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At leading order in weak and electromagnetic couplings, cross sections for (anti)neutrino-nucleon
elastic scattering are determined by four nucleon form factors that depend on the momentum transfer Q2.
Including radiative corrections in the Standard Model and potential new physics contributions beyond the
Standard Model, eight invariant amplitudes are possible, depending on both Q2 and the (anti)neutrino
energy Eν. We review the definition of these amplitudes and use them to compute both unpolarized and
polarized observables including radiative corrections. We show that unpolarized accelerator neutrino
cross-section measurements can probe new physics parameter space within the constraints inferred from
precision beta decay measurements.
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I. INTRODUCTION

Next-generation neutrino oscillation experiments
DUNE [1,2] and Hyper-K [3] aim to discover charge-
parity (CP) violation in the lepton sector and conclu-
sively establish the ordering of neutrino masses. To
achieve these goals, it is essential to control muon
disappearance and electron appearance signals at the
percent level which requires both theoretical and exper-
imental progress in our understanding of neutrino-
nucleus interactions [4–6].
Vector form factors are known relatively well from

electron scattering data [7–12], and the axial-vector form
factor is the main source of uncertainty for neutrino
interactions at the nucleon level. New experimental mea-
surements [13] and lattice-QCD evaluations [14–30] of the
axial-vector form factor have approached the precision of
determinations from deuterium bubble chamber data with
(anti)neutrino beams [31–38] and from pion electropro-
duction [39–45]. Future experimental measurements can
potentially yield subpercent uncertainties [46]. Beyond
unpolarized cross sections, a range of observables has
been considered with polarization measurements using
(anti)neutrino beams [47–82]. In a previous publication
[79] by one of the authors, and in a Snowmass 2021 white
paper [83], we performed a detailed study, within the

Standard Model, of how to access nucleon axial-vector
structure from single-spin asymmetries in elastic charged-
current (anti)neutrino-nucleon scattering. In particular,
asymmetry measurements could determine the nucleon
pseudoscalar form factor without the conventional ansatz
of partially conserved axial current (PCAC) with pion-pole
dominance [39,40,84–98]. In order to interpret both unpo-
larized cross sections and polarization asymmetries with
neutrino beams, and to understand the potential impact of
new experimental data, we consider the general framework
of invariant amplitudes for (anti)neutrino-nucleon elastic
scattering. We compute both unpolarized and polarized
observables including radiative corrections and compare
predicted unpolarized cross sections and polarization
asymmetries to constraints inferred from precision beta
decay measurements.
The remainder of the paper is organized as follows.

Section II introduces the invariant amplitude decomposition
for charged-current elastic (anti)neutrino-nucleon scattering
and presents the expression for the unpolarized cross section.
Section III provides expressions for all possible single-spin
asymmetries and discusses the forward and backward limits.
In Sec. IV, we compare unpolarized cross sections and
polarization asymmetries to constraints from precision beta
decay measurements. We discuss the effects of radiative
corrections on some observables of interest in Sec. V. We
present plots of cross sections, polarization asymmetries,
and radiative corrections for illustrative (anti)neutrino ener-
gies in the Appendix. In Supplementary Material [99], we
provideWolframMathematica files that produce plots in this
manuscript.
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II. AMPLITUDE DECOMPOSITION AND UNPOLARIZED CROSS SECTION

In the Standard Model, the matrix element of the charged-current elastic process with a massless charged lepton can be
expressed as1

Tml¼0
νln→l−p ¼

ffiffiffi
2

p
GFVudl

−γμPLνlp̄

�
γμðgM þ fAγ5Þ − ðf2 − 2fA3γ5Þ

Kμ

M

�
n;

Tml¼0

ν̄lp→lþn ¼
ffiffiffi
2

p
GFV�

ud
¯̄νlγ

μPLlþn̄
�
γμðḡM þ f̄Aγ5Þ − ðf̄2 þ 2f̄A3γ5Þ

Kμ

M

�
p; ð1Þ

with the averaged nucleon momentum Kμ ¼ ðkμ þ k0μÞ=2, and the averaged nucleon mass M ¼ ðmn þmpÞ=2. Following
tree-level notations for the form factors, we define the electric and magnetic amplitudes gE and gM in terms of the
amplitudes f1 and f2 as

gE ¼ f1 − τf2; gM ¼ f1 þ f2: ð2Þ

Both the (anti)neutrino and the lepton are left-handed in the limit ml → 0 [we ignore the (anti)neutrino mass throughout,
mνl ¼ 0]. A similar decomposition describes neutral-current (anti)neutrino-nucleon elastic scattering in terms of four
amplitudes, at arbitrary ml. For nonvanishing lepton mass, the matrix element for charged currents contains four more
invariant amplitudes2:

Tνln→l−p ¼ Tml¼0
νln→l−p þ

ffiffiffi
2

p
GFVud

ml

M

�
fT
4
l−σμνPLνlp̄σμνn − l−PLνlp̄

�
f3 þ fPγ5 −

fR
4

=P
M

γ5

�
n

�
;

T ν̄lp→lþn ¼ Tml¼0

ν̄lp→lþn þ
ffiffiffi
2

p
GFV⋆

ud
ml

M

�
f̄T
4

¯̄νlσ
μνPRlþn̄σμνp − ¯̄νlPRlþn̄

�
f̄3 þ f̄Pγ5 −

f̄R
4

=P
M

γ5

�
p

�
; ð3Þ

which enter all observables with a factor of the lepton mass ml. Here Pμ ¼ ðpμ þ p0
μÞ=2 denotes the averaged lepton

momentum and =P ¼ γμPμ. Invariant amplitudes are functions of two kinematic variables: the crossing-symmetric variable
ν ¼ Eν=M − τ − r2l, with rl ¼ ml=ð2MÞ, τ ¼ Q2=ð4M2Þ, and the squared momentum transfer Q2 ¼ −ðp − p0Þ2 ¼
−ðk − k0Þ2. For the antineutrino case, the invariant amplitudes are given by f̄iðνþ i0; Q2Þ ¼ fið−ν − i0; Q2Þ�. At tree level,
fT and fR vanish, and each of the remaining amplitudes are real-valued functions of the squared momentum transfer Q2

only. In the limit of isospin invariance, the amplitudes fA3 and f3 also vanish at tree level. QED radiative corrections
contribute to all eight invariant amplitudes [101,102]. The invariant amplitudes can receive corrections from new physics
beyond the Standard Model. For example, the scalar interaction f3 appears as a radiative correction in the minimally
supersymmetric Standard Model (MSSM) [103,104] or at tree level if R-parity is violated [105,106].

FIG. 1. Kinematics of charged-current elastic scattering for neutrino (left) and antineutrino (right).

1We use the shorthand notation l−ð…Þνl ¼ ūðlÞðp0Þð…ÞuðνÞðpÞ and ¯̄νlð…Þlþ ¼ v̄ðνÞðpÞð…ÞvðlÞðp0Þ for the usual Dirac spinors
with momentum assignment in Fig. 1.

2The form factors from Ref. [84] contribute to our amplitudes as f1 ¼ FV
1 , f2 ¼ ξFV

2 , fA ¼ FA, f3 ¼ FV
3 , fP ¼ FP, fA3 ¼ F3

A. At
low energies, the invariant amplitudes reduce to local four-fermion couplings; conventionally normalized scalar and tensor interactions
are [100] CS ≈ − ml

M f3 and CT ≈ ml
2M fT .
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Using the representation in Eqs. (1) and (3), the charged-current elastic cross section (without real radiation) in the
laboratory frame is expressed in terms of invariant amplitudes as [84]3

dσ
dQ2

ðEν; Q2Þ ¼ G2
FjVudj2
2π

M2

E2
ν

�
ðτ þ r2lÞAðν; Q2Þ − ν

M2
Bðν; Q2Þ þ ν2

M4

Cðν; Q2Þ
1þ τ

�
: ð4Þ

The quantities A, B, and C are given by4

A ¼ τjgMj2 − jgEj2 þ ð1þ τÞjfAj2 − r2lðjgMj2 þ jfA þ 2fPj2 − 4ð1þ τÞðjfPj2 þ jf3j2ÞÞ − 4τð1þ τÞjfA3j2

þ r2l
4
ðν2 þ 1þ τ − ð1þ τ þ r2lÞ2ÞjfRj2 − r2lð1þ 2r2lÞjfT j2 − 2r2lRe½ððgE þ 2gMÞ − 2ð1þ τÞfA3Þf⋆T �

− ηr2lð1þ τ þ r2lÞRe½fAf⋆R� − 2ηr4lRe½fPf⋆R�; ð5Þ

B ¼ Re½4ητf�AgM − 4ηr2lðfA − 2τfPÞ�fA3 þ 4r2lgEf
⋆
3 − 2ηr2lð3fA − 2τðfP − ηf3ÞÞf⋆T − r4lðfT þ 2fA3Þf⋆R�; ð6Þ

C ¼ τjgMj2 þ jgEj2 þ ð1þ τÞjfAj2 þ 4τð1þ τÞjfA3j2 þ 2r2lð1þ τÞjfT j2 þ ηr2lð1þ τÞRe½fAf⋆R�; ð7Þ

with η ¼ þ1 for neutrino scattering and η ¼ −1 for antineutrino scattering.
In the following, we consider the limits of forward and backward charged lepton scattering, which correspond to the

squared momentum transfers Q2
− and Q2þ, respectively, where

Q2
� ¼ 2ME2

ν

M þ 2Eν
− 4M2

M þ Eν

M þ 2Eν
r2l �

4M2Eν

M þ 2Eν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Eν

2M
− r2l

�
2

− r2l

s
: ð8Þ

In the forward limit, up to terms that are suppressed by
the lepton mass, the unpolarized cross section can be
expressed as

dσ
dQ2

ðEν; Q2
−Þ ¼

G2
FjVudj2
2π

ðjgEj2 þ jfAj2Þ þ Oðm2
lÞ; ð9Þ

and in the backward limit, the cross section can be
expressed as

dσ
dQ2

ðEν; Q2þÞ ¼
G2

FjVudj2
π

jðM þ EνÞfA − ηEνgMj2
ðM þ 2EνÞ2

þ Oðm2
lÞ: ð10Þ

III. SINGLE-SPIN ASYMMETRIES

Single-spin asymmetries could provide new constraints
on physics beyond the Standard Model, cf. Figs. 3 and 4
below. In this section, we provide expressions for single-
spin asymmetries in charged-current elastic (anti)neutrino-
nucleon scattering, in terms of the invariant amplitudes
defined above, and study limits of forward and backward
scattering. The single-spin asymmetry is defined as the
difference between the cross section σðSÞ with a definite
spin four-vector S of one initial- or final-state particle and
the cross section with an opposite spin direction σð−SÞ,
divided by the sum of these cross sections:

T;R;L ¼ dσðSÞ − dσð−SÞ
dσðSÞ þ dσð−SÞ ; ð11Þ

where T, R, and L denote target, recoil, and lepton
asymmetries, respectively. We describe these observables
in more detail below. It is convenient to express the
asymmetries in a manner similar to that for the unpolarized
cross section (4), in terms of new structure-dependent
functions that depend on the particle whose spin we are
considering:

4The sign in front of fA3 in B differs from Ref. [84] for
antineutrino scattering, as noted in Refs. [50,107,108].

3We neglect the relative difference in nucleon masses,
ðmn −mpÞ=ðmn þmpÞ, and electroweak power corrections sup-
pressed by the W-boson mass MW , i.e., the corrections of order
Q2=M2

W ; these effects contribute at the permille level.
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T;R;L ¼ ðτ þ r2lÞAT;R;Lðν; Q2Þ − νBT;R;Lðν; Q2Þ þ ν2

1þτC
T;R;Lðν; Q2Þ

ðτ þ r2lÞAðν; Q2Þ − νBðν; Q2Þ þ ν2

1þτCðν; Q2Þ : ð12Þ

The target single-spin asymmetry Twith a target spin four-vector Sμ5 is expressed in terms of the invariant amplitudes of
Eqs. (1) and (3) with the following structure-dependent functions:

AT ¼ Re

�
ðfA − ηgEÞg⋆Mðk0 · SÞ − 2ηgMg⋆Eðp0 · SÞ þ 2r2l

�
ηgE − fA þ 2τfP

τ þ r2l
ððk0 · SÞ þ ðp0 · SÞÞ − fPðk0 · SÞ

�
g⋆M

þ 4
1þ τ

τ þ r2l
ðτfA3 − r2lf3Þf⋆Aððk0 · SÞ þ ðp0 · SÞÞ þ 2ðr2lf3 − ð1þ τÞfA3Þf⋆Aðk0 · SÞ − 2ηfA3g⋆Eðk0 · SÞ

þ ηr2l

�
2ðgE − 2ηfA þ r2lfTÞ − r2lfR

τ þ r2l
ððk0 · SÞ þ ðp0 · SÞÞ −

�
2fA3 þ

fR
2

�
ðk0 · SÞ

�
f⋆T − ηr2lð1þ τÞf3f⋆Rðp0 · SÞ

− r2l

�
τ − r2l
τ þ r2l

ðk0 · SÞ þ 2τðp0 · SÞ
τ þ r2l

�
ðηgM þ fA − 2fPÞf⋆T − ηr2l

�
ð1þ τÞf3 þ

r2lgM
τ þ r2l

�
f⋆Rððk0 · SÞ þ ðp0 · SÞÞ

�

þ ρ⊥
τ þ r2l

Im½2r2lðgMf⋆3 − fAf⋆PÞ þ ηfAg⋆E þ 2τfA3g⋆M þ r2lðηfA þ gM − 2f3 − 2fA3Þf⋆T �

þ ηr2lRe

�
ð4ηfP þ r2lfRÞf⋆3 −

1

2
gMf⋆R

�
ðk0 · SÞ þ ρ⊥ηr2lIm

��
fP −

1

2

fA
τ þ r2l

�
f⋆R

�
; ð13Þ

BT ¼ Re

�
ðηjfAj2 − gEf⋆A þ ητf2g⋆MÞðk0 · SÞ − 2fAg⋆Eðp0 · SÞ − r2lðf2f⋆A − 2f1f⋆PÞðk0 · SÞ

− 2r2lððfA − 2ηfA3Þf⋆3 þ ηfA3g⋆MÞðk0 · SÞ þ 2τðηgM þ fAÞðfA3Þ⋆ðk0 · SÞ þ 4ητfA3g⋆Mðp0 · SÞ − ηr4l
2

fRf⋆T ðk0 · SÞ

− ηr2l

�
ðgM þ f2 þ ηfA − 2f3Þf⋆T ðk0 · SÞ þ

1

2
gEf⋆Rððk0 · SÞ þ 2ðp0 · SÞÞ þ

�
ðτ þ r2lÞf3 þ

r2l
2
f2

�
f⋆Rðk0 · SÞ

�

þ ηr2l

�
τ

2
fR þ fT

�
f⋆T ððk0 · SÞ þ 2ðp0 · SÞÞ

�
− ρ⊥Im

�
−2ηfA3f⋆A þ gEg⋆M

1þ τ
−
r2l
2
ðfT þ 2fA3

�
f⋆R

�
; ð14Þ

CT ¼ Re

�
ðgM − gEÞf⋆A þ 2ηðgE þ τgMÞðfA3Þ⋆ þ ηr2l

2
ð1þ τÞðf2 þ fTÞf⋆R

�
ðk0 · SÞ; ð15Þ

where ρ⊥ ¼ M−3εμνλρpμp0
νkλSρ, η ¼ þ1 corresponds to

neutrino scattering νln → l−p, and η ¼ −1 corresponds
to antineutrino scattering ν̄lp → lþn, with implied overline
(fi → f̄i) for antineutrinos. It is worthwhile highlighting
some special cases. To evaluate Tt, the asymmetry in which
the target polarization is transverse to the beam direction
with the spin vector in the scattering plane, we substitute

ðk0 · SÞ ¼ −ðp0 · SÞ ¼ ð2M=EνÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τν2 − ð1 þ τÞðτ þ r2lÞ2

q
and ρ⊥ ¼ 0. To evaluate Tl, the asymmetry in which the
target polarization is along the beam direction, we substitute
ðk0 · SÞ ¼ −2½τ þ ðM=EνÞðτ þ r2lÞ�, ðp0 · SÞ ¼ −ðk0 · SÞ−

Eν=M, and ρ⊥ ¼ 0. To evaluate T⊥, the asymmetry in
which the target polarization is transverse to the scattering

plane, we substitute ρ⊥ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τν2 − ð1þ τÞðτ þ r2lÞ2

q
,

ðk0 · SÞ ¼ 0, and ðp0 · SÞ ¼ 0. For nonorthogonal spin
direction, ρ⊥ is multiplied with cosϕ⊥, where ϕ⊥ is the
angle between the spin vector and the vector n⃗ ¼ p⃗ ×
p⃗0=jp⃗ × p⃗0j that is orthogonal to the scattering plane. The
transverse target single-spin asymmetries Tt and T⊥
vanish at forward and backward angles. The longitudinal
single-spin asymmetry is positive at forward scattering
when the squared momentum transfer is Q2

−. Up to lepton-
mass-suppressed terms, the asymmetry Tl reaches a
maximum in absolute value at backward angles, when
the squared momentum transfer is Q2þ. For these kin-
ematic boundaries, the longitudinal target single-spin
asymmetry is given by

5We follow the same definitions, notations, and conventions as
Ref. [79]. In particular, all spin four-vectors are normalized as
S2 ¼ −1=M2.
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TlðQ2
−Þ ¼ −

2Re½gEf⋆A �
jgEj2 þ jfAj2

þ Oðm2
lÞ; TlðQ2þÞ ¼ ηþ Oðm2

lÞ: ð16Þ

The structure-dependent parameters for the recoil single-spin asymmetry R, with a recoil spin four-vector Sμ, are
expressed in terms of the invariant amplitudes of Eqs. (1) and (3) as

AR ¼ Re

�
ðfA − ηgEÞg⋆Mðk · SÞ − 2ηgMg⋆Eðp · SÞ þ 2r2l

�
ηgE þ fA − 2τfP

τ þ r2l
ðp · SÞ − fPðk · SÞ

�
g⋆M þ 2ηfA3g⋆Eðk · SÞ

− 4
1þ τ

τ þ r2l
ðτfA3 þ r2lf3Þf⋆Aððk · SÞ þ ðp · SÞÞ þ 2

�
ð1þ τÞ τ − r2l

τ þ r2l
fA3 þ r2l

τ þ 2 − r2l
τ þ r2l

f3

�
f⋆Aðk · SÞ

þ ηr2l

�
2ðgE þ 2ηfA þ r2lfTÞ

τ þ r2l
ðp · SÞ þ

�
2fA3 −

fR
2

�
ðk · SÞ −

�
ðk · SÞ þ 2τðp · SÞ

τ þ r2l

�
ðgM − ηfA þ 2ηfPÞ

�
f⋆T

− r2l

�
ð4fP þ ηr2lfRÞf⋆3 þ η

2
gMf⋆R

�
ðk · SÞ þ ηr4lðgM þ fTÞ

τ þ r2l
f⋆Rðp · SÞ − ηr2lð1þ τÞf3f⋆Rððk · SÞ þ 2ðp · SÞÞ

�

þ ρ⊥
τ þ r2l

Im½2r2lðfAf⋆P þ gMf⋆3 Þ þ ηfAg⋆E − 2τfA3g⋆M þ r2lðηfA þ 2fA3 − ðgM þ 2f3ÞÞf⋆T �

− ρ⊥ηr2lIm

��
fP −

1

2

fA
τ þ r2l

�
f⋆R

�
; ð17Þ

BR ¼ Re
�
ðηjfAj2 − gEf⋆A þ ητf2g⋆MÞðk · SÞ − 2fAg⋆Eðp · SÞ þ r2lðf2f⋆A − 2f1f⋆PÞðk · SÞ

− 2ηr2lððηfA þ 2fA3Þf⋆3 þ fA3g⋆MÞðk · SÞ − 2τðηgM þ fAÞðfA3Þ⋆ðk · SÞ − 4ητfA3g⋆Mðp · SÞ

− ηr2l

�
ðgM þ f2 − ηfA þ 2f3Þf⋆T ðk · SÞ þ

1

2
gEf⋆Rððk · SÞ þ 2ðp · SÞÞ þ

�
ðτ þ r2lÞf3 −

r2l
2
f2

�
f⋆Rðk · SÞ

−
r2l
2
ðk · SÞfRf⋆T −

�
τ

2
fR − fT

�
f⋆T ððk · SÞ þ 2ðp · SÞÞ

��
− ρ⊥Im

�
2ηfA3f⋆A þ gEg⋆M

1þ τ
þ r2l

2
ðfT þ 2fA3

�
f⋆R

�
; ð18Þ

CR ¼ Re

�
ðgM − gEÞf⋆A − 2ηðgE þ τgMÞðfA3Þ⋆ þ ηr2l

2
ð1þ τÞðf2 þ fTÞf⋆R

�
ðk · SÞ: ð19Þ

To evaluate Rt, the recoil nucleon spin asymmetry with the
spin vector in the scattering plane and perpendicular to the
recoiling nucleon’s momentum, we substitute ðk · SÞ ¼ 0,

ðp ·SÞ¼−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τν2−ð1þτÞðτþr2lÞ2

q
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τð1þτÞp

, and ρ⊥ ¼ 0.

To evaluate Rl, the recoil nucleon spin asymmetry with
the spin vector in the scattering plane and parallel to
the recoiling nucleon’s momentum, we substitute
ðk · SÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τð1þ τÞp

, ðp · SÞ ¼ ðτν − ð1þ τÞðτ þ r2lÞÞ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τð1þ τÞp

, and ρ⊥ ¼ 0. To evaluate R⊥, the asym-
metry in which the recoil polarization is transverse
to the scattering plane, we substitute ρ⊥ ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τν2 − ð1þ τÞðτ þ r2lÞ2

q
, ðk · SÞ ¼ 0, and ðp · SÞ ¼ 0.

The transverse recoil single-spin asymmetries Rt and R⊥
vanish at forward and backward angles. The longitudinal

single-spin asymmetry is positive at forward scattering when
the squared momentum transfer is Q2

−. Up to lepton-mass-
suppressed terms, the asymmetry Rl reaches a maximum in
absolute value at backward angles, when the squared
momentum transfer is Q2þ. For these kinematic boundaries,
the longitudinal target single-spin asymmetry is given by

RlðQ2
−Þ ¼ −

2Re½gEf⋆A �
jgEj2 þ jfAj2

þ Oðm2
lÞ;

RlðQ2þÞ ¼ −ηþ Oðm2
lÞ: ð20Þ

The structure-dependent factors for the lepton single-
spin asymmetry L, with a recoil spin four-vector Sμ, are
expressed in terms of the invariant amplitudes of Eqs. (1)
and (3) as
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ðτ þ r2lÞAL ¼ Re

�
−ηAðp · rlSÞ þ 2ðτ þ r2lÞðfAg⋆M − ðfA − 2τfPÞðfA3Þ⋆ þ ηgEf⋆3 Þðpþ 2k · rlSÞ

− 2ηr2lðjgMj2 þ jfA þ 2fPj2 − 4ð1þ τÞðjfPj2 þ jf3j2Þ þ 2gMf⋆T Þðp · rlSÞ

þ ðτ þ r2lÞ
�
ðfA − 2r2lðfP − ηf3ÞÞf⋆T þ

�
τ þ r2l

2
ηgM − r2lfA3 − η

r2l
2
fT

�
f⋆R

�
ðpþ 2k · rlSÞ

− r2l

�
2ð1þ τ þ r2lÞfA þ 4r2lfP þ η

ðτ þ r2lÞ2 þ τ þ 2r2l
2

fR

�
f⋆Rðp · rlSÞ − 2ηr2ljfT j2ðp · rlSÞ

�

þ ηrlρ⊥Im

�
2ηgEf⋆3 − 2fA3f⋆A − 4τfPðfA3Þ⋆ þ ðfA þ 2r2lðfP − ηf3ÞÞf⋆T

�

þ ηrlρ⊥Im

�
τ þ r2l

2
gMf⋆R −

r2l
2
ðfT þ 2fA3Þf⋆R

�
; ð21Þ

BL ¼ Re

�
−2fAg⋆Mðp · rlSÞ þ

ηC
1þ τ

ðpþ 2k · rlSÞ þ ð2ηgEf⋆3 − 2ðfA − 2τfPÞðfA3Þ⋆ − r2lfA3f
⋆
RÞðp · rlSÞ

þ ððfA þ 2r2lðfP − ηf3ÞÞðp · rlSÞ þ ηðτ − r2lÞðf2 þ 2fA3Þðpþ 2k · rlSÞÞf⋆T − η
r2l
2
fTf⋆Rðp · rlSÞ

þ η

�
τ − r2l
2

fAf⋆R − 4r2ljfT j2
�
ðpþ 2k · rlSÞ þ η

τ − r2l
2

gMf⋆Rðp · rlSÞ
�

þ rlρ⊥Im

�
ðf2 þ 2fA3Þf⋆T þ η

2
fAf⋆R

�
; ð22Þ

CL ¼ ηð1þ τÞRe

�
ðf2 þ 2fA3Þf⋆T þ 1

2
ðηfA þ r2lfRÞf⋆R

�
ðp · rlSÞ: ð23Þ

To evaluate Lt, the lepton spin asymmetry with the
spin vector in the scattering plane and perpendicular to
the lepton momentum, we substitute ðk · rlSÞ ¼ 0,

ðp·rlSÞ¼2rl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τν2−ð1þτÞðτþr2lÞ2

q
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðνþr2l−τÞ2−4r2l

q
,

and ρ⊥ ¼ 0. To evaluate Ll, the lepton spin asymmetry
with the spin vector in the scattering plane and parallel to
the lepton momentum, we substitute 2ðk ·rlSÞ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðνþr2l−τÞ2−4r2l

q
, ðp ·rlSÞ¼−ððr2l−τÞνþðτþr2lÞ2Þ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðνþr2l−τÞ2−4r2l

q
, and ρ⊥ ¼ 0. To evaluate L⊥, the

asymmetry in which the lepton polarization is trans-
verse to the scattering plane, we substitute ρ⊥ ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τν2 − ð1þ τÞðτ þ r2lÞ2

q
, ðk ·rlSÞ¼0, and ðp ·rlSÞ¼0.

The transverse lepton single-spin asymmetries Lt and L⊥
vanish at forward and backward angles. Up to lepton-mass-
suppressed terms, the longitudinal single-spin asymmetry
reaches its extremum reflecting the chiral nature of the weak
interaction, i.e., Ll ¼ −ηþ Oðm2

lÞ.
For all asymmetries (target, recoil, and lepton), only

imaginary parts of the structure amplitudes contribute to the
asymmetries when the spin vector is transverse to the
scattering plane. These asymmetries vanish at tree level in
the Standard Model.

IV. PHENOMENOLOGY

It is interesting to consider the potential for accelerator
neutrino cross-section measurements to constrain new phys-
ics beyond the Standard Model. In this section, we consider
possible short-distance interactions that could give rise to
nonstandard contributions to the invariant amplitudes
appearing in Eqs. (1) and (3). As a benchmark for com-
parison, we plot observables including the region allowed by
constraints on such contact interactions inferred from pre-
cision beta decays. In making this comparison, we assume
the Standard Model scaling of the amplitudes with lepton
mass given in Eqs. (1) and (3), i.e., assume ml-independent
BSM contributions to fi. This scaling naturally appears
when the BSM contributions can be identified with mod-
ifications to the tree-level electroweak form factors associ-
ated with quark currents. For example, f3 and fA3 are
identified with second-class form factors [84,109,110]. This
scaling with lepton mass can also be motivated by the
assumption of “minimal flavor violation” [111]. It is also
interesting to consider the constraints of accelerator (anti)
neutrinos, with muon flavor (anti)neutrinos, independent of
such assumptions, which we describe in our accompanying
paper [112]. In this case, the parameter space is essentially
unconstrained by beta decay since the charged muon mass is
kinematically inaccessible to nuclear beta decays.
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For the benchmark Standard Model prediction in
numerical illustrations, we employ the vector form factors
from Ref. [113] and the axial-vector form factor from
Ref. [36]. For the pseudoscalar form factor, we use a
standard ansatz (partially conserved axial-vector current
and the assumption of pion pole dominance): FPðQ2Þ ¼
2M2FAðQ2Þ=ðm2

π þQ2Þ, with the charged pion mass mπ .

A. Beta decay constraints

Neglecting isospin-breaking corrections, the amplitudes
fT , f3, and fA3 vanish at tree level in the Standard Model.
Focusing on these interactions, we consider the substitution

fiðν; Q2Þ ¼ Refið0Þ þ iImfið0Þ
ð1þ Q2

Λ2Þ2
: ð24Þ

For simplicity, we have neglected (anti)neutrino energy
dependence and have assumed the dipole form for Q2

dependence [110,114,115] with the parameter Λ ≈ 1 GeV
describing a typical hadronic form-factor scale. The ampli-
tudes gM, f2, and fA appear at tree level in the Standard
Model and are unsuppressed by the lepton mass; they are
thus well constrained by (electronic) beta decay measure-
ments and we do not consider new physics constraints on
them here. The amplitude fP is suppressed by the lepton
mass but receives a large and uncertain (induced pseudo-
scalar) tree-level contribution, and we do not consider new
physics constraints on it. The amplitudes fT and f3 are
suppressed by the lepton mass and relatively poorly con-
strained by beta decay; these amplitudes will be our focus.
We also consider the amplitude fA3, which is unsuppressed
by the lepton mass but recoil-suppressed in low-energy beta
decays. Finally, we mention fR, which is suppressed by
both the lepton mass and recoil and is essentially uncon-
strained by beta decay.
Numerous constraints have been placed on the

normalization of elastic (anti)neutrino-nucleon inter-
actions at low energies [73,100,114–134]. The best
low-energy constraint for the real part of the scalar
amplitude f3 comes from precise measurements of beta
decay rates: Ref3ð0Þ=f1ð0Þ¼0.0�1.8 [135] (see also
Refs. [104,110,127,131]). The imaginary part is con-
strained by the triple-correlation coefficient in neutron
decay6: Imf3ð0Þ ¼ 13� 54 [100] (see also Ref. [106]).
For the tensor amplitude fT , we take constraints from
the fit to beta decay data in Ref. [100] (see also
Refs. [100,128,133,136–148]): RefTð0Þ ¼ −9.3� 10.3,
ImfTð0Þ ¼ −1.9� 15.4. For the amplitude fA3, which
vanishes at tree level, we take the compilation of the
experimental data from Ref. [110]: jRefA3ð0Þj < 0.075. In

Table I, we collect the beta decay constraints on Refi and
Imfi that we use for the plots to follow.

B. Unpolarized observables

Figure 2 presents allowed regions for the muon-flavor
charged-current elastic neutrino-neutron unpolarized cross
section, for an illustrative 3 GeV neutrino energy. The cross
section is evaluated with an additional amplitude of
Eq. (24) and is displayed as a ratio to the benchmark
Standard Model cross section. We compare the uncertain-
ties from the vector and axial-vector form factors to the
envelope of possible values of the unpolarized cross section
obtained by including one additional amplitude within the
errors from Table I. The effects of Ref3 and RefA3 are
within the current uncertainties on the cross sections.
However, the plots indicate that constraints on RefT ,
ImfT , and Imf3 can be significantly improved using
accelerator neutrino cross-section data [112]. We present
additional plots in Figs. 6–9 of Appendix A 1 for several
beam energies between 300 MeV and 3 GeV, for both
neutrinos and antineutrinos.
Although precise experimental data on tau (anti)neu-

trino cross sections is currently lacking for GeV
energies [149–152], in anticipation of future data we
repeat our study of unpolarized cross sections for tau
(anti)neutrinos with energies above the tau production
threshold. Results are displayed in Figs. 10–13 of
Appendix A 1. As expected from the charged lepton mass
dependence in Eq. (3), cross sections with tau flavor are
even more sensitive to the amplitudes f3 and fT than cross
sections with muon flavor, including sensitivity to values
of Ref3 that are allowed by beta decay constraints.

C. Polarization observables

We note that the contribution of the scalar amplitude
f3 and the tensor amplitude fT to the (anti)neutrino-
nucleon elastic unpolarized charged-current cross sections
is always suppressed by the lepton mass, which causes
relatively small effects in the scattering of electron and
muon (anti)neutrinos. Consequently, it is interesting
to study the contributions of these amplitudes to spin-
dependent observables, where mass suppression is not
necessarily present. We focus here on two cases that may
be experimentally feasible: first, the case of polarized

TABLE I. Beta decay constraints on the real and imaginary
parts of amplitudes at Q2 ¼ 0.

Parameter Value Reference

Ref3ð0Þ 0.0� 1.8 [135]
Imf3ð0Þ 13� 54 [100]
RefTð0Þ −9.3� 10.3 [100]
ImfTð0Þ −1.9� 15.4 [100]
RefA3ð0Þ 0� 0.075 [110]

6The triple correlation is with respect to the neutron polari-
zation, electron momentum, and electron spin, cf. Eq. (1) of
Ref. [106].
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initial state nucleon; second, the case of polarized final
state tau lepton. The first case is realized in electron
scattering experiments [153,154]; the potential realization
in neutrino scattering has been considered in Ref. [83]. The
second case could potentially be realized in future neutrino
experiments, with the spin-state inferred from the tau
decay products [155]. In Fig. 3 as an illustrative example,
we consider the asymmetry predicted for an illustrative
3 GeV muon antineutrino beam on a polarized proton
target, including the effect of possible new physics
encoded in the amplitudes in Eq. (24). Figures 14–31 of
Appendix A 2 present the complete set of polarization-
transfer observables Tt; Tl; T⊥; Rt; Rl; R⊥; Lt; Ll; L⊥ for
the scattering of muon (anti)neutrinos with energies
between 300 MeV and 3 GeV. In each case, we present
the envelope of possible asymmetries after varying the
amplitudes Ref3, RefA3, RefT , Imf3, and ImfT
within the constraints of Table I. The transverse nucleon

spin asymmetries Tt and Rt both for neutrinos and
antineutrinos, as well as the longitudinal asymmetries Tl
and Rl, are sensitive to new parameter space for the tensor
coupling RefT , and also exhibit sensitivity to RefA3 at
neutrino energies above ∼1 GeV. The asymmetry Rl both
for neutrinos and antineutrinos and the target asymmetry
Tl for antineutrinos provide sensitivity above current
uncertainties on vector and axial-vector form factors to
the amplitude RefT only. The target nucleon asymmetry
Tl in neutrino scattering is sensitive also to the amplitude
Ref3 near the muon production threshold, cf. Fig. 16. The
lepton-spin asymmetries Lt and Ll are sensitive to the
amplitudes RefT and Ref3 both in the scattering of
neutrinos and antineutrinos. The transverse polarization
asymmetries T⊥; R⊥; L⊥ receive small Standard Model
contributions but potentially large contributions from
ImfT and Imf3 and are thus sensitive to these
quantities.

FIG. 2. Ratio of unpolarized muon neutrino cross section to the tree-level result as a function of the squared momentum transfer Q2 at
fixed muon neutrino energy Eν ¼ 3 GeV. The dark black and light gray bands correspond to vector and axial-vector uncertainty,
respectively. Orange dashed and green dotted lines represent allowed regions for f3 and fT , respectively, as described in the text. The left
and right plots show results for one extra real-valued amplitude and one extra imaginary-valued amplitude, respectively.

FIG. 3. Polarization observables Tl with one extra real-valued amplitude (left) and T⊥ with one extra imaginary-valued amplitude
(right) compared to the tree-level result at fixed muon antineutrino energies Eν ¼ 3 GeV. The dark black and light gray bands
correspond to vector and axial-vector uncertainties, respectively. Orange dashed, green dotted, and blue dashed-dotted lines represent
allowed regions for f3, fT , and fA3, respectively, as described in the text.
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We repeat our study for tau flavor polarization asym-
metries. As an illustration, Fig. 4 considers the lepton
asymmetries that can be determined by measuring the
polarization of the final-state tau lepton. For neutrinos with
Eν ¼ 5 GeV, the results demonstrate that asymmetries
differ significantly from Standard Model predictions in
large regions of parameter space that are allowed by beta
decay constraints. Figures 32–44 of Appendix A 3 present
results for all single-spin asymmetries over a range of
(anti)neutrino beam energies between 5 and 15 GeV, above
the tau production threshold. For tau neutrinos, all polari-
zation observables with a reference spin in the scattering
plane are sensitive to the amplitudes RefT and Ref3.
Contrary to the unpolarized cross section, the transverse
spin asymmetries Tt and Rt in both neutrino and antineu-
trino scattering are also sensitive to RefA3. The transverse
polarization asymmetries T⊥; R⊥; L⊥, with spin direction
orthogonal to the scattering plane, are sensitive to ImfT
and Imf3, in both neutrino and antineutrino scattering.

V. RADIATIVE CORRECTIONS
TO UNPOLARIZED CROSS SECTIONS
AND SINGLE-SPIN ASYMMETRIES

In this section, we study the effects of radiative correc-
tions on the unpolarized cross sections and polarization

observables considered above. We take virtual contribu-
tions to the amplitudes in Eqs. (1) and (3) from the recent
calculation of Refs. [101,102]. For the muon and tau
charged-current events considered in this paper, we include
the radiation of one real photon with energy below ΔE ¼
10 MeV and label this cross section as next-to-leading
order (NLO).
In Fig. 5, we compare the effect of radiative corrections to

the theoretical cross-section uncertainties that are obtained
by propagating errors from the vector and axial-vector
nucleon form factors, cf. Fig. 2. Over most of the kinematic
range, the effect is larger than the current vector form factor
uncertainty [113] but smaller than the current axial-vector
form factor uncertainty [36]. The effects of radiative
corrections are at or below the current level of experimental
uncertainties but will become increasingly important with
more precise data. These corrections are also critical for the
determination of flavor ratios [101]. In Appendix A 4, we
present results over a range of energies, for unpolarized
cross sections of both neutrinos and antineutrinos,
cf. Figs. 50–53. Results are displayed as a ratio of the
cross sections evaluated with radiative corrections to the
benchmark tree-level cross section, for the illustrative
energies considered in Appendix A 1. The results reproduce
those from Refs. [101,102] for the corresponding kine-
matics and muon (anti)neutrino flavor. At very low squared
momentum transfers, radiative corrections for muon
(anti)neutrino flavor typically exceed the tree-level cross-
section uncertainty, determined mainly by the axial-vector
charge according to Figs. 5, 50, and 51. The corrections are
positive at hundreds of MeV incoming (anti)neutrino ener-
gies and become negative for energies above 500 MeV.
For tau (anti)neutrino scattering, cf. Figs. 52 and 53, the
radiative corrections are well below uncertainties from the
axial-vector form factor and reach vector form-factor uncer-
tainties only at lowest squared momentum transfers.
For the first time, we investigate the effects of radiative

corrections on the polarization asymmetries in neutrino
scattering Tt, Tl, Rt, Rl, Lt, Ll for muon and tau flavors. We
present these observables in Figs. 58–89 of Appendix A 4.
Radiative corrections to these asymmetries are below the
uncertainties from the axial-vector form factor but have the

FIG. 4. Polarization observables Lt, Ll with one extra real-valued amplitude, and L⊥ with one extra imaginary-valued amplitude,
compared to the tree-level result at fixed tau neutrino energy Eν ¼ 5 GeV.

FIG. 5. Radiative corrections to unpolarized cross section in
Fig. 2. The blue dashed-dotted line represents the radiatively
corrected result.
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same order of magnitude as vector form-factor errors.
Besides the motivated model for the real part of ampli-
tudes in Refs. [101,102], we consider also imaginary parts
of all invariant amplitudes in the same model as an
estimate of the order-of-magnitude for possible contribu-
tions from imaginary parts. The asymmetries with a spin
vector transverse to the scattering plane vanish at tree level
and are generated by the imaginary parts of invariant
amplitudes. Both for muon and tau flavor, the transverse
spin asymmetries T⊥; R⊥ are typically at permille level.
The asymmetry L⊥ is below permille and can reach
∼0.1% at some kinematics.

VI. CONCLUSIONS AND OUTLOOK

In this paper, we present the general decomposition of
(anti)neutrino-nucleon charged-current elastic scattering
amplitudes. We provide expressions for the unpolarized
cross section and single-spin asymmetries in terms of
these amplitudes and investigate both the forward and the
backward limits for these observables. We provide
numerical results for all observables for relevant fixed
(anti)neutrino energies as a function of the squared
momentum transfer considering the uncertainty of tree-
level nucleon form factors and also accounting for
radiative corrections. QED contributions to muon
(anti)neutrino-nucleon charged-current elastic scattering
cross sections are of the order of the theoretical uncer-
tainty, while the radiative corrections to the scattering of
tau (anti)neutrinos are much smaller than the theoretical
error from current knowledge of the nucleon form factors.
The radiative corrections to the single-spin asymmetries
largely cancel between the numerator and denominator
resulting in negligible effects within the uncertainties of
tree-level predictions.
Assuming the dipole form for the Q2 dependence and ν

independence for possible new physics contributions to the
invariant amplitudes, and Standard Model scaling with the
lepton mass, we examine the parameter space allowed by
beta decay constraints on unpolarized cross sections and
polarization transfer observables. Surprisingly, we find that
the available constraints on both the real and the imaginary
parts of the tensor interaction coefficient, as well as con-
straints on the imaginary part of the scalar coefficient, can be
significantly improved with current data on the unpolarized
antineutrino-hydrogen and neutrino-deuterium scattering
cross sections. We present an analysis of the recent anti-
neutrino-hydrogen measurement by the MINERvA
Collaboration in an accompanying publication [112].
Relatively imprecise first measurements of single-spin
asymmetries with (anti)neutrino beams would be sensitive
to new parameter space for both the real and the imaginary
parts of the scalar and tensor couplings.

FEYNCALC [156,157], LOOPTOOLS [158], and
Mathematica [159] were extremely useful in this work.
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APPENDIX: CROSS SECTION, ASYMMETRY,
AND RADIATIVE CORRECTIONS PLOTS

In the main text, we have illustrated Standard Model
uncertainties, constraints on new physics extrapolated from
beta decay measurements, and the impact of radiative
corrections, cf. Figs. 2, 3, 4, and 5. For completeness, in
this appendix we provide corresponding plots for each of
the unpolarized and polarized observables, for a range of
neutrino energies relevant to accelerator neutrino experi-
ments. Appendix A 1 considers unpolarized cross sections
for muon flavor and tau flavor (anti)neutrinos.
Appendixes A 2 and A 3 consider polarization asymmetries
for muon and tau flavor (anti)neutrinos, respectively.
Appendix A 4 shows the impact of radiative corrections
on each of the above observables.

1. Unpolarized cross sections

In this section, we consider the unpolarized cross
section with one extra real- or imaginary-valued ampli-
tude, fiðν; Q2Þ ¼ ½Refið0Þ þ iImfið0Þ�=ð1þ Q2

Λ2Þ2, for
illustrative muon (tau) neutrino and antineutrino
energies Eν ¼ 300 MeV, 600 MeV, 1 GeV, and 3 GeV
(Eν ¼ 5, 7, 10, and 15 GeV), and Λ ¼ 1 GeV. We vary
the amplitude normalizations within the ranges from
Table I, and compare to the uncertainty from vector
and axial-vector form factors from Sec. IV. The effect
from the extra amplitude RefA3ð0Þ from Table I cannot
be distinguished from zero on plots with the unpolarized
cross section.
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FIG. 6. Ratio of unpolarized muon neutrino cross section with one extra real-valued amplitude to the tree-level result as a function of
the squared momentum transfer Q2 at fixed muon neutrino energies Eν ¼ 300 MeV, 600 MeV, 1 GeV, and 3 GeV. The dark black and
light gray bands correspond to vector and axial-vector uncertainty, respectively. Orange dashed and green dotted lines represent allowed
regions for f3 and fT , respectively, as described in the text.

FIG. 7. Same as Fig. 6, but for imaginary amplitudes.
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FIG. 8. Same as Fig. 6 but for antineutrinos.

FIG. 9. Same as Fig. 7 but for antineutrinos.
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FIG. 10. Same as Fig. 6 but for real amplitudes in the scattering of tau neutrinos at fixed beam energies Eν ¼ 5, 7, 10, and 15 GeV.

FIG. 11. Same as Fig. 10 but for imaginary amplitudes.
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FIG. 12. Same as Fig. 10 but for antineutrinos.

FIG. 13. Same as Fig. 11 but for antineutrinos.
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2. Polarization asymmetries, muon (anti)neutrino

In this section, we present all independent single-spin asymmetries for muon neutrinos and antineutrinos, with one extra
real- or imaginary-valued amplitude fiðν; Q2Þ ¼ ½Refið0Þ þ iImfið0Þ�=ð1þ Q2

Λ2Þ2, for illustrative neutrino energies
Eν ¼ 300 MeV, 600 MeV, 1 GeV, and 3 GeV, and Λ ¼ 1 GeV. We vary the amplitude normalizations within the ranges
from Table I, and compare to the uncertainty from vector and axial-vector form factors from Sec. IV.

FIG. 14. Transverse polarization observable, Tt, with one extra real-valued amplitude, compared to the tree-level result at fixed muon
neutrino energies Eν ¼ 300 MeV, 600 MeV, 1 GeV, and 3 GeV. The dark black and light gray bands correspond to vector and axial-
vector uncertainty, respectively. Orange dashed, green dotted, and blue dashed-dotted lines represent allowed regions for f3, fT , and fA3,
respectively, as described in the text.
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FIG. 15. Same as Fig. 14 but for antineutrinos.

FIG. 16. Same as Fig. 14 but for the longitudinal polarization observable Tl.
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FIG. 17. Same as Fig. 15 but for the longitudinal polarization observable Tl.

FIG. 18. Same as Fig. 14 but for the transverse polarization observable T⊥ and imaginary amplitudes.
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FIG. 19. Same as Fig. 15 but for the transverse polarization observable T⊥ and imaginary amplitudes.

FIG. 20. Same as Fig. 14 but for the transverse polarization observable Rt.
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FIG. 21. Same as Fig. 15 but for the transverse polarization observable Rt.

FIG. 22. Same as Fig. 14 but for the longitudinal polarization observable Rl.
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FIG. 23. Same as Fig. 15 but for the longitudinal polarization observable Rl.

FIG. 24. Same as Fig. 14 but for the transverse polarization observable R⊥ and imaginary amplitudes.
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FIG. 25. Same as Fig. 15 but for the transverse polarization observable R⊥ and imaginary amplitudes.

FIG. 26. Same as Fig. 14 but for the transverse polarization observable Lt.
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FIG. 27. Same as Fig. 15 but for the transverse polarization observable Lt.

FIG. 28. Same as Fig. 14 but for the longitudinal polarization observable Ll.
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FIG. 29. Same as Fig. 15 but for the longitudinal polarization observable Ll.

FIG. 30. Same as Fig. 14 but for the transverse polarization observable L⊥ and imaginary amplitudes.
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FIG. 31. Same as Fig. 15 but for the transverse polarization observable L⊥ and imaginary amplitudes.
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3. Polarization asymmetries, tau (anti)neutrino

In this section, we present all independent single-spin asymmetries for tau neutrinos and antineutrinos in Figs. 32–49,
with one extra real- or imaginary-valued amplitude fiðν; Q2Þ ¼ ½Refið0Þ þ iImfið0Þ�=ð1þ Q2

Λ2Þ2, for illustrative neutrino
energies Eν ¼ 5, 7, 10, and 15 GeV, and Λ ¼ 1 GeV. We vary the amplitude normalizations within the ranges from Table I,
and compare to the uncertainty from vector and axial-vector form factors from Sec. IV.

FIG. 32. Transverse polarization observable, Tt, with one extra real-valued amplitude, compared to the tree-level result at fixed tau
neutrino energies Eν ¼ 5, 7, 10, and 15 GeV. The dark black and light gray bands correspond to vector and axial-vector uncertainty,
respectively. Orange dashed, green dotted, and blue dashed-dotted lines represent allowed regions for f3, fT , and fA3, respectively, as
described in the text.
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FIG. 34. Same as Fig. 32 but for the longitudinal polarization observable Tl.

FIG. 33. Same as Fig. 32 but for antineutrinos.
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FIG. 36. Same as Fig. 32 but for the transverse polarization observable T⊥ and imaginary amplitudes.

FIG. 35. Same as Fig. 33 but for the longitudinal polarization observable Tl.
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FIG. 38. Same as Fig. 32 but for the transverse polarization observable Rt.

FIG. 37. Same as Fig. 33 but for the transverse polarization observable T⊥ and imaginary amplitudes.
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FIG. 40. Same as Fig. 32 but for the longitudinal polarization observable Rl.

FIG. 39. Same as Fig. 33 but for the transverse polarization observable Rt.
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FIG. 42. Same as Fig. 32 but for the transverse polarization observable R⊥ and imaginary amplitudes.

FIG. 41. Same as Fig. 33 but for the longitudinal polarization observable Rl.

BORAH, BETANCOURT, HILL, JUNK, and TOMALAK PHYS. REV. D 110, 013004 (2024)

013004-30



FIG. 44. Same as Fig. 32 but for the transverse polarization observable Lt.

FIG. 43. Same as Fig. 33 but for the transverse polarization observable R⊥ and imaginary amplitudes.
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FIG. 46. Same as Fig. 32 but for the longitudinal polarization observable Ll.

FIG. 45. Same as Fig. 32 but for the transverse polarization observable Lt.
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FIG. 48. Same as Fig. 32 but for the transverse polarization observable L⊥ and imaginary amplitudes.

FIG. 47. Same as Fig. 33 but for the longitudinal polarization observable Ll.
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FIG. 49. Same as Fig. 33 but for the transverse polarization observable L⊥ and imaginary amplitudes.
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4. Radiative corrections

In this section, we consider radiative corrections to the observables illustrated in Appendixes A 1, A 2, and A 3.

a. Radiative corrections to unpolarized cross sections

In this section, we present unpolarized cross sections including radiative corrections as described in Sec. V. We consider
muon (tau) neutrino and antineutrino energies Eν ¼ 300 MeV, 600 MeV, 1 GeV, and 3 GeV (Eν ¼ 5, 7, 10, and 15 GeV),
and compare to the uncertainty from vector and axial-vector form factors from Sec. IV.

FIG. 50. Ratio of the unpolarized cross section including radiative corrections to the tree-level result as a function of the squared
momentum transfer Q2 at fixed muon neutrino energies Eν ¼ 300 MeV, 600 MeV, 1 GeV, and 3 GeV is illustrated. The radiatively
corrected cross section, which includes virtual contributions and one real photon of energy below 10 MeV, is shown by the blue dashed-
dotted line. The dark black and light gray bands correspond to vector and axial-vector form factor uncertainty.
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FIG. 52. Same as Fig. 50 but for tau neutrinos at fixed beam energies Eν ¼ 5, 7, 10, and 15 GeV.

FIG. 51. Same as Fig. 50 but for antineutrinos.
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FIG. 53. Same as Fig. 52 but for antineutrinos.
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b. Radiative corrections to polarization asymmetries, muon (anti)neutrino

In this section, we present single-spin asymmetries for muon neutrinos and antineutrinos in Figs. 54–71, including
radiative corrections as described in Sec. V. We consider neutrino energies Eν ¼ 300 MeV, 600 MeV, 1 GeV, and 3 GeV,
and compare to the uncertainty from vector and axial-vector form factors from Sec. IV.

FIG. 54. Radiative correction to the transverse polarization observable Tt, at fixed muon neutrino energies Eν ¼ 300 MeV, 600 MeV,
1 GeV, and 3 GeV is illustrated. Radiatively corrected observable, which includes virtual contributions and one real photon of energy
below 10 MeV, is shown by the blue dashed-dotted line. The dark black and light gray bands correspond to vector and axial-vector form
factor uncertainty.
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FIG. 55. Same as Fig. 54 but for antineutrinos.

FIG. 56. Same as Fig. 54 but for the longitudinal polarization observable Tl.
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FIG. 57. Same as Fig. 55 but for the longitudinal polarization observable Tl.

FIG. 58. Same as Fig. 54 but for the transverse polarization observable T⊥.
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FIG. 59. Same as Fig. 55 but for the transverse polarization observable T⊥.

FIG. 60. Same as Fig. 54 but for the transverse polarization observable Rt.

INVARIANT AMPLITUDES, UNPOLARIZED CROSS SECTIONS, … PHYS. REV. D 110, 013004 (2024)

013004-41



FIG. 61. Same as Fig. 55 but for the transverse polarization observable Rt.

FIG. 62. Same as Fig. 54 but for the longitudinal polarization observable Rl.
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FIG. 63. Same as Fig. 55 but for the longitudinal polarization observable Rl.

FIG. 64. Same as Fig. 54 but for the transverse polarization observable R⊥.
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FIG. 65. Same as Fig. 55 but for the transverse polarization observable R⊥.

FIG. 66. Same as Fig. 54 but for the transverse polarization observable Lt.
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FIG. 67. Same as Fig. 55 but for the transverse polarization observable Lt.

FIG. 68. Same as Fig. 54 but for the longitudinal polarization observable Ll.
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FIG. 69. Same as Fig. 55 but for the longitudinal polarization observable Ll.

FIG. 70. Same as Fig. 54 but for the transverse polarization observable L⊥.
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FIG. 71. Same as Fig. 55 but for the transverse polarization observable L⊥.
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c. Radiative corrections to polarization asymmetries, tau (anti)neutrino

In this section, we present single-spin asymmetries for tau neutrinos and antineutrinos, including radiative corrections as
described in Sec. V. We consider neutrino energies Eν ¼ 5, 7, 10, and 15 GeV, and compare to the uncertainty from vector
and axial-vector form factors from Sec. IV.

FIG. 72. Radiative correction to the transverse polarization observable Tt, at fixed tau neutrino energies Eν ¼ 5, 7, 10, and 15 GeV is
illustrated. Radiatively corrected observable, which includes virtual contributions and one real photon of energy below 10 MeV, is
shown by the blue dashed-dotted line. The dark black and light gray bands correspond to vector and axial-vector form factor uncertainty.
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FIG. 73. Same as Fig. 72 but for tau antineutrinos.

FIG. 74. Same as Fig. 72 but for the longitudinal polarization observable Tl.
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FIG. 75. Same as Fig. 73 but for the longitudinal polarization observable Tl.

FIG. 76. Same as Fig. 72 but for the transverse polarization observable T⊥.
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FIG. 77. Same as Fig. 73 but for the transverse polarization observable T⊥.

FIG. 78. Same as Fig. 72 but for the transverse polarization observable Rt.
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FIG. 79. Same as Fig. 73 but for the transverse polarization observable Rt.

FIG. 80. Same as Fig. 72 but for the longitudinal polarization observable Rl.
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FIG. 81. Same as Fig. 73 but for the longitudinal polarization observable Rl.

FIG. 82. Same as Fig. 72 but for the transverse polarization observable R⊥.
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FIG. 83. Same as Fig. 73 but for the transverse polarization observable R⊥.

FIG. 84. Same as Fig. 72 but for the transverse polarization observable Lt.
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FIG. 85. Same as Fig. 73 but for the transverse polarization observable Lt.

FIG. 86. Same as Fig. 72 but for the longitudinal polarization observable Ll.
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FIG. 87. Same as Fig. 73 but for the longitudinal polarization observable Ll.

FIG. 88. Same as Fig. 72 but for the transverse polarization observable L⊥.
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