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Recently entanglement suppression was proposed to be one possible origin of emergent symmetries.
Here we test this conjecture in the context of heavy meson scatterings. The low-energy interactions of
D® D™ and DX D™ are closely related to the hadronic molecular candidates X (3872) and T ..(3875)*,
respectively, and can be described by a nonrelativistic effective Lagrangian manifesting heavy-quark spin
symmetry, which includes only constant contact potentials at leading order. We explore entanglement
suppression in a tensor-product framework to treat both the isospin and spin degrees of freedom. Using the
X(3872) and T,.(3875)" as inputs, we find that entanglement suppression indeed leads to an emergent
symmetry, namely, a light-quark spin symmetry, and as such the D®)D®) or D®) D®) interaction strengths
for a given total isospin do not depend on the total angular momentum of light (anti)quarks. The X (3872)
and T..(3875)" are predicted to have five isoscalar partners and one isoscalar partner, respectively, while
the corresponding partner numbers derived solely from heavy-quark spin symmetry are three and one,
respectively. The predictions need to be confronted with experimental data and lattice quantum

chromodynamics results to further test the entanglement suppression conjecture.
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I. INTRODUCTION

Symmetries play a crucial role in physics, serving as
fundamental principles for understanding nature and
revealing the properties of elementary particles and inter-
actions. Particularly at low energies, the behavior of many
systems can be attributed to the influence of their sym-
metries. Symmetries at low energies often manifest as local
approximations of high-energy theories, and additional
symmetries, known as “emergent symmetries” which are
not in the action of the theory, may arise. In recent years,
the concept of quantum entanglement has been introduced
to the study and description of emergent symmetries,
providing a new perspective for uncovering novel physical
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phenomena and understanding the behavior of low-energy
systems [1-7].

Entanglement measures the degree to which a system
is entangled and quantifies the deviation from the tensor-
product structure for a given state [8,9] (and if the
tensor-product structure is considered quasiclassical, then
entanglement signifies the deviation from the classical
structure). Given the ability to quantify the entanglement
of a state, it is natural to extend this concept to quantify
the entanglement of an operator [10]. This can be achieved
by averaging the entanglement measure of the states
produced by applying the operator to all tensor-product
states. It is evident that the entanglement of an operator
measures its capacity to generate entanglement, termed as
“entanglement power” in the literature.

Since the S matrix is also an operator, it is conceivable to
assign an entanglement power to it. We know that the S
matrix carries all the information of a scattering process;
hence its entanglement power measures the deviation of a
specific scattering process from classical structure. It is
natural to consider extreme cases, such as when the
entanglement of the § matrix reaches its maximum or
minimum value (which can always be zero). Reference [1]
examines the latter, revealing some intriguing clues: the
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inherent SU(2);so5pin X SU(2)gpin Symmetry of nucleon-
nucleon scattering enlarges to Wigner’s SU(4) symmetry
[11-13] when the entanglement vanishes, leading to the
conjecture that entanglement suppression could be the
origin of emergent symmetries.

If the hypothesis holds, one may speculate that minimal
entanglement would constrain the parameter space of low-
energy hadron reactions, and thus would determine the
emergence of new structures in hadronic interactions in the
low-energy region. Consequences of entanglement sup-
pression have been examined for nucleon-nucleon inter-
actions [1,2], the pionic scattering [3], the scattering
between light octet baryons [4,6], and the relativistic
scattering of Higgs doublets [5]. In this paper, we will
extend the study of entanglement suppression to the
scattering of heavy mesons, where there are numerous
intriguing near-threshold structures under intensive inves-
tigations. Two of the prominent examples in this regard are
the X(3872) [14], also known as the y.,(3872) [15], and
the T,..(3875)" [16,17], which have been proposed to be
potential DD* [18-23] and D* D [24-27] hadronic molecu-
lar states, respectively (for reviews, see Refs. [28-37]). We
will investigate to what consequences their existence
together with entanglement suppression can lead.

The interaction between a pair of ground-state heavy
mesons near threshold is closely related to the formation
of hadronic molecular states [31]. Therefore, we will
analyze the near-threshold scattering processes of a pair of
heavy mesons (namely, the D®) D) and D*) D™ scatter-
ing), where particles can be treated using a nonrelativistic
approximation and the interaction is dominated by the
lowest partial wave, i.e., the S wave. Moreover, the mass
of charm quark, m,, is much larger than the nonperturba-
tive energy scale of quantum chromodynamics (QCD),
denoted by Aqgcp. Therefore, when studying physical
processes involving momentum scales of O(Agcp), we
can treat Agcp/m, as a small parameter and expand it in a
power series to construct an effective field theory. The
leading order (LO) is given by the heavy-quark limit
(m, - o), where the heavy-quark spin symmetry
(HQSS) [38] exists. HQSS has been used to predict
heavy-quark spin partners of hadronic molecules contain-
ing heavy quark(s) [39-42]. This paper will investigate
whether entanglement suppression will enlarge HQSS,
then obtaining an emergent symmetry, which can predict
more potential siblings of X(3872) and T,.(3875)" than
HQSS does.

Furthermore, enlarged symmetries in the low-energy
region can also emerge in the large-N, limit, with N,
the number of colors. For the Wigner’s SU(4) symmetry,
the large-N,. limit makes the same prediction, but for some
other cases [1,4], the results obtained from the entangle-
ment suppression and the large-N . limit differ, making it
also meaningful to examine the differences between the
two in the D®D™ and D®DM systems.

The outline of this paper is as follows: In Sec. II, the
entanglement power is considered in detail. The S matrix
is formulated in a basis convenient for calculation in
Sec. III A. Then in Sec. III B, we demonstrate how to
relate the parametrization of the S matrix to the amplitudes.
In Sec. IIIC, we present the effective Lagrangians and
compute the amplitudes for D*) D) and D)D) scatter-
ings. In Sec. IV, we derive the constraints imposed by
entanglement suppression on the S matrix, and in Sec. V,
these results are connected to hadronic molecules, and we
will show that with the X(3872) and T..(3875)" as inputs,
there emerges a light-quark spin symmetry. Subsequently,
we conduct a brief large-N-limit analysis for the heavy
meson scatterings in Sec. VI. Finally, a concise summary is
provided in Sec. VIIL.

II. ENTANGLEMENT POWER

The degree to which a system is entangled, or its
deviation from a tensor-product structure, provides a
measure of how “nonclassical” it is [1,2]. An entanglement
measure is a way to quantify the degree of entanglement of
any given state. For a bipartite system |y), the commonly
employed linear entropy is defined as (see, e.g., Refs. [3,4])

E(ly)) =1 ="Tr[pi]. (1)

where p = |w) (y/| is the density matrix, and p; = Tr,(p) is
the reduced density matrix obtained after tracing over
subsystem 2. E(|w)) serves as a semipositive definite
measure of entanglement which vanishes only on tensor-
product states |w) = |y ;) ® |y»), as shown in the Appendix.

Entanglement measure quantifies the entanglement in a
quantum state |y), while entanglement power measures the
ability of a quantum-mechanical operator U to generate
entanglement by averaging over states obtained by acting U
on all tensor-product states [10]:

EWU)=EUly)).  lw)=Ilv1) ®lw2). (2)
By describing the average action of U transiting a tensor-
product state to an entangled state, entanglement power
expresses a state-independent entanglement measure that is
also semipositive definite and vanishes, i.e., is minimized,
only when Uly) remains a tensor-product state for any
) = lw1) ® |wa).

In general, a low-energy scattering event can entangle
position, spin, and other quantum numbers, and it is
therefore natural to assign an entanglement power to the
S matrix for such a scattering process. Moreover, the small
mass splitting between u and d quarks leads to the
approximate SU(2) isospin symmetry, so it is instructive
to take into account the isospin invariance, which intro-
duces interesting interplay between flavor and spin quan-
tum numbers [4]. Based on the above discussion, we
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choose to define the entanglement power of the S matrix in
the initial two-particle isospin @ spin space. Since the
S-wave heavy mesons are isospin-1/2 and spin-0 (D) or
spin-1 (D*), it is expedient to focus on the following
two cases.

The first one is where there are two isospin states (a
qubit) for each particle, the isospin-1/2 case. This is just
like the discussion of the spin states for the nucleon-
nucleon case in Ref. [3]. The most general initial isospin-
1/2 state can be parametrized using the two complex
parameters or four real parameters. Among them, one
parameter can be removed by normalization, and one gives
an overall irrelevant phase. Finally only two real parameters
are left, which parametrize a CP' manifold, also known as
the two-sphere S? or the Bloch sphere [3,43]. It can be
parametrized as

0 . AN
lw) = (cosi,e”j’ sin§> , (3)

with 0€[0,z] and ¢ €[0,2x). Therefore, the incoming
state of two isospin-1/2 particles is mapped to a point on
the product manifold, CP!' x CP!, while the entanglement
power E(S) of the S matrix is defined as

dQ, dQ,

————TIr [Pﬂv 4)

ES)=1-
(5) drn 4r

where we have defined p=[yrou) (Woul and [Wous) = Slin),

Win) = 1) ® [wa).
In the spin-1 case, we have three spin states (a qutrit)

which involve three complex parameters, similar to the
isospin space of the 7z scattering discussed in Ref. [3]. Four
real parameters are left after considering normalization and
removing the overall phase, and they parametrize the CP?
manifold. Thus, an arbitrary qutrit can be written as

ly) = (cos fsina, e sinfsina, e” cosa)’,  (5)

where a,f€[0,7/2] and p,v€[0,27). Similarly to
Eq. (4), the entanglement power E(S) of the S matrix can
be defined as

E(S)=1 —/da)lda)zTrl 3], (6)

with  dw = (2/7?) cos asin® ada cos B sin fdfdudy  the
normalized measure that describes the geometry of
CP? [43,44].

III. HEAVY MESON SCATTERING

A. S matrix

In this paper, we primarily study the scattering of heavy
mesons in the near-threshold region, which is dominated by

the S-wave interaction. In general, the S matrix can be
expressed as

S=> T, ®ILe*u, (7)
1.J

where we define J; ® Z; the projection operators onto
subspaces of definite isospin / and total spin J, and &, the
corresponding phase shift.

Let us start with D)D) scattering. The construction of
the S matrix proceeds straightforwardly [3,4]:

SDD — 1'0 e2i§00 +Il e2i5‘f’, (8)

Spp =Ty e*on + T, e*on, 9)

Spp = I, ® J, eidu-, (10)
1=0,1J=0,1,2

with the isospin space projectors

1—1 -
IOE#, 7, =250 0

and the spin space projectors

1 2
jof—g[l—(tl'tz) ],

1 1
T El—i(tl‘tz)—i(tl'tz)z’

1 3 1
Jr=3 1+§(t1‘t2)+§(t1't2)2 ; (12)
where (#4,)?¢ = —ie“”¢, 7 are Pauli matrices in the flavor

space, and the D*D* scattering phase shifts are denoted as
817, to be distinguished from the D*)D scattering phase
shifts 6;;. The S matrices for DD and D*D scattering are
exclusively parametrized in the isospin space. This is
because in these two processes, the total spin has only
one specific value for each. Additionally, the Bose-Einstein
statistics dictates that (i) §yy =0 for DD scattering;
(i1) Ogosx = 0o« = 0115 = 0 for D*D* scattering, i.e., the
total isospin I = 0 projects into spin triplet 35, while = 1
projects into both spin singlet 'S, and quintuplet °S, [26].

For D®) D) scattering, there are two additional intri-
cacies: (i) electrically neutral D™D combinations should
have definite C parities; (ii) there is no Bose-Einstein
statistics. This implies that the § matrix for D)D)
scattering should be written as

SD[_) :IO 621'300 +Il eZiSIO, (13)
Spps = Lo e 4 T e2idus (14)
Spp =Y. T, Q J,e¥ou- (15)

1=0,1J=0,1,2
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FIG. 1.
—iCy vertex.

The phase shifts of DD and D*D* scatterings are denoted
as 6;; and &,,,, respectively. The JC combinations that a
pair of D™ and D™ can form are as follows [31,45]:

0**: DD,D*D*;

1 - _ _
1*~: — (DD* + D*D), D*D*;
ﬁ( )
1 _ _
1**: — (DD* — D*D);
ﬁ( )
2++: D*D* (16)

Thus, it is seen in Eq. (14) that there are two independent S
matrices in the DD* channel, with C = + and thus the

[T3E 2]

corresponding subindex “_.”. Here the phase convention
for the charge conjugation is chosen as C|D) = |D) and
C|D*) = —|D*).

B. Effective range expansion

In this subsection, we will first derive the effective range
expansion that will be utilized later, and then discuss how to
relate phase shifts to amplitudes in different physical cases.

We start by considering the effective Lagrangian for two
nonrelativistic spinless bosons ¢; with only the LO contact
interaction in a derivative (nonrelativistic) expansion:

V2 .
L=> ¢ (ia, —m;+ 2m> $i = Cobi3prdo. (17)
i=12 !

It is easy to write down the amplitude for the process
¢1¢> = ¢4, shown in Fig. 1:

iM = —iCy + (=iCo)(iG)(=iCy) + - --

. 18
Cy' -G (18)

where we define the two-point loop function

dk°d3k k2 k2 -1
G=i K———+ie || E-k"——+i
/ () K 2m, *”) < 2m2“€>]

=1 (A+ip), (19)

with m; and m, the boson masses, ¢ the reduced mass,
p =+/2uE the magnitude of the center-of-mass momentum,

The first few diagrams contributing to the S-wave amplitude for the process ¢ ¢, — ¢;¢,. The solid black dot represents the

and A the cutoff introduced to regularize the loop
integral.

Meanwhile, the S matrix for nonrelativistic elastic
scattering can be written as

Hp

S=e% =1 4+55iM, (20)
T

where 0 is the phase shift. Hence, one has

27 i
M=——-"—, 21
' i pcotéd—ip (21)

which, combined with Eq. (18), directly yields

2
pcotéz—ﬂ—go—A, (22)

which is the effective range expansion [46] at LO (see,
e.g., Refs. [47,48]), with a = (2z/(uCy) + A)~! the S-
wave scattering length.

Based on the above discussion, we can deduce the
contact potential C, for certain phase shift values. In
particular, the noninteracting and unitary limit cases are
of utmost importance at LO:

6=0:a=0 or Cy=0, (23)

T
§==: Co=——. 24
3 0 (24)

a=oco or
UA

In fact, at LO only these two limits are momentum
independent since the phase shift §(p) is in general a
function of p, so if the entanglement suppression constraint
(see Sec. IV) is enforced at one value of momentum it will
generically not hold at other values of momentum.
Additionally, both the free theory (6 = 0) and the theory
at the unitarity limit (6 = z/2) are invariant under the
Schrodinger symmetry [2,49], which is the nonrelativistic
conformal group and the largest symmetry group preserving
the Schrodinger equation. These two limits correspond to
the two fixed points of renormalization group running of
nonrelativistic two-body scattering by a short-range poten-
tial [50].
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C. LO effective field theory for heavy
meson scattering

At very low energies, the LO D®)D®) interaction in the
nonrelativistic effective field theory follows from the
effective Lagrangian which contains only constant contact
potentials [26,51],

D
Ly = —%Tr[H“THbH“Ha}

D .
- %Tr[H“THbJ’"Hb'Haa’"]

D
_ ﬂTr[H“THbHCTHd]Tg A
— L Tr[H* H,6"H H o2 - 22, (25)

where 6 denotes the Pauli matrices in the SU(2) spinor
space, D 1.10.11 are light-flavor-independent low-energy
constants (LECs), Tr[-] takes trace in the spinor space,
and 7 - 7 sums over all Pauli matrices in the flavor space.
The above Lagrangian respects both HQSS and isospin
symmetry.

Moreover, the LO Lagrangian for the low-energy S-wave
interaction between a pair of heavy and antiheavy mesons
containing only constant contact terms reads as [45 ,52,53]l

1 . -
Lyq= —ZTr[H‘”Hb]Tr[HCHL](FAéla’zS? + Frgb-1d)

1 . __.

+ ZTr[HaTH,,GM}Tr[HL‘H;,am] (Fpdhod + Fiyzh - d).
(26)
Again, there are four light-flavor-independent LECs FX)B.
In the above Lagrangians, the heavy and antiheavy

mesons are grouped into superfields as [54,55]
H,=P,+P;-o, H* = P*+ P“.q6, (27)
with P, and P} annihilating the ground-state pseudoscalar
and vector charmed mesons, respectively, and P? and P**

annihilating the anticharmed mesons.

The contact potentials for the different isospin/

spin-parity D*)D(*) S-wave channels derived from the
Lagrangian of Eq. (25) read as [26]

TH=00(DD) = —(Dyy + 3Dg; + D1g +3Dy;),  (28)

N[ =

T"=0Y(D*D) = =2(Dy; = 3Dyy), (29)

'One can check that the double-trace form can also be rewritten
in the single-trace form like Eq. (25) using the completeness
relation for the Pauli matrices, 265, = §/5, + 6! - 6%, as shown in
Ref. [41].

TIJ:H(D*D) — DOO + DOI =+ DIO + Dll’ (30)
TY=Y(D*D*) = —=2(Dy; — 3Dy,), (31)
1

TV=19(D*D*) = ) (Do = 5Dg; + Dyg—5Dyy),  (32)

TV=12(D*D*) = Dyy + Do; + D1 + Dy;. (33)

All other potentials vanish, where we have used the fact that
the isoscalar (isovector) wave function for two identical
particles with isospin I = 1/2 are antisymmetric (symmet-
ric), respectively.

When it comes to the D®)D®) case, the four LECs that
appear in Eq. (26) are often rewritten for convenience into
Cou»> Cop and Cy,, Cy,, [56], which stand for the LECs in the
isospin I =0 and / = 1 channels, respectively. The rela-
tions read as

10 2
Coa:FA—F?FT, Cla:FA_gFZ’

10 2
COb:FB+?F%’ Clb:FB_gFE' (34)

Then the contact potentials can be expressed utilizing these
four LECs [53]:

TI_‘I:“(DD*) = Cla - Clb’ (36)

TY="'(DD*) = Cy, + C)5, (37)

- 2C1h9 (38)

TUZH(D*D*) = Ciy — Cyp, (39)

TV=12(D*D*) = Cy, + Cyy, (40)

where the lower indices “+” represent (DD*  D*D)/~/2
with different C parities in Eq. (16).

IV. RESULTS

Having set up the theoretical framework, we can now
calculate the entanglement power and require it to vanish,
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which gives constraints on phase shifts. In this way, we can
check the consequences of the constraints on amplitudes,
which lead to relations among the LECs in the Lagrangian.
It is not difficult for scatterings involving pseudoscalar
mesons, as entanglement occurs solely in the isospin space,
while for D*D* and D* D* scatterings, it is useful to express
what minimal entanglement means in a tensor-product
space. Clearly, entanglement being zero in a large space
is equivalent to it being zero in all of its subspaces.
For instance, applying Z, =Z, ® 1 to S=5>,,Z;®
T e*Pu+ gives

"Z’.I/S = ZI[/II ® jJeZi(s]J* — Il' ® ZJJEZMU/*
I,J J
EII/ ® S]" (41)

So the vanishing of entanglement implies that the entan-
glement vanishes in this spin subspace with isospin 7.
Similarly, for any isospin subspace with a specific total
spin, the entanglement should also be zero. Nucleon-
nucleon scattering is also a process entangled in both spin
and isospin spaces. In Ref. [1], the parametrization was
carried out only in spin space. This is because Fermi-Dirac
statistics results in entanglement effectively occurring in
only one space. Similarly, we find that in D®D®)
scattering, spin entanglement and isospin entanglement
also yield completely consistent results, so it is actually
sufficient to compute entanglement in only one space.
However, for D® D) scattering, there is no Bose-Einstein
statistics, so this tensor-product structure is necessary, and
such a formalism can be extended to cases entangling more
quantum numbers.

Based on the above discussion, we only need to compute
the entanglement power in two scenarios using Eqs. (4) and
(6). At LO of the heavy quark expansion, the D and D*
masses are the same. We also consider the isospin sym-
metric limit such that charged and neutral mesons in the
same isospin multiplet are degenerate. Thus we will take
u = M /2 with M denoting the charmed meson mass in the
following.

We start with the S matrix in the isospin subspace with a
specific total spin J (both particles are isospin-1/2 states):

S; = Tye*o 4 T e¥ou, (42)

The Bose-Finstein forbidden cases of DD and D*D*
scatterings are formally included by requiring 659 = 0
and 8gp,. = Spox = 611+ = O [recall that in Eq. (10) we have
introduced the *“,” subindex for vector-vector scattering
phase shifts], respectively. Evaluating the entanglement

power using Eq. (4) yields

E(S) = 5’2000, — 517 3)

which vanishes only when
|501—511| =0 or g (44)

The solutions to equation |6y, —&y;| = #/2, namely
b0y = 0 and 6,; = n/2 (or vice versa), correspond to the
cases of no interaction and the unitarity limit, respectively.
The latter is equivalent to taking the limit of exactly infinite
scattering length.

For vector meson scatterings, one also needs to consider
the S matrix in the spin subspace with a specific isospin /:

SI _ j0€2i5’0* +j1€2i5"* +\7232i512*. (45)

Again, Bose-Einstein statistics requires Jpg, = Ogps =
011« = 0 for D*D* scattering, while it does not constrain
anything for D*D* scattering, as mentioned above. The
entanglement power can be calculated using Eq. (6) and
reads as

_ b
648
— 65 c08[2(879. — 12..)] — 10 c0s[4(570. — 2]

— 60 cos[4(872. — 6114)]
— 15¢0s[2(670. + 6124 — 2611.)]}, (46)

E(S)) {156 — 6 cos[4(d9, — 1)

which has only two nonentangling solutions:
T
1610+ = 0114 = |61 = 61| =0 or 2" (47)

The subsequent step involves relating these solutions to
the amplitudes using Eq. (22), which can be then be
confronted to experimental or lattice QCD results, or use
such empirical results as further input to select solutions
and explore their implications.

V. CONSEQUENCES ON HEAVY-MESON
HADRONIC MOLECULES

It is already known that the near-threshold interaction
between a pair of ground-state heavy mesons is closely
related to formation of hadronic molecular states [31]. The
X(3872) [14] has been proposed as a candidate of an
isoscalar DD* hadronic molecule with J¢ = 1*+ quantum
numbers [57] for a long while [18-23]. Moreover, in 2021
the LHCb Collaboration announced the discovery of
T..(3875)" with preferred quantum numbers I(JF) =
0(1%) [16,17], a double-charm D*D molecular candidate
[24-27], which reveals itself as a high-significance peaking
structure in the D°D°z* and D*D°z° invariant mass
distributions just below the nominal D**D° threshold.
The masses of these two particles are extremely close to
the D°D*0 and D**DP thresholds, respectively,
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My — Mp — Mpo = 0.00709% MeV,
My = Mp+ —Mp = (-0.36 £0.04) MeV,  (48)

where we have used the charmed meson masses from
Ref. [15], the X(3872) mass from the Flatté analysis in
Ref. [58], and the T..(3875)" mass from the coupled-
channel analysis with full DDz three-body effects in
Ref. [26].

The existence of the isoscalar X(3872) and T..(3875)"
states so close to the DD* and D*D thresholds, respec-
tively, implies that the near-threshold S-wave interactions
in both channels approach the unitary limit, with the
corresponding S-wave scattering lengths being infinitely
large. By taking these conditions as input, the entanglement
suppression solutions can be further pinned down.
Consequently, partners of the X(3872) and T..(3875)"
states can be predicted. If some of these partners are not
predicted by the intrinsic HQSS, one can assert that they
arise from an emergent symmetry dictated by entanglement
suppression.

For D®)D¥) scattering, the T,.(3875)*%
891 = 7/2. Then one obtains two solutions:

implies

T
do1 = o1 =7 810 = 611 = 010, = 012, =0, (49)

or
T
501 = 501* = 510 = 511 = 510* = 512* = 5 (50)

In both scenarios, an additional D*D* zero-energy bound
molecular state in the isoscalar J© = 17 sector, T}/, can be
predicted based on Egs. (49) and (50), i.e., 8y, = /2.
However, it is not a result of entanglement suppression
but stems from HQSS [26,27], as can be seen from
TV=0YD*D) = T"=Y(D*D*) in Egs. (29) and (31).
The additional consequences of entanglement suppression
are that the interaction strengths of the isovector channels
are all the same, either noninteracting as in Eq. (49) or at the
unitary limit as in Eq. (50). In the latter instance, we would
also anticipate four extra weakly bound states near the
D™ D™ threshold. The results are shown in Table L. In both
cases, it means that the symmetry for the spin degree of
freedom of the light quarks in the heavy meson pair is
enlarged from SU(2) x SU(2) to SU(4).

It is also instructive to explicitly write out the solution of
the LECs for the first case (49):

T T
D01:—, Dll:_— (51)

D D,=0
o0 +D10=0, N N

which yields the Lagrangian as

TABLE 1. Partners of the T.(3875)" predicted by HQSS or
the two solutions of entanglement suppression given in Egs. (49)
and (50). The symbol “®” denotes the input 7..(3875)" state,
“®” represents its predicted partners, “@” indicates that no near-
threshold state is allowed, O is forbidden by Bose-Einstein
statistics, and “—” signifies that no prediction can be made
without further inputs.

HQSS Eq. (49) predictions Eq. (50) predictions

Channel /=07/=1 1[=0 I1=1 1=0 =1
pDOY) O - O %) O ®
D*D(1*) © - o) @ o) ®
D*D*(0t) O - O %) O ®
D'D*(17) ® O ® O ® O
D'D*(2*) O - O %) O ®

Lo = = PO rypai g v

HH =~ "¢~ | b al

T

S Tr[H H 6" H"" H ;6™

D . .
+ %Tr[H“‘HbH”Hd]rg -Tb

r
32uN

+ Tr[H“ H,6c"H " Hyo"|zd -2t (52)

It is seen in Eq. (49) that all amplitudes for isovector
channels vanish, in agreement with the Lagrangian (52)
proportional to the projector onto isoscalar subspace,
Zo=(1-1 1) /4

For D) D) scattering, the X (3872) implies 8o, = 7/2,
where we use 6 to denote D*) D*) scattering phase shifts and

the subscript ““ | denotes the positive C-parity combination
of DD* in Eq. (16). One obtains

- — — V4 _ - _
S0 = Oo1+ = oy = 2’ 010 = 011+ = 617 = 0, (53)
or

- - - - - - 7

800 = 01+ = Oojx = 010 = 011+ = O1js = E’ (54)

where J = 0, 1, 2. Then the solutions of the LECs read as

2
Coa =——, Cop =C1a=C, =0, (55)
JT7AN
or
27
Cou =Cia=——=x. Cop = C1, =0, (56)
JT7AN

where A denotes the cutoff for the D™ D) system.
In both scenarios, we conclude that X (3872) should have
five spin partner states, all of them being isoscalar states,
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like the X(3872) itself, so there are in total six weakly
bound states in the isospin-0 channels of D*)D(*) scatter-
ing. Also, it is noted that HQSS predicts only three
isoscalar spin partners in the strict heavy-quark limit
[59,60], one D*D* state with JP¢ =27+ (40) and two
mixing states with J°¢ = 07+ and JF€ = 1*:

JPE=01+: cos%\DD,I:O> +sin%|D*D*,I:0>, (57)

1 )
JPC =17 cosZ|— (DD* + D*D ,1:0>

+ sin%|D*D*,I = 0). (58)

Therefore, as in the double-charm case, entanglement
suppression again enlarges the symmetry for the spin
degree of freedom of the light quarks from SU(2) x
SU(2) to SU4) [see Egs. (53) and (54)], predicting more
states than HQSS.

Furthermore, if nature chooses the solution in Eq. (54),
there would be six isovector hadronic molecules in addi-
tion, as listed in Table II. Two of these isovector states have
quantum numbers J©€ = 17~ and thus are in line with the
existence of Z.(3900) [61,62] and Z.(4020) [63,64] near
the DD* and D*D* thresholds, respectively. The existence
of two I(JP€) = 1(177) molecular states likely implies the
existence of in total six isovector states, as first proposed in
Refs. [40,65] based on HQSS in the analysis of the spin
structure of the Z,(10610) and Z,(10650) discovered by
the Belle Collaboration [66]. Voloshin also proposed that
the existence of both Z,(10610) and Z,(10650) could
imply a light-quark spin symmetry [67]. Here we have
shown that by imposing entanglement suppression only a
single Z,. or Z, state with J”C€ = 1%~ is needed as input to
select the solution in Eq. (54), which predicts five more

TABLE II.  Partners of the X(3872) predicted by HQSS or the
two solutions of entanglement suppression given in Egs. (53) and
(54). The symbol “©” denotes the input X(3872), “®” represents
its predicted partners, “@” indicates no near-threshold state is
allowed, and “—" signifies that no prediction can be made without
further inputs. Moreover, “@” means that the corresponding
meson pair needs to be mixed with another one to get a spin
partner of X(3872); see Egs. (57) and (58).

HQSS Eq. (53) predictions Eq. (54) predictions
I=01=1 1=0 I=1 I=0 I=1

Channel

DpD(O+) @ -
DD*(1++)
DD*(1+7)
D*D*(0++)
D*D*(1+7)
D*D*(2++)

BRIV O®
NEOEOENEOEWY
BRIV O®
BRI

©
D
® -
2]
®

isovector charmoniumlike or bottomoniumlike molecular
states.

VI. LARGE-N, PERSPECTIVE

In the real world, the gauge symmetry of QCD is SU(3).
One can treat the number of colors, N, as a parameter and
study gauge theories for any N, and in particular the large-
N, limit, where intriguing results can be obtained [68,69].
Here we analyze the 1/N, scaling of the D*)D*) and
D®) D™ scattering amplitudes.

In the large-N,. limit, a quark propagator is depicted by a
straight line, with each quark carrying a color index,
symbolizing the flow of color. On the contrary, gluons
in the adjoint representation of SU(N,.) carry two color
indices. As N, approaches infinity, the difference between
N2 —1 and N2 can be neglected so one may represent
gluons like a quark-antiquark pair as double lines.
Moreover, for closed color lines, the indices are unre-
stricted by initial and final states, allowing them to be of
any color. Summing over all possibilities, a closed color
line contributes a factor of N.. Moving on to the behavior
of the QCD coupling constant ¢ in the large-N, limit, it is
crucial to maintain color confinement without alteration
while keeping Agcp = O(N?), which necessitates choos-

ing the coupling constant g, to be of O(N, 1 2) [68,69].
According to the Lehmann-Symanzik-Zimmermann reduc-
tion formula, the 1/N, scaling of a scattering amplitude
may be obtained by counting the power of N. for a
correlation function and dividing it by those of the
amplitudes creating a meson from vacuum by an inter-
polating operator, such as (D*)*|cd|Q). Such an amplitude
scales as (’)(Ni/ 2).

For the D)D) sector, let us analyze the scattering
amplitude in the isovector D*)*D®° channel. In the
heavy-quark limit, we neglect the contribution from
exchanging charm quarks. One diagram at LO of 1/N.,
counting is shown in Fig. 2. In the large-N,. limit, there are
two closed color loops, four gluonic vertices, each con-
tributing a factor of g;, and four (D™)¥|cd|Q) or
(D")0|zu|Q) factors to be taken out. Hence, the order of
the amplitude is

Tl:l(D(*)D(*)) — O(N% % (N;1/2)4 - (N1/2)4)
= O(N7?). (59)

This amplitude is 1/N_. more suppressed than the isoscalar
DD amplitude, in line with the Okubo-Zweig-lizuka
rule [70-72]. The isoscalar scattering can proceed through
annihilating and creating light quark-antiquark pairs, and
thus the LO color line diagrams without gluonic vertices
consist of only one closed color loop. Correspondingly,
one has
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I

P

o ®

o . 0
d
o 0

FIG.2. One of the LO diagrams for D)+ D(*)0 scattering (left), and the corresponding diagram with the double-line representation of

gluons (right).

FIG. 3. One LO diagram for D®)+* D)+ scattering.

T'=0(DXDM) = O(N, + (N*)*) = O(N7Y).  (60)

The situation in the D) D) sector is different, since the
two charm mesons can always interact through exchange of
light antiquarks no matter whether the total isospin is O or 1;
see Fig. 3. Therefore, the 1/N,. scaling of the scattering
amplitude is similar to that in Eq. (60),

TI=01(DEDH)) = O(N, = (NY**) = O(NZY).  (61)

One sees that the 1/N,, together with HQSS and the
X(3872) input, would lead to the same scenario as in
Eq. (53). However, the existence of Z.(3900), Z.(4020)
and Z,(10610), Z,(10650) implies subleading O(N:?)
contributions in the 1/N, expansion might be important
for the scattering of a heavy-antiheavy meson pair.2 As
such, the solution in Eq. (54) is beyond consequences of the
large-N, limit. Moreover, HQSS constrains that the LO
DWD™ or DX DM interaction strengths for each isospin
depends on two LECs [for instance, C,, Cy, for I = 0 and
Cy4, Cqp for I =1 in Eq. (34)]. Without introducing more
detailed dynamics, the large-N_. limit does not provide a
connection between these two LECs.” On the contrary,

’In Ref. [73], it has been shown that the interaction between
two J/y through the exchange of soft gluons, the amplitude of
which also scales as O(N2), might be strong enough to form a
molecular state.

3In Refs. [74,75], using a light-vector meson exchange model,
the authors find that the D)D) potentials are the same for a
given isospin; the pattern also holds for the D) D™*) potentials.
When the p and @ meson masses are set to be equal, which holds
in the large-N, limit [69], the isovector D*JD®) potentials
obtained there vanish, consistent with the large-N, results.

entanglement suppression predicts that the interaction
strengths for each isospin are the same.

VII. SUMMARY AND DISCUSSION

In this study, inspired by the findings of previous works
[1-4], we studied consequences of entanglement suppres-
sion in the low-energy D)D) and D)D) scatterings.
These processes are currently of high interest due to the
discoveries of the X(3872) and T,..(3875)", which are
proposed to be hadronic molecules of DD* and D*D,
respectively. Using the X(3872) and T..(3875)" as inputs,
we found that entanglement suppression results in the same
interaction strengths for all D)D) pairs with the same
isospin, unless the interaction is forbidden due to Bose-
Einstein statistics; the same also holds for D*)D®). The
isoscalar channels are at the unitary limit, thanks to the
inputs of X(3872) and T'..(3875) ", and molecular states are
predicted as listed in Tables I and II. The isovector channels
would be uncertain, being either noninteracting or at the
unitary limit, corresponding to the two possible fixed points
of two-body nonrelativistic scattering by a short-range
potential. However, for the D) D) pairs, the existence
of a single Z.(3900) or Z.(4020) [or Z,(10610) or
Z,(10650) in the bottomonium sector] state with J¢ =
17~ allows one to select the solution with all isovector
channels at the unitary limit. In this case, entanglement
suppression together with HQSS predicts five more iso-
vector states around the D*) D) thresholds; see Table II.

The spin symmetry of the light degrees of freedom from
HQSS is SU(2) x SU(2), and it is now enlarged to SU(4)
as the interaction between the heavy mesons does not
depend on the total angular momentum of the light degrees
of freedom, which is referred to as the light-quark spin
symmetry, first proposed in Ref. [67].* Therefore, we
conclude that entanglement suppression does result in an
emergent symmetry, which is light-quark spin SU(4)
symmetry for systems of a pair of S-wave heavy mesons,
in addition to the inherent HQSS in the low-energy sector
of heavy mesons.

“Such a scenario is realized in the light-vector-meson exchange
model considering only vector couplings of the light-vector
mesons to heavy hadrons [74,75].
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The predictions made here need to be contrasted with
future experimental data or lattice QCD results, in order to
test the validity of the conjecture connecting entanglement
suppression to the origin of emergent symmetries made
in Ref. [1].
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APPENDIX: ENTANGLEMENT MEASURE

This Appendix presents a brief discussion of entangle-
ment measure. In particular, we will show that the linear
entropy employed in this paper is semipositive definite and
vanishes only on tensor-product states.

A general density matrix is defined as

; W) = aylin) ® lja),
ij
and the normalization of |y), (w|y) = 1, means

> aja;; = Tr(AAT) =1,
i.j

p=lw)y (Al)

(A2)

where (A);; = a;;. Since H = AA™ is a semipositive
definite Hermitian matrix, Tr(H) is simply the sum of
all its eigenvalues which are all real and >0, >, 4;.

The reduced density matrix can be obtained by tracing
over subsystem 2:

)= Zaika;k|il><jl|'

ik

p1=Try(p (A3)

Then one can calculate

Tripl] = Y aja;,aua; = Tr(AATAAT) =

i.j,k,l

=2
and therefore prove the semipositivity of the linear entropy:

E(y)) = 1~ T, [7] (ZA)Z—D%ZO, (45)

where we have used the fact that the eigenvalues of a
density matrix sum up to unity. The equality holds only
when one of the 4; is equal to 1 and the rest are 0, which
means that A can be decomposed into the product of two

vectors, A = UV, or equivalently, a;; = u;vj, and this
suggests |y > should be a tensor product.
= (Sulin) o (Loli). o)
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