
PHYSICAL REVIEW D VOLUME 11, NUMBER 4 15 FEBRUARY 1975

Gravitational field equations and the possibility of time variation of all masses*
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Recent developments in spontaneously broken gauge theories as well as in group analysis of
cosmological models indicate that rest masses may change on the cosmological scale. Such an eAect

contradicts Einstein's equations of general relativity. The possibility of replacing Einstein's equations by

the equations R „„=—4mvT„„ is explored. Cosmological models are calculated and time variation of
all masses is derived for all isotropic, spatially homogeneous models. The result is m/m = —3H,
where H is Hubble's constant. It is shown that the equations R „„=—4mvT„, are not precluded by

presently available observational and experimental data.

I. INTRODUCTION

The purpose of this note is to explore the pos-
sibility that the gravitational field equations in
nonempty space are given by'

J)l q,
———4mKT„,

instead of the usual equation of general relativity

(1.2)

To be sure, Eq. (1.1) is now new. It is often
suggested in textbooks (without the calculation
of the constant 4vv) as the first candidate for
the gravitational field equations, and immediate-
ly rejected because the left-hand side does not
have an identically vanishing four-divergence. '
If, however, energy and rest mass are not con-
served quantities on the cosmological scale, then
the postulate that (1.1) are the correct gravitation-
al field equations is worth exploring: They sat-
isfy the basic postulates of the theory of general
relativity (the equivalence principle, the princi-
ple of covariance) and are as simple and elegant
as Eq. (1.2).

The possibility that energy and/or rest mass
are not conserved quantities was recently raised
in two entirely different contexts:

(1) Considerations ba. sed on Salam's and Wein-
berg's spontaneously broken gauge theories of
weak and electroma, gnetic interactions': As far
as energy is concerned, Kirzhnits and Linde as
well as steinberg have demonstrated that the en-
ergy of the vacuum depends on the temperature
of the medium and therefore varies on the cosmo-
logical scale.4' Concerning rest masses: In
spontaneously broken gauge theories various rest
masses may vanish to zeroth order, and can then
be calculated as higher-order effects, ' which, in
turn, may change with the temperature of the
medium and therefore change with time.

(2) A group-theoretical analysis of isotropic,

spatially homogeneous cosmological models'
strongly suggests that the rest masses of all
physical systems decrease as the universe ex-
pands .

The main consequences of Eq. (1.1) can be sum-
med up as follows:

(1) For cosmological models, the variety of
allowed models is similar to that of Einstein's
equations (1.2); the detailed behavior of the me-
tric tensor as a function of cosmic time is differ-
ent. Explicit results are given in Sec. II.

(2) The masses of all physical systems de-
crease as the univer se expa. nds. The rate of
change depends on Hubble's constant H only and
is given by the formula.

~i~/ni = —3H, (1.3)

II. COSMOLOGICAL MODELS

As pointed out by Robertson and Noonan, ' "the
observational evidence allows us to assume the
existence of a congruence of fundamental world
lines which fills the universe. " If the universe
is also assumed to be isotropic and spatially
homogeneous, then it is possible to choose a
canonical coordinate system (t, x„x„x,) such
that the metric tensor in the coordinate system

where»~ is the mass and a dot denotes different-
iation with respect to cosmic time. This result
is certainly in line with Mach's principle: If the
inertial mass of a system is due to the influence
of all the other masses in the universe, one
would expect the inertial mass to decrease as
all the other masses get further and further away.

(3) The presently available observational and

experimental data are not sensitive enough to de-
cide between Eqs. (1.1) and (1.2), but measure-
ments which are accurate enough for such a de-
cision are expected to be available within a few
years (see Sec. IV).
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is of the form'

S2 (t) (1+ -' kr ')' (2.1)

Equations (2.5) have the following well-known
solutions;

(i) spherical space (in parametric representa-
tion):

where

r = (x '+ x '+ x ')'/' (2.2)

and on the fundamental world lines ds' =dt'. The
coordinate t in the canonical frame of reference
is called "cosmic time. "

The isotropic spatially homogeneous cosmo-
logical models are classified into the following
three well-known types, according to the sign
of k

(i) k=+1 (spherical space). The hypersur-
faces t = const have constant positive curvature.

(i i) k =0 (Euclidean space) The . hypersurfaces
t =const have zero curvature.

(i i i ) k = —1 (pseudospheri cal space) Th.e hyper-
surfaces t = const have constant negative curva-
ture.

For the purpose of calculating and discussing
cosmological models the energy-momentum ten-
sor will be assumed, as usual, to have the form

t =A(2u —sin2u),

S =/1(1 —cos2u),

where u is a parameter.

(ii) Euclidean space:

S(t) =Bt'i'

(iii) Pseudospherical space (in parametric
representation):

t = C(sinh2u —2u),
S = C(cosh2u —1) .

(2 't)

(2.8)

(2.9)

S —+ 4y+4k =0.dy
dS

(2.10)

A, B, and C are constants.
The solution of Eqs. (2.6) can be carried out up

to a final quadrature as follows: If we denote

y =S', Eq. (2.6b) takes the form

T" =
V

p(t) 000
0 000
0 000

(2 3)

Substituting z = lnS we obtain

dy—+ 4y+4k =0,
dz

y= —k+DS ~,

(2.11)

(2.12)

0 000 where D is a constant of integration. Recalling
that y =S we finally obtain

where p(t) is the matter density. '0 The function
S(t) is then obtained from the gravitational field
equations, Eqs. (1.1) or (1.2), as the case may
be.

The contracted Riemann tensor corresponding
to the metric tensor (2.1) is given as follows:

t tp (DS -» k) 1/2 dS

—=(DS»-k)"
dt

The following formulas will also be needed:

(2.13)

(2.14)
3S

R 0 S ) (2.4a) O'S
= —2DS '

dt' (2.15)

2k 2S2 S
S2 (2.4b)

where a dot denotes differentiation with respect
to cosmic time. Substitution of Eq. (2.4) in Eq.
(1.2) yields the usual equations for the function
S(t):

3$ 3k
8nwp = --2 + —2, (2.5a)

2SS +S'+ k = 0 . (2.5b)

If, however, Eq. (1.1) is assumed, the following
equations are obtained: S(t) =et'i', (2.16)

The general behavior of the cosmological models
can be read off Eqs. (2.13)-(2.15) and compared
with the standard general relativistic models:

(i) Spherical space We have a. pulsating uni-
verse, with S(t) varying between 0 and D" /».

S =0 is a singularity [corresponding to the break-
down of the form (2.3) for the energy-momentum
tensor as the density of matter gets high];
S =D' is an ordinary maximum.

(ii) Euclidean space. Since k =0 Eq. (2.13) can
be integrated. It yields

4wKp = —3S/S,

SS+ 2S + 2k = 0 .

(2.6a)

(2.6b)

as compared with the t' ' behavior of the Fried-
mann universe [Eq. (2.8)].

(iii) Pseudosphericaj space At all time .dS/dt )0,
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d'S/dt'& 0; the universe keeps expanding at an
ever decreasing rate.

On comparing these results with Eqs. (2.7)-(2.9)
we see an over-all similarity along with some
significant differences.

III. MASS VARIATION

In the case of the usual cosmological models it
follows from Eqs. (2.5) that

p(t) S'{t}= const, (3.1)

which is an expression of the law of conservation
of mass.

When Eqs. (2.6) are considered, pS' is a chang-
ing quantity, on the cosmological scale. It can
be understood to imply that all masses in the uni-
verse change at the same rate. This rate of
change is derived from Eqs. (2.6) and (2.14):
Since pS' is proportional to S ', we obtain

m(t) = mo[S(t))-', (3.2)

n~/nv = —3S/S = —3H, (3.3)

where H is Hubble's constant. Equation (3.3) is
valid for all isotropic, spatially homogeneous
cosmological models, with energy-momentum
tensor given by Eq. (2.3). For recent values of
the Hubble constant, such as"

Hp: 55 km sec ' Mpc

=(17.8x10' years) '

the rate of change of mass is of the order"

)nt /m ( 10 'o per year .

(3.4)

(3.5)

Mass variations of similar magnitude were pre-
viously obtained using an entirely different meth-
od —a group analysis of cosmological models.
As will be shown in a forthcoming paper, the

group method' gives identical results, namely
Eq. (3.3), for all the cosmological models of Eq.
(2.6).

Equation (3.3), which shows that all masses de-
crease as the universe expands, is in line with
Mach's idea that the inertial mass of a particle
is due to the influence of all other rnatter on it.
This influence can be expected to decrease as the
particles get further and further away from each
other.

IV. OBSERVATIONAL AND EXPERIMENTAL EVIDENCE

Equation (1.1) can, in principle, be put to the

observational and experimental test via three ap-

where m(t) is the mass of a particle (or any physi-
cal system) at cosmic time t and m, is a constant.
Differentiating Eq. (3.2) and dividing by m we ob-
tain

proaches:
(i) observation of its consequences as far as par-

ticle trajectories are concerned; (ii) cosmological
consequences; (iii) observstions of time variation
of rest masses.

(i) particle trajectories are involved in the first
observational confirmations of the theory of gener-
al relativity —the perihel. ic motion of Mercury and
the deflection of light rays passing near the sun.
Unfortunately, these are tests of Einstein's equa-
tions in empty space, for which case Eqs. (1.1) and

(1.2) are the same. The only difference, as far as
the Schwarzschild solution is concerned, is in the
possible time variation of the mass which gener-
ates the field (see Sec. III). However, the effects
of these variations on the perihelic motion are
6-8 order of magnitude too small for detection.

(ii) The results of Sec. II show significant vari-
ations between cosmological models based on Eq.
(1.1), as compared with Eq. (1.2). There are two

factors, however, which make it impractical to
use cosmological models to test Eq. (1.1): (1) the

great uncertainty in the numerical values of cos-
mological quantities, such as Hubble's constant or
the mean density of matter in the universe;" (2)
the fact that both Eqs. (1.1) and (1.2) allow for a
whole range of cosmological models [in fact, there
are models based on Eq. (1.1), as well as models
based on Eq. (1.2), which agree with presently
available cosmological data).

(iii} perhaps the major difference between physi-
ca.l consequences of Eqs. (1.1) and (1.2) concerns
the possibility of time variation of all rest masses.
According to Eq. (1.2) energy and momentum are
strictly conserved. According to Eq. (1.1), how-
ever, all rest masses vary according to Eqs. (3.3)
and (3.5). This result of Eq. (1.1) has consequences
which are close to the threshold of observational
verification. An analysis of the experimental and
observational evidence for such a mass variation
was presented in a previous article. ' The analysis
was largely based on an article by Dyson concern-
ing evidence for time variation of fundamental con-
stants. " It leads to the conclusion that the wealth
of available data from beta-decay experiments,
planetary orbit observations, interplanetary rang-
ing experiments, as well as solar and stellar evol-
ution considerations do not prelude such a time
variation of all masses. Furthermore, some of
these experiments are expected to be accurate
enough to detect such an effect, if it exists, with-
in the next few years. See Ref. 7 for details.

V. CONCLUSION

When the possibility of replacing Eq. (1.2) by Eq.
(1.1) as the gravitational field equations is con-
sidered, it is important to bear in mind that Eq.
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(1.1) is in full accord with the basic principles of
the theory of general relativity. Einstein's view
on Eq. (1.2) is expressed in the following quota-
tion:"

The second member on the left side is add-
ed because of formal reasons; for the left
side is written in such a way that its diver-
gence disappears identically in the sense of
the absolute differential calculus. The
right side is a formal condensation of all
things whose comprehension in the sense of
a field-theory is still problematic. Not for
a moment, of course, did I doubt that this
formulation was merely a makeshift in or-
der to give the general principle of relativ-
ity a preliminary closed expression. For
it was essentially not anything more than a
theory of the gravitational field, which was
somewhat artificially isolated from a total
field of as yet unknown structure.

If anything in the theory as sketched —apart
from the demand of the invariance of the
equations under the group of the continuous
co-ordinate- transformations -can possibly

make the claim to final significance, then
it is the theory of the limiting case of the
pure gravitational field and its relation to
the metric structure of space.

Notes added in Proof

When the effects of mass variation on spectral
lines is taken into account, it turns out that Eqs.
(1.3), (3.3) should be replaced by m/m =+ ', H an—d

observed red shifts correspond to a contracting
universe. Details will be given in a forthcoming
paper.

Equations (1.1) imply, in general, Z'"'. „&0 and

therefore imply that the matter action does not
transform like a scalar under coordinate trans-
formations (see Ref. 10, Chap. 12).
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