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Real parts of the forward elastic vr' p-, I 'p, -pp, and pp scattering amplitudes

from 1 to 200 GeV/c*
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The recently measured total cross section data from the Fermi National Accelerator Lab-
oratory are used to calculate the real parts of the forward scattering amplitude for vr'p,

A" 'p, pp, and pp reactions from 1 to 200 OeV/c. The real parts and their uncertainties are
calculated using dispersion relations which include subtraction constants, pole terms, and
unphysical-cut contributions. A comparison to experiment shows the proton-proton real part
measurements to be in excellent agreement with dispersion-relation results, while experi-
ments show disagreement with the calculated ~ p and K 'p real parts over at least a portion
of the energy range where measurements exist.

I. INTRODUCTION

Recent experiments at the Fermi National Ac-
celerator Laboratory' (Fermilab) have extended
the total cross section measurements for w'P,
K'P, and PP reactions up to a laboratory momen-
tum of 200 GeV/c, and have accurately determined
the PP cross section between 50 and 200 GeV/c.
This extension of total cross section data permits
a significant extension of the energy region over
which the real part of the forward scattering am-
plitude may be accurately determined. The con-
nection between the total cross section and the
real part of the scattering amplitude is supplied
by the optical theorem, analyticity, and crossing
symmetry, usually written in the form of dis-
persion relations. ' A number of detailed calcula-
tions of the real parts for the above reactions
have been carried out at relatively low energies, ' '
usually below 20 GeV/c. Recent calculations of
the real parts at higher energies' have been based
on assumptions concerning the high-energy total
cross sections, and have ignored contributions to
the real parts coming from the resonance region,
pole terms, subtraction constants, and unphysical
cuts.

In this paper we calculate the real parts of the
m'p, K'P, PP, and PP forward elastic amplitudes
using the Fermilab total cross section data and
recent determinations of the subtraction constants,
coupling constants, and unphysical-cut contribu-
tions. The real parts and their uncertainties are
calculated from 1 to 200 GeV/c, and the uncertain-
ties are generally smaller than those coming from
Coulomb interference measurements of the real
parts.

A comparison of the dispersion-relation calcula-
tions and direct experimental measurements of
the real parts is included. This serves as a check

on the consistency of the total cross section mea-
surements and the extrapolation of differential
cross section measurements to the forward direc-
tion. Such a comparison also serves as a check
on the validity of the dispersion relations them-
selves, ' and to a certain extent on the assumption
of spin independence of the forward and near-
forward scattering amplitudes. ' In proton-proton
scattering, where accurate experimental deter-
minations of the real part exist over the full ener-
gy range, experiment and dispersion-relation
results are in excellent agreement (see Fig. 1).
However, the experimental m p, K'p, and K p
real parts are in some disagreement with the dis-
persion-relation calculations. Further, in the
pP and 7i'p reactions, real-part measurements
are scarce. The situation points to the need for
more complete measurements of the m'p, &'p,
and Pp forward elastic real parts.

A quantity of considerable interest is the real
part of the forward elastic antisymmetric mP

amplitude, measured experimentally in the reac-
tion m P- w'n. Recent Fermilab measurements of
this forward real part show some disagreement
with dispersion-relation calculations.

II. NOTATION AND DISPERSION RELATIONS

Throughout this paper, amplitudes are normal-
ized to dimensionless units'; the optical theorem
has the form

ImE;~(E)=2M(E -M; )'~ o;p(E),

where M is the proton mass, M; is the mass of
the incident particle, and i =K', w', P, or P. [a
=c =1, so 1 mb=2. 568 GeV ', 1 F =5068 GeV '.j
The symmetric and antisymmetric amplitudes are
defined by
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F~(E) = ,'(F—; p+-F, +~ ),
(E) = —'(F. F. )

(2)

ReF„(E)= EQ
4ME

+ P
7T

5

where

I. ~~ dE'ImF (E')
w J~ E' —E

dE'(E" -M ')"'o (E')

(4)

C =ReFq(0)-Q (R~/E~).

The summation 5~, is over all pole terms,
2" [(M, -M)' -M, '].

(6)

(6)

g, ' is the rationalized Watson-Lepore coupling
constant; M, is the mass of the intermediate
particle; E, =(M, '-M'-M;')/2M. p denotes a
principal-value integral; M is the unphysical
threshold, M; the physical threshold, and lmF (E)
the unphysical-cut discontinuity.

There are several difficulties in calculating the
real parts of the forward scattering amplitudes
using dispersion relations. First, the presence
of a large unphysical cut, as in A' P and PP scat-
tering, complicates the determination of subtrac-
tion and coupling constants. The resultant un-
certainties in subtraction and coupling constants,
and in the total cross section near threshold,

with corresponding relations for the symmetric
and antisymmetric total cross sections.

Forward dispersion relations follow from cross-
ing symmetry, assumed polynomial boundedness,
and analyticity of the scattering amplitude which
has been proved from the axioms of field theory'
for ~P scattering; KP and PP dispersion relations
have not been proved from field theory, but have
been shown true to all orders in perturbation theo-
ry, and we assume their validity. Experiments
indicate that the symmetric dispersion relation
requires a subtraction, while high-energy experi-
ments are consistent with an unsubtracted anti-
symmetric dispersion relation. Writing dispersion
relations in terms of the laboratory energy E
= (P, ' +M; ')'" and subtracting the symmetric
dispersion relation at E =0 gives

E' "' dE'ImF (E')
ReF~(E) =C +Q 2' ", +—,(E,2 E2)

y N

4!gE' " dE'(E" -M;')"'o~(E')
E/(E /2 E2)
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FIG. 1. Proton-proton ratio of forward real part to
imaginary part. Experimental points are from the follow-
ing references: T A. A. Vorobyov et al. , Phys. Lett. 41B,
639 (1972). C L. M. C. Dulton and H. B. Vander Raay,
ibid. 26B, 11 (1968). 6 A. R. Clyde, UCRL Report No.
16275, 1966 (unpublished). L. F. Kirillova et al. , Zh.
Eksp. Teor. Fix. 50, 76 (1966) Isov. Phys. —JETP 23,
52 (1966)l. 0 K. J. Foley et al. , Phys. Rev. Lett. 19,
857 (1967). w A. E. Taylor et al. , Phys. Lett. 14, 64
(1964). j G. G. Beznogikh et al. , ibid. 39B, 411 (1972).
X C. Bellettini et al. , ibid. 14, 164 (1965). ~ V. Bartenev
etal. , Phys. Rev. Lett. 31, 1367 (1973). S U. Amaldi
etal. , Phys. Lett. 43B, 231 (1973).

make it difficult to evaluate models for the un-
physical-cut contributions. A discussion of the
assumptions made concerning unphysical cuts and
constants in calculating the real parts for each
reaction is given in Sec. III.

Second, there are regions in which the total
cross sections are unknown. In the region just
above the physical threshold, where direct total
cross section measurements do not exist, we have
used the effective-range approximations compiled
by Barashenkov. " In the energy region beyond 200
GeV/c, we assume that the antisymmetric cross
sections continue to decrease as inverse powers
of energy. " We assume that at higher energies
the symmetric cross sections do not decrease
below their values at 200 GeV/c, while they may
increase as fast as any smooth ln'E extrapolation
of the existing data. In the low-energy regions,
where total cross section measurements are
dense, we assume a straight-line interpolation
between data points. In the region between 50
and 200 GeV/c, where only a few measurements
exist, cross sections have been interpolated ac-
cording to the parametrizations in Ref. 12. In
calculating the real parts, we have used the most
accurate total cross section measurements, taken



REAL PARTS QF THE FORWARD ELASTIC m'P, K'P, PP, AND PP. .

from the compilations of total cross sections. "
Principal-value integrals have been evaluated as
described in the Appendix.

III. CONSTANTS AND UNPHYSICAL CUTS

In this section we describe the pole terms, sub-
traction constants, and unphysical-cut contributions
used to calculate the real parts for each reaction.
The purpose of this work has not been to arrive
at better determinations of these contributions,
but to include the best known values of these pa-
rameters in calculating the real parts.

A. np

The mP dispersion relation has one pole term
coming from the neutron intermediate state in
m p scattering, with the single coupling constant
usually written as

2 ger p tt 'vi

32m M'

with g~-~„' the rationalized coupling constant ap-
pearing in Eq. (6). The process also has a small
unphysical-cut contribution due to the reactions

P ~ F g

7T P ~ QPg

The contributions of these unphysical cuts have
been analyzed and found to be small, their major
effect being to increase the uncertainties in the
subtraction and coupling constants. " For our
purposes, the best determination of the subtraction
and coupling constants is that of Samaranayake
and Woolcock. " Using a large number of m'P

phase-shift analyses of the real parts below 2 GeV/
c, they determine f' and C directly, obtaining

f' = 0.0763+ 0.0020,

C = (-0.1057 + 0.0024),

where C is in dimensionless units.

from the processes

K P-Ar,
8 P-Z'm', Z'm', etc.

In our calculations, the unphysical cuts are ap-
proximated by the constant-scattering-length rnod-
el, "which gives

ImF (E) = 4K(M'+M +2ME)'~'

b, b,
(] ~gP')2 ~Q 2+2 (1 +g If)2 +h 2f('2

M'+M '+2ME

The first term in brackets is cut off at the Zm

threshold and the second at the A~ threshold, and

a„a„b„b,are taken from the analysis of Kim. "
The value of R used in the calculation was taken
from the most reliable value given by Pilkuhn eI;
a/. " The value of C was chosen so that the cal-
culated real parts agree with the real-part mea-
surements below 1 GeV/c, "giving

R = 12.2+2.5,
C = -9.4 ~1.9.

A 20/o uncertainty has been assigned to the deter-
mination of C and the unphysical-cut approximation.

C pp

The PP dispersion relations have pole terms due
to w' and q' exchange in the pp reaction, and a
large unphysical-cut contribution due to the reac-
tions

Pp-2m', m'm', 37t', m'm m', etc.

below the elastic threshold. Very little work has
been done evaluating the contribution of this un-
physical cut. Following Soding, we approximate
the cut discontinuity by poles, located at energies
corresponding to the p and (d, in addition to the m

and q poles, with residues

8 =—(0.036)
8m

Tl

ft „=—(0.376}
8w

The KP dispersion relations contain two pole
terms due to A' and Z' intermediate states in the
K P reaction. Rather than attempt to determine
both coupling constants, it is sufficient to deter-
mine the constant

1 I, , (M, o -M }'-M, '
RK PAO RK PrO (M M)2 M 2

and approximate the two poles by a single pole
located between the two. Even that is difficult,
owing to substantial unphysical-cut contributions

ft =—(2.53}
8m

Jt~ =—(0.69)

The subtraction constant was chosen so that the PP
real parts below 1 GeV/c correspond to the results
of PP phase-shift ana, lyses, "

C = -135+27.

A 20% uncertainty in the determination of C and in
the unphysical-cut approximation is assumed.
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IV. RESULTS AND CONCLUSIONS

In each reaction, the subtraction and coupling
constants are determined using low-energy mea-
surements of the real parts, usually below 1 GeV/
c. Thus, agreement of the calculated real parts
with some fit to the real-part data below 1 GeV/c
is automatically guaranteed. Above 200 GeV/c,
symmetric and antisymmetric total cross sections
have not been measured. Any statement about the
real parts beyond this energy takes the form of a
prediction, based on assumptions about the behav-
ior of the total cross sections beyond 200 GeV/c.

Accordingly, we present the calculated real
parts, their uncertainties, and a comparison to
experimental measurements of the real parts from
1 to 200 GeV/c (Figs. 1—6). The shaded region
in each figure represents the calculated range
of values for real parts based on uncertainties in
the total cross section measurements, unphysical-
cut approximations, and subtraction- and coupling-
constant determinations. The solid line beyond 200
GeV/c is a prediction for the real parts based on
parametrizations of existing cross sections data"
which have been extrapolated beyond 200 GeV/c.

Accurate measurements of the real parts over
the entire energy range exist only for proton-pro-
ton scattering. For this reaction, agreement be-
tween calculated real parts and experiment is good
over the entire energy range (Fig. 1). There is no
evidence that the proton-proton dispersion relation
or the assumption of spin independence is invalid. '

For &P and KP scattering, the situation is not so
clear. Real-part measurements exist mainly at
low energies. Several of the higher-energy real-
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FIG. 3. ~'P ratio of forward real part to imaginary
part. Experimental points are from the following re-
ferences: A P. Baillon etal. , Phys. Lett. 50B, 387
(1974). 0 K. J. Foley etal. , Phys. Bev. 181, 1755 (1969).

.20-

part measurements for ~ t) and E'P scattering are
in some disagreement with the dispersion-relation
results (Figs. 4-6). The situation points to the
need for more detailed experimental results on the
m'P, K'P, and PP real parts above a few GeV/c.
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FIG. 2. pp ratio of forward real part to imaginary part.
Experimental point labeled 0 is from K. J. Foley
et al. , Phys. Bev. Lett. 19, 857 (1967).

FIG. 4. x P ratio of forward real part to imaginary
part. Experimental points are from the following refer-
ences: A P. Baillon et al. , Phys. Lett. 508, 387 (1974).
0 K. J. Foley et al. , Phys. Bev. 181, 1755 {1969). 0, X
V. D. Apokin et al. , papers contributed to the Second
International Conference on Elementary Particles, Aix-
en-Provence, 1973 (unpublished) .
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FIG. 5. K+p ratio of forward real part to imaginary
part. Experimental points are from the following refer-
ences: 0 G. Giacomelli etal. .. Nucl. Phys. B20, 301
(1970). L P. Baillon et al, Phys. Lett. 50B, 377 (1974).
+ G. Goldhaber, in Proceedings of the Fourth Coral
Gables Conference on Symmetry Principles at High
Energies, Univ. of Miami, 1967, edited by A. Perlmutter
and B. Kuryunoglu (Freeman, San Francisco, 1967),
p. 190. && %. Chinowsky et aE. , Phys. Rev. 139, B1411
(1965). + J. A. Danysz etal. , Nucl. Phys. B14, 161
(1969). 0 J. Debaisieux et al. , Nuovo Cimento 43A, 142
(1966). ~ T. H. J. Bellm et a/. , Nuovo Cimento Lett. 3,
389 (1970). 0 K. J. Foley et aI, , Phys. Rev. Lett. 11,
503 (1963). X C. Y. Chien et al, Phys. Lett. 28B, 615
(1969).

The calculated antisymmetric &P rea1. part is
compared to experiment in Fig. 7. The recent
Caltech-LBL data" on m P - m'n are in at least
some disagreement with the dispersion-relation
results. It should be noted, however, that the be-
havior of the antisymmetric &P cross section above
200 GeV/c contributes to the calculated real part,
and that a sufficient change in the. slope of the anti-
symmetric total cross section above 200 GeV/c
may remove the discrepancy. " However, if the
antisymmetric mP cross section continues to agree
roughly with the parametrization of Ref. 12 up to
300—400 GeV/c, then a serious discrepancy re-
mains.

At sufficiently high energies, the effect of the
unphysical cuts, subtraction constants, and pole
terms will be negligible. One way to determine
this energy is to calculate the real parts ignoring
these contributions, and to determine the energy
at which the results fall within the uncertainty of
the real parts calculated including all contribu-
tions, that is, fall within the shaded region in the
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FIG. 7. Ratio of forward antisymmetric + real part
to imaginary part. Experimental points are taken from
the r p r n measurements listed in the following re-
ferences: ~ A. V. Stirling et al. , Phys. Rev. Lett. 14,
736 (1965); P. Sonderegger etaE. , ibid. 20, 75 (1966). g
V. N. Bolotov et al, , Phys. Lett. 38B, 120 (1971); Nucl.
Phys. B73, 365 (1974). % Barnes et al ., Ref. 21.

FIG. 6. K P ratio of forward real part to imaginary
part. Experimental points are from the following refer-
ences: 4 P. Baillon etal. , Phys. Lett. 50B, 377 (1974).
0 T. H. J. Bellm et al. , Phys. Lett. 33B, 438 (1970).
0 J. R. Campbell eI, a/. , Nucl. Phys. B64, 1 (1973). +
Amsterdam-Nijmegen-Paris Collaboration, paper sub-
mitted to the Second International Conference on Elemen-
tary Particles, Aix-en-Provence, 1973 (unpublished) .
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figures. This energy was found to correspond to

p„b of 45, 50, and 150 GeV/c for &P, KP, and PP
real parts, respectively.

The same method can be used to determine the
energy at which the derivative analyticity rela-
tions22 give a precise representation of the real
parts. At high energies the contributions men-
tioned above and the detailed effects of the reso-
nance region will wear off, and the total cross sec-
tions appear to become sufficiently smooth to make
derivative analyticity predictions accurate. The
energies at which their predictions agree with the
real parts calculated from dispersion relations,
within the stated errors, is 50, 30, and above 200
GeV/c for &P, KP, and PP, respectively.
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APPENDIX

c, = dx G, (x)F(x) (A4)

is a set of explicitly known coefficients. The sta-
tistical uncertainty in the estimated integral due
to the uncorrelated uncertainties z,. in the y,. is

1/2

gc z
i= 1

(A5)

X Xi+1 X ~ Xi

i i+1 i+1 i

x,. &x &x,.„,, i =1,2, . . . , N —1. (A6)

Thus, if the y,. values fluctuate as Gaussians having
widths z,. then the integral will fluctuate as a Gaus-
sian with the width Af... around the value &,„. Again
we emphasize that ~„„does not include the sys-
tematic uncertainty due to the interpolation chosen.

In the following we take x,. =a and x„=b. This
may always be obtained by adding "artificial" data
points consistent with the extrapolation assump-
tions. We furthermore assume that the data points
are sufficiently dense in the range (a, b) to justify
the use of a linear interpolation formula

In this appendix we outline the method used to
evaluate principal-value integrals. Consider the
integral

dxyx&x,
a

(Al)

y„, (x) = g y, G,.(x),
1=1

where F(x) is a given function and y(x) is known ex-
perimentally at discrete values of x in the range
(a, b). For each value x, (i =1, 2, . . . , N) there are
corresponding values y,. and z, , where z,. is the
uncertainty in the measured y,. value.

In order to evaluate the integral it is necessary
to introduce assumptions about the behavior of
y(x) between the data points. However, any esti-
mate, y„., (x), should be linear in the values y, ,
that is, of the form

Then the coefficients c,. become

c, = '- F(x)dx,
Xj —X2

c ~ =
x + "' F(x)dx

X' Xi+]

+ -- ' 'F(x)dx,
Xi Xi ]i 1

i=2, . . . , N —1

(A7)

Nc„= ' ""-' F(x)dx.
x XN XN-1

()=
x —t '

For the special case of a principal-value integral

where G, (x) are known functions. The choice of
G;(x) depends on our theoretical assumptions about
the smoothness of y(x) and is a source of syste-
matic error which is difficult to estimate, par-
ticularly when one extrapolates far outside the
range of the data points.

Using the estimate y.,&(x) we find an estimate of
the integral

F(x) = P 1

X —t

X'+ X +1ci
"' ln

Xi+ 1 Xi

t —x;+1 x; —t
+ '" ln

x —x-+, x-, —t

we find when t &xi, i =1, 2, . . .N,

t -X2 X2- t
C = 21n

X1 —X2, X1 —t

(A6)

b N

dxy„, (x)F(x) = Q c,.y, ,
a i=1

(A3) XN 1 XN
cN ln +1 .

XN XN-1 XN-1

(Ag)



REAL PARTS OF THE FORWARD ELASTIC v' p, K p, pp, AND pp. . .

If we take f =x,. (3 &j &N —2), then we have In the case of a more complicated integral of
the form

Xj —Xj-2
Cj

Xj z Xj
Xj-1 -Xj

ln
X —.-X ' y(x)f(x)dx (A11)

Xj+I —Xjc.=lnj Xj g Xj

= Xj Xj'2- Xj+2 Xjcj„= ——ln-
Xj+g Xj+2 Xj+] Xj

while the other coefficients are unmodified.

(A10)
where y(x) is experimentally measured, while

f(x) is not a function of f and is smoothly varying
in the range of integration, one may interpolate
linearly between the values of y, f(x, ) and proceed
as above.
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