99) }@(E - E,), (32b)
_dEg gy _ g [3{(boE + 20%)? — o] lnxﬂ]r_)gg
dz 4 boE + %, x99
= (17boE + 2103 (x7% — x9799) }
x O(E — E,). (32¢)

In the high-energy limit boE > m?*, @’ Egs. (32) simplify
as follows:

dE 4a,g°byE
4-4g 59" Do
- = , 33
dz 9 (33a)
qu —qg 3asg boE boE
RC = In——-1], 33b
dz 4 8 w? (330)
dE 3a,9°byE boE 17
9L=99 s9 Po 0
= In— —— 33
dz 4 ( o? 6> (33¢)

Figure 3 exhibits the contribution of the color chiral
Cherenkov radiation to the parton energy loss. We observe
in that at high energy the right-hand gluon loses more
energy than the left-handed one and the quark, while at

dE(GeV)
dz \ fm

1k
0.100 £
0.010
0.001 +

= E (GeV)
10 20 50 100

FIG. 3. The rate of energy loss due to the color chiral

Cherenkov radiation for ¢ — gg (blue), g — gg (orange), and
gr — gg (green). Parameters: ¢g =12, T =300 MeV, and
by = 50 MeV.

lower energy the quark channel is the main mechanism of
energy loss.

The energy loss of a jet consisting of many g, g, g states
is determined by solving the system of coupled evolution
equations for the parton distribution functions. Suppose
that f,(x) are the momentum distribution functions of a
species a = ¢, g, g normalized as

Z[)lfa(x)xdx =1. (34)

Then, the jet energy loss is
)

dE ! dE,
_d_z_za:/o dxfa(x)(— —

where the partial energy losses are given by Egs. (32). Of
course, jet energy loss due to the chiral anomaly is only a
fraction of the total energy loss and therefore its phenom-
enological significance can be assessed only by incorpo-
rating the anomaly-induced corrections into the standard
evolution equations.

V. SUMMARY AND OUTLOOK

We investigated the color chiral Cherenkov radiation—
the QCD analog of the chiral Cherenkov effect in
QED—and applied the results to study its role in the
energy loss and jet quenching in the quark-gluon plasma.
Our main result is the gluon emission rates (30) by quark
and gluons in the chiral medium. The resulting energy loss
is given by Egs. (32).

A number of approximations were made to derive these
results. Firstly, we assumed that the medium is homo-
geneous such that b = ¢,V = 0. One can consider a
complementary scenario where b is finite and b, vanishes.
The corresponding rate of gluon emission by a fast quark
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can be obtained similarly to QED, by substituting
bg — |b| cos  where f into (30) is the angle between b
and the outgoing gluon [1,4]. Gluon radiation by a fast
gluon at finite b, on the other hand, requires further
analysis. However, it should be noted that while Mf_,gg
gives a subrelativistic correction in a homogeneous
medium, it gives no contribution at all in the inhomo-
geneous case. Indeed, the scattering amplitude M2, =
—ib, " ey, ver, pe;, ». 1s antisymmetric with respect to
exchange of b, and any polarization vector. As such if
by = 0, then Mg_)gg must be proportional to the zeroth
component of one of the polarization vectors. Therefore,
given that the zeroth component is zero [see Eq. (17)],
./\/lg_,gg vanishes.

Secondly, we assumed that the radiating particle is
ultrarelativistic throughout the entire process. As a result,
the spectrum in the quark channel exhibits discontinuous
behavior at x = x%7%, as can be seen in Fig. 2. By
including nonrelativistic corrections for the outgoing par-
ticle, one may expect the rate of gluon emission to drop
smoothly to zero as x tends to 1. This correction has very
little effect on the rate of energy loss; however, it may play
a role in parton evolution of jet.

Comparing the decay rates of the left-handed and right-
handed gluons in Fig. 2, one finds that in a medium with
by > 0 the left-handed gluons decay more slowly when

compared to right-handed ones. As a result jets develop
strong left-hand polarization. This is the clearest manifes-
tation of the chiral anomaly in the jet structure.

The chiral imbalance is also imprinted into the jet loss
pattern seen in Fig. 3: the right-handed gluons lose a lot
more energy than the left-handed ones. However, as the jet
energy increases, the difference between the gluon polar-
izations becomes less pronounced since the energy loss is
driven primarily by the large polarization-independent
logarithms in (33). These logarithms also enhance the
relative contribution of gluons as compared to quarks to the
energy loss at high energies. In contrast, at low energy,
the energy loss is dominated by quarks as seen in Fig. 3. We
stress again that these conclusions hold only for energy loss
due to the color chiral Cherenkov radiation and ignored all
other contributions. A recent review of the conventional
mechanisms of energy loss can be found in [24].

In conclusion, energy loss due to the color chiral
Cherenkov radiation is significant. Therefore a compre-
hensive phenomenological analysis requires incorporation
of the novel energy loss channels into the numerical
packages describing jets in hot nuclear medium.
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