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An invariant-amplitude formalism is presented which features manifest gauge invariance and provides a
convenient separation of the prominent dynamical components for yN ~ m*6. Kinematic constraints

and low-t theorems are analyzed in terms of s- and t-channel helicity amplitudes. Various dynamical

models are discussed in terms of the general formalism and constraints.

I. INTRODUCTION

The yN-n-'6 reaction is of interest to both ex-
perimentalists and theorists since it provides val-
uable information about nondiffractive two-body
reactions with one-pion exchange and presents
some intriguing mysteries associated with its
dynamical behavior in the natural -parity-exchange
component. ' Data are available over a range of
energies' for each of the charge states. ' Results
using polarized photons' ' allow a clean separation
and analysis of the dynamical contributions to
natural- and unnatural-parity-exchange compo-
nents. ' A variety of dynamical models have been
proposed to account for the reaction. ' "

The purpose of this paper is to analyze the in-
dependent amplitudes describing the process and
to investigate the constraints which may be placed
on dynamical models from kinematical considera-
tions and by the 1,ow-t theorems"" which have
been previously derived and shown to play a domi-
nant role in the near-forward region, In Sec. II
we will briefly review the kinematic structure in
terms of invariant amplitudes and the results of
the low-t theorems. Section III will present an
alternate set of independent invariant amplitudes
A, which are manifestly gauge-invariant and which
allow a convenient separation for exhibiting the
contributions of the pion-exchange and background
terms. In Sec. IV the projection of the amplitudes
onto the t- and s-channel helicity amplitudes will
be presented and their contribution to do"/dt a,nd

do /dt exhibited. The final section, Sec. V, is
devoted to the brief analysis of dynamical models
and their associated expression and constraints in
this framework.

II. KINEMATIC REVIEW AND LOW-t THEOREMS

We provide here a brief review of the kinematics
and previously derived low-t theorems" which will

be used in later sections. The reaction matrix for
yN-0 + ~" is given by

f», . = T'»»» (k) = g ()(s, ()N, »» „.»
where

= u, (P), Af) It'"u(P;, A.;)e„(k,A)), (2)

Gauge invariance, T„k"= 0, gives the constraint
relations for the B&

0 =B,(s, t)k ~ q+B,(s, t)k ~ P,
O=B,(s, t)k q+B,(s, t)k ~ P+B,(s, t).

This allows us to determine the exact form of B,
and B44 ~ P+B, at t= p,

' and this defines the low-t
theorems for these amplitudes. Experimental re-
sults indicate that for

~
f

~
- p, ', the contributions

from B, (and B6») are minimal. The low-t theo-
rem which is most valuable to us is given by

and the I,'" are chosen so that the invariant am-
plitudes B,(s, t) are free from kinematic singu-
larities. The momenta for the nucleon, 6, pion,
and photon are given by P&, P&, q, and k. Similarly
the masses and helicities are given by M;, M&, p, ,
and A.;, A,f, and A.&.

The kinematic tensors I,'" which define the first
five B, , shown previously to be of importance in
the forward region, are

P q qP I P yvqP I P +vP

IUP qvP" IvP QvP"
2 4

where P =;(P;+Pz). The pion contributes only to
B, and B, with the limits

B,(s, t) 28„
&-ll2 t —P,

' '

B,(s, t) 28„
t
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B,(s, t) 2e,f
t p

s —M;
(6)

This relation holds for all s in the limit t- p. and
also appears to provide an excellent approximation
to B,(s, t) (at least in the region

~
t

I
& t1').

III. GAUGE-INVARIANT AMPLITUDES

A, (s, t) = [B,(s, t)-+B,(s, t)],

A, (s, t) = -I B2(s, t )+B,(s, t )],

(8)

and so on. Since the combinations of the right-
hand side of Eq. (8) are independent, we are as-
sured that the A, are generally independent as
well.

Now we can investigate the behavior of the A,
in the t- p,

' limit. Since B, is determined exactly
by Eq. (6) a,s t- p, , A, is also given exactly by
the low-t theorem with

A, (s, t) 4e,f
, „'(t t1')(s-M,')-

The appea. rance of the 1/(t —p, 2) pole in A, is ex-
pected since G', " was constructed to ensure that
the minimal gauge-invariant form" of the one-
pion exchange would contribute uniquely to A, .

Since the pion-pole contributions in B, and B,
given in Eq. (4) just cancel as t- t1', A, is left
with any residual parts of these amplitudes in this

It is useful to define a second set of independent
invariant amplitudes A, which are manifestly
gauge-invariant and allow a convenient separation
of the dynamical features in the near-forward
direction.

By choosing the appropriate combinations of
I,'" in Eq. (8) we define a. set of gauge-invariant
tensors as follows:

G', 0= (q' —t3')(k Pq" —t2 qP"),

G,'"= g'"A ~ q —k'q",
Gvjf + v fl y p y v ~/l

G,'"= g "lit -a'y",
G' =(g' A P t2"P"-)tt,

G,"=q'(P"$ -t2 Py'),
G"=u'y" j
G;"= q'y")t,

and the B, amplitudes in Eq. (l) are replaced by
the independent invariant amplitudes A;(s, t). The
A.

&
are related to the original kinematic -singular-

ity-free B, by the relations

( )
2B,(s, t)

1 r t 2 r

limit. Since the next nearest t singularity is
quite distant, this residual combination must ex-
hibit a, slow variation with t in the ) t

~

& t1 region.
A3 is given by the low-t constrained B, ampli-

tudes and the free B, term which makes an ap-
parently minimal contribution in the forward di-
rection as discussed above. A3 is then approxi-
mated by the limit

s —M'

This result has no counterpart in yN-~¹ There
the low-t theorem affects only one amplitude,
the one to which the pion trajectory contributes.

IV. HELICITY AMPLITUDES: t- AND s-CHANNEL

A. t-channel helicity amplitudes

The contributions of the invariant amplitudes
A1 3 to the parity -conserving t -channel helicity
amplitudes f I, 1 0„may be obtained from the&~0y
general transformation matrices"

(t- t1')(t-e')(t-6')
Af 3/2 1/2, 01 4(tif M 11/2 3 ~

i f/

(t —t ')(t —e')f 3/2 1/2, 01 2 (tiff tif 11/2 (2 3 tA2)
f/

g tk gt+
~ 3/2-1/2, Ol ~ 1/2 1/2, 01 0 r

(t —
t/ )(t —& )

2'�(tifM )'"tifi f f
x (-,'(t —e')(t —6') A, + (t+ e6)A,

+ —,
' (t —e'- e5 —5') A, ],

tk g tk
1/2-1/2, 01 ~8 J 3/2 1/2, 01

where e =M;+Mf and 5=Mf —M; .
We see from these expressions that the 4, am-

plitude, which includes the gauge-invariant con-
tribution of one-pion exchange, contributes only to
the unnatural-parity-exchange amplitude f,',»/2»
as expected.

The A3 amplitude, however, contributes to both
the natural- and unnatural-parity-exchange com-
ponents.

The first two equations allow us to obtain con-
spiracy equations relating helicity amplitudes of
opposite parity at t = 0

t — ~ gt+
3/2 1/2, 01 ~

~ 3/2 1/2, 01

t—f 1/2 —1/2, 01 e f 1/2 —1/2, 01

This is reminiscent of the familiar conspiracy
equation obtained" for yN- mN at t=0.
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B. s-channel helicity amplitudes

In the s channel it is convenient to consider the helicity combinations which correspond the polarization
of the photon beam parallel and perpendicular to the plane of production

S 1 S Sf l«O, X. ) ll ~2 (f X«O, X1+1 f k«0, 1,—1) )

S S S(f l«0, 1;+1+fl«O, X; -1) ~

General expressions are obtained from the transformation matrices. " These complicated expressions
are then carefully analyzed in the t- t limit, yielding simplified approximate expressions for the rela-
tions which are correct to highest order in s and lowest order in t:

gSJ 1/2O,
( t )1/2'" ' '-'mm 4v 6 (M, M«)'"M

xf[e'5+ (M,. +2M«)t] sA,

+ 2&sA2+ (M;+ 2M«)sA, },
S s +f 1/20, —1/23 1 1 4~6 (M M )1/2 (sA3+ p, A2),

i

—2f
f3/20, 1/21. 1 3 4~i) (M M )1/2 ( A3+ t A, ) )

i

t( t )1/2

4&2 (MM 1'" (
f J

- 4'/MM '/'('""~"')
illlll i fl

S $6
fl/20, -1/21 1 3 ~ 4~g(M M 11/2 ( 3+ I 2)

i fl

gS
3/2 0, 1/211 3 1, 4 ~2 /M M 11/2 (sA3 + il A2)

min i f j

( t )1/2
/ o, -1/2 l-)t, 4~$(M M 1 / 3+ii A2))

lillil f j

(14)

In each of the expressions in Eqs. (14) the (- t) is
used as shortha. nd to represent —(t —t ), wh. ich
vanishes in the forward direction for all s and goes
to (- t) for high s as t -0.

Stichel's theorem, ' which depends on the spinless
nature of the pion and is valid to O(t/s), allows an
identification between the parallel (perpendicular)
polarization amplitudes and the unnatural- (natu-
ral-) parity-exchange components. Again we see
that the A, amplitude contributes only to the paral-
lel, unnatural-parity -exchange, component, where

A, and A, contribute to both.
It is also instructive to note that the A, amplitude

always contributes to lower order in s than A, in
the helicity amplitudes which are nonvanishing in
the forward direction. This fact can account for
the negligibility of the A, contribution for high s.

Equations (14) also allow us to obtain an ex-
pression for the differential cross sections in
terms of A, , which will be valid in the near-
forward direction:

( )+ «)'
(A ( t)~2 (15)

8{7 +, i(M;+M«)(M«' —M )A, (s, t)+2(M, +M«)A2(s, t)+(M, +2M«)A, (s t)i2.

(16)

These expressions for the differential cross sec-
tions now justify our labeling of the A, amplitude
as the "background" amplitude since as t- t —0
and s large, A, provides the only nonvanishing
contribution to both do /dt and do /dt

We can also see why the rapid variation of the
pion pole in A, accounts for the rapid variation in
the parallel-polarized and unpolarized photon dif-
ferential cross sections. Equations (15) and (16)
also imply that the asymmetry near t= 0 must be
negative.

The apparent experimental saturation of the
background amplitude A, in the near-forward
direction by the B, amplitude and consequent
negligibility of the free B4 amplitude account for
the success of the low-t theorem amplitudes"
and the Stichel-Scholz electric Born term ampli-
tudes' for j t

~

~ p, '.
It would also be of interest to analyze the A,

amplitude using finite-energy sum rules'0 to form
a general pseudomodel similar to that of Jackson
and Quigg" from mh scattering data. It suggests
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that we would find the mA s-channel resonance
contributions to B, either small or canceling for
small t.

V. DYNAMICAL MODELS

Now we may investigate the components of the
various dynamical models in terms of the frame-
work we have presented. It is convenient to con-
sider the dynamical contributions in three classes:
(1) pion exchange, (2) other t-channel exchanges,
and (3) the background amplitude.

A. Pion exchange

Since the importance of this contribution strong-
ly influenced the form of our formalism it is easy
to express the pion exchange in a Regge form
which is almost universally agreed upon. ""
The pion contributes only to A, and therefore
f,',»» «. The known analyticity for A, can be
used to define the kinematic-singularity-free
parity -conserving t-channel heli city amplitude,
which is then Reggeized according to the standard

prescription, and the residue function is defined
to provide the proper limit given by the coupling
constants at the pion pole as in Eq. (9). The tra-
jectory u„(t) is now determined to be Regge-pole-
like from studies of unnatural-parity components
in pion-exchange reactions"' rather than flat as
was once suspected from the behavior of n,«(t)
obtained from unpolarized differential cross sec-
tions. '

B. Other t-channel exchanges

1. p-meson exchange

The prominent natural -parity t-channel ex-
changes are expected to be the p and A, mesons.
The projection of the p-exchange component onto
the amplitudes A; can be readily obtained from the
p-exchange diagram in the t- mp' limit. The in-
dependently gauge-invariant nature of the p ex-
change produces no new constraints. If we assume
the simplified Stodolsky-Sakurai form for the
ApN coupling"' "which has proved successful in
describing the 6-N+ y process, the matrix ele-
ment has the following form:

f )«ox x& =Z
yp fop + (Pf ~f) ~ @ P 'cr

2
+(p(0 &p@(P / 0 Ip Kbp, y (p g ) (yg )—m (17)

where Q =P; -Pz = q —k.
The projection onto the A& amplitudes then yields

a (s t) —~"»f»
1

+mp t mp

A3(s, t) ~3, —,"(M,' —M&'), (18)
t~mp t —m

P

A, (s, f), " ',"(-t).
t-m ' t —~p'

It is interesting that only the amplitudes A» A»
and A„which have previously played a role, are
needed for p exchange. A little algebraic manipu-
lation shows that the combinations of A» A» and
A„which appear in the unnatural-parity ampli-
tudes in Eqs. (11), are such that the expressions
in Eq. (18) combine to vanish exactly, leaving the
p contributing only to the natural-parity ampli-

t+ t+tudes f3/3, /3 pJ and f„,„,» as expected.
The appearance of the (- f) factor in /13 ensures

that the p contribution to the differential cross
section vanishes as t-0. This also guarantees
the trivial satisfaction of the conspiracy equa-
tions, Eq. (12) and a secondary role for p ex-
change in the near-forward direction.

The dependence of the p contribution through
amplitude A, is reminiscent of daughter trajectory
behavior in its lower -order dependence on s and

the unequal mass factor (M —M/').
As in the case of the pion, Reggeization is

straightforward. " Reggeizing f,'» „,» gives the
contribution to A3 and the relations in Eq. (17)
give us the contributions to A, and A, .

2. A2- and B-meson exchange

The contributions from the A, —and B-meson
exchanges may be added to the p and 7t components
with the assumptions of exchange degeneracy and
SU(3) as has been done by Goldstein and Owens. "
Since the A, and B contributions vanish as t- 0
and vary much more slowly than the pion ex-
change, they also trivially satisfy the conspiracy
equations and their role in the near-forward di-
rection should also be of secondary importance.

C. The background amplitude

Finally, let us consider the most interesting
dynamical question, that of the nature of the back-
ground amplitude. Not only does this component
account for the entire cross section in the forward
direction, but it most likely also holds the secret
of the limited shrinkage behavior of the natural-
parity component for large t. Where there is
general agreement on the treatment of the dynam-
ical contributions we have already discussed,
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there exists more variety in models proposed to
represent the background term.

1. Absorptive cuts

In models proposed by Namyslowski et al."and
Goldstein and Owens" this term is represented
by absorptive cuts. The Regge exchanges in
f 3/2 g/2 p y and f y/2 y/2 p y are inserted into absorp
tion integrals to generate the background contri-
butions to these amplitudes. In the absence of mA

scattering data, the background is normalized to
the experimental value in the forward direction.
This procedure yields background terms with
leading s behavior in the form s" '~/lns. This
form for A, would vary markedly from the low-t
form for the amplitude (over a large s range) and
would require the B4 contribution to play an im-
portant role. The absorptive-cut prescription
also has problems with dips for large t." "

2. Poor man 's absorption model

An alternative method for obtaining the back-
ground amplitude is to invoke the "poor man' s
absorption" (PMA) model originally proposed by
Williams" and since discussed in some detail by
Fox' "and Gluck. " In this prescription the back-
ground term is obtained by extrapolating the pion-
exchange amplitude to the pion pole. This proce-
dure is justified by the occurrence of Kronecker
6 terms in the calculation of the absorption inte-
grals. " It can be seen from the work of Gluck
that, although there is some variation in the dg/dt
behavior in the

~
f

~

& i/,
' region, the background

amplitude in the PMA prescription is equivalent
to the low-t theorem value as t- p.'.

3. Fixed poles

Fox" has also noted that the PMA prescription
for the background amplitude can be thought of as

a fixed pole, o.(t) =0. This feature can account
for the limited shrinkage phenomena in the natu-

ral-parity component. The same observation can
be made for the representation of the background
amplitude by the low-t theorem form modified by

a factor depending only on t.
An explicit form for a fixed-pole model is given

by Bender, Dosch, and Rothe, ' who represent

f, ,»»0, with a simplified (without signature fac-
tors, etc. ) pion exchange and they express the

background as a fixed Khuri pole. The residue
for the fixed pole is fixed by the value of the cou-
pling constants and therefore is equivalent to the

low-t theorem form for the amplitude.

D. Conclusions

It is therefore clear that the variety in the dy-
namical models which have been suggested for
yN-7TA occurs mostly in the representation of the

background amplitude. A resolution of the correct
form for this interesting term should therefore
answer some of the most intriguing mysteries
associated with the process and will require po-
larized-photon data over a much larger range of

s than is presently available.
It should be observed that detailed comparisons

with the photon polarization asymmetry data have

been attempted thus far only in terms of the ab-
sorptive-cut model. Much is still to be learned.
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