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A simple algorithm for the recursive reduction of the trace of a product of any number of
the f and ¢ matrices of SU@) is given. SU(@3) trace identities (through fourth order) are used
to construct effective interaction Lagrangians in the baryon-loop model for PVV, PVy, and
weak (strangeness-changing) PVy couplings. At the same time it is shown that the effects of
baryon-mass breaking on the PVV coupling are negligible in the loop model. The usefulness
of this formal compaction is further illustrated in the calculation of the contributions of all
vector-meson poles to Kg —n*17y decay. It is found that the previous neglect of the contribu-

tion of K* poles in this case is justified.

1. INTRODUCTION

Recently we explored in a succession of pa-
pers’~® some of the predictive consequences of
a baryon-loop model for weak radiative kaon de-
cays with SU(3) symmetry. In the baryon-loop
approach to which we allude, one replaces the
parity -conserving and parity-violating parts of
the weak nonleptonic Hamiltonian density relevant
for hyperon decay,

3 =V'2G cosbsinfz{glt i) gH e} (1)
by equivalent weak Hamiltonians,

35 =2V 2P (~if i F +dg; DY, (2)
v . . 0
e A):"‘Cdsizd)j <— iyt aduk> o0,  (3)

expressed in terms of physical baryon fields. The
parameters F, D, &, ¢, and c derive from
Gronau’s remarkable fit” of a semiphenomenologi-
cal current-algebraic treatment of nonleptonic
hyperon decays to experiment with

F=4.7x10"°MeV,
D/F=-0.85,
5/¢p=-0.5,
c=3.2X10"° MeV !,
To complete the interaction Lagrangian for this
model one next adjoins to the weak Lagrangian
£y determined by Eqs. (2) and (3) the strong and
electromagnetic interactions
Lywon = =V 28f Tr([Bivs, BIM) +V2 gd Tr({Biv,, B} M)
-V2¢Tr(By,,BIv*)+V26 Tr{By,, B}V*)
-i(g, N2)Tr(M,0,M]V*), (5)

11

Lom =—3eA*Tr{([By,, Bl +2i[M,8 ,M])Q}, (6)

where B=X;; /Y2 is the traceless baryon matrix,
M =X;¢;/V2 is the traceless pseudoscalar-meson
matrix, V*=x,¢%/V2 is the traceless vector-me-
son matrix, and @ =A3+Aa/wf§. Following Gronau,’
we take d/f=1.8 (d+f=1) with g?/47 =14.6, and
use the Barger-Olsson values,® g,%/47 =~ 2.5 and
2¢=(1.25/1.03)g,=6.1.

Unfortunately, calculation in this promising
model is hampered by the necessity for evaluating
traces of products of Gell-Mann’s f and d tensors
(loops in unitary spin space). Since we are not
aware of any simple approach to the expansion of
SU(3) traces (“loops”) in SU(3) tensors (“trees”),
in spite of the considerable literature® dealing with
the algebra of SU(3) and with the properties of the
fand d tensors,’ our brief presentation of a recur-
sive solution to this problem in the next section
may also be useful in other contexts. In Sec. II
SU(3) trace identities through fourth order are
employed to summarize succinctly the effective
PVV (with an estimate of the effects of the usually
neglected baryon mass-breaking), PVy, and weak
PVy couplings which emerge in the baryon-loop
model. These last effective couplings are used to
calculate the (small) contribution of the strange
vector-meson poles to K3— 7" 77y decay which is
seen to be justifiably omitted in the earlier? loop-
model calculation of this process.

II. RECURSIVE APPROACH TO SU(3) TRACE IDENTITIES

The problem is to express Tr(f;d;d,-**), the
trace of a product of # f and d matrices (a trace
of nth order), in terms of traces of (# - 1)th order
or lower. The fand d matrices, with

(fk)lmz—ifklmy (721)
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(@) im=im » (7b)
obey the commutation relations
Ui fel =ifmft (8a)
[f5s del=ifsmds (8b)
[, dylop =if i (fi) as
— 5(0040ks —0asdjp) s (8c)

and by virtue of the independent relation,®
(djdk)otﬂ - (fjfk)aﬁ =—2d;4,(d}) s
- %(éjka aB =~ 6k36j a)
+ 5;' 80%a > 9)
the anticommutation relations,

{fjafk}(xﬂ =3d;, (d)) s +0;,048

— (0ai0rp+0cd;8), (10a)
{dj; dk}aﬂ = _djkl d1)as +§(5 o(jékﬁ
+000,8 +0,0ap) - (10b)
One has
Trf,=Trd, =0, (11)

and from the trace of the anticommutation rela-
tions

Tr(f; /) =30, (12a)
Tr(d;dy) = £6,, . (12b)

Since we may assign to any such trace a parity
determined by its sign under transposition, i.e.,

Tr(f;dd;* - )=Tr[(fidd,++)7]
=Tr(---didyf7)
= (_1)Nf Tr(--+d,d,f;), (13)

where N;=number of f-type matrices in the pro-
duct f;d,d,+++ , we may write

Tr(d; fufi Futa) = 2l T2(d; fo fy Fnfo) + T(d; foSon fi fi)]

Tr(fyded; -+ + ) = STr(fideds *++)
(=) Tr( o did £)]. (14)

Thus we have the algorithm that odd-parity traces
ave reduced one ovder by the paivwise rearvrvange-
ment of Tr(*--d,d,f;) into Tr(f;d.d, - *) via com-
mutation relations, while even-parity tvaces ave
veduced one ovdev by the paivwise vearvvangement
of Tr(-++d,d,f;) into Tr(f;d,d,***) via commuta-
tion relations together with an odd numbev of anti-
commutations.

By way of example, one finds for the odd-parity
fifth-order trace

Tr(fi fufy fuSn) = T2 fi fo fo o) = Tx(Fu S Si S S))]
= =5 fogr TC(fo S 1 ) + Fonir TX(fo S, fi o)
+ forr TS, S Si 1)
+ fumr TX(f1f f5 1)) (15)

the complete reduction of this trace is then carried
out by means of the fourth- and third-order rela-
tions,

Tr(f; fofi fo) = 2T S, fofi o) + T2 (Fnfi Fo S7)]

3ifeir Tr(Fufi £;) + 5 T2 fons i} S fo)
3ifesr TO(Fnfy ;) + 38, TT(d, ;)
+2(30,1085 + fy1r furm + furr Fim) »  (16)

and
Tr(fufi /o) = o Tr(fufi f) = Tr(f, fi f) ]
=—%iflmsTr(f;‘fs)="%iflmry (17)
Tr(drfjfk) = %—[Tr(drfj,fk) +Tr(fkfldr)_]
=§Tr({fk’fj}dr):%dkjr . (18)

On the other hand, the (independent) even-parity
fifth-order trace, Tr(d, f.f, /»/fs), has as a possible
initial reduction

= %Tr(dj[fnafm]flfk) +3 Tr(djfm[fmfl]fk) +3 Tr(djfmfz [fmfk]) + %Tr(dj[fmifl ]fkfn)
+ 3 Tr(d; fil fos ful 1) + 5 T @A fo fi S ) - (19)

1II. SOME EFFECTIVE COUPLINGS
IN THE BARYON-LOOP MODEL

SU(3) trace identities find their natural applica-
tion in the construction of effective interaction
Lagrangians for PVV, PVy, and weak PVy cou-
plings which are devived couplings in the loop
model. We treat these briefly in turn. (This tech-
nique may also be applied to the pentagon graphs
of Ref. 2; in this case one would require the sys-

r

tematic reduction of the relevant fifth-order
traces.)

A. PVV couplings

From the straightforward consideration of loop
graphs [see Fig. 1(a)], one finds

Loy =~ ga—[d(3¢" - 6%)+609]

X dubcepvpoau(pzapqpbo(pc ’ (20)
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with the numerical result

10.7

SE—[d(39% - 0) +6/0¢] = ——

2m%m (21)

It is interesting to compare this result with (a)
the author’s earlier phenomenological determina-
tion of PVV coupling,!! which yields 7.2/m for the
same quantity, and with (b) the analogous coupling
in the octet-broken SU(3) treatment of Brown,
Munczek, and Singer,' where one finds for

__2 (m 121
2n = T+ey <m1r> (0.4m) - (22)
the bounds

7.3 8.7

7S2h$ 7 (1.18 361?0.85) (23)

for an “average” baryon mass (m) of 1 GeV.
The first-order effects on £pyy [Eq. (20) above]

of baryon mass-breaking are easily accommodated

in this formalism. The replacement

£mass :_aimaijwj_’ _iijwiid)j 3 (24)

—

2
£§’11)’V = ﬁ:ﬁ‘euvpuauwgapq):(pc

where
M;=mgy; +0m p(~ifgy;) +0mpdy; (25)

generates the mass-breaking interaction Lagran-
gian,

"Bmass-brcaking = -$¢[5mF(-if3u) +0m pdy; ; ]?Pf s (26)

with the F- and D-mixing parameters given by
fitting M, to the observed octet-baryon mass
spectrum:

My-M, = %am,, =77 MeV

Mz -Mp=-V30my=94 MeV, @mn
mo=3(My+M,)=1155 MeV ,

dmp=67 MeV,

omp=-55 MeV .

The effective Lagrangian of first order in the
breaking parameters dm g, 6mp, constructed from
the loop graphs of Fig. 1(b), is®

X4 (@gonGnac + Agandnse) [ =d0M p(2¢% = 82) + - F6m p(9 H? + 1402) + % (dOm . + fOm )6 § ]
+dgonlngs| 5A0M (202 = T02) + - f0m p (992 + 26%) +L2(dbm - + fOm )0 ]
+0 45050l & d0M (29 9% +3162) + 3£ 6m (63 d2 +2962) — L (dbm 1. + FOm )0 ]
+(Bgp0gs +0ga0ic)| 35d0mM p(=31¢% + 316%) + & fom (6392 — 316%) — 4 (dOm . +fOM )0 ]} . (28)
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FIG. 1. Baryon-loop graphs for (a) PVV coupling,
(b) first-order baryon-mass-breaking correction to
PVV coupling via £ =—9; 6m;;4;, (c) PVy coupling.
¢ is the unitary-spin label of the pseudoscalar; b anda
are the unitary-spin labels of the vector mesons.

r

Note that because of the presence of terms propor-
tional to (84,0, +0gadye), the structure of £y is
move geneval than the “most general form” of

Ref. 12. However, since the numerically signifi-

o

K2

(p.c)
Lw

FIG. 2. Contributions of the vector-meson poles to
KJ—n*1"y decay. Graphs of types (b) and (c) were
justifiably neglected in Ref. 2.
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cant terms of J’.’,}p‘},,, those proportional to dgp,d,qec
+dggndnpe and 84,0, +04,0,,, have coefficients only
0.05 and -0.05, respectively, of the coupling
characterizing the zeroth £y, Lagrangian, baryon
mass-breaking plays a negligible role in the loop
model.

B. PV couplings

Retaining only the coupling of charged baryons
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3ge 1 40 RO
£PVy=— m(d¢+f6) dacs+ﬁdacs euupoa @ F, .

(29)

C. Weak PV couplings and the vector-meson pole
contributions to K »7*r"y decay

Proceeding as in subsections (A) and (B), one
can construct the effective weak PVy interaction
Lagrangian

with the electromagnetic field, we find in the plveak) _ V2ge L 288 (g, o)e FhvaP 30
same manner as before [see Fig. 1(c).] the ef- PVY T 3em? (@, Hrpo $aes (30)
fective Lagrangian with
J
7 B L 31
I'(a,c) Déf[ (Aean@nes + Fsannge) + 38q g nlnse +3656a6 36630566}
+D¢d[ 5 (dsan ss+dacndnsa)+3dcendnaa —606634, 3;5305 I
+ Fﬁd[ 5 (AgonBnas + Aganlines) + 3dcandn63 (63a5c6 +63c6as)]
1
+F¢f[§(dscndnaa +d6andnca +dcandnsg) +4—(63a6ce +63c6ae ]+ Fg(3 - 8) . (31)

Illustrative of the usefulness of this formal compaction is the calculation of the contribution of vector-

meson poles to K- m*n"y decay.? One has (see Fig. 2)

(rparom@|i2 [ [ atna*t(2ymnta)

L5930 ()

K

—i(2M)264(k = (b, +p + QN AP K D p,p_ke(g, N)(16kDs 3d0) V2, (32)

with
V2eggo

A(p+K*++K*')_
T mPm?

{[3(fF+dD) - %(fD +dF)]

(po+p-)? -

mp

+ g—[Dd+%(fD— 2dF)][(

1 .\ 1 ]
Py=R) = myx® " (po—R) —mex® 1f

(33)

Since one finds the coefficient of the contribution to A®*¥* *£*7) from the K* poles only 0.08 of that from

the p°

, our previous omissi‘on2 of these contributions is seen to be justified.
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