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Revisiting shear stress tensor evolution: Nonresistive
magnetohydrodynamics with momentum-dependent relaxation time
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This study aims to develop second-order relativistic viscous magnetohydrodynamics (MHD) derived
from kinetic theory within an extended relaxation time approximation (momentum/energy dependent) for
the collision kernel. The investigation involves a detailed examination of shear stress tensor evolution
equations and associated transport coefficients. The Boltzmann equation is solved using a Chapman-
Enskog-like gradient expansion for a charge-conserved conformal system, incorporating a momentum-
dependent relaxation time. The derived relativistic nonresistive, viscous second-order MHD equations for
the shear stress tensor reveal significant modifications in the coupling with dissipative charge current and
magnetic field due to the momentum dependence of the relaxation time. By utilizing a power law
parametrization to quantify the momentum dependence of the relaxation time, the anisotropic magnetic
field-dependent shear coefficients in the Navier-Stokes limit have been investigated. The resulting viscous
coefficients are seen to be sensitive to the momentum dependence of the relaxation time.
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I. INTRODUCTION

High-energetic heavy-ion collision experiments at the
Relativistic Heavy Ion Collider (RHIC) and Large Hadron
Collider (LHC) have generated the hot and dense state of
strongly interacting nuclear matter known as the quark
gluon plasma (QGP). Relativistic hydrodynamics has
proven to be an effective framework for describing the
spacetime evolution of the QGP [1,2]. Phenomenological
analyses of bulk observables, such as collective flow and
hadron spectra, highlight the importance of incorporating
various dissipative processes in the hydrodynamical evo-
lution of the QGP [3-5]. Strong magnetic fields are
expected to be generated at the initial phase of heavy-
ion collision [6-9]. These fields may experience fast
decay as the system evolves. However, some studies have
shown that the decaying fields can induce electric currents
within the expanding system and can contribute to the
prolonged existence of magnetic fields throughout the QGP
evolution. There are still uncertainties regarding the mag-
netic field evolution and its lifetime in the QGP medium.
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Recent measurements at the RHIC and LHC [10,11], as
well as the related studies [12,13] on the enhanced directed
flow (v;) of D mesons and v, splitting of D° and D°
mesons, indicated the presence of a strong magnetic field in
the early phase of the collision. Significant research efforts
have been dedicated to explore the impact of magnetic
fields on the phase diagram of quantum chromodynamics
(QCD) [14-16]. The magnetic field appears to hold a
pivotal significance, not only impacting the thermodynamic
and transport properties of the QCD medium but also
influencing heavy quark dynamics, dilepton spectra, and jet
physics [17-30]. The presence of a magnetic field has a
substantial impact on the equations of motion of charged
particles due to the spatial anisotropy introduced by the
field. This gives rise to additional transport coefficients
that depend on the orientation and strength of the magnetic
field in the medium [31-42]. The magnetic field together
with the chiral anomaly of the QCD medium can lead to
many interesting phenomena such as the chiral magnetic
effect [43—45]. Other fascinating phenomena associated
with the magnetic field are the magnetic catalysis and
inverse magnetic catalysis in the QCD medium [46,47].
One of the advancements in relativistic hydrodynamics is
its coupling with the electromagnetic fields created during
heavy-ion collisions, referred to as a magnetohydrodynam-
ical framework [48-60].

The transport coefficients of the QCD medium serve as
input parameters in the magnetohydrodynamics simulation.
These coefficients play a crucial role in capturing the
dynamic behavior of the magnetized QCD medium within
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the framework of magnetohydrodynamics. The understand-
ing of dissipative processes and their associated transport
parameters relies on the nonequilibrium physics of the
QGP which requires the knowledge of the microscopic
description of the medium. The relativistic Boltzmann
equation stands as a transport equation governing the
spacetime evolution of the phase-space distribution func-
tion. However, directly solving the Boltzmann equation
poses a challenge due to the intricate nature of the collision
term present there. Several simplified approaches for the
collision term have been proposed over the course of
several decades [61-64]. One notable approach is the
Anderson and Witting relaxation time approximation
(RTA) [64] of the collision term, where the collisional
aspects of the medium can be quantified with a relaxation
time parameter. Several efforts have been devoted in the
formulation of relativistic dissipative hydrodynamics
and in the estimation of transport coefficients within the
RTA' [65-71]. Notably, in the usual formulation of dis-
sipative hydrodynamics with the RTA, it is assumed that the
relaxation time is independent of particle momentum.
However, in a realistic medium, the timescale of collisions
is typically influenced by the specifics of microscopic
interactions. Recently, there have been significant develop-
ments in modifying the standard RTA to address its
fundamental issues, ensuring consistency, and preserving
the basic properties of the linearized Boltzmann collision
kernel [72-76]. In Refs. [73,74], the authors established an
extended relaxation time approximation (ERTA) frame-
work for the systematic derivation of hydrodynamic equa-
tions from the Boltzmann equation. In this setup, a
relaxation time dependent on particle momentum is intro-
duced by extending the standard Anderson-Witting formu-
lation. These recent developments regarding the collision
kernel have not yet been considered in the formulation of
magnetohydrodynamics. Setting up dissipative magneto-
hydrodynamics and transport coefficients of the magnet-
ized QCD medium within the ERTA is an interesting task,
which serves as the motivation for the current study.

In the present work, we derived the nonresistive,
relativistic, second-order magnetohydrodynamic equations
for shear viscous evolution with the momentum-dependent
relaxation time for a conformal system with conserved
charges. To that end, we generalized the ERTA approach to
a magnetized medium. Utilizing the ERTA framework for
the first time in a magnetized medium, we studied the
magnetic field-dependent shear coefficients of the QCD
matter. We solved the ERTA Boltzmann equation by using
Chapman-Enskog-like gradient expansion. In the Navier-
Stokes limit, we demonstrated that the anisotropic shear
viscous coefficients of the magnetized QGP undergo
significant modifications with the new formulation, as

'Throughout the article, RTA refers to the relaxation time
approximation introduced by Anderson and Witting, where the
relaxation time is independent of particle energy or momentum.

compared to those obtained within the conventional RTA
framework. We have also analyzed the coupling of the
shear stress tensor evolution to that of the dissipative charge
current.

The manuscript is organized as follows: we analyzed the
first- and second-order shear evolution for a conformal,
charge conserved fluid with energy-dependent relaxation
time in Sec. II. In Sec. III, we set up the first- and second-
order viscous magnetohydrodynamic evolution and the
associated transport coefficients for the nonresistive fluid
within the ERTA followed by the discussions. Finally, we
summarize the work with an outlook in Sec. IV.

Notations and conventions.—Throughout the analysis,
we work with natural units ¢ = kg = A = 1, where c is
the velocity of light in vacuum, kp represents the
Boltzmann constant, and 7 denotes the reduced Planck’s
constant. We consider the Minkowskian metric tensor
G = diag(1,-1,-1,~1). Hydrodynamic fluid four-
velocity is denoted by u, which satisfies u*u, =1 and
has the form u* = (1,0,0,0) in its local rest frame. The
projection operator that is orthogonal to u#* is defined as
AW = g" — y#u¥. The quantity Aﬁ;/”} =1 (A’;A% + A;‘,A(”,) -
%A””Aaﬂ represents the rank-four traceless symmetric
projection operator orthogonal to u® and A%,

II. SHEAR STRESS EVOLUTION
WITH ERTA, u #0, B=0

The energy-momentum tensor and the net-quark current
of a conformal system (system of massless quarks and
gluons) with conserved charges can be expressed in terms
of the single particle phase-space distribution function as

TH = /de”p”(f+f) = eutu’ — PA" + 7, (1)

o= [appr-p=mesw. @

where dP = dg% is the phase-space factor with d as

the degeneracy of the particle species. The quantities ¢, P,
and n denote the energy density, the pressure, and the net-
quark number of the medium. The tensor decompositions
will be modified in the presence of a magnetic field. Here,
7" and n* are the dissipative quantities, namely shear stress
tensor and particle diffusion current, respectively, and the
hydrodynamic fluid velocity #* is defined in the Landau
frame. It is important to emphasize that the bulk viscous
pressure vanishes in a conformal system (massless case).
The fundamental evolution equations of ¢, n, and u* can be
obtained from projections of energy-momentum conserva-
tion, 9, 7" = 0, along and orthogonal to #*, and from the
particle four-current conservation, 9,N* = 0, as follows:

&+ (e+P)0—n"c,, =0, (3)
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(e + P)it — VAP + Ald,z =0, 4)
i+ nd+o,n' =0, (5)

where A = u’d,A denotes the comoving derivative, V¥ =
A*9, is the spatial derivative, 6 = d,u* is the expansion
parameter, and o** = Ag;vauﬂ is the velocity stress tensor.
Here, we consider the particle equilibrium distribution
function as f, = e P“P)t¢ where =1 and a =& with
u as the chemical potential of the particle. For antiparticles,
fo = fo with @ = —a. We can define thermodynamic
quantities from Egs. (1) and (2) as

- cosha
e =y, [ AP p o+ o) = 64,558 (6)
A - cosha
P=——t [ 4P prp¥ =2d,——7, (7
3 / pp(f0+f0) gﬂ2ﬁ4 ()
- sinh a
n=u, dPP”(fo—fo):ngﬂTﬁg- (8)

The expressions for the derivatives of f and a can be
obtained by substituting Egs. (6)—(8) into Egs. (3)—(5) as

a=—A,0,n" — Apn“o,,, 9)
. po )
p= 3 D, o,n* — Dyn*“o,,, (10)
Vg — —pie + " Vaq— P neg v (1)
e+ P e+P VM

where the coefficients A,,, A, D,,, and Dy are functions of
the temperature inverse f and chemical potential «, and
hence a function of spacetime (x, t):

A‘% A‘(f4/4) 12
9T 4 9T 4
3np ef

For a system near to local thermodynamic equilibrium, the
particle nonequilibrium phase-space distribution function
can be expressed as f = f,+ 6f with |5f] < fo (for
antiparticles f = f, + 6f). Using Eqs. (1) and (2), the
shear stress tensor and the particle diffusion current can be
defined in terms of the nonequilibrium part of the distri-
bution function as

we =y [apporap.

nt = A’J/de”((Sf—éf). (15)

The derivation of these dissipative quantities requires the
knowledge of §f and §f and can be obtained by solving the
Boltzmann equation. We obtain the first- and second-order
corrections to the local equilibrium distribution within the
ERTA framework in the next section.

A. Solving Boltzmann equation with ERTA

The relativistic transport equation characterizes the
evolution of the phase-space distribution function away
from equilibrium. In the absence of electromagnetic fields,
the Boltzmann equation (for particles) takes the form as
follows:

pho,f = C(f). (16)

where C(f) is the collision kernel. The conventional way to
quantify the collision terms is to adopt the RTA framework

introduced by Anderson and Witting as C(f) = —“2 with

R (x)
7g(x) as the relaxation time [64]. However, the above
approximation assumes the relaxation time to be indepen-
dent of particle energy. As the timescale of collisions
depends on the microscopic interactions in the medium, we
consider momentum-dependent relaxation time in the
present analysis. When the 7; becomes dependent on
particle energy, it is seen that the conventional RTA is
incompatible with conservation equations for the energy-
momentum tensor and net-charge current, even in the
Landau frame. Hence, we work with the recently developed
ERTA framework [73] that takes into account the energy-
dependent relaxation time 7x(x, p) by ensuring the satis-
faction of conservation equations. The Boltzmann equation
within the ERTA has the form

(u-p)

(%, p)

Prof = —

(f = f5)- (17)

Here, f§ = ¥ ("P)*@ with p* = L and a* = L. The four-
vector u,, does not necessarily have to correspond to the
hydrodynamic four-velocity u*. In the local rest frame of u},,
which can be referred to as the thermodynamic frame, the
distribution function is reduced to the Maxwell-Boltzmann
form with 7% and u* as the temperature and chemical
potential, respectively. The interpretation and distinctions
between the thermodynamic frame and the hydrodynamic
frame are discussed in detail in Ref. [73]. Nonequilibrium
corrections to the distribution function are obtained by
employing an iterative Chapman-Enskog-like solution of
the ERTA Boltzmann equation as

f=fot+tofqy+of+--, (18)
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where §f ;) with (i = 1,2, 3, ...) is the gradient correction of
the distribution function to the ith order. Note that the
expansion is carried out around the local hydrodynamic
equilibrium as our interest lies in deriving hydrodynamic
equations.

B. First- and second-order shear viscous evolution
at finite u

1. First-order evolution

We briefly review the derivation of the first-order evolu-
tion equation of shear tensor and number diffusion for a
conformal system. The first-order correction to the particle
distribution functions can be obtained from the ERTA
Boltzmann equation as defined in Eq. (17) as follows:

6fy =— 0ufo + 01y (19)

TR
P
(- p)
where o f 2‘1 )= fo — fo arises due to the difference between

the definition of thermodynamic and hydrodynamic frame
variables. Defining 7* =T + 6T, p*=u-+du, and
u,, = u, + 6u,, we can define 5f o from the Taylor expan-

sion of f about T, u, and u, as

of () = [—(5u'p)+(”'p_”>5T+‘z’]f. (20)

T T?

Employing the form of the hydrodynamic equilibrium
distribution function and Eq. (20) in Eq. (19), we can write
the first-order correction to the particle and antiparticle
distribution functions as

i e
o = (e i P (u -lp)>pﬂv”a +ﬁl()u[-)p6)ﬂa} Jo
T (Su - .
+__(qu)+(u 1;2 Wt 4 }fo, (21)
- [f n pp'p“o,
o =on| (54 )7V Ty
(Ou-p) (u-p+p) 5u 5
L 5T—?} For (22)

The quantities 6T, ou, and du, can be defined by imposing
the Landau frame condition u, 7" = ey and the matching
conditions, € = ¢, and n = nj. In the most general case,
these quantities take the form as [73]

Sut = CpVFa, ou = Cé, 6T = 66, (23)
where C, C, and € are the dimensionless variables. It can be
shown that for a conformal system with conserved charges,
the variables C and € vanish and C takes the form as

1 n
=——(——=K3j, - K5 ). 24
air (pki-ka). e
Here, I,lq and K,,q are the thermodynamic integrals as
defined in Appendix A. Employing Egs. (21)-(23) in

Egs. (14) and (15), we obtain the expression of shear tensor
and number diffusion current as

- K3
HY — 21’]00””, with No = ? s (25)
n =kVFa, with x= (—C,leg1 + s PK21 Kfrl).

(26)

Before proceeding to the derivation of the second-order
evolution equation for the shear stress tensor, let us discuss
the significance of the quantities, u* = pu +ou, T* =T +
oT, and u;, = u, + 6u, in the ERTA framework. The
conventional formulation of hydrodynamics with RTA
(momentum independent ) works within the Landau frame
to uphold macroscopic conservation laws. Simply replacing
the conventional thermal relaxation time with momentum-
dependent relaxation time can result in the violation of
microscopic conservation laws. This has generated signifi-
cant attention toward achieving a consistent approximation
of the collision term. A recent study [72] offers a notable
advancement in this direction by introducing counterterms in
the form of projectors to restore the conservation laws in the
presence of momentum-dependent relaxation time, regard-
less of the choice of hydrodynamic frames. The ERTA
framework presents a distinct solution to this problem. By
defining the equilibrium distribution function within the RTA
approximation in the “thermodynamic frame” (characterized
by the parameters p*, 7", and u,), one can construct
consistent order-by-order hydrodynamics such that conser-
vation laws are satisfied at every stage of the gradient
expansion. Since our focus is on the derivation of hydro-
dynamic equations, the expansion of the nonequilibrium
distribution function is done about the hydrodynamic equi-
librium. However, the nonequilibrium part of the distribution
function gets an additional contribution in the current
framework 6f* that arises from the difference between the
definition of thermodynamic and hydrodynamic frame
variables (i.e., in terms of yu* —pu = oy, T* — T = 6T, and
u, —u, = 6u,). The counterterms due to the momentum
dependence of the relaxation time are thus absorbed in the
definition of éu, 6T, and déu,. In Appendix D, we have
presented a detailed derivation of the conservation equations
within the ERTA setup and verified that the definition of oy,
0T, and 6u, encompasses the necessary counterterms arising
from the momentum dependence of the relaxation time, thus
ensuring the satisfaction of the conservation equations.

014004-4



REVISITING SHEAR STRESS TENSOR EVOLUTION: ...

PHYS. REV. D 110, 014004 (2024)

2. Second-order evolution

In Ref. [77], the authors have explored second-order
hydrodynamics at a finite chemical potential within the
conventional RTA framework. One important observation
from the study was that, within the RTA, the second-order
evolution equations for z#* and n* can be decoupled for a
system of massless quarks and gluons. In this subsection,
we reexamine the second-order evolution of shear viscosity
at finite y using the ERTA framework. We start by
expressing the distribution function until the second order
in a gradient expansion as f = f, + Af with Af =6f ;) +
0f (2)- Employing the Chapman-Enskog-like expansion and
ERTA Boltzmann equation, we have

Af =—-—"—pro
f (Mp)p ,ufo
__"® ) __"R 19, fo + 8F5 | + Af?
w-p) " PO ] TR e
(27)

Employing the definitions Eqs. (9)—(11) and keeping all
terms till second order, the first term of Eq. (27) can be
simplified as

T
"
n 1
- — \prv
w5 p>>” “
Pp"p c,a .
+ (M K p) 8+ P{plvkﬂ[ pl”kluk}
+ (A, = D,(u- p))o,n*

p
+{An - <Dn P (u-p)}aouglfo.  (28)
Notably, for the massless system at the =0 case,
(;_—’;) Pro0f () = O(d*) and will not contribute to the
second-order evolution equation. However, this term will
have a nonvanishing contribution at finite x. The second

term of Eq. (27) in the case of the massless charge
conserved system reduces as

TR TR
) ) off
G| o
1
TR p'Via n 1

= - o || -C -

ol (e ()
1 ,m
PP Om
_— f]. 29
<u'p>> ’ 2
Imposing the Landau frame condition and matching con-

dition as in first order, one can obtain the last term of
Eq. (27) as

x p'Via+ tpfp

_(5M(2)‘P)+(u p—H)

Af =
f) T 0

5T 2 + 2 fo. (30)

However, it is observed that the contribution from A f’(‘z)

vanishes in the context of shear viscous evolution.” It is
important to emphasize that the evolution of bulk viscous
pressure and number diffusion will depend on the term
A f’(kz). Substituting Eq. (27) in Eq. (14), we obtain the
second-order evolution equations for shear tensor as

n

jz<ﬂ”> + r = 2/)7”6#]/ — 5,”177:””6 + 277;(/}‘0)””, - Tﬂﬂﬂf’ﬂavw

ya

— T i) + Va1, V¥ (31)

We have defined 7, =

where the relaxation time is independent of particle
momentum. The transport coefficients appearing in the
shear viscous evolution in Eq. (31) are obtained as

N
K—}z such that 7, — 7 in the limit

Mo (ng)z
== 32
ﬂﬂ Tﬂ. TL;_Q ’ ( )
4
Our =3 33
T 3 ( )
2 Lt
Tar — = 4_2;,_ s (34)
7TL;,
Ton = 2(CP°K3, — 7L, + L3,), (35)
L = p. (C/32K3+2 7L, +Lyy), (36)
2| R oC
Tan = — [xMZ& - M5, + Ly + Ky, <2ﬁ2C B 6/)7>
- _ TP OK
ﬁL32 aﬂ )(Ngzﬂ + N22ﬂ - 2% $:| s (37)
1 c _oC
A K3, < 4C 253
an K”[n{ ﬁ)('i‘ﬁ( dﬁ)}
9) [s)
— 27N, + 27Ny, - 2L3+2( X—H(a)ﬂ()
+2CH K3, = 208 7K, = 47L5, + 2L, + 277 L,
ok ok
_ nn ~ 38
« ( " 0ﬁ>] (38)
“Itis seenthat Ay, [dPpepP (Affy +AfT) = A/;;Iiﬂyﬁu @
AWI Pu u, Tz -Ah 1 1%y AT(Z) + A” Y e A” =0 due to the proper-

tles of our-rank traceless symmetrlc prOJectlon operator. The
decomposition of 1% is given in Eq. (A7).
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FIG. 1. Impact of momentum-dependent relaxation time on the temperature dependence of /,,,, 7,,, and 4,,,. The coefficients are also
plotted as a function of £ at different temperatures. The ERTA results are compared with those from RTA estimations. Here, £ = 0
corresponds to the usual RTA approximation.

with 7 = 5. The thermodynamic integrals, L,,;, M4, and B u-p\? o
N, are defined in Appendix A. Equation (31) denotes the (% p) = 70(x) T )’ where 7o(x) =&/T. (39)
second-order evolution equation of the shear stress tensor for

a charge conserved conformal fluid with the new momen-  Here, 7o(x) is the momentum-independent part, & being a
tum-dependent ERTA framework. Shear viscosity with  dimensionless constant, and £ is an arbitrary parameter that
energy-dependent relaxation time in the absence of dissipa-  determines the order of momentum dependence of the

tive charge current in the QCD medium has been analyzed  relaxation time. The parameter 7, is of a timescale propor-
recently [74]. InFig. 1, we depicted the temperature behavior ~ tional to the mean free path, and hence, we can use 74(x)
of new coefficients 4, [,,, and 7, that couples shear tensor  to define our Knudsen number, which is Kn = 7y0 [82]. In
with charge current for a system of massless quarks and  the limit £ = 0, we have 7z = 74(x), which describes the
gluons ata finite chemical potential with the ERTA approach.  momentum-independent conventional RTA framework.
For quantitative estimation, we use a power law parametri-  Taking k to be a dimensionless constant here, in the mass-
zation for the relaxation time as [78—81] less, Maxwell-Boltzmann case, we can express the above
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transport coefficients only as a function of the momentum
dependence parameter £, chemical potential , and temper-
ature 7 as follows:

k[(5 +2¢) 5
S G -= 4
e*d i kU(5+7¢)
Ny = 2075—2’63 s £ > —5, (41)
2I°(6 + 2¢) 5
== -= 42
NG Ee T LT T2 (42)
L TT(5 + O){D(5 + O)T(4 + £) — 48T(4 + 27)}
me 15(2 = ¢ + 4T3 + £)T(5 +2¢) ’
) (43)
_ATT(S+O){T(5+ )T (4 + ) —481(4 +27)}
e 15(62 = ¢ + 4T3 + O)T(5 + 2¢) ’
> =2, (44)
Aan

[+ DIT(S+0){-T(4+2)[(5+¢)+48T(4+20)}
60(> - +4)C(3+£)T(5+2¢) ’
£>-2. (45)

In a prior study, detailed in Ref. [77], the authors have
demonstrated that the second-order evolution equations for
the shear stress tensor and the charge current are decoupled
for a system of massless quarks and gluons at finite chemical
potential within the conventional RTA. In contrast to this,
with the present analysis within the ERTA, we observe that
there exists a coupling with the evolution of shear tensor and
particle diffusion in the medium due to the momentum
dependence of the thermal relaxation time. In Eq. (31) the
terms n# ¥, n#V¥ a, and V#nv) couple evolution of shear
tensor with particle current. We observe that Eq. (31) reduces
to the result of [77], when we switch off the momentum
dependence of the relaxation time as the coefficients 1, [,,,
and 7., vanish for a system of massless particles at finite ¢ in
the limit of constant 7. It is seen that the momentum
dependence of relaxation time has a significant effect on the
transport coefficients. All thermodynamic integrals are
modified in the ERTA approach, and notably, a new

thermodynamic integral M{2* as defined in Eq. (A10)
arises solely due to momentum dependence of the relaxation
time. In addition to that, the term C (that arises from the
matching condition) gives a nonvanishing contribution
within the ERTA framework. We observed that 4, [,,,
and 7,,,, are sensitive to the value of Z. The sign of # also plays
an important role in the estimation as it indicates how the
particle energy influences the strength of interaction; i.e., a

positive sign of ¢ indicates the decrease of interaction

strength with the energy of the particle. Notably, the sign
of the coefficients gets reversed with the change in the sign of
. It can be argued that range 0 < [ < 1 is more relevant for
QCD medium [78]. The signs of the transport coefficients in
the range 0 </ < 1 align with those found in the previous
study for the QCD medium [83].

C. Comparison of the ERTA results with the exact
results from the A¢* theory (£=1 case)

Exact analytical solutions of the Boltzmann equation are
difficult to obtain and have been estimated only for
homogeneous, isotropic systems with a simpler interaction
model. We follow Refs. [84,85] where the exact results of
transport coefficients for a massless scalar theory are
obtained. In the recent study [84], the authors have
analytically extracted a full set of eigenvalues and eigen-
functions of the relativistic linearized Boltzmann collision
operator with the interaction considered being A¢* (mass-
less scalar theory). Further, it has been shown that in the
appropriate limit, a linearized collision kernel leads to the
recently formulated novel RTA proposed in Ref. [72].

Considering the massless scalar A¢* theory at high
temperatures, the linearized collision operator can be
written as [84]

Loy = %’ / dK'dPdP'fop (2m)°6Y (k+ K = p = p')

X (¢p + ¢p’ - ¢k - ¢k’)' (46)

The eigenfunctions and eigenvalues of this operator were
calculated exactly, and they are given by [84]

L2l )y _gMintm-1
iL Kl fre) = — 508
nk 2 n—l—m+1+f0”0
x Lf}km+1>k<m o k) (47)
(2m+1) . .
where L, are the associated Laguerre polynomials

of degree n. With this, various transport coefficients have
been calculated in first and second orders in gradient
expansion [85]. It has also been noted that if we expand
¢ on the basis of the irreducible tensors that constitute the
eigenfunctions of L, we recover the RTA with momentum-
dependent relaxation time, zp along with some counter-
terms. The form of 7, can be read off from L¢, as

_2(u-p)

With M = ¢%/(22%f?) and g = 1?/(32x), and 7 takes the

form as follows:

47 .

g = — <M> (49)
geT \ T
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Comparing Egs. (39) and (49), in 1¢*, we identify & in the
ERTA framework as k = 47%/(ge®). With this, we can
compare the results of the transport coefficients calculated
in the ERTA for # = 1 with those from A¢* theory. With
this identification of ¥, when the mass is taken to be zero,
Eqgs. (32)—(38) can be expressed as a function of only 7" and
the momentum-dependence parameter £ for comparison
with the A¢* theory:

2d,T(5+7¢
770 = ! ( 3 )v f > _5, (50)
15gp
4> T(5+27) 5
= [>——, 51
fr ge*T T'(5+7) ~ 72 (51)

L+ 1DIT(S+O){-T(4+ (5 +7¢) +480(4 +27)}

21(6 + 2¢) 5
—L o) -2, 52
=TG5 + 22) 2 (52)

TT(54+ {5+ )4+ ¢) —48T(4 4 2¢)}

TSt AT TG 1 20)
> =2, 3)
_ATETS + OFT(S + T4 + £) - 480°(4 +27) }

Tan = 15(¢2 = £+ 403 + £)T(5 + 27) |
> =2, G4

/Izm =

The comparison is summarized in Table I for # = 1.” We
observe that 7, ~ (Texpa)~™' in the ERTA (£ = 1) case;
i.e., the relaxation time also has a dependence on the
fugacity a of the gas in addition to the temperature, and
this observation is consistent with the result in [85]. It is
seen that the temperature dependences of the first- and
most of the second-order transport coefficients are con-
sistent in comparison with those obtained from the A¢*
theory. We also note that 7, x, and 7, values for ERTA
(¢ = 1) depend on the degeneracy factor d, unlike the g
results.

As for the last three second-order transport coefficients,
I, and 7., match with the exact results from the A¢* theory.
For a one-to-one matching of ERTA results with scalar field
theory predictions (where the degeneracy factor is taken as
1), the first three ERTA coefficients (in Table I) differ by a
factor of 1/3, even though their temperature behavior is
exactly similar. Despite this, most of the second-order
ERTA coefficients match exactly with those from the scalar
theory. Hence, it is expected that the overall hydrodynam-
ical evolution with the ERTA may not be significantly
different from that of the scalar theory. We note that results
from holography [86] suggest that for a strongly coupled
system, the high momentum modes relax faster than low
momentum modes leading to a negative power of the
momentum dependence in the relaxation time (¢ < 0), and
for a weakly coupled system, low momentum modes relax
faster than the high momentum modes leading to (£ > 0).
Since our results for £ = 1 mostly agree with that of the

*For comparison purpose, we have rearranged the second-
order shear evolution equation of Ref. [85] as in the form of
Eq. (31).

60(£% — ¢ +4)(3 + £)I'(5+27¢) '

£>=2 (55)

A¢* theory, which is a weakly coupled system, they are also
consistent with the observations from [86].

The presence of an external source current will further
affect the shear viscous coefficients of the medium. In the
next section, we will analyze the impact of the magnetic
field on the shear viscous coefficients of the QCD medium
within the ERTA.

III. MAGNETOHYDRODYNAMIC SHEAR
EVOLUTION WITH ERTA, u #0, B #0

In the conventional formulation of relativistic magneto-
hydrodynamics, the equations of fluid dynamics are
coupled with Maxwell’s equations taking both the electric
and the magnetic fields as dynamical variables:

TABLE 1. Comparison of the ERTA coefficients with exact
results from A¢* theory by taking % as given in Eq. (48). The
exact form of transport coefficients of ¢p* theory are obtained
from [84,85].

RTA results ERTA results Agp* results

Coefficients =0 =1 (exact)
. » E ”
12 7 9p°
O 3 3 3
Trn 0 2 2
: : 4 -4
)'ﬂn 0 % 6i/3
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9,F" = J,
0,F" =0, (56)

where J# is the electric charge four-current. The electro-
magnetic field tensor F** can be decomposed into compo-
nents parallel and perpendicular to the fluid velocity u# as

FP = Fry,ub + FPuut + A’éA}’,FU’ﬂ
= F*u¥ — E'u* + e’“"’/’uaB/}. (57)

Similarly, we can decompose its dual counterpart F** as
Touv 1 uvaf T Vi uvaf
F = 7€ Fop = B'u* — B'ut — e Pu,Ey,  (58)

with F* = F*u, and B* = F*u,. Here, ¢’ is the rank-
four Levi-Civita tensor with €°'?*> = +1 and hence
€pvap = — #vaf In the local rest frame of the fluid, E* =
(0, E) and B* = (0, B), and hence, these coincide with the
usual electric and magnetic fields. Note that the electric and
magnetic four-vectors are orthogonal to the fluid velocity,
ie., E*u, =0 and B*u, = 0.

The presence of the electromagnetic field introduces
additional new scales into the kinetic equation, R; = ky

gB
which is the Larmor radius where k| are the momenta of
particles perpendicular to the magnetic field. For relativistic
hot plasma k| ~ T, and we have R; = qlg that defines the

magnetic cyclotron scale. Our focus is in the regime where
r. < R; and %<< R;. The first inequality indicates that
the impact of the magnetic field can be neglected in the
collision term, and the second one implies that the Landau
quantization is not required and can proceed with the
classical treatment. In this regime, it is safer to assume that
the magnetization pressure —MB (where M is the mag-
netization) is much smaller than thermodynamic pressure
P. In other words, even though we started the analysis by
considering that electromagnetic fields are dynamical
fields, for the case with vanishing magnetization or
polarization, the fields are acting as external fields, and
hence, the magnetic field effects enter through the Lorentz
force term in the kinetic equation [56]. The microscopic
description and evolution of the medium with a finite
magnetization is not yet well understood from the kinetic
theory point of view (the complexities lie in dealing with
the dipole moment of the consistent particles of the
medium). The present study focuses on the regime %<<
R; where magnetization effects are assumed to have a
negligible impact.

In the present analysis, we work with the widely used
approximation of an infinitely conducting medium, before
dealing with the more complicated case of a medium with a
finite electrical conductivity in a follow-up work. When the
electrical conductivity is assumed to be infinite, 6z — o0,
the induced current J = ozE* — oo for any value of

the electric field strength. Hence, in this limit, we demand
that E# =0 and so in an arbitrary reference frame,
E = —v x B. This eliminates the electric field from the
equations of motion. While deriving dissipative magneto-
hydrodynamics from kinetic theory, dissipation is under-
stood to be a result of collisions between the particles in the
medium with the mean free path between two collisions
being A,,, ~ 1/(nc), where o is the scattering cross section
for 2 — 2 collisions and 7 is the number density. Ideal
magnetohydrodynamics with an infinite electrical conduc-
tivity though assumes no collisions or an infinite 4,,7,.
Hence, dissipative magnetohydrodynamics with infinite
conductivity will not describe the complete evolution.
Nevertheless, we particularly focus on the dissipation with
vanishing electric field, as our current interest lies on the
momentum transport (evolution of shear stress tensor) of
the viscous medium. We intend to explore the case of finite
conductivity in the near future.

Under the assumption of E# = 0, the electromagnetic
field tensor becomes

Fm = B = by By — — B, (59)

where B‘B, = —B> and b* =5 with b*u, =0 and
b"b, = —1. In the presence of a magnetic field, it is
convenient to introduce a rank-two operator, which projects

onto a subspace orthogonal to both u# and b*:
B = AMY 4 DD, (60)

From Eq. (59), we define the antisymmetric tensor
b = —e"*y,by, which is orthogonal to both b* and
w', ie., b*b,=b"u,=0 with b"b,, =2. Using the
identities for e, we have b**b,, = =. Under these
conventions in Maxwell’s equations, the evolution equation
for the magnetic field driven by the fluid current can be
described as

P (1,0,By + Byo,u,) = J, (61)
BY + B"0 = u'o,B" + B*V,u. (62)

Further, the electromagnetic energy-momentum tensor can
be described as [48]

1 B?
Ton=—F"F 45 GVFPF 5= = (W = A =20 b).

(63)

Here we have considered a nonmagnetizable and non-
polarizable fluid for the current study. Using Maxwell’s
equations, the evolution of 7%, can be written as

0, T4, = —F*A], = Bb".J,. (64)
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A. Equation of motion in the presence
of electromagnetic fields

For a nonmagnetizable and nonpolarizable fluid, the total
energy-momentum tensor can be expressed as the sum of
the energy-momentum tensor of the electromagnetic field
and the fluid as follows:

T =T + T (65)
In the more general case, the total current is the combi-

nation of the current from the fluid (J’}) and an external

current (J%,,) due to the motion of the spectator particles,

JH = J; + S (66)
For the fluid current, J? = nyN*, where n; is the local
charge density in the local rest frame given by n, = gn and
just like NV*, since the total charge is also conserved, we
have
0,,]; =0. (67)
The external current source feeds energy and momentum
into the system, and hence, we have
0,T" = —F"*J . (68)
The conservation equation for T%,, as described in Eq. (64)
becomes
aMTZ% = —f* (Jf.ﬂ + Jext.ﬁ)' (69)
Using Egs. (68) and (69), the equation of motion for the
energy-momentum tensor of the fluid can be written as
6”T;” = F"J; ;. (70)
Note that the external current source does not appear in
Eq. (70) which shows that the energy and momentum of
the fluid is only affected by the Lorentz force exerted
on the fluid currents by the electromagnetic fields. We can
decompose the fluid four-current as J? =nput + n’}, and
since in the nonresistive limit F** = —Bb*" is orthogonal to
the fluid velocity u#*, we can see that in the nondissipative
case, 9,T%, =0. Hence, the fluid’s energy-momentum
tensor in that case is separately conserved. Contracting

Eq. (70) with u* and A%, we get the equations of motion at
B #0 as

u,,d,,T_’;” =0,

A2O, T} = —Bb%n,. (71)

These lead to the equation of motion as follows:

é+(e+P)0 -6, =0, (72)
(e 4 P)i* — VFP + Ajo,n"" = —Bb**n;,  (73)
i+ nf + d,n* = 0. (74)

By substituting Egs. (6)—(8) into Eqgs. (72)-(74), we obtain
the form of &, /3, and u* at a nonvanishing magnetic field as

a = —A,0,n" — Ann'“o,,, (75)
. ﬂ@ ,
ﬂ = ? - Dnaﬂnﬂ - Dnﬂ'ﬂ Uﬂl/’ (76)
n p
Vep = —pu” Veq — NG
p=—pit+ p Vi T p A
p
- Bb* 77
€+Pq n,, ( )

where the coefficients A,, Ay, D,, and Dy are defined
in Eqgs. (12) and (13). We will use the above relations to
derive the evolution equations for shear stress tensor 7 in
the presence of a magnetic field, as discussed in the next
section.

B. ERTA Boltzmann equation
at finite magnetic field

The relativistic Boltzmann equation in the presence of a
magnetic field can be described as

of (u-p)
P'ouf —qB%p, 52 =~
! op (%, p)

(f=15)- (78)

In the strong magnetic field limit, where the magnetic field
is considered as the dominant energy scale compared to the
temperature of the medium, the charged particle undergoes
Landau-level kinematics. This, in turn, affects the QCD
thermodynamics and the collisional kernel in the strong
field regime [87-90]. As we consider the case of a weak
magnetic field regime where temperature is the dominant
energy scale in comparison with magnetic field, we ignore
the explicit dependence of the magnetic field on the
thermodynamic quantities and relaxation time unlike in
the case of a strong field regime. However, the presence
of a magnetic field introduces another expansion parameter
X = qBTT"(x) in addition to the Knudsen number Kn = 7,0.
The validity of y <« 1 is justified with the assumption
that 7y/R; < 1 in the magnetohydrodynamic regime [51].

014004-10



REVISITING SHEAR STRESS TENSOR EVOLUTION: ...

PHYS. REV. D 110, 014004 (2024)

With the above power counting scheme, in first order
O(Kn), we obtain

5f(1>:—(uTRp) (p”0 —qBb™p, - >f0+5f* (79)

Using Eqgs. (75)—(77), the first term can be represented as

TR B n 1
oo =5 ()P
7
ﬂﬁup pa)l“l - € f P quBbyo'nG:| fO'
(80)

The last term of Eq. (80), which is magnetic field
dependent, is of the order of O(yKn) and is not considered
in first order for evaluating the matching conditions. The

second term in Eq. (79) vanishes as b*’ py% = 0. Until
O(Kn), the matching condition remains intact as defined in
Eq. (23). With the gradient expansion method, we observed
that the magnetic field does not affect the shear viscous
evolution due to 5f("). This observation is consistent with
that of the RTA result [S1]. However, the matching
condition will directly affect the second-order evolution
equation of the shear stress tensor in the presence of the
magnetic field. The distribution function until second-order
gradient expansion Af = Jf () + 6f ) can be obtained
from the ERTA Boltzmann equation using the Chapman-
Enskog expansion as

TR

Af = =< pro, fo — —F~ pro,6f
wp) " p)
R J TR dfo
qBb™ p,——6f qBb™ p,~—
(u-p) op” " (u-p) dp
+Afh, (81)
where 6f (1) in the presence of a magnetic field is defined in

Eq. (79). Similar to the case of a vanishing magnetic field,
we can define

(5u(z>'P)+(u pP—H)

Afty=|——7 0T IRE) 21 o (82)
Unlike the previous case, du(y), 6T(), and 6y can have

dependence on the magnetic field in the medium.

C. Shear stress evolution in the presence
of a magnetic field

The evolution equation of shear in the presence of a
magnetic field within the ERTA framework until second-
order gradient expansion can be obtained from

(u p)paf
————

153

0
qBb pvaip(;af(l)

ﬂ””_A’;;/de“p {Af

1

2
70,0
POt )

I3 Iy

(upr) qBb™ p, af; 0} +fo = fo- (83)

R
(u-p)

_l’_

Is

The notation f, — f, denotes the corresponding antipar-
ticle contributions to each term. The detailed derivation
of solving each term [/;(i =1,...,5)] is presented in
Appendix C. We observed that the direct magnetic field
dependence in the shear viscous evolution is entering
through the third and fourth terms (/5 and I, terms).
Solving Eq. (83), we obtain

p 4
g T 2,0M — gﬂ/wg + Qﬂy‘

Tn

v (v
V) — Tynlly O )

— T n i) + A, n VP a + 1, VnY)
+ 8,p g Bb g 7, — qBT i bY)on
- qBﬂ';mBno'bG ny a-— qT057va<”(BU>Gn0')1 (84)

where the coefficients f,, 7., Tzus Az, and [, are not
affected due to the addition of the magnetic field and is
defined in Egs. (32)—(38). The new coefficients that couple
shear stress tensor with magnetic field are given by

I -
5y =202 (85)
NoTx
1 oé
= 2N M P)=L7
TxnB Tﬂ(€+P) |:ﬁ ﬂ +ﬁ<€+ )aﬂ 321>
(86)
57mB - §L32’ (87)
y) 2 2B7L}, + 2BLY, + BN+, + CPKL,
nB Tﬂ(é' n ) 32
d 0
= BNy, + (e+P>( % e §>L§2 +p ;;Lg*z
5 0C + 2 g+
+ p _ﬂK - 2p°K5, |, (88)
with & = HLP. Equation (84) describes the ERTA result of

shear viscous evolution in the presence of a magnetic field.
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To.p

0.0

67rnB

-2

FIG. 2. Coefficients T4, (left panel) and 6,5 (right panel) as a function of the momentum dependence parameter ¢ of the relaxation
time. At £ = 0, i.e., in the RTA limit, we obtain 74,5 = % and 6., :% [51].

We compared our results with conventional RTA results
and observed that our results are consistent with other
studies at various limits as follows:

(1) In our estimation, we used Eq. (39) to describe the

relaxation time with ¢ as the parameter that controls
the momentum dependence of the 7. Atthe B # 0
and Z = 0 case, Eq. (84) reduces to that of Ref. [51]
in the massless limit. It is seen that magnetic field-
dependent transport coefficients are significantly
modified within the current ERTA setup. In Fig. 2,
we showed the impact of £ on the coefficients §,p
and §,,5. With an increase in the value of Z, the
Té,p decreases; however, the behavior is quite
the opposite for d,,5. We have correctly reproduced
the RTA estimations, 6,5 = g and 6,5 = %, respec-
tively, at £ = 0 [51]. The # dependence of &, will
further affect the first-order anisotropic shear vis-
cous coefficients of the magnetized medium in the
Navier-Stokes limit, as shown in the next sub-
section.
AtB =0, u =0, and £ = 0, we note that our result
is consistent with the previous study [91]. Also, in
the limit where B =0, u # 0, and Z = 0, Eq. (84)
reduces to that in Ref. [77]. We have also reproduced
the results of Ref. [74] in the case of B =0, u = 0,
and 7 # 0.

(ii)

D. The Navier-Stokes limit: Magnetic
field-dependent shear coefficients

In the formulation of magnetohydrodynamics, the
magnetic field is taken to be of leading order or O(1)
in gradients since it does not get screened, unlike the
electric field. This is due to the absence of magnetic
monopoles leading to the Bianchi identity. Keeping all the
terms of O(Kn) and O(yKn) (i.e., first order in gradient)
in Eq. (84), we obtain the Navier-Stokes form of the
constitutive relation for the shear stress tensor within
ERTA as

( alrds

T

— 8,5 A gBb P 1, = 2B,6". (89
np rp

The second law of local thermodynamics along with the
Curie principle leads to a general form of 7z as

3 3
o = [ZWOO(AWAW) + 1o, (AW _EEW> <Aaﬂ _Ezaﬁ>
- znoz(Eﬂabvbﬂ + E’/“b/‘bﬂ) — 2103 (E/mbvﬂ + Emb"ﬂ)

+ 21704 (B bV P + b”“b”bﬁ)] Cap- (90)

The projection operators in the presence of a magnetic
field and their properties are presented in Appendix B.
Substituting Eq. (90) into Eq. (89), and comparing various
tensorial structures on the left-hand and the right-hand
sides of Eq. (89), we obtain

ﬁﬂ'Tﬂ

Moo = T+ (2qBe,,5)° (91)

Mot = 31_?_/))(7[211[/(;;;;5;2; (92)
R o
No3 = %, (94)

Moy = Brtx(qBT:5,5) (95)

B 1 + (qBTﬂ5ﬂ3)2 .

In the limit of vanishing magnetic field 7y, — 7y, and we
get back the first-order constitutive relation 7#* = 250"
from Eq. (90), where 5, = f,7,. In Fig. 3, we showed
the momentum dependence of relaxation time on the
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FIG. 3. Comparison of the ERTA magnetic field-dependent
shear coefficients with that of the RTA estimations. Solid lines are
the ERTA calculations by choosing # = 0.5 and dashed lines
denote the RTA results.

anisotropic shear coefficients in the presence of a mag-
netic field. The relative strength of these coefficients in
comparison with the case of B = 0 is expressed in terms of
71—00 We observed that the RTA shear coefficients in the
presence of a magnetic field are significantly modified
with the ERTA setup. This arises from the ERTA-modified
shear stress tensor coupling with the magnetic field that
enters through the coefficient d,5. We also notice that at
¢ =0, or the momentum-independent RTA case with a
constant 7y, the coefficient 8,3 — 2J5,/J3, that agrees
with the value of 6,5 in Ref. [51] and #,/n, ratios matches
with the one found in the RTA limit. For a finite Z, the
coefficients behave differently. For instance, the value of
’37‘—’: at £ = 0.5 is lower than the # = 0 case, while the

behavior is opposite for %‘ The ERTA-modified shear

viscous evolution is anticipated to play a crucial role in
phenomenological studies.

IV. CONCLUSION AND OUTLOOK

In this study, we derived the shear viscous evolution
equations and determined the associated transport coef-
ficients for the QCD matter utilizing the recently devel-
oped ERTA approach. The near-equilibrium distribution
function is estimated by solving the extended-Boltzmann
equation using a Chapman-Enskog-like gradient expan-
sion by incorporating a momentum-dependent relaxa-
tion time. First, we calculated the evolution of the shear
stress tensor for a charge-conserved conformal system.
Subsequently, we expanded the ERTA framework to
analyze the relativistic, nonresistive, magnetohydrody-
namic evolution of the shear tensor. The sensitivity of
the first- and second-order shear viscous coefficients to
the momentum dependence of the relaxation time has
been explored in this study. Notably, our finding reveals

that the ERTA framework substantially alters the coupling
of the shear stress tensor with a particle diffusion current
and with a magnetic field as follows:

(i) Within the conventional RTA-based Chapman-En-
skog-like gradient expansion method, it has been
observed that the second-order evolution equations
for the shear stress tensor and the dissipative charge
current are decoupled for a charge conserved con-
formal system [77]. In the present study within the
ERTA framework, we have found new transport
coefficients that introduce coupling between shear
viscous evolution and the charge current. These
coefficients emerge due to the momentum depend-
ence of the thermal relaxation time at the finite
chemical potential. In Ref. [92], it has been noted
that the inclusion of mass (going beyond the con-
formal limit) may also introduce a coupling with
shear evolution and other dissipative terms in the
medium along with the diffusion current. For the
conclusive physical interpretation of this coupling, an
extensive analysis of dissipative hydrodynamics for a
nonconformal fluid (particles with finite mass) would
be necessary. We verified the consistency of our
results with parallel studies across various limiting
cases and with the exact Boltzmann predictions.

(i1) In the presence of a magnetic field, we observed that
the ERTA-based approach significantly modifies
the shear stress tensor coupling with the magnetic
field. We have compared our results with the rela-
tivistic, nonresistive magnetohydrodynamics equa-
tions within the RTA at the appropriate limits. In the
Navier-Stokes limit, we obtained the magnetic field-
dependent anisotropic shear coefficients. Notably,
the momentum dependence of the relaxation time
has a visible impact on the shear coefficients
depending upon the strength of the magnetic field
and the temperature of the medium.

The current study primarily focuses on the significance
of the momentum dependence of relaxation time on the
dissipative (magneto)hydrodynamic evolution equations.
As a first step, we considered a conformal system with a
parametrization of the relaxation time. The iterative way of
solving ERTA Boltzmann will become more intricate for a
resistive viscous nonconformal system. Looking forward,
we intend to delve deeper into the physical implications of
the coupling of shear evolution and number current by
analyzing a more general system, specifically a massive,
resistive, charge-conserved fluid with the ERTA frame-
work. Notably, in the presence of a magnetic field, it has
been observed that the QCD medium possesses a finite
magnetization, which alters its thermodynamic and trans-
port properties [93]. Exploring the evolution equation of a
medium with a nonzero magnetization presents another
intriguing avenue for research. We leave these aspects for
future studies.
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APPENDIX A: DEFINITION OF (A4)
THERMODYNAMIC INTEGRALS
AND THEIR PROPERTIES s g pUpTp® .- pte _
. jw(m)zzi:3 ! _/dPa . m (fOifO)’
In the present study, we come across the following (u-p) (u-p)
six kinds of integrals that can be used to compute various (AS)
quantities given a particular microscopic distribution
function, f: 5
A Q03 TR pal pazpa3 e pan b
a1 A3 Q, TR(X7 P) 7 N(’;)2i3 - /dP 0(14 . ) (M . )m (fO :t fO)
Ko ™ = / dP 2 p p® p - p (fo £ fo), b P
(u-p) (A6)
(A1)
2 B Each of the above momentum moments can be decom-
L‘()’r‘f)’f’a = / R paipmpos ... pan(fo £ fo), posed in terms of the hydrodynamic degrees of freedom.
(u- p) For a generic moment like Q?;Sia", we have the following
(A2) decomposition:

qoyay _ AME o a a, (m=E/ . ar,a Ay AUy @,
Q(m)i _Qno urtu2yu*3 -y +Qn1 (uluZu}...u 2An]x+perrn)

+ Q}(/lnz/l)i(ual uaZ oo uan—4 Aau—San—Z Aan—lan + perm) + N
+ Q%]’)i(ual ARTG AU L AT By | pem])’

g—Aterms

(A7)

where n > 2g. Each term above is made up of all the nontrivial permutations of the « indices according to the symmetric
property of the A% projector. The coefficients of these terms can then be derived using the orthogonality property of each of
these terms, and these are called the thermodynamic integrals that can be used to express macroscopic quantities such as

number density n, energy density €, and pressure P. The corresponding thermodynamic integrals are

m 1 —2¢—m a £
KSlq)i :7<2q+ 1),,/dPTR(“'P)" 2 (Agsp PP (fo % fo).
r 1 —2g—-m a ¢
Lglq)i = (2q+ 1)”/dPT%’(u.p)n 2q (Aaﬂp pﬂ)q(fo :l:fo)’

(m)x _ 1 aTR n—2qg—m a,fp r
M, = P . q A, q + ,
! (2q+1)n/d Ro(u- p) (u-p) (BappPP)?(fo £ fo)

m 1 or aem a -
Ny = m/dpﬁea—;(“ - p)" T (Aggp® PP ) (fo £ fo),
Vakk 1 Jr n—2q—m a r
5 = i | s e Y Ay ) o £ o).

(m)= 1 dtg n—2q—m a,B\q 7

Ning B ES dpﬁ(u‘}’) (Agsp?P")(fo £ fo)-
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In the massless case, we have the following relation for
each of these thermodynamic integrals:

! ()%
(24 + 1) Ona-t
(m)

integrals can be expressed in L,

olm* (Al14)

The M= and N{W*
integrals as follows:

m 1
Mi(zq>i - L( )+ n—
2T q

NS = LE T

il (A16)
We also have the following relations for each of the
thermodynamic integrals:

ol = T[-o + =290 ] (A1)

= K" _ (4 T,

N Eln‘;) n+1l,q (A 1 8)
The above relations can be used to check the limiting cases

when we take 7z — 7 as well as for B — 0.

APPENDIX B: PROJECTION OPERATORS
IN THE PRESENCE OF A MAGNETIC FIELD

To ensure semipositive entropy production, we can
represent the constitutive relation as

o = e, (B1)

where 7#*% follows the properties of 7#/; i.e., n*® is
traceless, is orthogonal to u, and is symmetric under the
exchange of y and v indices. Also, 7#**” is constructed from
the tensors u*, b, ¢, and b**. This can be achieved by
using the following tensorial structures [36]:

(i) A* = g — u'u

(ii) E AW+ pHbY

(iii) b b¥

(iv) b, (B2)

where A" projects onto a subspace orthogonal to u* and
&M projects onto the two-dimensional subspace orthogonal
to both u# and b*. Using these we can construct a set of five
tensorial combinations that follows the properties of 7 as

2
(l) A;mAy/)’ + AﬂﬂAI/(l _ g A”DA(I/},

3 3
] PN Aa/}_iarl/)’ ,
o (=3 (0 -3=)

(iii) — Sraprpp — EPpHpe — EHPpVDE — BV b P
(iv) —Srapvh —
(iv) bHbbP + bbb + BPL b + braprbb.

Ebﬁb/m _ :yﬂbva _ El/abﬂﬂ’

(B3)
The coefficients of these combinations are the various 7,

components of the shear coefficient. Using these along with
the symmetric nature of 6,5, we obtain

3 3
= <2;100(AWM) +1701 (M - §3ﬂ~> (A“ﬁ - EEW)

— 2o (E*b¥bP + BX*bHbP) — 21703 (BFbYP 4 B2 pHh)

+ 2504 (Db¥ P + b”“b”bﬁ)> Oup (B4)

APPENDIX C: DERIVATION OF SECOND-
ORDER MAGNETOHYDRO EVOLUTION
OF SHEAR STRESS

From Eq. (83), we define the shear stress tensor as the
sum of these five integrals as

ny =T+ Iy + 15+ 1y + Is, (C1)
where the /; terms can be described as
v (Bug)-p)  (u-p—p)
A//l 2 _
+ T“]fo*‘fo—)fov (C2)
-ty [ @y s fok o= o (C3)
Cp'V
Aﬁl;}/dppapﬂ pyay{_ P laf()
(u-p)
Iy Br'p"oim
KHP )Y
ﬁ _
“Bbyn° | fo ¢ + fo = for (C4)

+
T 0 Cpra
Al Pp”p” i qu"kpk—,, 1o
op

ﬂplpmo'lm
[(ew (u- >)”le‘” w-p)

—%QP"BZ’W” ]fo} + fo = fo-

(C5)
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T afo
Is A’;ﬂ/de“pﬁ—(u ‘Rp)qukGPkﬁ+fo—’fo

(Co)
For analytical simplicity, we evaluate the integrals only for
particles, but the final expressions are presented as the
combined result for particles and antiparticles. Solving 7,
we have

v (Auzp) up_ﬂ
II—AZ/}/deapﬂ[— 2 4 = )

Au

]fo, ()

where Auy), AT (), and Apy) contain terms till second
order in gradients. Using the properties of thermodynamic
integrals and the four-rank symmetric tensor, Eq. (C7)
further leads to
Au AT
- v yaf 7(2) v yaf @)
Il = _A’;ﬂ1+yT+ A’;ﬂhyuyT
AT A
MY ya (2) HY yqy ”( )
— ATy —2 N = =0. (C8)
|

Y " T Cp[Va

=T3p + L3 +I3cs

where

) Cp'V,a
7o - | de“pﬂrRD{ o - K

I3 = A’;Z/de“pﬂ(

I3C — Aﬁ;/dppap/j TR
(u
We obtain 75,4 and Z;p as
I}A = —A’;;Dpﬁaaﬂl,;z] + u<”V”>a{2Cﬂ2K§'1 - ﬁ

T =2V (Cﬁh{;z =
14
- (spabrct) + oo ) 03" + LY + 4polo

2n? + 2CH%n -
e+P)? 7 (e+P)

+ V<”aV”>a<(

e+P (u-p)

e+P (u-p)

I 1 ,m
w® g [CPVa n_ 1 1 o 2 PP PO
u p)p }/{ T2 fO TR €+P (up) P la+ (up) fO )

L}, +2L5, —2Cp M},

n N\ p
- 7PL;2 + L22>V a- 2V<"a[€ i

5 qu”>”n{,} <Cﬂ2N3+2

WL, — 4c7</‘70'}'i> pL3,

N, - s PN22> + u<ﬂvv>a<2Cﬂ3N3+2

This indicates that the second-order matching con-
dition does not affect the shear calculations. However,
as we will see, the first-order matching condition will
contribute to the shear viscous evolution. Now, let us
evaluate Z,,

I, =-Al / dPp®p’

= —A" /de“pﬁ Tk
/ (u-p)
X py{_ayﬁ(u ’ p) - ﬁpkayuk + aya}fo
= A" K“%yﬂ + A*;;Kg’{"{fﬂayuk + ALK

(u p)pmf

ap
(1)7_(3ya

= 2Ky por = =l (C9)

We observe that 7, is not affected by either the magnetic
field or any second-order term coming from V#f. Now, we
evaluate 75:

1 l,,m
)p[vla+ﬂp P Oim _ ﬂ

kB o
(u-p) 6+P¢1P bion ]fo}

(C10)

1 )plvla-;-ﬂplpmdl’”}fo},
(u-p)

p -
) py@y{e n PTqu"Bbzmn fo¢-

n 2
+ ?M;& - 2M§2} +3 05N,

N22
+PN32+2)

?eﬁaﬂ%

2nf

5 (C11)

—— N3, + ﬂN22>
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Further, we express Z;- as follows:

p
e+ P

T
Tic = Aa[)’ / deap/j( Rp) py(a TR){ Tqukak(,n”fo}

2
+A’é7f/de PP R pkpro, { 4 n"fo}-
(u-p) +P

Solving this, we obtain

. ﬁ o ﬂ v)o
Tsc = 2u™ L+P on, | (M3, + LY, — 2M7, + BN3,) + 2V L;QH—Pqu n,
p p 2n p
INT |——gBbon_ | —— gBbV)" - Bbon_ | V¥ aNT: C12
+ 32L+PCI ns €+P‘1 n, €+P€+Pq AN 3;. ( )

Hence, we obtain the expression for 75 as

y " R 2n _ _ 2n _
I;= —A’;ﬂD[2ﬁa ALY + i Via {2C,BZK§F1 - e—f——PL;rl +2L5, —2CH*M}, + e—i——PM‘E - 2M32}

2 y n _ , g Mo _ n N>
+ §ﬂ290<" IN{, + 2V <c521<3+2 - €+7PL3+2 + L22> Vg — 2V L —pBb ) n,,] (Cﬁ21\73+2 - H—PN3+2 + 2”)
2n* . 2CHn -,

n
- - Nz
(e+P)?2 " ? (e+P) # e+P 22)

14
- <8ﬂa<ﬂra;> +36’ﬂa"”> (M + LYY + ViaVa <

2nfp

+ u<ﬂvv>a<2Cﬁ3N3+2 T

v 10
N;’FZ + ﬂN22> + 4160}’ ngrZ 40<ﬂy0’y>ﬁL§Lz - ?gﬂGﬂDL;Z

P . P Vo
s p o [ B
o |2 gpben, (L gppirm )| - gBbYn, |V aN: c13
o [ R e+ P17 etPletpr! s (C13)

Next, we evaluate 7, which have direct magnetic field contributions,

0 Cprla n 1
I,= dPp@pt Bb°k - - Iy
4= / pp( p)q pkap{ — fo+ exP u-p))P Ve
Br'P" o P } }
+ - YBb,,n° . Cl4
(u-p) €e+P ap fo (C14)
Using the properties j % X Uy, g;R « U,, and ‘)p = 5., we obtain
CV,a u T Rf
Ty = A" [ dppepfph R _gpped ~=e% o TR 5 o TR L1
4 (1/}/ pp°p (up)q k T2 +T2 (Mp) O—+(l/t'p)p(lu”) fO
n 4
= <4ﬁqu0<ﬂo-,,> + 59ﬁq3b<ﬂ">>L52. (C15)
Here, we have employed the relation, ﬁ(az fo) = —B(0u,)fo. We can also show that b%**) = 0. Hence, Z, can be
written as
T, = 4BqBb*%c L. (C16)
The term Z5 vanishes since af 9 « u, and b*u, = 0. Adding all the parts above we get the following expression for the

second-order evolution equation for shear tensor in the presence of a magnetic field within the ERTA as
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ﬂ'l(g) :Il +Iz +I3 +I4 +IS

=2not — AZ'/}D[Z[)’GO‘/}L;Z] + itV a [ZC/)’ZI(;“l -

+2CH N3, + /}Ngz] + Vi <2Cﬂ21<;2 -

(2P 4B 148 148
1 fot ( Ni - : L —2pLY, - . Y .
2np 208 B
— BV ab? n° NT, — Nt
1 @t <(e+P)2 27 (e+P) 2 e+p

31

2
%L;} + 2L52> Via+V#aVia (

__2np
Tp e MR T p

+2L5, —2CH*M}, + ——N3,

20 2Ch%n -
7 +PN22>

e P e

L3+3> +4ﬂL320y o’ — o Way (4BL3, +8BM L +8BLY,

|l P Vo
N22> +2i¥ [ﬁ——Pqu 7n, | (M + L3, —2M3, + N3,

s s 2n
2NT, | ———gBblHe = _gBW)Y - Bb Hop V" N7
+ 32[€+Pq Mo €+Pq "y e+ P 6+P V3
+2Vi (Lgrze—l—quBbUMnG) —4ﬂqB0<’”’bI;>L§2.

In the limit of # = 0, i.e., the conventional RTA framework
with a finite magnetic field, the evolution equation of the
shear stress tensor reduces to the result in Ref. [51], in the
massless limit. We also observe that for the case with B = 0,
1 =0, and ¢ # 0, the above expression reduces to the form
of second-order shear stress evolution as given in Ref. [74].

APPENDIX D: REALIZATION OF
CONSERVATION LAWS IN THE SECOND-
ORDER ERTA FRAMEWORK

Here, we show that the energy-momentum and number
conservation laws are indeed satisfied in the ERTA frame-
work up to the second order. For simplicity, we only
consider a system of particles but the generalization to
antiparticles is straightforward. The Boltzmann equation in
the ERTA model is

(u-p)

TR

“0uf = — (0f = 8f7). (D1)

1. Number conservation: dﬂN" =0

We start with the N* conservation. The zeroth momen-
tum moment of the Boltzmann equation gives rise to the
|

Ia= / dPp®d,fo

oty

=0 1o+ {an = (D L) e ) bty 4

Pl

= ———1%6,5+ (DI — A, 19)0,n" + { <Dn + H%) Iy - Anllo}ﬂ'aﬁaaﬁ-

€+ P

number conservation law. To this end, we consider the
zeroth moment of the collision kernel that can be defined as
follows:

[ ewcir -

The above equation up to second order in gradients can be

/dP( )(5f 6f*). (D2)

evaluated using the expression for Af(; —A f@) from
Eq. (27),
/ dPC[f] = / dPp“d, fo — / dPp"a, L )Pﬂaﬂfo]
P
+/deﬂ0ﬂ5fZ‘1>
=T+ 1Ip+ 7. (D3)

It is important to emphasize that the term Z that depends
on of ’(‘1) solely arises due to the momentum dependence of

relaxation time and in general depends on oy = p* — u,
oTr =TT, and 6éu, = u;, —u,. Using Eq. (28), we
evaluate A as

p"p"
(u-p)

{p"V 7l — P it}

mn

€+P
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Using the definitions of A,,, D,,, Ay, and Dy from Eqs. (12)
and (13) along with the definitions of the thermodynamic
integrals introduced in Appendix A, we have the following
relations:

Pl _ 3P
— = D5
e+P 4 (D3)
Aplyg =Dyl +1, (D6)

p 3p

Aplio=(Dn+——= |10 ——. D7
il 1o ( 0+ crp) 7y (D7)
With the above relations, we obtain Z 4 = —d,n®. Similarly,

evaluating BB keeping terms up to second order in gradients,

7o == [ o)

n 1
= [ dPp“9 — sy
/ P “{T’*<e+P <u~p>>” ”

+/)7Té?p p) mn}fO

n
= 00,{(6_'_—[11(21 —K”>V"‘a].

as defined in Eq. (20) and the

first-order matching conditions in Eq. (23) for a conformal
system, we obtain Z, as

(D8)

Using the expression of §f ?l)

T, = / dPp?0,5ff,, = —0,[CP*1, Va].  (D9)

Now, we evaluate the zeroth moment of the ERTA collision
term, and by using the definition of first-order number
diffusion from Eq. (26), we obtain

[ el =T+ T+ Te = o

n
+ ()a |:<MK21 - K11>V”a - Cﬁ2[21vaa

= —0,n" 4 0yn* = 0. (D10)
Hence, we have verified that the zeroth moment of the
ERTA collision kernel becomes zero where the extra part
introduced due to the momentum dependence of the
relaxation time is exactly canceled by the o f*(‘w term’s

contribution that we got from the first-order matching
condition. This ensures the number conservation law
holds in this model.

2. Energy-momentum conservation: d,7* =0

To verify the energy-momentum conservation in the
current model, we need to show that the first momentum
moment of the collision kernel is zero. To that end, we
calculate the following

[ et = [ apppranto- [ apppa, [( b a/ffo] [ s,

Again, using Eq. (28), we obtain
To = [ aeptprofy
n 1 p'p"p" pr* ,
- = u- . p i mvma + pp* Omn — mvnﬂﬁn = pry,i"
/( p)[<€+P (u_p)>pp L i p ¥
a ﬂ Q
+{A, =D, (u- p)}p'on* + {An - (Dn + €+ P) (u-p) e pa%ou4 fo
nls Plyi Pl Pl .
— | = i s u aﬁ ap _ o
< €—|—P+121>va+<€+P c+ P u a/i+ -I—P(va” T ua)
+ (Dyl30 = Aylg)0gn® + <<Dn + H-LP> Iy - Anlzo) W, (D12)
Using Egs. (12) and (13) along with the definitions of the i
thermodynamic integrals, we find L, (D14)
e+ P
Pl nls
=3, D13 =1,, D15
. (D13) M=y (D15)
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D, I3y = A, I, (D16)

DHI30 - 1 +AH120' <D17)

Using the above relations, we find that 7, = 7*%i, —
V, 7% By evaluating Z¢, we have

T
Te=- / dPp*p“a, [ﬁ pﬂaﬁfo]
n 1
= /dPP”Paaa{TR <€+—P_(u—p)> Pﬁvﬁa
T m ., n
+ﬂ RD_D amn}fO
(u-p)
_ nKs AT, 1 L aTu
—aa|:(€+P K21>(uVa+uVa)

+ 0u[2PK ) ).

By employing Eq. (25), the last term in the above equation
can be written as 0,7"* = —i,7"* + V7",

K
Ze =20, [(n 3 K21> (u"V%a + u"V”a)}
e+ P
— U, + V7. (D18)

Similar to the previous subsection, using the expression for
of ?1)’ which solely arises due to the momentum depend-

ence of thermal relaxation time, obtained from the match-
ing condition, we obtain

Iy= / dPp! 0,617y, = =04 [CP L3y (V' + uVra)].
(D19)

Finally, we estimate the first moment of the collision
kernel as

[ el =1o 4 2+ 15

nkK
=0, H <€ T Kzl) - Cﬁ%l}

x (utV* + uavﬂa)] .

(D20)

Using the fact that

I’lK31 )
- K = Cp*14, D21
<€+P 21> 13 ( )
we obtain
/de”C[f] =0. (D22)

Hence, we have verified that the first moment of the ERTA
collision term vanishes, thereby guaranteeing the conser-
vation of the energy-momentum tensor in the current
model. We find that the contribution to the distribution
function from the first-order matching condition exactly
cancels out the remaining nonzero part due to the momen-
tum-dependent relaxation time. In general, we note that the
forms of y* = u+du, T* =T + 6T, and u, = u, + ou,
are important in obtaining the conservation equations. The
definitions of du, 6T, and éu,, incorporate the counterterms
that arise due to the momentum dependence of relaxation
time for the satisfaction of the conservation equations. The
definition of these quantities in the first order in gradients
are defined in Eq. (23). For the present system, we have
further defined 6u* in terms of thermodynamic integrals
(using the distribution function) as

1 n
r = —— | ——=K§, - K3, |V,a.
Uy ”/44"31;1 <€+P 31 21) u
However, one needs to define these quantities until the
second order for the third-order hydrodynamic estimations.
For a simplified system of massless particles at the vanishing
chemical potential, these can be defined as follows [74]:

5K
M; = Lt” + T(TQP)Z (ﬂ’wl;ty — Vbﬂ”’“ - ﬂaﬁdaﬂuﬂ>
€
2Lz .
+ 7T(€ P (26", + V, 0" + aaﬂaaﬁu"),

T*:T+SI(43’2”ﬂUG +L L _@ .
3e+ P2 M e+ P\ 3T ””'

The contribution from these quantities becomes essential to
ensure the conservation laws within the framework of third-
order hydrodynamics, which is beyond the scope of the
present analysis.

014004-20



REVISITING SHEAR STRESS TENSOR EVOLUTION: ...

PHYS. REV. D 110, 014004 (2024)

[1] C. Gale, S. Jeon, and B. Schenke, Int. J. Mod. Phys. A 28,
1340011 (2013).
[2] U. Heinz and R. Snellings, Annu. Rev. Nucl. Part. Sci. 63,
123 (2013).
[3] D. Teaney, Phys. Rev. C 68, 034913 (2003).
[4] P. Romatschke and U. Romatschke, Phys. Rev. Lett. 99,
172301 (2007).
[5] S. Ryu, J. E. Paquet, C. Shen, G. S. Denicol, B. Schenke, S.
Jeon, and C. Gale, Phys. Rev. Lett. 115, 132301 (2015).
[6] A. Bzdak and V. Skokov, Phys. Lett. B 710, 171 (2012).
[71 W.-T. Deng and X.-G. Huang, Phys. Rev. C 85, 044907
(2012).
[8] K. Tuchin, Adv. High Energy Phys. 2013, 490495 (2013).
[9] X.-G. Huang, Rept. Prog. Phys. 79, 076302 (2016).
[10] S. Acharya et al. (ALICE Collaboration), Phys. Rev. Lett.
125, 022301 (2020).
[11] J. Adam et al. (STAR Collaboration), Phys. Rev. Lett. 123,
162301 (2019).
[12] S.K. Das, S. Plumari, S. Chatterjee, J. Alam, F. Scardina,
and V. Greco, Phys. Lett. B 768, 260 (2017).
[13] Z.-F. Jiang, S. Cao, W.-J. Xing, X.-Y. Wu, C. B. Yang, and
B.-W. Zhang, Phys. Rev. C 105, 054907 (2022).
[14] J. O. Andersen, W. R. Naylor, and A. Tranberg, Rev. Mod.
Phys. 88, 025001 (2016).
[15] M. D’Elia, L. Maio, F. Sanfilippo, and A. Stanzione, Phys.
Rev. D 105, 034511 (2022).
[16] A. Ayala, L. A. Hernandez, M. Loewe, and C. Villavicencio,
Eur. Phys. J. A 57, 234 (2021).
[17] B. Karmakar, N. Haque, and M. G. Mustafa, Phys. Rev. D
102, 054004 (2020).
[18] X. Wang and I. A. Shovkovy, Phys. Rev. D 106, 036014
(2022).
[19] M. Kurian, S. Mitra, S. Ghosh, and V. Chandra, Eur. Phys. J.
C 79, 134 (2019).
[20] R. Ghosh and M. Kurian, Phys. Rev. C 107, 034903 (2023).
[21] J. Dey, S. Samanta, S. Ghosh, and S. Satapathy, Phys. Rev.
C 106, 044914 (2022).
[22] J. Sebastian, L. Thakur, H. Mishra, and N. Haque, Phys.
Rev. D 108, 094001 (2023).
[23] S. Satapathy, S. Ghosh, and S. Ghosh, Phys. Rev. D 104,
056030 (2021).
[24] S. Li and H.-U. Yee, Phys. Rev. D 97, 056024 (2018).
[25] S. A. Khan, D. Dey, and B. k. Patra, arXiv:2309.08467.
[26] K. K. Gowthama, M. Kurian, and V. Chandra, Phys. Rev. D
103, 074017 (2021).
[27] S. Rath and B.K. Patra, Phys. Rev. D 102, 036011
(2020).
[28] R. Ghosh, M. Y. Jamal, and M. Kurian, Phys. Rev. D 108,
054035 (2023).
[29] M. Y. Jamal, J. Prakash, I. Nilima, and A. Bandyopadhyay,
J. Phys. G 51, 045104 (2024).
[30] S.K. Das et al., Int. J. Mod. Phys. E 31, 12 (2022).
[31] A. Dash, S. Samanta, J. Dey, U. Gangopadhyaya, S. Ghosh,
and V. Roy, Phys. Rev. D 102, 016016 (2020).
[32] R. Ghosh and N. Haque, Phys. Rev. D 105, 114029 (2022).
[33] U. Gangopadhyaya and V. Roy, J. High Energy Phys. 09
(2022) 114.
[34] S. Rath and S. Dash, Eur. Phys. J. A 60, 29 (2024).
[35] B. Singh, M. Kurian, S. Mazumder, H. Mishra, V. Chandra,
and S. K. Das, arXiv:2004.11092.

[36] X.-G. Huang, A. Sedrakian, and D. H. Rischke, Ann. Phys.
(Amsterdam) 326, 3075 (2011).

[37] M. Kurian, Phys. Rev. D 103, 054024 (2021).

[38] P. Panday and B.K. Patra, Phys. Rev. D 105, 116009
(2022).

[39] A. Jaiswal et al., Int. J. Mod. Phys. E 30, 2130001 (2021).

[40] K. Goswami, D. Sahu, J. Dey, R. Sahoo, and R. Stock, Phys.
Rev. D 109, 074012 (2024).

[41] G.K. K, M. Kurian, and V. Chandra, Phys. Rev. D 104,
094037 (2021).

[42] M. Kurian, Phys. Rev. D 102, 014041 (2020).

[43] K. Fukushima, D. E. Kharzeev, and H.J. Warringa, Phys.
Rev. D 78, 074033 (2008).

[44] D.E. Kharzeev, J. Liao, S. A. Voloshin, and G. Wang, Prog.
Part. Nucl. Phys. 88, 1 (2016).

[45] K. Hattori and X.-G. Huang, Nucl. Sci. Tech. 28, 26 (2017).

[46] N. Mueller and J. M. Pawlowski, Phys. Rev. D 91, 116010
(2015).

[47] 1. A. Shovkovy, Lect. Notes Phys. 871, 13 (2013).

[48] G.S. Denicol, X.-G. Huang, E. Molndr, G. M. Monteiro, H.
Niemi, J. Noronha, D. H. Rischke, and Q. Wang, Phys. Rev.
D 98, 076009 (2018).

[49] G. S. Denicol, E. Molnar, H. Niemi, and D. H. Rischke,
Phys. Rev. D 99, 056017 (2019).

[50] X.-G. Huang, M. Huang, D. H. Rischke, and A. Sedrakian,
Phys. Rev. D 81, 045015 (2010).

[51] A.K. Panda, A. Dash, R. Biswas, and V. Roy, J. High
Energy Phys. 03 (2021) 216.

[52] A.K. Panda, A. Dash, R. Biswas, and V. Roy, Phys. Rev. D
104, 054004 (2021).

[53] U. Gursoy, D. Kharzeev, and K. Rajagopal, Phys. Rev. C 89,
054905 (2014).

[54] G. Inghirami, L. Del Zanna, A. Beraudo, M.H.
Moghaddam, F. Becattini, and M. Bleicher, Eur. Phys.
J. C 76, 659 (2016).

[55] V. Roy, S. Pu, L. Rezzolla, and D. H. Rischke, Phys. Rev. C
96, 054909 (2017).

[56] K. Hattori, M. Hongo, and X.-G. Huang, Symmetry 14,
1851 (2022).

[57] K. Hattori, Y. Hirono, H.-U. Yee, and Y. Yin, Phys. Rev. D
100, 065023 (2019).

[58] A. Das, S.S. Dave, P.S. Saumia, and A.M. Srivastava,
Phys. Rev. C 96, 034902 (2017).

[59] K. Kushwah and G. S. Denicol, Phys. Rev. D 109, 096021
(2024).

[60] Z. Fang, K. Hattori, and J. Hu, arXiv:2402.18601.

[61] P.L. Bhatnagar, E. P. Gross, and M. Krook, Phys. Rev. 94,
511 (1954).

[62] P. Welander, Ark. Fys. 7, 507 (1954).

[63] C. Marle, Ann. Inst. Henri Poincaré, Phys. Théor. 10, 67
(1969).

[64] J. L. Anderson and H. R. Witting, Physica (Amsterdam) 74,
466 (1974).

[65] M. Strickland, J. Noronha, and G. Denicol, Phys. Rev. D 97,
036020 (2018).

[66] G.S. Denicol, U. W. Heinz, M. Martinez, J. Noronha, and
M. Strickland, Phys. Rev. D 90, 125026 (2014).

[67] A. Jaiswal, R. Ryblewski, and M. Strickland, Phys. Rev. C
90, 044908 (2014).

[68] M. Kurian and V. Chandra, Phys. Rev. D 97, 116008 (2018).

014004-21


https://doi.org/10.1142/S0217751X13400113
https://doi.org/10.1142/S0217751X13400113
https://doi.org/10.1146/annurev-nucl-102212-170540
https://doi.org/10.1146/annurev-nucl-102212-170540
https://doi.org/10.1103/PhysRevC.68.034913
https://doi.org/10.1103/PhysRevLett.99.172301
https://doi.org/10.1103/PhysRevLett.99.172301
https://doi.org/10.1103/PhysRevLett.115.132301
https://doi.org/10.1016/j.physletb.2012.02.065
https://doi.org/10.1103/PhysRevC.85.044907
https://doi.org/10.1103/PhysRevC.85.044907
https://doi.org/10.1155/2013/490495
https://doi.org/10.1088/0034-4885/79/7/076302
https://doi.org/10.1103/PhysRevLett.125.022301
https://doi.org/10.1103/PhysRevLett.125.022301
https://doi.org/10.1103/PhysRevLett.123.162301
https://doi.org/10.1103/PhysRevLett.123.162301
https://doi.org/10.1016/j.physletb.2017.02.046
https://doi.org/10.1103/PhysRevC.105.054907
https://doi.org/10.1103/RevModPhys.88.025001
https://doi.org/10.1103/RevModPhys.88.025001
https://doi.org/10.1103/PhysRevD.105.034511
https://doi.org/10.1103/PhysRevD.105.034511
https://doi.org/10.1140/epja/s10050-021-00534-4
https://doi.org/10.1103/PhysRevD.102.054004
https://doi.org/10.1103/PhysRevD.102.054004
https://doi.org/10.1103/PhysRevD.106.036014
https://doi.org/10.1103/PhysRevD.106.036014
https://doi.org/10.1140/epjc/s10052-019-6649-z
https://doi.org/10.1140/epjc/s10052-019-6649-z
https://doi.org/10.1103/PhysRevC.107.034903
https://doi.org/10.1103/PhysRevC.106.044914
https://doi.org/10.1103/PhysRevC.106.044914
https://doi.org/10.1103/PhysRevD.108.094001
https://doi.org/10.1103/PhysRevD.108.094001
https://doi.org/10.1103/PhysRevD.104.056030
https://doi.org/10.1103/PhysRevD.104.056030
https://doi.org/10.1103/PhysRevD.97.056024
https://arXiv.org/abs/2309.08467
https://doi.org/10.1103/PhysRevD.103.074017
https://doi.org/10.1103/PhysRevD.103.074017
https://doi.org/10.1103/PhysRevD.102.036011
https://doi.org/10.1103/PhysRevD.102.036011
https://doi.org/10.1103/PhysRevD.108.054035
https://doi.org/10.1103/PhysRevD.108.054035
https://doi.org/10.1088/1361-6471/ad290d
https://doi.org/10.1142/S0218301322500975
https://doi.org/10.1103/PhysRevD.102.016016
https://doi.org/10.1103/PhysRevD.105.114029
https://doi.org/10.1007/JHEP09(2022)114
https://doi.org/10.1007/JHEP09(2022)114
https://doi.org/10.1140/epja/s10050-024-01252-3
https://arXiv.org/abs/2004.11092
https://doi.org/10.1016/j.aop.2011.08.001
https://doi.org/10.1016/j.aop.2011.08.001
https://doi.org/10.1103/PhysRevD.103.054024
https://doi.org/10.1103/PhysRevD.105.116009
https://doi.org/10.1103/PhysRevD.105.116009
https://doi.org/10.1142/S0218301321300010
https://doi.org/10.1103/PhysRevD.109.074012
https://doi.org/10.1103/PhysRevD.109.074012
https://doi.org/10.1103/PhysRevD.104.094037
https://doi.org/10.1103/PhysRevD.104.094037
https://doi.org/10.1103/PhysRevD.102.014041
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1016/j.ppnp.2016.01.001
https://doi.org/10.1016/j.ppnp.2016.01.001
https://doi.org/10.1007/s41365-016-0178-3
https://doi.org/10.1103/PhysRevD.91.116010
https://doi.org/10.1103/PhysRevD.91.116010
https://doi.org/10.1007/978-3-642-37305-3
https://doi.org/10.1103/PhysRevD.98.076009
https://doi.org/10.1103/PhysRevD.98.076009
https://doi.org/10.1103/PhysRevD.99.056017
https://doi.org/10.1103/PhysRevD.81.045015
https://doi.org/10.1007/JHEP03(2021)216
https://doi.org/10.1007/JHEP03(2021)216
https://doi.org/10.1103/PhysRevD.104.054004
https://doi.org/10.1103/PhysRevD.104.054004
https://doi.org/10.1103/PhysRevC.89.054905
https://doi.org/10.1103/PhysRevC.89.054905
https://doi.org/10.1140/epjc/s10052-016-4516-8
https://doi.org/10.1140/epjc/s10052-016-4516-8
https://doi.org/10.1103/PhysRevC.96.054909
https://doi.org/10.1103/PhysRevC.96.054909
https://doi.org/10.3390/sym14091851
https://doi.org/10.3390/sym14091851
https://doi.org/10.1103/PhysRevD.100.065023
https://doi.org/10.1103/PhysRevD.100.065023
https://doi.org/10.1103/PhysRevC.96.034902
https://doi.org/10.1103/PhysRevD.109.096021
https://doi.org/10.1103/PhysRevD.109.096021
https://arXiv.org/abs/2402.18601
https://doi.org/10.1103/PhysRev.94.511
https://doi.org/10.1103/PhysRev.94.511
https://doi.org/10.1016/0031-8914(74)90355-3
https://doi.org/10.1016/0031-8914(74)90355-3
https://doi.org/10.1103/PhysRevD.97.036020
https://doi.org/10.1103/PhysRevD.97.036020
https://doi.org/10.1103/PhysRevD.90.125026
https://doi.org/10.1103/PhysRevC.90.044908
https://doi.org/10.1103/PhysRevC.90.044908
https://doi.org/10.1103/PhysRevD.97.116008

SINGH, KURIAN, and CHANDRA

PHYS. REV. D 110, 014004 (2024)

[69] S. Bhadury, M. Kurian, V. Chandra, and A. Jaiswal, J. Phys.
G 48, 105104 (2021).

[70] L.J. Naik and V. Sreekanth, J. Phys. G 50, 025102 (2023).

[71] S. Bhadury, M. Kurian, V. Chandra, and A. Jaiswal, J. Phys.
G 47, 085108 (2020).

[72] G.S. Rocha, G. S. Denicol, and J. Noronha, Phys. Rev. Lett.
127, 042301 (2021).

[73] D. Dash, S. Bhadury, S. Jaiswal, and A. Jaiswal, Phys. Lett.
B 831, 137202 (2022).

[74] D. Dash, S. Jaiswal, S. Bhadury, and A. Jaiswal, Phys. Rev.
C 108, 064913 (2023).

[75] S. Mitra, Phys. Rev. C 103, 014905 (2021).

[76] E. Calzetta and A. Kandus, arXiv:2403.05695.

[77] A. Jaiswal, B. Friman, and K. Redlich, Phys. Lett. B 751,
548 (2015).

[78] K. Dusling, G. D. Moore, and D. Teaney, Phys. Rev. C 81,
034907 (2010).

[79] P. Chakraborty and J. I. Kapusta, Phys. Rev. C 83, 014906
(2011).

[80] K. Dusling and T. Schifer, Phys. Rev. C 85, 044909 (2012).

[81] A. Kurkela and U. A. Wiedemann, Eur. Phys. J. C 79, 776
(2019).

[82] G.S. Denicol, S. Jeon, and C. Gale, Phys. Rev. C 90,
024912 (2014).

[83] G. S. Denicol, E. Molnér, H. Niemi, and D. H. Rischke, Eur.
Phys. J. A 48, 170 (2012).

[84] G.S. Denicol and J. Noronha, Phys. Lett. B 850, 138487
(2024).

[85] G.S. Rocha, C. V. P. de Brito, and G. S. Denicol, Phys. Rev.
D 108, 036017 (2023).

[86] J. F. Fuini, C. F. Uhlemann, and L. G. Yaffe, J. High Energy
Phys. 12 (2016) 042.

[87] K. Hattori, S. Li, D. Satow, and H.-U. Yee, Phys. Rev. D 95,
076008 (2017).

[88] M. Kurian and V. Chandra, Phys. Rev. D 99, 116018 (2019).

[89] K. Hattori, X.-G. Huang, D.H. Rischke, and D. Satow,
Phys. Rev. D 96, 094009 (2017).

[90] M. Kurian and V. Chandra, Phys. Rev. D 96, 114026 (2017).

[91] R. S. Bhalerao, A. Jaiswal, S. Pal, and V. Sreekanth, Phys.
Rev. C 89, 054903 (2014).

[92] A. Jaiswal and V. Roy, Adv. High Energy Phys. 2016,
9623034 (2016).

[93] G.S. Bali, E. Bruckmann, G. Endrddi, S.D. Katz, and A.
Schifer, J. High Energy Phys. 08 (2014) 177.

014004-22


https://doi.org/10.1088/1361-6471/ac1d9a
https://doi.org/10.1088/1361-6471/ac1d9a
https://doi.org/10.1088/1361-6471/aca924
https://doi.org/10.1088/1361-6471/ab907b
https://doi.org/10.1088/1361-6471/ab907b
https://doi.org/10.1103/PhysRevLett.127.042301
https://doi.org/10.1103/PhysRevLett.127.042301
https://doi.org/10.1016/j.physletb.2022.137202
https://doi.org/10.1016/j.physletb.2022.137202
https://doi.org/10.1103/PhysRevC.108.064913
https://doi.org/10.1103/PhysRevC.108.064913
https://doi.org/10.1103/PhysRevC.103.014905
https://arXiv.org/abs/2403.05695
https://doi.org/10.1016/j.physletb.2015.11.018
https://doi.org/10.1016/j.physletb.2015.11.018
https://doi.org/10.1103/PhysRevC.81.034907
https://doi.org/10.1103/PhysRevC.81.034907
https://doi.org/10.1103/PhysRevC.83.014906
https://doi.org/10.1103/PhysRevC.83.014906
https://doi.org/10.1103/PhysRevC.85.044909
https://doi.org/10.1140/epjc/s10052-019-7271-9
https://doi.org/10.1140/epjc/s10052-019-7271-9
https://doi.org/10.1103/PhysRevC.90.024912
https://doi.org/10.1103/PhysRevC.90.024912
https://doi.org/10.1140/epja/i2012-12170-x
https://doi.org/10.1140/epja/i2012-12170-x
https://doi.org/10.1016/j.physletb.2024.138487
https://doi.org/10.1016/j.physletb.2024.138487
https://doi.org/10.1103/PhysRevD.108.036017
https://doi.org/10.1103/PhysRevD.108.036017
https://doi.org/10.1007/JHEP12(2016)042
https://doi.org/10.1007/JHEP12(2016)042
https://doi.org/10.1103/PhysRevD.95.076008
https://doi.org/10.1103/PhysRevD.95.076008
https://doi.org/10.1103/PhysRevD.99.116018
https://doi.org/10.1103/PhysRevD.96.094009
https://doi.org/10.1103/PhysRevD.96.114026
https://doi.org/10.1103/PhysRevC.89.054903
https://doi.org/10.1103/PhysRevC.89.054903
https://doi.org/10.1155/2016/9623034
https://doi.org/10.1155/2016/9623034
https://doi.org/10.1007/JHEP08(2014)177

