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Consistency of the pion form factor and unpolarized transverse momentum
dependent parton distributions beyond leading twist
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We investigate the interplay among the pion’s form factor, transverse momentum dependent distributions
(TMDs), and parton distribution functions (PDFs) extending our light-front quark model (LFQM)
computation based on the Bakamjian-Thomas construction for the two-point function [1,2] to the
three-point and four-point functions. Ensuring the four-momentum conservation at the meson-quark vertex
from the Bakamjian-Thomas construction, the meson mass is taken consistently as the corresponding
invariant meson mass both in the matrix element and the Lorentz factor in our LFQM computation. We
achieve the current-component independence in the physical observables such as the pion form factor and
delve into the derivation of unpolarized TMDs and PDFs associated with the forward matrix element. We
address the challenges posed by twist-4 TMDs and exhibit the fulfillment of the sum rule. Effectively, our
LFQM successfully handles the light-front zero modes and offers insights for broader three-point and four-

point functions and related observables.
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I. INTRODUCTION

Comprehending the internal structure of the pion is a
paramount objective in modern nuclear and particle phys-
ics. Being the lightest meson comprised of quark and
antiquark recognized as a pseudo-Goldstone boson of
quantum chromodynamics (QCD), the pion provides an
unparalleled opportunity to delve into the intricacies of
strong interactions. In particular, several different aspects of
pion structure such as its decay constant, distribution
amplitudes (DAs), form factors, parton distribution func-
tions (PDFs), generalized parton distributions (GPDs), and
transverse momentum dependent distributions (TMDs)
offer complementary insights into how quarks and gluons
are distributed in terms of their charge, momentum, and
spatial positions [3-9].

Alongside the experimental measurement [10—15] of the
pion’s decay constant and elastic form factor, one can also
investigate the partonic structure of the pion by directing
pion beams at nuclear targets using the Drell-Yan process
(DY) [16]. In fact, the DY process not only grants access to

*homyoung @knu.ac.kr
“erji@ncsu.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2024/110(1)/014006(20)

014006-1

the pion’s twist-2 PDF [17-21] but also furnishes infor-
mation about TMDs, encompassing both leading and
subleading twists [22]. In particular, as elucidated in
[6,7], the exploration of higher-twist TMDs and PDFs
not only offers insights into quark-gluon dynamics but also
serves as a means to assess the internal consistency of
phenomenological models.

The light-front quark model (LFQM) [23-32] based on
the light-front dynamics (LFD) [33] stands as a powerful
theoretical framework for unraveling the intricate details of
aforementioned aspects of hadron structure and related
phenomena. In the LFQM, the pion form factor F,(Q?),
derived from the components of the vector currents J* with
u = (+,L,—),is linked [6,7] to the twist-2, 3, and 4 TMDs
in the forward matrix elements of J#, respectively. While
the form factor and TMDs obtained from J* (= J° + J3)
andJ, = (J,,J,) remain unaffected by the LF zero modes,
it is well known that both F,(Q?) and the twist-4 TMD
obtained from the J~ (= J° — J3) current is prone to receive
contributions from the zero modes. The presence of zero-
mode contributions from the J~ current poses challenges to
the internal consistency of the LFQM in the computation of
the twist-4 pion TMD, as discussed in [6,7]. While the
presence of LF zero mode resulting from the J~ current
appears to be a universal feature to be investigated in LFD,
its specific quantitative contribution relies on the choice of
model wave functions characterizing the bound state of
hadrons [34-39]. Therefore, it is of paramount importance
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to correctly extract and incorporate the zero modes specific
to a given LFQM examining its self-consistency.

Over the past several years, we have developed our self-
consistent LFQM that allows us to obtain the physical
observables in a manner independent of the current
components. We noticed that the self-consistency of
LFQM adheres to the Bakamjian-Thomas (BT) construc-
tion principle [40,41]. The interaction V ; between quark
and antiquark is incorporated into the mass operator via
M =M+ YV, in line with the BT construction. As we
have shown in our LFQM analysis of mass spectra for the
ground, and radially excited states of pseudoscalar and
vector mesons, the detailed results can be found
[27,28,31,32]. In this framework, the meson state is
constructed from noninteracting, on-mass shell quark
and antiquark representations, with a strict adherence to
the four momentum conservation P = p, + p; at the
meson-quark vertex, where P and p, represent the
momenta of the meson and quark (antiquark), respectively.
In particular, the conservation of LF energy
(P~ = pg + p3) at the meson-quark vertex signifies the
importance of taking the meson mass as the invariant mass
M, in terms of the quark and antiquark momenta to satisfy

M24P2 m2+p? m2+p? . .
o= "p+ oL 4 "p+ ) in the computation of the
q q

meson-quark vertex.

In contrast to traditional LFQM approaches [23-25], the
distinguished feature of our self-consistent LFQM lies in
the computation of hadronic matrix elements. For instance,
consider the transition matrix element (P'|gI*g|P) =
PrF, where F represents various physical observables
like decay constants and form factors. P# corresponds to
the associated Lorentz factor. In traditional LFQM [23-25],
when calculating F, the BT construction (i.e., setting
M — My) is only applied to the matrix element
(P'|qT*q|P) and not to the Lorentz factor P¥. This selective
application of M — M|, solely to the matrix element results
in the LF zero mode affecting the observable JF, particu-
larly when using the “bad” component of the current, such
as the minus current. We have found [1,2,42-46] that it is
necessary to apply the consistent BT construction or
replacement (M — M) equally to both the matrix element
and the Lorentz factor. This ensures that F becomes
independent of the current components, as we have shown
[1,2,42-46] in the computation of the decay constants of
pseudoscalar and vector mesons. We have also demon-
strated this independence in the context of leading- and
higher-twist DAs [1,2,42-44] and weak transition form
factors [45,46] between two pseudoscalar mesons. This can
be achieved by computing F = (P'| 2171;‘;51 |P), meaning that
the Lorentz factor should be computed within the integral
of internal momenta. To signify this unique and novel
prescription consistent with the BT construction in the
computation of physical observables, we may coin our
LFQM as “self-consistent” LFQM.

In Refs. [1,2,42-46], we have also developed our self-
consistent LFQM by starting from the manifestly covariant
Bethe-Salpeter (BS) model. Within this derivation, we
identified a distinct matching condition, denoted as the
“type I link {e.g., see Eq. (49) in [42]}. This type II link
plays a pivotal role in connecting the covariant BS model to
our LFQM, ensuring its adherence to the principles of the
BT construction. Notably, a crucial component of the type
II link involves substituting the physical meson mass M
that originally appeared in the integrand for the matrix
element calculation with the invariant mass M. This
replacement aligns with the principles of the BT construc-
tion within our LFQM framework.

The primary aim of the present work is to utilize the self-
consistency of the LFQM in deriving the correlated pion’s
form factor, TMDs, and PDFs. Our focus is on recognizing
the intricate relationships between these quantities while
addressing the twist structure present in TMDs and PDFs,
categorized by the components of the current J¥. Of
particular note is our unique theoretical approach, which
leverages the BT construction to compute the form factor,
twist-4 TMDs, and PDFs derived from the minus compo-
nent of the currents. We think that this approach represents
a novel and original contribution within the framework of
the LFQM.

The paper is organized as follows: In Sec. II, we illustrate
the essential aspect of the LFQM consistent with the BT
construction in the two-point function computation of the
decay constant and distribution amplitude. The current
component independence of the decay constant is exem-
plified in this section along with the computation of the
leading-twist DA both at the initial scale y3 = 1 GeV? and
at the scale y?> = 10 GeV? through the QCD evolution. In
Sec. III, we extend the computation to the three-point
function describing the general structure of the pseudosca-
lar meson form factor and obtain the current component
independent pion form factor. In Sec. IV, we further extend
our computation to the four-point function and obtain the
three unpolarized TMDs related to the forward matrix
element (P|gy*q|P), where the twist-2, 3, and 4 TMDs are
obtained from ¢ = +, L, and —, respectively. The twist-2,
3, 4 PDFs obtained from the corresponding TMDs are also
presented in this section. Especially, we resolve the LF zero
mode issue of the twist-4 TMD and PDF in our LFQM. We
also discuss the QCD evolution of a pion PDFs and present
the Mellin moments of the three PDFs compared with other
theoretical predictions. Finally, we summarize our findings
in Sec. V. In Appendix A, we display the results for the
helicity contributions to the pion form factor. In
Appendix B, the type II link between the manifestly
covariant BS model and the self-consistent LFQM is
demonstrated for completeness. The influence of the quark
running mass on the pion form factor by treating mass
evolution solely as a function of the momentum transfer Q>
is also examined in Appendix C.
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II. LIGHT-FRONT QUARK MODEL APPLICATION
TO PION DECAY CONSTANT AND
DISTRIBUTION AMPLITUDE

The essential aspect of the LFQM [23-29] for the ¢g
bound state meson with the total momentum P is to saturate
the Fock state expansion by the constituent ¢ and g. In this
approach, the Fock state is treated in a noninteracting ggq
representation, while the interaction is incorporated into the
mass operator via M := M, + V ;, ensuring compliance
with the Poincaré group structure, specifically the commu-
tation relations for the two-particle bound state system. The
interactions are then encoded in the LF wave function
‘Pﬁ:jq (pg-Pz). which is the eigenfunction of the mass
operator.

The four-momentum P of the meson in terms of the LF
components is defined as P = (P, P, P, ), and we take
the metric convention as P? = P*P~ —P3, using the
metric convention a-b = (atb”+a"b")/2—ay - by.
The meson state |M(P,J,J,)) =|M) of momentum P
and spin (J,J,) can be constructed as

M) = / (p,][p,12(22)°5 (P — p, - p,)

x Y % (0,90)10(PgA)a(pg. 4)), (1)
AqgAq

where p’; @ and 4,5 are the momenta and the helicities of

q)
the on-mass shell (p . = mé@)) constituent quark (anti-
quark), respectively. Here, [d*p] = dp*d®p,/(16x°). The
LF on-shell momenta p, ) of ¢(g) are defined in terms of

the LF relative momentum variables (x,k ) as

py =xPT, pg =(1-x)PT,

P, =xP -k, P =(1-x)P +ki. (2)

which satisfies (p, + p;)> = Mj. One may define the
longitudinal momentum fraction x in terms of the momen-
tum variable k, as [23,24]

_E +k,

E, —k,
X = ’
E,+E,

X = ,
E,+E,

(3)

where E; = \/m? + K is the kinetic energy of ith-con-

stituent and k = (ky,k,) so that My = E| + E,. For the
equal quark and antiquark mass case (E; = E, = E), Mj =
4E* and k, = (x = })M,,.

In terms of the LF relative momentum variables (x,k | ),
the boost-invariant meson mass squared is given by

k2 +m? K3+ m?

M? =
0 X 1—x

; (4)

where m = m, = m; for the pion case. The LF wave

function of the pion is generically given by
Wi, (k1) = k)R, 5 (x. k1), (5)

where ¢(x,k;) is the radial wave function, and
Rz, (x, k) is the spin-orbit wave function that is obtained

by the interaction independent Melosh transformation [47]
from the ordinary spin-orbit wave function assigned by the
quantum number J7C. The covariant form of Rj,,, for the

pion is given by [23,24]

u v, (Ps
R,, = @(Pq))’S Aq(pq)

q%q \/§MO ’ (6)

and it satisfies Y, R"R = 1. The explicit matrix form of
R, for the pion is given by

| (pz}pé - php?

Rojpg ===\ _ o+, =+
\/2P4 pa My m(pg +pg)

m(ps +py)
pars—pipd

(7)

where pR() = p -+ ip, . Equation (7) can be expressed in
terms of (x,k ) variables defined in Eq. (2).

The interactions between ¢ and g are included in the
mass operator [40,41] to compute the mass eigenvalue of
the meson state. In our LFQM, we treat the radial wave
function ¢(x, k) as a trial function for the variational
principle to the QCD-motivated effective Hamiltonian
saturating the Fock state expansion by the constituent ¢
and g. The QCD-motivated Hamiltonian for a description
of the ground and radially excited meson mass spectra is
then given by H ;|¥) = (M + V,;)|¥) = M 5|'¥), where
M,; and ¥ =V, ) are the mass eigenvalue and eigen-
function of the ¢gg meson, respectively. The detailed mass
spectroscopic analysis for the ground and radially excited
mesons can be found in Refs. [27,28,31,32.48].

For the 1S state radial wave function ¢(x,k ), we use
the Gaussian wave function

A3/ ok -
Pxks) =~ \/%exm—kz/z/ﬂ), (8)

where f is the variational parameter fixed by the analysis of

meson mass spectra [27,28,48]. For m, = m; = m case,

the Jacobian of the variable transformation {x,k , } — k =

M

(k. k,) is given by % = Ty The normalization of our

Gaussian radial wave function is then given by
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In our numerical calculations for the pion observables,
we use the model parameters (m, ) = (0.22,0.3659)
[GeV] obtained in Ref. [27,28] for the linear confining
potential model. The charge radius and decay constant of
the pion obtained from this linear potential model param-
eters were predicted as r, = 0.654 fm and f, = 130 MeV,
which are in excellent agreement with the current PDG

average value [49] of experimental data [10-12], EXP

(0.659 £ 0.004) fm and f5® = 131 MeV.

In our recent works [1,2], we established the method to
obtain the pseudoscalar meson decay constant within our
standard LFQM in a process-independent and current
component-independent manner. To provide a comprehen-
sive understanding, we present here the essential aspect
required to attain the Lorentz and rotational invariant result
within our LFQM framework.

The pion decay constant defined by the local axial vector
operator, (0|g(0)y*ysq(0)|z(P)) = if ,P*, can be obtained

\/7/ /dkl $(x. k)

5 (P2) u;, (p1)
X— Y R - Pys — , (10)
iP* P ks [ VX2 : VX1 (

where N, = 3 arises from the color factor implicit in the
wave function. The final result of f, in the most general
P, # 0 frame is given as follows [2]:

k. plrky)
fﬂwm/gﬁMWﬁ?mmm,m

where the operators (’)X‘) derived from the currents with
u=(+,L1) yield identical results, specifically
(9§:> = Og“ =2m. For the minus component of the
current, when the pion mass M is employed in the
Lorentz factor P~ = (M2 + P2)/P*, the result for O’
is OF) = 2m(M32 + P2)/(M? + P2). However, it is note-
worthy that (’)E;) converges to the results obtained for

= (4. L), specifically O\ — 2m, when the substitution
M — M, is applied [2] for the meson-quark vertex. More
detailed analysis of the decay constant including the
unequal quark and antiquark mass case can also be found
in [2].

In particular, the pion DA ¢, (x) is completely indepen-
dent of the current components and is given by

m

7 dzkl 2m

162 /o 1K1

bx(x. o) px. ki), (12)

where the normalization is fixed by [i dx¢,(x, o) =1 at
any scale py. The DA provides information about the
probability amplitudes of finding the hadron in a state
characterized by the minimum number of Fock constituents
and small transverse-momentum separation. This is defined
by an ultraviolet (UV) cutoff yy > 1 GeV. The dependence
on the scale is then given by the QCD evolution equation
[3] and can be calculated perturbatively. Nevertheless, the
DA at a specific low scale can be determined by incorpo-
rating essential nonperturbative information from the
LFQM. Additionally, the Gaussian wave function in our
LFQM enables the accurate integration up to infinity
without any loss of precision. For the nonperturbative
valence wave function given by Eq. (8), we take yy =
1 GeV as an optimal scale for our LFQM.

To compare the leading-twist pion DA with high-energy
experimental data, it is necessary to incorporate radiative
logarithmic corrections through QCD evolution [50,51].
The evolution of the pion DA at large Q is governed by the
Efremov-Radyushkin-Brodsky-Lepage (ERBL) equation.
The solution of the ERBL equation can be expressed
[50-53] in terms of Gegenbauer polynomials

o]

Belxpn) = 6x(1=x) > G2 2x = Day ()., (13)

n=0

where C,3,/ % is the Gegenbauer polynomials of order 3/2
and the prime notation (') means the summation over even
values of n only. The matrix elements, a,(u), are the
Gegenbauer moments given by

(0)

2(2n +3) (as(ﬂ) )7270
3(n+1)(n+2) \as(po)

X/VWmewmwmx (14)

0

ay(u) =

where the strong coupling constant a,(u) is given by

4z
s( ): 7 (15)
S )

and

O _ oepl3e— 2 4%1]
n = F (n+1)(n+2) k|’

=1
2
ﬁ():ll—gNF, (16)
with N being the number of active flavors. We take
here N = 3. In the chiral limit (i.e., m — 0) within our
LFQM, we obtain ¢ (x, i) = 1. In this case, one gets

Jat dx Gy (2x = 1) (x, o) = 1.
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FIG. 1. Pion DAs at initial scale 3 =1 GeV? (solid line),
which is evolved to u?> = 10 GeV? (dashed line). For compari-
son, we include the results from the Lattice QCD [54] and DSE
[55-57] calculations as well as the asymptotic result.

In Fig. 1, we show the pion DA at the initial scale
p3 =1 GeV? (solid line), which is evolved to p? =
10 GeV? (dashed line). We note that the Jacobi factor

\/ % required for the rotational invariance of the radial wave

function ¢ (x, k | ) [see Eq. (8)] flattens the shape of the DA at
the midpoint of x while amplifying the DA at the extreme
points of x = 0 and 1. Our results are compared with other
theoretical predictions, including the pion DA data obtained
from the Lattice QCD (LQCD) calculation [54] using large-
momentum effective theory (LaMeT) at the renormalization
scale 4 = 2 GeV, the asymptotic result ¢ = 6x(1 — x),
and the result of Dyson-Schwinger equations (DSE)
[55-57], denoted as ¢pg(x,Cy) = 20.227x(1 —x)[1-
2.5088+/x(1 — x) +2.0250x(1 — x)], obtained from the
dynamical-chiral-symmetry breaking-improved (DB) trun-
cations at the scale {; = 0.30 GeV, respectively. We also
note that the AdS/CFT prediction [58-60], ¢4 =

7\/x(1 — x)/8, exhibits similar shape to that of the DSE.
Our result at the initial scale gy = 1 GeV shows a much
broader shape than the asymptotic form but is close to the
results from DSE and AdS/CFT calculations. The deviation
of our result from the asymptotic form is noticeable even at
the initial scale g, and it remains substantial even after
evolution to the scale y*> = 10 GeV?, as depicted in Fig. 1.
While the results from the LQCD also show a broader
shape than the asymptotic one and are close to ours
obtained at the initial scale g, the behaviors at the end

points (x = 0, 1) are significantly different from ours. As
the authors stated in [54], this could be due to missing
higher-power or high-order corrections in LaMET or due to
effects of higher moments ignored in the operator product
expansion and DSE calculations.

III. PION FORM FACTOR

In this section, we first discuss the overarching frame-
work that governs the transition between two pseudoscalar
mesons, namely the transition from a pseudoscalar meson
characterized by momentum P and mass M to another
pseudoscalar meson with momentum P’ and mass M’. In
this transition, the four-momentum transfer ¢ is introduced
and defined as ¢ = P — P'. The general covariant decom-
position of the matrix element for this transition,
J# = (P'|gy"q|P), is given by

(M2 _ M/Z)
j”: (P"‘Pl)”_q” q2

H(q?), (17)

F(q*)

o (MZ _M/Z)
q P

where the Lorentz structure containing the form factor
F(g*) is manifestly gauge invariant, while the additional
amplitude for M # M’ as in the case of the weak decay is
described by the form factor H(g?). For the semileptonic
decays between two different pseudoscalar mesons, F(g?)
and H(q?) correspond to the weak form factors £, (¢*) and
fo(q?) related to the exchange of 1~ and 0, respectively.
The self-consistent treatment of the weak form factors
f+(¢?) and fy(g*) within the framework of the LFQM,
employing the “type II”” link that connects the covariant BS
model to the LFQM, has been elaborated in Refs. [45,46].

In the case of the electromagnetic form factor of a
pseudoscalar meson, the Lorentz structure proportional to
g" associated with H(g?) in Eq. (17) does not contribute to
J* due to the invariance of time reversal symmetry, and
only the gauge invariant form factor F(g*) remains
relevant; i.e.,

jgm = PﬂFem(q2>

(M2 _ M/Z)

= (P+P’)"—Q”T Few(q?). (18)

In Eq. (18), it is important to note the presence of the
second term proportional to (M? — M') on the right-hand
side, which allows the electromagnetic gauge invariance q -
Jem = Oevenif M # M'. Of course, this term becomes zero
when applying the physical mass relation, i.e., M> = M".
However, as discussed in the introduction, the consistent BT
treatment of the noninteracting gg representation (i.e.,

MO = M(()/)) both in the matrix element 7%, and the
Lorentz structure P* = (P + P')* — g*(My> — M)/ q* on

014006-5
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the right-hand side of Eq. (18) is crucial in the LFQM
computation based on the principles of the BT construction
to obtain the physical observable F.y,(¢*) uniquely inde-
pendent of the current components. The selective application
of the noninteracting ¢gg representation only to the matrix
element 7%, but not to the Lorentz structure P* may lead to
the LF zero mode issue, particularly when dealing with the
minus component (4 = —) of the current.

In our self-consistent LFQM based on the BT construc-
tion where M — M, and M’ — M|, we demonstrate that
the second term proportional to ¢* in Eq. (18) is essential. It
serves a dual purpose, enabling us to derive the current-
component independent pion form factor and maintaining
gauge invariance, specifically ensuring g - J.,, = 0 even
when replacing the physical mass M) with the invariant
mass Mg).

To compute the pion form factor defined in Eq. (18), we
use the Drell-Yan-West (¢* = 0) frame with P, =0,

where ¢> = —q3 = —Q?. In this frame, we have
M2 M2+
PZ(P P+7OJ_) P/=<P+,TL,_(]J_),

M2 —M? — @

For the P(q,q) = P'(¢»g) transition with the momentum
transfer g = P — P’, the relevant on-mass shell quark
momentum variables in the gt = 0 frame are given by

1—x)P, +K,.  (20)

Since the spectator quark (g) requires that p; = p'* and
P;L = Pj,, one obtains k', =k, + (1 —x)q_.

The matrix element J&n = (z(P')|gy*q|n(P)) in the
one-loop contribution within the framework of the LFQM
based on the noninteracting gg representation consistent

TABLE I Helicity nonflip A, ., => (K

1i=11

with the BT construction is then obtained by the con-
volution of the initial and final state LF wave functions as
follows:

d’k
Jem _/ / 167 é_¢ (x. K’ )op(x, kL)Zhi;]Z—»AzZ’

/d*/ K )

LRSI LSRRI & (21)
where
Pz) ”,1 (P1)
o =R [ e 1 } (22)
A vV Pz \/P1

is the term of spin trace, and h(T—>T =1 Zl( ot

WioLg)and by Zl(h}&—»u +H, 1) are the
helicity nonflip and the helicity flip contributions,
respectively.

Now, applying the same BT construction to the Lorentz
factor P# in Eq. (18), we obtain the pion form factor F ,(,” )
for any component (u = +, —, L) of the current as

)(0%) = / S ik,
i

P

(T—>T (-

ERTIIR ]
T=)+{=1) (23)

It is important to note that all meson mass terms, denoted as
M"), appearing in P* are substituted with Mg), where
M{, = My(k, — K')) represents the invariant mass of the
final state pion.

The helicity nonflip hl(lT—W) =) and the helicity flip

n ) contributions from the spin trace term

=D+~
together with the Lorentz factor P* obtained from each
component of the current J%;, are summarized in Table 1.
We note that the 4 = + and L components of the current
Jhm receive only the helicity nonflip contributions. On the

other hand, the minus (¢ = —) component of the current

+h 7-,7) and the helicity flip W yiop) =

Z;l(h’;;l_) ut I e M) contributions from the spin trace term and the Lorentz factor P* obtamed rom each

component of the currents Jh.

ya H H
Current components h(T%TH(i%U h(TﬂiHuﬂT) P
T 2(mz+kl~kl) 0 2P+
e (m? +ki X )(qL+2kL) 0 _ _ Mi-mg
o xP+\/m2+k \/m2+k’2 qi(l q )
T em 2m? (1-x)q} 2(k K +m) (k2 +k g +m?)+(1-x) (k| xq, )? MG 4’ +at +(M5-M)?
x2<P+)2\/m2+ki\/m2+k/zL x2(P*) \/m +k2 \/m +k3 Pt
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TABLE II.  The operators OE’F)QM and their helicity contributions to the pion form factor in the standard LFQM.
(n) () (W) (1)
Fr Orrom Mhonsu-n) LA (TS|
FiH k, k| +m? k, kK| +m? 0
F]([J‘) kj_k’J_—i-mz kj_k’J_—i-mz 0
F) 2(1-x)q? Mi(k, K +m’+q, K')) 207 {(k k) +m) (] +k gy tm)+(1-x) (ky xq,)*) 2q7 {(1-x)m’q} }
g *2M7 @ +qTH(M-MG )] C2MRG +q] +(MZ-Mg)?] CR2MEa} +at +(MG-MF )]

receives both the helicity nonflip and helicity flip contri-
butions. Detailed derivation of helicity contributions for
each current component is presented in the Appendix A.

From Table I, we now obtain the pion form factor for
each component of the current J4y, as follows:

P(0?) / /aﬂkl Pk )P (kL)
167° \/m? + k2 /m? + k2

(24)

Here, the operators O(L"}QQM are obtained from the expres-

n +h
; (t=D+0=0) " T (=)+U=1)
sion B

in Eq. (23). This process involves
isolating the common denominator factor, K=
/m? + k2% \/m? + k'], and incorporating it into the wave

functions. Consequently, we define O(L”F)QM as follows:

7 u
ob)  _ epr Paensu=n Mo
LEQM — o
— u
=ML m + Mooy (25)

where P* comes from the transformation of dp| = P"dx
in Eq. (23).

In Table II, we provide a summary of the results for
OE‘F)QM, along with the contributions from the helicity

nonflip and flip processes, denoted as H and

(1-1+{~1)
HETL D(l=1)° , respectively. These results are presented for

each component (u = 4, L) of the current.
As evident from Table II, the pion form factor F,(,Jr>

obtained from the plus current exhibits precisely the same

analytical form as the form factor F' ,(,M derived from the

perpendicular current. Furthermore, both form factors
exclusively receive contributions related to helicity nonflip
processes and are not affected by zero-mode contributions
as discussed in Ref. [43]. In contrast, the form factor
obtained from the minus component of the current encom-
passes not only the helicity nonflip but also the helicity flip
contributions. Taking into account both the helicity nonflip
and flip contributions for F' Sz_>, we have found that all three
form factors yield numerically identical results, indicating

F,(,+) =F S,L) =F ,(,_). It is remarkable that we achieved

obtaining the physical observable F(q?) as independent
of the current components.

In Appendix B, we present a detailed derivation of
Eq. (24) starting from the covariant BS model and applying
the “type II” link, as exemplified in Eq. (49) of [42], which
establishes a connection between the covariant BS model
and the LFQM. As explalned in Appendix B, it is note-
worthy that in the J&. case, the same form factor F (L) 4
obtained even when using the traditional Lorentz factor
(P + P')* without incorporating the term proportional to
g". This suggests that using (P + P')* yields the correct
pion form factor when utilizing the y = L components of
the current as in the case of utilizing the 4 = + component
of the current. This observation implies that the form factor
derived from the (J &, J&,) currents is devoid of LF zero
modes. On the contrary, the pion form factor F f,_) derived
from the [, current using the traditional Lorentz factor
(P + P')* yields notably different results, deviating from

() _ pl)

the exact solution F . This disparity is typically

attributed to the LF zero-mode contribution to F ﬁf_).
Consequently, our method for obtaining the exact result

for F 5,_) with the J,, current, as presented in Table II and
utilizing the Lorentz factor P consistently with the BT
construction for the valence picture of LFQM, indicates an
effective inclusion of the LF zero mode associated with the
nonvalence contribution from higher Fock states.

In Appendix C, we also present our numerical results for
the pion form factor and investigate the influence of the
quark running mass, treating it exclusively as a function of
the momentum transfer Q2.

IV. TMD AND PDF OF PION

In Refs. [6,7], the authors established the formalism to
describe unpolarized higher-twist TMDs within the LFQM
framework of constituent quarks, on par with the other
interacting models such as the spectator [61], chiral quark-
soliton [62], and bag [63] models. Focusing on unpolarized
targets within the framework of quark models, the authors
presented the four TMDs as the complete set of unpolarized
T-even TMDs. They also derived the Lorentz-invariance
relation among unpolarized TMDs, which is valid in the
framework of quark models without explicit gauge degrees
of freedom. Among those four TMDs, which are expressed
in terms of hadronic matrix elements of bilinear quark-field
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correlators of the type (h|y(0)['y(z)|h), three of them are
essentially related to the forward matrix elements of the
electromagnetic form factor, i.e. (h|w(0)y*w(0)|h) with
u =+, —, L, and the remaining one is related to the matrix
element of the unit operator I' = 1.

The LFQM utilized in [6,7] shares similarities with ours
in that they both employ the constituent-quark picture in
calculating matrix elements. However, a notable difference
of ours stems from the BT construction consistently applied
to both the meson-quark vertex and the Lorentz factor
associated with the physical observable. Apparently, the
authors of Refs. [6,7] noticed the difficulties encountered in
computing the twist-4 quark TMD and PDF, denoted as
fi(x,ky) and fi(x), respectively. In particular, they
attributed the reason why the sum rule for fi(x), ie.,
2 [dxfi(x) =1, was not satisfied to the issue of the
nonvanishing LF zero mode. In this section, we provide
the analysis of the three TMDs and PDFs related to the
forward matrix elements (k| (0)y*y(0)|h), resolving the
difficulties noticed in Refs. [6,7]. We discuss our effective
resolution of the LF zero mode issue associated with the
twist-4 TMD and PDF.

A. TMD

TMDs are typically defined through quark correlators. In
constituent models that lack explicit gluon degrees of
freedom, the Wilson lines in QCD simplify to unit matrices
in color space. Consequently, 7-odd TMDs are not present,
and only T-even TMDs are observable. The characteriza-
tion of a spin-zero hadron, such as the pion, is achieved
using four specific TMDs, as discussed in Refs. [6,7].
Three of four TMDs for pion are related to the forward
matrix element (P|gy*q|P) of the vector currents, which are
defined as [6,7]

[ e a0 v P 0= l5),
/2[1;;] €72 (P (0 )V{rl//(z)|P>|z+:0zgfg(x,pr),
/2(;11] e HPlp(0)y yw(2)|P) | —o= <P+> fi(x.pr),

(26)

where [dz] = dz~d*z7, |P) denotes a pion state with four-
momentum P, g represents the flavor index for the quark
and antiquark contributions, and m, stands for the pion
mass. Additionally, f9(x, pr), f4(x, pr), and fi(x, pr)
with pr = |py| correspond to the unpolarized TMDs of
twist-2, twist-3, and twist-4, respectively. While twist-4
TMDs may be regarded as academic interest, it is worth
noting that /% (x, py) becomes intertwined with other twist-
4 quark-gluon correlators, such as those associated with

power corrections to the deep inelastic scattering structure
functions, as discussed in [6,64—70].

We should also note that the authors in [6,7] used the
metric convention a-b =a"b™ +a b — ar - by rather
than our metric convention a-b = (ath™+a b")/
2 —ar - by, in defining TMDs given by Eq. (26). In this
case, m2 defined in Eq. (26) implies 2P P~ = m? according
to [6,7]. Thus, in extracting the TMDs and PDFs from
Eq. (26), we shall use the same metric convention as in [6,7].

Integrating out the left-hand side of Eq. (26), one obtains

[42]_ -

[ s Pl
= [ e Pla o)
:/dZ_ ez(}cPJr

4r
_8(x—p*/PY)
2Pt

y(2)|P)

)& (Pl (0)y*y(0)|P)

(Pl (0)r*y(0)|P), (27)
where y/(2)|.r—.,—o = w(27).

Using the relation in Eq. (27), Eq. (26) can be rewritten
as follows:

2P / dxfi(x) = (Plp(0)y " (0)|P).
201 / dxfd(x) = (Pp(0)r w(0)|P).
P- / dxfi(x) = (PlpO)-wO)IP).  (28)

where the functions f(x) = {f(x),f1(x),fi(x)} re-
present the PDFs obtained through the integration of the
corresponding TMDs  f(x, pr) = {f1(x, pr). f1(x, pr),
fi(x, pr)} over pr, and this integration is expressed as
follows:

fx) = / Pprf(x. pr). (29)

As discussed in [6,7], it is important to note that, due to the
explicit py factor in Eq. (26), there is no direct PDF
counterpart to the twist-3 TMD, f4(x, py). However, it is
possible to formally define f9(x) as presented in Eq. (29).

The authors in [6,7] utilized the forward matrix elements,
expressed as (P|Jj|P) =2P,F?(0), with F?(0)=1. In
other words, they employed the traditional Lorentz factor
P =limgy:_ (P + P')# = 2P* at the Q> - 0 limit and
derived the sum rules for f9(x) and f](x) from Eq. (28) as

2 [ @it = [aiw=1. o)

014006-8
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along with establishing the relation between twist-2 and
twist-3 TMDs as

ng(x»PT) :fcf(x’PT)- (31)

Especially, the sum rules given by Eq. (30) imply that

[ st b,
Z/dxff{(x) —@— 1. (32)

With the traditional Lorentz factor P* employed in the
forward matrix element, while the zeroth moment for f7(x)
remains correct, the zeroth moment for f7 (x) fails to satisfy
Eq. (32) due to the involvement of the LF zero mode arising
from the minus component of the current. The similar
complication encountered in the form factor calculation
was discussed in Sec. III.

We note that the authors in [7] indeed computed the
twist-4 PDF fI(x) using essentially the same LFQM with
the model parameters, (m, ) = (0.25,0.3194) GeV, but
with the physical pion mass in P~. Figure 2 shows f7(x)
obtained from the method used in [7], where we plot with
two parameter sets, (m,f) = (0.25,0.3194) GeV and
(0.22, 0.3659) GeV, respectively. Numerically, we obtain

Physical pion mass used in P T
\ i
Iy B
[
LY o
30001 | — m =250 MeV .
o -- m=220 MeV ]
o ]
[
L1 \ 4
~ ! \
x® S i
T oo00H 7
I \ o
I \
] \ i
I
| i
I
. i
100 fr -
|
g i
H 4
5 ]
I
f i
I
0

FIG. 2. The twist-4 pion PDF, obtained using the methodology
from [7], while accounting the physical pion mass in P~.

/ dxfd(x) = 48.58 for m = 0.25 GeV,

=66.45 for m = 0.22 GeV, (33)
which are notably different from the expected value of 1/2.
The authors of [6,7] attributed this discrepancy to inad-
equate estimation of the zero-mode contribution to the J~
current in the computation of f7(x).

In our LFQM, the matrix element (P|w(0)y*y(0)|P) =
(P|J¥#|P) can be obtained from the forward limit (Q> — 0)
of Eq. (21), i.e., limg:_(P'[J#|P) as follows:

. d’k
(plrip) = im [ dp; [ s p K (k)

x [

u
(=)= T o) (34)

For the twist-2 TMD obtained from the J* current,

one can easily find that her*T)Hi—w)(Qz =0)=2 and

hii~1)e(1—p) = O from Table I and thus obtain

&’k
(P|Jt|P) = 2P / dx / T;W(x,kL)P. (35)

Comparing this with Eq. (28), one can readily determine
fi(x, k) as follows:

1

fite ko) =16

(. k)P, (36)

where the twist-2 TMD and PDF satisfy the sum rule given
by Eq. (30)

/dx/dszf‘,’(x,kL) :/dxf‘,’(x) 1 (37)

Likewise, by using Eq. (34) and the
L 2 _0) = 2k, L —
hopyr-p (@ =0) = —Frand his_ )y = Ofrom

Table I, one can also find

@rip) = [as [k per(-24). oy

Comparing this with Eq. (28) and the formal definition of
the twist-3 TMD given by Eq. (29), the twist-3 TMD in the
LFQM can be extracted as

results,

1

2k
O e G M

that is, we obtain the relation

xfi(e k) =—f1(x. k). (40)
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While our result in Eq. (40) aligns with the relation
provided by Eq. (31), there is a discrepancy in the overall
sign. Specifically, following the definition of the twist-3
TMD in Eq. (26), we find that f%(x,k ) is negative
(f4(x,k,) <0), unlike the case of f7(x,k ), which is
positive (f7(x,k ) > 0). Therefore, to ensure the twist-3
TMD and PDF are positive, we need to adjust the overall
sign in the definition of Eq. (26). However, for the sake of
the magnitude comparison modulo overall sign in our
numerical calculation, we present our results for 9 (x, k)
and f4(x) as positive quantities.

Finally, to correctly account for the LF zero-mode
contribution to the twist-4 TMD and PDF obtained from
the J~ current and to ensure adherence to the sum rule for

7(x) within the LFQM, we find that one should take the

Lorentz factor as P* = (P + P')* — q"% not as the
conventional P* = (P + P')* and compute the normaliza-

tion of the forward matrix element as previously discussed
in Sec. III:

. JH
L=F(Q*=0)= lim (Pl |P). (41

This treatment achieves the current-component indepen-
dent normalization of the pion form factor at Q? = 0 and
necessitates consequently modifying the relation for f7(x)
to satisfy the sumrule 2 [ dxf%(x) = 1 from Eq. (32) to the
modified relation given by

[axrow = tm PP =1 @)

where f(-) = 2f(x) can be straightforwardly obtained
from Eq. (23) as

£ ) = / K, £ (6, K2)
d’k

. L
= dim, | To ¢ (KA k)
P e
DL L R TR ETRE)) R

e

Here, the wunpolarized twist-4 TMD is defined as
2f1(x, k%) = f)(x,k?). We note in Eq. (43) that the
meson masses M(M') should be taken as the invariant
masses My(M{) in computing P~. This approach effec-
tively resolves the LF zero mode issue of f(x) satisfying
the sum rule given by Eq. (30) correctly.

In Fig. 3, we show the unpolarized TMDs for pion up to
twist-4, i.e., f7(x, k) (top panel) and xf? (x, k) (i = 1, 3,
4) (middle panel) (in units of GeV~2), as a function of x and
k? (in units of GeV?), respectively. We also show the
corresponding PDFs (bottom panel), f7(x) (solid lines),

and xf?(x) (dashed lines) at the scale y2 = 1 GeV2." For
the twist-2 TMD f9(x, k), the distribution of a quark with
a longitudinal momentum fraction x is identical to the
distribution of an antiquark with a longitudinal momentum
fraction 1 — x; i.e., f7(x, k%) = f7(1 — x, k2 ). Moreover,
we have f7(x, k%) = f¥(x,k?), resulting in a momentum
distribution that is symmetric with respect to x = 1/2. On
the other hand, for the higher twist TMDs, the distributions
f4(x,k?%) and f1(x,k?) of a quark are peaked at the very
small x value and show the asymmetric behavior with
respect to x = 1/2. It is also important to note that while
the twist-2 and twist-3 TMDs, f{(x,k ) and f7(x, k),
remain unaffected, the twist-4 TMD f7(x, k) is signifi-
cantly affected by incorporating effectively the LF zero
mode contribution in addition to the valence contribution
within the valence quark and antiquark picture of our
LFQM. The twist-2 and twist-4 PDFs of the pion, com-
puted at the scale y3 = 1 GeV?, adhere to the sum rule as
defined in Eq. (30), and we obtain the first moments of

fi(x) and fi(x) as

/1 dxxfi(x) = 0.5, 2/1 dxxfi(x)=0.29. (44)
0 0

Additionally, the twist-3 PDF also fulfills the following
condition:

Al dxxfd(x) = /dxf;f(x) Y (45)

Within our LFQM, there is also the capability to assess
the inverse moments of PDFs. This concept has previously
been explored in the context of a contemporary reinter-
pretation of the Weisberger sum rule [71], as discussed in
[72]. For the inverse moments of the pion PDFs defined by

ooty = [t (46)

X

we obtain (x~1)7 =3.11, (x™")4 =20.60, and (x~")I =
3.40, respectively. Our result for (x~!')? should be com-
pared with other model predictions such as 2.82 obtained
from [7] and 2.79 (2.62) obtained from other LFQM (LF
holographic model) analysis [73]. It is worth mentioning
that the inverse moment of f7(x) corresponds to the zeroth
moment of f%(x). In other words, (x~1)¢ = (x°)1, which
can be attributed to the relationship: x4 (x) = f7(x). Given

'Our parametric fits for f7(x) (i = 1, 4) at yy = 1 GeV are
obtained as follows: (1) f% (x, uo) = N, X[1 + aXP 4 7%,
where X = x(1 —x) and N, = 83.691, a = 1.878, a = —1.549,
B=0476, and b=112350. (2) fi(x.po) = Npx*(1—
x)?(1 = yy/x + 8x), where N, = 10.118, a = 0.455, 3 = 1.806,
y = 2.241, and 6 = 1.558.
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FIG. 3. The unpolarized TMDs for pion, f7(x,k ) (top panel) and xf7(x, k) (i = 1, 3, 4) (middle panel), as a function of x and k?,
and the corresponding PDFs, f7(x) and xf?(x) (bottom panel) at the scale uf = 1 GeV>.

that the 1/x moments are often not well defined in QCD
and various other models, the LFQM presents an avenue to
explore sum rules associated with the inverse moments.

B. QCD evolution of PDF

The valence quark distributions at higher scales of x> can
be established using the initial input by undergoing QCD
evolution. We utilize the NNLO DGLAP equations [74-76]
within the framework of QCD to evolve our PDFs from
their original model scales to the higher u? scales required
for experimental comparisons. The scale evolution enables

quarks to emit and absorb gluons, with the emitted gluons
leading to the generation of quark-antiquark pairs and
additional gluons. This process at higher scales unveils the
gluon and sea quark constituents within the constituent
quarks, revealing their QCD characteristics.

For the QCD evolutions of PDFs, we use the higher order
perturbative parton evolution toolkit (HOPPET) to numeri-
cally solve the NNLO DGLAP equation [77], and the
strong coupling constant a; () at the initial scale is fixed
following the procedure [78-81]; i.e., the initial scale y
needs to be chosen in such a way that, after evolving from
o to u = 2 GeV, the valence quarks at y> = 4 GeV? carry
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TABLE III.  Mellin moments of the pion valence PDF, f4(x),
evaluated at the scale y*> = 4 GeV?2.

(x)f ()t ()t (¥t
This work 0.236 0.101 0.055 0.033
[83] 0.2541(26)  0.094(12) 0.057(4) 0.015(12)
[84] 0.2075(106)  0.163(33) e .
[56] 024(2)  0.098(10)  0.049(7)
[57] 024(2)  0.094(13) 0.047(8)

TABLE IV. Mellin moments of the pion valence PDF, f9(x),
evaluated at the scale u*> = 27 GeV?>.

(07 ()ih ()ih (@
This work 0.182 0.069 0.034 0.019
[85] 0.18(3) 0.064(10) 0.030(5)
[57] 0.20(2) 0.074(10) 0.035(6)
[86] 0.184 0.068 0.033 0.018
[21] 0.217(11) 0.087(5) 0.045(3)

about 47% of the total momentum in the pion [19,82].
Applying this constraint to the twist-2 PDF, we obtain at
u> =4 GeV?

1
(X)ya = 2(x)T = 2/0 dxxfi(x) = 0472, (47)

with the following parameter sets in HOPPET:

ANNLO (M(z) )

= 0.302.
2w

HonnLo = 1 GeV, (48)

We subsequently apply QCD evolutions not only to the
twist-2 PDF but also to the twist-3 and twist-4 PDFs. We

TABLE V. Mellin moments of the twist-3 pion PDF, f1(x),
evaluated at the scales y*> = 4 GeV? and y> = 27 GeV?, respec-
tively.

(x>?3 <x2>tu3 <x3>zu3 <X4>;43
> =4 GeV? 0.471 0.164 0.079 0.045
/12 =27 GeV? 0.365 0.111 0.049 0.026
TABLE VI. Mellin moments of the twist-4 pion PDF, f1(x),

evaluated at the scales y> = 4 GeV? and u?> = 27 GeV?, respec-
tively.

(x4 ()il ()ih (i
> =4 GeV? 0.069 0.021 0.009 0.005
p* =27 GeV? 0.053 0.014 0.006 0.003

summarize in Tables III-VI the first few Mellin moments of
the pion PDFs, evaluated at both scales y> = (4,27) GeV?,
and compared with other theoretical predictions.

Figure 4 shows the NNLO DGLAP evolutions of xf?(x)
(i =1, 3, 4) from the initial scale u3 = 1 GeV? evolved to
> =4 GeV? and u? = 27 GeV?. The experimental data
are taken from Refs. [88,89].

V. SUMMARY

We have conducted an investigation of the interrelated
pion’s form factor, TMDs, and PDFs within the framework
of the LFQM. Our self-consistent LFQM adheres to the BT
construction, where the interaction V ,; between the quark
and antiquark is integrated into the mass operator through
M :=M,+V,, and the meson state is constructed in
terms of constituent quark and antiquark representations

——— 0.2

2 2
- n'=4GeV

2 2 A

n=27GeV

- ;,12=4GeV2 7
2 2 A
— pw=27GeV

0.15 _ 1

- Wl =4Gev? ]
L 2 2
— p =27GeV
04| . E6L5 B 0.8\
I } o Mod-E615
03 /| iiﬁ{% \\\ .
T« F % N Eill
o % :
021 ﬁﬁ
.
#,
0t N
! 2\ \% ]
5) \\\ii 1
L Yo
0 | L | | I
0 0.2 0.4 0.6 0.8

FIG. 4. LFQM predictions for the valence PDFs of the pion for a single quark evolved to the scales of y?> = (4,27) GeV? from from
the initial scale f = 1 GeV2. Our results for xf7(x) are compared with the FNAL-E615 experimental data [88] and the modified

FNAL-E615 data [89].
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maintaining the four-momentum conservation with M —
M, at the meson-quark vertex.

The distinguished feature of our self-consistent LFQM
for the analysis lies in the computation of hadronic matrix
elements. For the gauge invariant pion form factor, defined
by the local matrix element (P'|J#|P) = P*F ,(Q?), where
Pt = (P + P — g*(M?> — M)/ q*, we obtain the current

component independent pion form factor by taking M) —

M (()/) consistently both in the matrix element and the Lorentz
factor P* and computing F,(Q?) = (P'| 5 |P).

Subsequently, we obtain the three unpolarized TMDs
and PDFs related to the forward matrix element
(P|gy*"q|P), where the twist-2, 3, and 4 TMDs are obtained
from 4 = 4+, L, and —, respectively. Especially, we resolve
the LF zero mode issue of the twist-4 TMD and PDF raised
by the authors in [6,7] and show that the twist-4 PDF f7(x)
satisfies the sum rule, 2 [ dxf7(x) = 1, within our LFQM.

In conclusion, our self-consistent LFQM has been
successfully applied to various amplitudes, including
two-point functions such as decay constants and DAs
[1,2,42—44], three-point functions such as semileptonic
and rare decays between two pseudoscalar mesons
[45,46], and four-point functions such as TMDs and
PDFs as presented in this work. Through these studies,
we have demonstrated that our LFQM is capable to
accurately account for the LF zero modes that arise when
dealing with the challenging J~ current. It is noteworthy
that the presence of LF zero modes resulting from the J~
current appears a common feature to be investigated in
LFD. Our innovative approach, particularly in handling the
J~ current, offers a novel means of correctly extracting and
incorporating the zero modes effectively within the LFQM
framework. Therefore, extending our approach to encom-
pass additional three-point and four-point functions and
related observables warrants thorough investigation to
further explore the effects of LF zero modes.
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APPENDIX A: HELICITY CONTRIBUTIONS TO
THE PION FORM FACTOR

In this appendix, we provide a summary of the results
regarding the helicity contributions to the pion form factor, as
presented in Tables I and II. For the analysis of the helicity
contributions to the pion form factor, the term corresponding
to the spin trace in Eq. (22) can be rewritten as

e R [

= R,lz;lel—»zszlz

(A1)

where pi” = x;P* = xP" (i = 1, 2), and the relevant Dirac
matrix elements for the helicity spinors [3] are summarized in
Table VIL
Then, we obtain the helicity nonflip and flip contribu-
. . U
tions, i.e., h(T—>T i—»i => a(h T/l—>T/1+h¢/1—>M) and
Wiopye(ot) = 2oa(ML 5+ 73 47), respectively,  for
each component (u = +, L, —) of the current as follows:
(1) For the J¢, current, the helicity flip contributions
are zero, i.e., h(T—»i) o) = 0, and only the helicity
nonflip elements contribute. Specifically, we obtain
+
Rty
— (R i P P
= Z(RTTRTT +RTlRT¢ +R¢TRiT +R¢¢R¢¢)
Vm? + kI /m? KT

(2) For the J4, current, as in the case of the plus
current, only the helicity nonflip elements contrib-
ute. For convenience, we compute the matrix ele-
ments for y, - q, rather than those for y; i.e.,

(A2)

TABLE VIL. Dirac matrix elements for the helicity spinors [3]. Note that p“(RIgR(L) = p | .q, +ip, xq,.
Matrix Helicity (1 — 1)
elements -1 1=
uyytu =1 -1
iy (p2) },+ w(p1) 2 0
Py pl
iy (P2) = 1:(p1) ﬁ (P21 - P1L £ ipoy X Pro + m?) p%':} [(p3 £ip3) = (p{ £ ipy)]
\/Z Py 12
iy (p2) i wi(p1) ph, Fic/p) p! ile’p p2 —PiN /il 0
o7 }/J'\/E Lpz 2l P pl 1L :Fm( )(5 + i )
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R L L R
«_ P19 | P79

Ui au = U o] ==+, (A3)
Dy 1)

where p® = p, +ip, and p" = p, —ip,. We then
obtain
(B Q1) ()1
= Uiy @) (R} Ry + Ry Ryy)
+ (UL, - @) (R Ry + R Ryy)
_ —(m* +k, K\ )(g] +2k, -q,)
xPT/m? K/ m? K

(A4)

(3) Forthe J g, current, in this case, not only the helicity
nonflip but also the helicity flip elements contribute.
Specifically, we obtain

_ o _ + ¥
D _Miegs = Uiy (R Ry + Ry Ryy)
A

(PR + mP)(KREE 4+ m?)
pipsV/m’ +KEy/m? + k%

- - + +
D Myi = Ul (R Ry + R Ry,)
A

_ (PEpt +m?)(KKE 4 m?)
pfpg\/mz + kf_\/m2 + k’f_

- - t t
D Mz = Uiy (R Ry + R Ryy)
i

_ mA(pa—p)Rk= k)"
pipIv/m* +Kiy/m* + k]

S i i
D Miagn = Ui (R Rup + Ry Ry))
A

_ m(pa—p)Hk=K)"
pipsV/m* +ki\/m* + K7

, (AS5)

, (A6)

, (A7)

(A8)

We note that pll‘(m —pé(m = g¢"®) and kLR —
IR = (1 _x)CIL(R) since p;; —Prr =q1 and
k', —k; = (1 —x)q, as given in Eq. (20). Thus,
we get the helicity flip contributions from Eqgs. (A7)
and (A8) as follows:

221 - )k
pipsv/m* +ki/m* + k%
(A9)

hGo -t =

The helicity nonflip contributions can be obtained
using Eqgs. (AS) and (A6) together with the relations
P xpr =k xq andp;, -pyy = kI +k, -qy.
This yields the following expressions:

h om0
2

= Pk {(k -k +m*) (kI +k,-q, +m?)
1 2

+(1-x) (ki xqu)}, (A10)

where K = /m? + k% /m? + k2.

APPENDIX B: LINK BETWEEN THE
COVARIANT BS MODEL AND THE LFQM

In this appendix, we show the derivation of pion form
factor in the LFQM starting from the covariant BS model
using the matching condition known as the “type II”” link
[42] between the two models.

The Feynman covariant triangle diagram shown in
Fig. 5(a) describes the transition of a pseudoscalar meson
with momentum P and mass M to another pseudoscalar
meson with momentum P’ and mass M’, where g = P — P’
is the four-momentum transfer. The matrix element J# =
(P'|gy"q|P) obtained from the covariant BS model of
Fig. 5(a) is given by

'
pvk UP’ IU

(@) (b)

FIG. 5.

11—z

\_/ 1-¢ /

(©)

The covariant triangle diagram (a) corresponds to the sum of the LF valence diagram (b) and the nonvalence diagram (c),

where { = g7 /PT. The large white and black blobs at the meson-quark vertices in (b) and (c) represent the ordinary LF wave function

and the nonvalence wave function vertices, respectively.
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d4 H/ H//
J4 =N, / _HoHy
7)*N, NN,

s~ (B1)

where

St =Trlys(Py + m)r*(B1 + my)ys(—k +mg)],  (B2)
and p; = P—k and p, = P’ — k are the momenta of the
active quark with mass m,, and k is the momentum of the
spectator quark with mass m;. The denominator factors
Np](z).k are given by Npl@ = p%(Q) - mé +ie and N, =
k* —mZ +ie. We take the vertex functions as Hj =
Hy(pi.k*) = g/(N})" and Hg = H{(p3.k*) = g/(N})"
with N, (N%) = p2(p3) — A> + ie.

Following the same procedure using the Feynman para-
metrization [48], we obtain the manifestly covariant result
of Fon(q*) = F,(g%) for n =1 case as

Fov(g N/ dx/”dy{ (x+)—4]InC,
[(1=x=y)?(x+y)M?

(2 —x = y)(m* + xyq*)|C,}, (B3)

— CAm Cm/\
Cl o CAACmm, and

where N = ¢?N,/87*(A? — m?)?,
Cy = (1/Cyp = 1/Cppy = 1/Cpp +1/C,py) with Cpp=
(1=x=y)(x+y)M* +xyq* = (xa® + y*) = (1 =x = y)m?
Note that the logarithmic term, In C, is obtained from the
dimensional regularization with the Wick rotation.

Essentially, the Feynman covariant triangle diagram in
Fig. 5(a) is equivalent to the sum of the LF valence diagram
in Fig. 5(b) and the nonvalence diagram in Fig. 5(c), where
¢ = gt /P7". Inthe valence region (0 < k* < P'T), the pole
k™ = kg, = (k3 +m? —ie)/k" (i.e., the spectator quark)
is located in the lower half of the complex k™ plane. In the
nonvalence region (P'* < k™ < P™), the poles are at p; =
Plon(mi) = [m* + kK3 —ie]/p] (from the struck quark
propagator) and py = p1..(A) = [A2 + K3 — ie]/p1
(from the vertex function Hj), which are located in the
upper half of the complex k™ plane.

Performing the LF calculation of Eq. (18) together with
Eq. (19), one obtains F 5,” ) for all possible three different
components (4 = =, 1) of the current as follows:

1) JTém
Fﬂ.’ =
2Pt
F(J_) _ jém‘(h
V3 AMZ—qi’

() _ G P Tem
2M"q] +qf + (AM?)*

(B4)

where AM? = M?> — M. If the nonvalence diagram
(P'" <kt < PT") does not vanish as g™ — 0, this

nonvanishing contribution is called the LF zero mode. In
the LF calculation of the covariant BS model, we do not
quantify the possible zero modes for the calculations of

F Sf'“ given by Eq. (B4). Instead, we just determine the
existence/nonexistence of the zero mode contribution to

,(-,i'L) by computing only the valence contribution in the

g+ = 0 frame. We then compare the covariant BS model to
the standard LFQM and discuss the implication of the LF
zero mode between the two models.

The LF calculation for the trace term in Eq. (B2) can be
separated into the on-shell propagating part Sh, and the
instantaneous part S, ie., S¥ = Son+ S, via the
relation between the Feynman propagator (p + m) and
the LF on-mass shell propagator (p,, + m)

(p+m) = (pon +m)+y

+ (p_ _2p(:n) ) (BS)

The trace term Sb, obtained from the on-shell propagating
part is given by

Sgn = 4[p!140n(p2on : kon + m2) - kgn(plon *P2on — m2)

+ pgon (plon : kon + mZ)]’ (B6)
where
m? + k%
Plon = <XP+7 )CP+ ) _kj_>7
m?>+ (k; +q
Paon = <XP+’ (x;’* L) =k —(h),
kow = ( (1 —x)PT, Lk B7
w=(1=0p k) (87
The instantaneous contribution is obtained as
Silnst = 2A [ +ﬂ(k “p2t+m ) + p2k+ — D2 kﬂ]

+24,,[g" (k- py +m ) + ikt = pi k],

+20[g™(=py - p2 + m?) + Pips + piph),

+ 2Ap1Ap2k+g+”, (B8)
where A, = (p~ — p5,). We note for the valence contri-
bution (ie. k™ =kz) that A, = (M>—M%)/P",
where

k(’)z 2 k(/)z 2
G s LA S S (B9)
X 1—x

is the invariant mass of the initial (final) state meson, and
k', =k, + (1 —x)q;. One can see from Eq. (B8) that
there is no instantaneous contribution for the plus current;
ie, St =0.

st
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Now, for the valence region (0 < x < 1) in the g* =0
frame, the LF amplitude obtained from the on-shell con-
tribution is given by

N, I dx
A —— &k (x, k) )y (x, K Sha,
Tin =155 | o [ Prerle kg (ISt
(B10)
where
Ark)=—e—— 9 (B11)
[x(M? = M)][x(M* — M)
for the vertex function with n =1 case, and

M3 = M§(m, — A). The final state vertex function y’ is
obtained from y replacing k | with k/,. The trace terms St
for each component of the current are given by

4p+
Son :m(krkl‘f'mz)v
22k, +q,)
sto=-SL T g LK 4omd),
on (1 _x) ( 1 1 +m )
4M3
Son=—2 (k- K| +m*+q-K)). (B12)

P+

From Egs. (B4) and (B10), we get the on-shell con-
tributions to the pion form factor for each current compo-
nent (u = =+, 1) as follows:

dsz)(ka o (x,K))
02 = w, [ax [ GRS o,

(B13)

where the operators O]g” s) (x,k ) corresponding to the three
different components (4 = +, L) of the current are summa-
rized in Table VIII, where AM? = 0 in this BS model. In this
BS model, we found numerically that the LF on-shell results
obtained from the plus and perpendicular components of the
current in Eq. (B13) are exactly the same as the covariant one

in Eq. (B3), &' = F\") = F{). This indicates that the LF
M =F E,L) receive only the on-shell contributions in

the valence region. Especially, the two results, F'" and F&- P

are analytically the same, which can be easily checked by
(1-x)
2

results F';

using the symmetric variable,” i.e., k =1, -
kK =1, + (1;‘) 1. We note from using 1, that
x(x,k )y (x, K’ ) can be expressed as only even powers
of 1, and cos6@, where cos@ is defined through
1, -q = [l.]|g.|cos®.

Usmg the symmetric variable 1,, the term T [q 1+
2k, -q,] in (’)]gs becomes 1 since yy’ in Eq. (B13) can be

expressed as only even powers of 1, and cos 6.

TABLE VIII.  The operators OBS defined in Eq. (B13), where
AM? = 0 in the BS model but AM? = M§ — M in the standard
LFQM.
w ol Ol
Szl) (kL-k’L+m22)_(qu§2kL-qi) OI(SLS) (M(/) N Mg))
x(q] —AM?)
F](T—) 2(1-x)q M3 (kK +m*+q, K)) Og_s) (M(/) N M(()l))

x2M” ¢ +q1 +(AM?)?]

While it is well known that the plus component of the
current receives only the on-shell contribution, the present
result (FY = F S,”) obtained from the perpendicular cur-
rent with only the on-shell contribution may be regarded
coincidental since this component in general receives the
nonvanishing instantaneous contribution even in the
valence region and possibly LF zero mode. The similar
observation for the perpendicular current has been made in
[87], where u =y was chosen in the g* = 0 with q, =
(¢, 0) frame. On the other hand, it is well understood that

the LF result F 5[_> obtained from the on-shell contribution
does not match with the covariant result as the minus
current requires not only the instantaneous in the valence
region but also the zero mode contribution to yield the
covariant result.

However, the current component independent pion form
factor in our LFQM can be obtained from the BS result,

F 5,” ) given by Eq. (B13), applying the link between the BS
model and the LFQM; i.e.,

")
o (x k) MO —>M(()'),

B14
— (B14)

in Eq. (B13), where ¢(x, k | ) is the radial wave function in
our LFQM. The corresponding operators O](f’F)QM in our
LFQM obtained from (’)](3”5) are also summarized in
Table VIII. The essential feature of OY‘F)QM compared to

(’)](3”S> lies in the nonvanishing structure of AM? — AM} =
M3 — M'3 in our LFQM, while AM? = 0 in the covariant
BS model for the elastic process.

Applying the link given by Eq. (B14) to Eq. (B13), we
obtain the same LFQM results for the pion form factor
given by Eq. (24); i.e.

P(0?) / /dsz P(x, k)P (x, K ) O(ﬂ)
1673 \/k2 +m2\/k’2 LFQM*

(B15)
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APPENDIX C: QUARK MASS EVOLUTION IN
THE PION FORM FACTOR

In this appendix, we present our numerical results for the
pion form factor and investigate the influence of the quark
running mass, treating it exclusively as a function of the
momentum transfer Q2.

Contrary to quark models or LFQM, which employ a
phenomenological constant constituent quark mass, an
alternative approach rooted in QCD quantum field theory
is the utilization of the BS equation along with the Dyson-
Schwinger (DS) equations for the quark propagators, gluon
propagator, and vertices. A noteworthy outcome of the DS
calculations [5,90] is the determination of the effective
running mass, m(p?) as a function of the Euclidean
momentum p.

In our earlier study [91], we examined the impact of the
mass evolution from current to constituent quark on the soft
contribution to the elastic pion form factor. This was
accomplished by employing a light-front BS (LFBS)
model, which incorporates a running mass in a LFQM.
Specifically, we introduced two algebraic representations
of the quark running mass: a crossing asymmetric (CA)
mass function, proportional to p?, and a crossing sym-
metric (CS) mass function, proportional to p*. In Ref. [91],
we related the four momentum p? to LF variables (x,k )
by utilizing the on-mass shell condition, denoted as
p?> = m?(p?). This condition indicates that the mock
meson has no binding energy and results in the following
relation:  p? = x(1 —x)M?> —k%, where M= (M,+
3M,,)exp/4 = 612 MeV. The Ball-Chiu ansatz was also
used to maintain local gauge invariance of the quark-
photon vertex.

In this study, we depart from considering the mass
evolution dependent on the internal momentum of quark
and antiquark. Instead, we aim to evaluate the influence of
the quark running mass on the pion form factor by treating
mass evolution solely as a function of the momentum
transfer Q2. This approach is pursued independently of the
specific dynamics and internal momentum details. To
facilitate this analysis, we introduce two distinct algebraic
representations of the quark running mass, i.e., mass
functions proportional to O and Q* as

m(Q?) = mq + (m — mo) exp(—=Q*/p?),

m(Q*) = mg + (m —my)exp(=Q*/2*),  (C1)
where m, and m are the current and constituent quark
masses, respectively. The parameters u and A are used to
adjust the shape of the mass evolution so that the running
mass yields a generic picture of the quark mass evolution
from the low energy limit of the constituent quark mass to
the high energy limit of the current quark mass. We use
my =15 MeV, m =220 MeV, u*>=5GeV?, and 1* =
10 GeV*, respectively.

0-25 T T T T T T T T T T T T T T T T T T T T ‘ T T T T
| - i
-=- m(Q) i

4.
— m(Q) g
0.2 -
0.15 -
8 i
= i
0.1 _
005~ — T====a

| 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 |
% 1 2 3 4 5 6

Q[GeV]

FIG. 6. Quark mass evolution m(Q?) and m(Q*) in spacelike
momentum transfer (Q2 > 0) region.

0.8 I I
L ® Amendolia et al. ]
r v Horn et al. b
0.7~ A Tadevosyan et al. 7]
B ® Volmer et al. B
K — m=0.22 GeV ]
0.6 m(Qz) a
L : i
N - m@Q) ]
05k .
o | )
£ 7]
o - |

0 \ \ \

0 2 4 6
Q’[GeV’]
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FIG. 7. Predictions of Q*>F,(Q?) obtained from the constituent
quark mass m = 220 MeV (solid line), m(Q?) (dotted line), and
m?(Q*) (dashed line), respectively. The experimental data are
taken from [12-15].
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In Fig. 6, we depict the evolution of the quark mass
m(Q?) and m(Q*) in the spacelike momentum transfer
region (Q? > 0). Furthermore, Fig. 7 presents our results
for Q>F ,(Q?), showcasing the constituent quark mass m =
220 MeV (solid line) alongside the running mass functions
m(Q?) (dotted line) and m?*(Q*) (dashed line) for the
intermediate Q? range. These results are then compared
with experimental data [12—15].

As discussed in Sec. III, the result obtained from the
constituent quark mass given by Eq. (24) is completely
independent of the current component J*. In comparison to

the case of constituent quark mass, the form factor with Q-
dependent quark mass exhibits a faster falloff at inter-
mediate QO range. This behavior resembles the quark mass
evolution through internal momenta of quark and anti-
quark, as discussed in [91], and appears to provide some-
what better description closer to the experimental data.
Further, the symmetric form of quark mass evolution with
m(Q*) exhibits a slightly faster falloff compared to the
asymmetric form with m(Q?). However, the difference in
the rate of falloff between the two forms does not seem so
significant.

[1]1 A.J. Arifi, H.-M. Choi, C.-R. Ji, and Y. Oh, Independence
of current components, polarization vectors, and reference
frames in the light-front quark model analysis of meson
decay constants, Phys. Rev. D 107, 053003 (2023).

[2] A.J. Arifi, H.-M. Choi, and C.-R. Ji, Pseudoscalar meson
decay constants and distribution amplitudes up to twist-4 in
the light-front quark model, Phys. Rev. D 108, 013006
(2023).

[3] G.P. Lepage and S.J. Brodsky, Exclusive processes in
perturbative quantum chromodynamics, Phys. Rev. D 22,
2157 (1980).

[4] M. V. Polyakov and C. Weiss, Skewed and double distri-
butions in the pion and the nucleon, Phys. Rev. D 60,
114017 (1999).

[5] C.D. Roberts and A. G. Williams, Dyson-Schwinger equa-
tions and their application to hadronic physics, Prog. Part.
Nucl. Phys. 33, 477 (1994).

[6] C. Lorcé, B. Pasquini, and P. Schweitzer, Unpolarized
transverse momentum dependent parton distribution func-
tions beyond leading twist in quark models, J. High Energy
Phys. 01 (2015) 103.

[7] C. Lorcé, B. Pasquini, and P. Schweitzer, Transverse pion
structure beyond leading twist in constituent models, Eur.
Phys. J. C 76, 415 (2016).

[8] G.F. de Teramond, T. Liu, R. S. Sufian, H. G. Dosch, S.J.
Brodsky, and A. Deur (HLFHS Collaboration), Universality
of generalized parton distributions in light-front holographic
QCD, Phys. Rev. Lett. 120, 182001 (2018).

[9] P.C. Barry, N. Sato, W. Melnitchouk, and C.-R. Ji, First
Monte Carlo global QCD analysis of pion parton distribu-
tions, Phys. Rev. Lett. 121, 152001 (2018).

[10] S.R. Amendolia ef al., A measurement of the pion charge
radius, Phys. Lett. 146B, 116 (1984).

[11] E.B. Dally et al., Elastic-scattering measurement of the
negative-pion radius, Phys. Rev. Lett. 48, 375 (1982).

[12] S.R. Amendolia et al., A measurement of the space-like
pion electromagnetic form factor, Nucl. Phys. B277, 168
(1986).

[13] J. Volmer et al., Measurement of the charged pion electro-
magnetic form factor, Phys. Rev. Lett. 86, 1713 (2001).

[14] V. Tadevosyan et al., Determination of the pion charge form
factor for Q2 = 0.60-1.60 GeV?, Phys. Rev. C 75, 055205
(2007).

[15] T. Horn et al., Determination of the pion charge form factor
at Q> =1.60 and 2.45 (GeV/c)?, Phys. Rev. Lett. 97,
192001 (2006); Scaling study of the pion electroproduction
cross sections, Phys. Rev. C 78, 058201 (2008).

[16] S.D. Drell and T. M. Yan, Massive lepton-pair production in
hadron-hadron collisions at high energies, Phys. Rev. Lett.
25, 316 (1970); 25, 902(E) (1970).

[17] J. F. Owens, Q? -dependent parametrizations of pion parton
distribution functions, Phys. Rev. D 30, 943 (1984).

[18] M. Gluck, E. Reya, and A. Vogt, Pionic parton distributions,
Z. Phys. C 53, 651 (1992).

[19] P.J. Sutton, A. D. Martin, R. G. Roberts, and W. J. Stirling,
Parton distributions for the pion extracted from Drell-Yan
and prompt photon experiments, Phys. Rev. D 45, 2349
(1992).

[20] M. Gluck, E. Reya, and I. Schienbein, Pionic parton
distributions revisited, Eur. Phys. J. C 10, 313 (1999).

[21] K. Wijesooriya, P. E. Reimer, and R.J. Holt, Pion parton
distribution function in the valence region, Phys. Rev. C 72,
065203 (2005).

[22] S. Arnold, A. Metz, and M. Schlegel, Dilepton production
from polarized hadron hadron collisions, Phys. Rev. D 79,
034005 (2009).

[23] W. Jaus, Relativistic constituent-quark model of electro-
weak properties of light mesons, Phys. Rev. D 44, 2851
(1991).

[24] W. Jaus, Semileptonic decays of B and D mesons in the
light-front formalism, Phys. Rev. D 41, 3394 (1990).

[25] H.-Y. Cheng, C.-Y. Cheung, and C.-W. Hwang, Mesonic
form factors and the Isgur-Wise function on the light front,
Phys. Rev. D 55, 1559 (1997).

[26] F. Coester and W. N. Polyzou, Charge form factors of quark-
model pions, Phys. Rev. C 71, 028202 (2005).

[27] H.-M. Choi and C.-R. Ji, Mixing angles and electromagnetic
properties of ground state pseudoscalar and vector meson
nonets in the light-cone quark model, Phys. Rev. D 59,
074015 (1999).

014006-18


https://doi.org/10.1103/PhysRevD.107.053003
https://doi.org/10.1103/PhysRevD.108.013006
https://doi.org/10.1103/PhysRevD.108.013006
https://doi.org/10.1103/PhysRevD.22.2157
https://doi.org/10.1103/PhysRevD.22.2157
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1016/0146-6410(94)90049-3
https://doi.org/10.1016/0146-6410(94)90049-3
https://doi.org/10.1007/JHEP01(2015)103
https://doi.org/10.1007/JHEP01(2015)103
https://doi.org/10.1140/epjc/s10052-016-4257-8
https://doi.org/10.1140/epjc/s10052-016-4257-8
https://doi.org/10.1103/PhysRevLett.120.182001
https://doi.org/10.1103/PhysRevLett.121.152001
https://doi.org/10.1016/0370-2693(84)90655-5
https://doi.org/10.1103/PhysRevLett.48.375
https://doi.org/10.1016/0550-3213(86)90437-2
https://doi.org/10.1016/0550-3213(86)90437-2
https://doi.org/10.1103/PhysRevLett.86.1713
https://doi.org/10.1103/PhysRevC.75.055205
https://doi.org/10.1103/PhysRevC.75.055205
https://doi.org/10.1103/PhysRevLett.97.192001
https://doi.org/10.1103/PhysRevLett.97.192001
https://doi.org/10.1103/PhysRevC.78.058201
https://doi.org/10.1103/PhysRevLett.25.316
https://doi.org/10.1103/PhysRevLett.25.316
https://doi.org/10.1103/PhysRevD.30.943
https://doi.org/10.1007/BF01559743
https://doi.org/10.1103/PhysRevD.45.2349
https://doi.org/10.1103/PhysRevD.45.2349
https://doi.org/10.1007/s100529900124
https://doi.org/10.1103/PhysRevC.72.065203
https://doi.org/10.1103/PhysRevC.72.065203
https://doi.org/10.1103/PhysRevD.79.034005
https://doi.org/10.1103/PhysRevD.79.034005
https://doi.org/10.1103/PhysRevD.44.2851
https://doi.org/10.1103/PhysRevD.44.2851
https://doi.org/10.1103/PhysRevD.41.3394
https://doi.org/10.1103/PhysRevD.55.1559
https://doi.org/10.1103/PhysRevC.71.028202
https://doi.org/10.1103/PhysRevD.59.074015
https://doi.org/10.1103/PhysRevD.59.074015

CONSISTENCY OF THE PION FORM FACTOR AND ...

PHYS. REV. D 110, 014006 (2024)

[28] H.-M. Choi and C.-R. Ji, Light-front quark model analysis
of exclusive 0~ — 0~ semileptonic heavy meson decays,
Phys. Lett. B 460, 461 (1999).

[29] H.-M. Choi and C.-R. Ji, Distribution amplitudes and decay
constants for (7, K, p, K*) mesons in the light-front quark
model, Phys. Rev. D 75, 034019 (2007).

[30] H.-M. Choi, Decay constants and radiative decays of heavy
mesons in light-front quark model, Phys. Rev. D 75, 073016
(2007).

[31] H.-M. Choi, C.-R. Ji, Z. Li, and H.-Y. Ryu, Variational
analysis of mass spectra and decay constants for ground
state pseudoscalar and vector mesons in the light-front quark
model, Phys. Rev. C 92, 055203 (2015).

[32] A.J. Arifi, H.-M. Choi, C.-R. Ji, and Y. Oh, Mixing effects
on 1S and 2S state heavy mesons in the light-front quark
model, Phys. Rev. D 106, 014009 (2022).

[33] S.J. Brodsky, H.-C. Pauli, and S.S. Pinsky, Quantum
chromodynamics and other field theories on the light cone,
Phys. Rep. 301, 299 (1998).

[34] W. Jaus, Covariant analysis of the light-front quark model,
Phys. Rev. D 60, 054026 (1999).

[35] J.P.B. C. de Melo and T. Frederico, Light-front projection
of spin-1 electromagnetic current and zero-modes, Phys.
Lett. B 708, 87 (2012).

[36] J. P.B. C. de Melo, T. Frederico, E. Pace, and G. Salmé, Pair
term in the electromagnetic current within the Front-Form
dynamics: Spin-0 case, Nucl. Phys. A707, 399 (2002).

[37] H.-M. Choi and C.-R. Ji, Nonvanishing zero modes in the
light-front current, Phys. Rev. D §8, 071901(R) (1998).

[38] B. L. G. Bakker, H.-M. Choi, and C.-R. Ji, Regularizing the
fermion loop divergencies in the light front meson currents,
Phys. Rev. D 63, 074014 (2001).

[39] B.L.G. Bakker, H.-M. Choi, and C.-R. Ji, The vector
meson form factor analysis in light-front dynamics, Phys.
Rev. D 65, 116001 (2002).

[40] B. Bakamjian and L.H. Thomas, Relativistic particle
dynamics. II, Phys. Rev. 92, 1300 (1953).

[41] B.D. Keister and W. N. Polyzou, Relativistic Hamiltonian
dynamics in nuclear and particle physics, Adv. Nucl. Phys.
20, 225 (1991).

[42] H.-M. Choi and C.-R. Ji, Self-consistent covariant descrip-
tion of vector meson decay constants and chirality-even
quark-antiquark distribution amplitudes up to twist 3 in the
light-front quark model, Phys. Rev. D 89, 033011 (2014).

[43] H.-M. Choi and C.-R. Ji, Consistency of the light-front
quark model with chiral symmetry in the pseudoscalar
meson analysis, Phys. Rev. D 91, 014018 (2015).

[44] H.-M. Choi and C.-R. Ji, Two-particle twist-3 distribution
amplitudes of the pion and kaon in the light-front quark
model, Phys. Rev. D 95, 056002 (2017).

[45] H.-M. Choi, Self-consistent light-front quark model analysis
of B — D?v, transition form factors, Phys. Rev. D 103,
073004 (2021).

[46] H.-M. Choi, Current-component independent transition
form factors for semileptonic and rare D — z(K) decays
in the light-front quark model, Adv. High Energy Phys.
2021, 4277321 (2021).

[47] H.J. Melosh, Quarks: Currents and constituents, Phys. Rev.
D 9, 1095 (1974).

[48] H.-M. Choi and C.-R. Ji, Semileptonic and radiative decays
of the B, meson in the light-front quark model, Phys. Rev. D
80, 054016 (2009).

[49] R. L. Workman et al. (Particle Data Group), The review of
particle physics, Prog. Theor. Exp. Phys. 2022, 083C01
(2022) and 2023 update.

[50] G.P. Lepage and S.J. Brodsky, Exclusive processes in
quantum chromodynamics: Evolution equations for had-
ronic wavefunctions and the form factors of mesons, Phys.
Lett. 87B, 359 (1979).

[51] A.V. Efremov and A.V. Radyushkin, Factorization and
asymptotic behaviour of pion form factor in QCD, Phys.
Lett. 94B, 245 (1980).

[52] D. Miiller, Evolution of the pion distribution amplitude in
next-to-leading order, Phys. Rev. D 51, 3855 (1995).

[53] E.R. Arriola and W. Broniowski, Pion light-cone wave
function and pion distribution amplitude in the Nambu-
Jona-Lasinio model, Phys. Rev. D 66, 094016 (2002).

[54] J. Hua et al., Pion and kaon distribution amplitudes from
lattice QCD, Phys. Rev. Lett. 129, 132001 (2022).

[55] M. Ding et al., Drawing insights from pion parton distri-
butions, Chin. Phys. (Lett.) 44, 031002 (2020).

[56] M. Ding, K. Raya, D. Binosi, L. Chang, C. D. Roberts, and
S. M. Schmidt, Symmetry, symmetry breaking, and pion
parton distributions, Phys. Rev. D 101, 054014 (2020).

[57] Z.-F. Cui, M. Ding, F. Gao, K. Raya, D. Binosi, L. Chang,
C. D. Roberts, J. Rodriguez-Quintero, and S. M. Schmidt,
Kaon and pion parton distributions, Eur. Phys. J. C 80, 1064
(2020).

[58] S.J. Brodsky and G.F. de Teramond, Hadronic spectra and
light-front wave functions in holographic QCD, Phys. Rev.
Lett. 96, 201601 (2006).

[59] S.J. Brodsky and G. F. de Teramond, Light-front dynamics
and AdS/QCD correspondence: The pion form factor in the
space- and time-like regions, Phys. Rev. D 77, 056007
(2008).

[60] S.J. Brodsky, F.-G. Cao, and G. F. de Teramond, Evolved
QCD predictions for the meson-photon transition form
factors, Phys. Rev. D 84, 033001 (2011).

[61] R. Jakob, P.J. Mulders, and J. Rodrigues, Modeling quark
distribution and fragmentation functions, Nucl. Phys. A626,
937 (1997).

[62] P. Schweitzer, Chirally-odd twist-3 distribution function
e“(x) in the chiral quark soliton model, Phys. Rev. D 81,
074035 (2010).

[63] H. Avakian, A.V. Efremov, P. Schweitzer, and F. Yuan,
Transverse momentum dependent distribution functions in
the bag model, Phys. Rev. D 67, 114010 (2003).

[64] R. L. Jaffe, Parton distribution functions for twist 4, Nucl.
Phys. B229, 205 (1983).

[65] E. V. Shuryak and A.IL Vainshtein, QCD power correc-
tions to deep inelastic scattering, Phys. Lett. 105B, 65
(1981).

[66] R. L. Jaffe and M. Soldate, Twist-4 in the QCD analysis of
leptoproduction, Phys. Lett. 105B, 467 (1981).

[67] R. K. Ellis, W. Furmanski, and R. Petronzio, Unravelling
higher twists, Nucl. Phys. B212, 29 (1983).

[68] J.-W. Qiu, Twist-4 contributions to the hadron structure
functions, Phys. Rev. D 42, 30 (1990).

014006-19


https://doi.org/10.1016/S0370-2693(99)00817-5
https://doi.org/10.1103/PhysRevD.75.034019
https://doi.org/10.1103/PhysRevD.75.073016
https://doi.org/10.1103/PhysRevD.75.073016
https://doi.org/10.1103/PhysRevC.92.055203
https://doi.org/10.1103/PhysRevD.106.014009
https://doi.org/10.1016/S0370-1573(97)00089-6
https://doi.org/10.1103/PhysRevD.60.054026
https://doi.org/10.1016/j.physletb.2012.01.021
https://doi.org/10.1016/j.physletb.2012.01.021
https://doi.org/10.1016/S0375-9474(02)00990-9
https://doi.org/10.1103/PhysRevD.58.071901
https://doi.org/10.1103/PhysRevD.63.074014
https://doi.org/10.1103/PhysRevD.65.116001
https://doi.org/10.1103/PhysRevD.65.116001
https://doi.org/10.1103/PhysRev.92.1300
https://doi.org/10.1103/PhysRevD.89.033011
https://doi.org/10.1103/PhysRevD.91.014018
https://doi.org/10.1103/PhysRevD.95.056002
https://doi.org/10.1103/PhysRevD.103.073004
https://doi.org/10.1103/PhysRevD.103.073004
https://doi.org/10.1155/2021/4277321
https://doi.org/10.1155/2021/4277321
https://doi.org/10.1103/PhysRevD.9.1095
https://doi.org/10.1103/PhysRevD.9.1095
https://doi.org/10.1103/PhysRevD.80.054016
https://doi.org/10.1103/PhysRevD.80.054016
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1016/0370-2693(79)90554-9
https://doi.org/10.1016/0370-2693(79)90554-9
https://doi.org/10.1016/0370-2693(80)90869-2
https://doi.org/10.1016/0370-2693(80)90869-2
https://doi.org/10.1103/PhysRevD.51.3855
https://doi.org/10.1103/PhysRevD.66.094016
https://doi.org/10.1103/PhysRevLett.129.132001
https://doi.org/10.1088/1674-1137/44/3/031002
https://doi.org/10.1103/PhysRevD.101.054014
https://doi.org/10.1140/epjc/s10052-020-08578-4
https://doi.org/10.1140/epjc/s10052-020-08578-4
https://doi.org/10.1103/PhysRevLett.96.201601
https://doi.org/10.1103/PhysRevLett.96.201601
https://doi.org/10.1103/PhysRevD.77.056007
https://doi.org/10.1103/PhysRevD.77.056007
https://doi.org/10.1103/PhysRevD.84.033001
https://doi.org/10.1016/S0375-9474(97)00588-5
https://doi.org/10.1016/S0375-9474(97)00588-5
https://doi.org/10.1103/PhysRevD.81.074035
https://doi.org/10.1103/PhysRevD.81.074035
https://doi.org/10.1103/PhysRevD.67.114010
https://doi.org/10.1016/0550-3213(83)90361-9
https://doi.org/10.1016/0550-3213(83)90361-9
https://doi.org/10.1016/0370-2693(81)90042-3
https://doi.org/10.1016/0370-2693(81)90042-3
https://doi.org/10.1016/0370-2693(81)91206-5
https://doi.org/10.1016/0550-3213(83)90597-7
https://doi.org/10.1103/PhysRevD.42.30

HO-MEOYNG CHOI and CHUENG-RYONG JI

PHYS. REV. D 110, 014006 (2024)

[69] X.-D. Ji, The nucleon structure functions from deep-in-
elastic scattering with electroweak currents, Nucl. Phys.
B402, 217 (1993).

[70] B. Geyer and M. Lazar, Parton distribution functions from
nonlocal light-cone operators with definite twist, Phys. Rev.
D 63, 094003 (2001).

[71] W. 1. Weisberger, Partons, electromagnetic mass shifts, and
the approach to scaling, Phys. Rev. D §, 2600 (1972).

[72] S.J. Brodsky, F.J. Llanes-Estrada, and A.P. Szczepaniak,
Illuminating the 1/x moment of parton distribution func-
tions, eConf C 070910, 149 (2007).

[73] S. Puhan, S. Sharma, N. Kaur, N. Kumar, and H. Dahiya,
T-even TMDs for the spin-0 pseudo-scalar mesons upto
twist-4 using light-front formalism, J. High Energy Phys. 02
(2024) 075.

[74] Y. L. Dokshitzer, Calculation of the structure functions for
deep inelastic scattering and e'e™ annihilation by pertur-
bation theory in quantum chromodynamics, Zh. Eksp. Teor.
Fiz. 73, 1216 (1977) [Sov. Phys. JETP 46, 641 (1977)].

[75] V.N. Gribov and L. N. Lipatov, Deep inelastic ep scattering
in perturbation theory, Yad. Fiz. 15, 781 (1972) [Sov. J.
Nucl. Phys. 15, 438 (1972)].

[76] G. Altarelli and G. Parisi, Asymptotic freedom in parton
language, Nucl. Phys. B126, 298 (1977).

[77] G. Salam and J. Rojo, A higher order perturbative parton
evolution toolkit (HOPPET), Comput. Phys. Commun. 180,
120 (2009).

[78] S. Boffi, B. Pasquini, and M. Traini, Helicity-dependent
generalized parton distributions in constituent quark mod-
els, Nucl. Phys. B680, 147 (2004).

[79] B. Pasquini and P. Schweitzer, Pion transverse momentum
dependent parton distributions in a light-front constituent
approach, and the Boer-Mulders effect in the pion-induced
Drell-Yan process, Phys. Rev. D 90, 014050 (2014).

[80] W. Broniowski, E. R. Arriola, and K. Golec-Biernat, Gen-
eralized parton distributions of the pion in chiral quark
models and their QCD evolution, Phys. Rev. D 77, 034023
(2008).

[81] A. Courtoy and S. Noguera, Enhancement effects in
exclusive zz and pz production in y*y scattering, Phys.
Lett. B 675, 38 (2009).

[82] S. Capitani, K. Jansen, M. Papinutto, A. Shindler, C.
Urbach, and 1. Wetzorke, Parton distribution functions with
twisted mass fermions, Phys. Lett. B 639, 520 (2006).

[83] B. Joo6 , J. Karpie, K. Orginos, A.V. Radyushkin, D. G.
Richards, R. Sabbir Sufian, and Savvas Zafeiropoulos, Pion
valence structure from loffe-time parton pseudodistribution
functions, Phys. Rev. D 100, 114512 (2019).

[84] M. Ochm et al., (x) and (x?) of the pion PDF from lattice
QCD with Ny =2 + 1 + 1 dynamical quark flavors, Phys.
Rev. D 99, 014508 (2019).

[85] R.S. Sufian, J. Karpie, C. Egerer, K. Orginos, J.-W. Qiu,
and D. G. Richards, Pion valence quark distribution from
matrix element calculated in lattice QCD, Phys. Rev. D 99,
074507 (2019).

[86] S.-I. Nam, Parton-distribution functions for the pion and
kaon in the gauge-invariant nonlocal chiral-quark model,
Phys. Rev. D 86, 074005 (2012).

[87] D. Melikhov and S. Simula, Electromagnetic form factors in
the light-front formalism and the Feynman triangle diagram:
Spin-0 and spin-1 two-fermion systems, Phys. Rev. D 65,
094043 (2002).

[88] J.S. Conway et al., Experimental study of muon pairs
produced by 252-GeV pions on tungsten, Phys. Rev. D 39,
92 (1989).

[89] M. Aicher, A. Schifer, and W. Vogelsang, Soft-gluon
resummation and the valence parton distribution function
of the pion, Phys. Rev. Lett. 105, 252003 (2010).

[90] P. Maris and C.D. Roberts, Pseudovector components
of the pion, 7° — yy, and F,(g?), Phys. Rev. C 58, 3659
(1998).

[91] L. S. Kisslinger, H.-M. Choi, and C.-R. Ji, Pion form factor
and quark mass evolution in a light-front Bethe-Salpeter
model, Phys. Rev. D 63, 113005 (2001).

014006-20


https://doi.org/10.1016/0550-3213(93)90642-3
https://doi.org/10.1016/0550-3213(93)90642-3
https://doi.org/10.1103/PhysRevD.63.094003
https://doi.org/10.1103/PhysRevD.63.094003
https://doi.org/10.1103/PhysRevD.5.2600
https://doi.org/10.48550/arXiv.0710.0981
https://doi.org/10.1007/JHEP02(2024)075
https://doi.org/10.1007/JHEP02(2024)075
https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/j.cpc.2008.08.010
https://doi.org/10.1016/j.cpc.2008.08.010
https://doi.org/10.1016/j.nuclphysb.2003.12.037
https://doi.org/10.1103/PhysRevD.90.014050
https://doi.org/10.1103/PhysRevD.77.034023
https://doi.org/10.1103/PhysRevD.77.034023
https://doi.org/10.1016/j.physletb.2009.03.070
https://doi.org/10.1016/j.physletb.2009.03.070
https://doi.org/10.1016/j.physletb.2006.02.047
https://doi.org/10.1103/PhysRevD.100.114512
https://doi.org/10.1103/PhysRevD.99.014508
https://doi.org/10.1103/PhysRevD.99.014508
https://doi.org/10.1103/PhysRevD.99.074507
https://doi.org/10.1103/PhysRevD.99.074507
https://doi.org/10.1103/PhysRevD.86.074005
https://doi.org/10.1103/PhysRevD.65.094043
https://doi.org/10.1103/PhysRevD.65.094043
https://doi.org/10.1103/PhysRevD.39.92
https://doi.org/10.1103/PhysRevD.39.92
https://doi.org/10.1103/PhysRevLett.105.252003
https://doi.org/10.1103/PhysRevC.58.3659
https://doi.org/10.1103/PhysRevC.58.3659
https://doi.org/10.1103/PhysRevD.63.113005

