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Prescriptions for constructing covariant propagators from the Singh-Hagen Lagrangian are presented.
Propagators are derived explicitly for spin J < 5 (J an integer) according to this prescription. They agree with
the propagators proposed by Harnad and Snoke in connection with the O(4) propagator. They do not depend
on arbitrary parameters contained in the free Lagrangian. Some comments on daughter fields associated with

contact-interaction fields are given.

I. INTRODUCTION

Recently Singh and Hagen' proposed the most
general quadratic second-order Lagrangian of an
arbitrary-spin field as a further extension of the
Chang Lagrangians for spinJ < 4.2 By the intro-
duction of a Lagrange multiplier into the Lagran-
gian, all the nonderivative constraints in the sub-
sidiary conditions® imposed on a tensor (or ten-
sor-spinor) field are automatically derived. The
nonderivative constraint equations are assumed
to hold in advance so that only the differential
equations of motion follow from the Euler-La-
grange equations. This procedure is accomplished
by introducing auxiliary fields into the Lagran-
gian.*

For simplicity, we restrict ourselves to massive
spin-J (J an integer) fields. Moreover, we make
the usual choice by selecting the representation
D /2,J /2) of the proper orthochronous Lorentz
group, for which case the field is a symmetric
and traceless tensor of rankJ. Under the sub-
group O(3) of spatial rotations, the representation
D /2,J/2) is reducible. Therefore, all lower-
spin states are contained in this representation.

In the free-field limit, these redundant components
are eliminated by imposing the Lorentz condition
on the field.

The nonderivative constraints are expressed by
the form®

() =d(D ) 1)

where d(?) is an orthogonal covariant projection
operator. This projection operator is uniquely
determined from the symmetry and tracelessness

11

properties of the nonderivative constraints and is
called the O(4) projection operator belonging to the
irreducible representation D(J/2,J/2) of O(4).°
When a nonconserved current couples the field,
then the Lorentz condition is no longer imposed

on the field. Thus lower-spin components appear.
We can regard these lower-spin states as daughter
fields. This is done by using the projection op-
erators which decompose Eq. (1) into a spin-K
field which corresponds to the field transforming
according to the representation D(K) of O(3).”

This observation strongly suggests that the propa-
gator derived from the Singh-Hagen Lagrangian
should be the propagator proposed by Harnad® and
Snoke® in connection with the covariant O(4) propa-
gator.!01!

Quantization of the free field is given by Chang?®
and Singh and Hagen® using the action principle'?;
canonical commutation rules are derived, the
equations of motion are brought to the first-order
form (thereby facilitating the introduction of mini-
mal electromagnetic coupling), and the positive
definiteness of the energy is proved.

A general prescription for constructing propa-
gators from the Singh-Hagen Lagrangian is pre-
sented based on the Schwinger formulation®® of
the Green’s function. Following this prescription,
we construct propagators explicitly for J <5.1*
The results are found to be in agreement with
those proposed by Harnad and Snoke. Although
arbitrary parameters are contained in the free
Lagrangian, the propagators do not depend on
these parameters. :

Prescriptions for constructing covariant propa-
gators from the Lagrangian are presented in Sec.
II. Propagators are constructed explicitly for
J <5 in Sec. III. The final section is devoted to
discussion.
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II. PRESCRIPTIONS FOR CONSTRUCTING THE COVARIANT PROPAGATOR

The most general quadratic second-order Lagrangian proposed by Singh and Hagen is

£ .—.%¢(J)(32 —m2)¢>(") +3J(a ¢("))2

+c("5{¢(""2)(88¢“)) _%(P(.r-z)(az —a(z")mz)¢”'2) +%b(2")(3¢(""2))2 _dgl)¢(J-4)(aa¢(J-2))
<A & oD e J 7 L (d g
Z(h ) 16097987 — @l )¢ 9= — 4b(9) (3 (I )2
=3

_m¢(l—q) (a¢(1-0+1))+d2-7)¢(i-a-2) (aa¢(l-¢))] }
+q,(J)(I(l) _d(-f))¢,(1) + i (I,(J-a)([(l-a) _d(«/-a))¢(l-a) , @)
=2

where ¢, a{7, 8", c{’), and d{”) (g=2,...,J) are real parameters and m denotes the mass of a spin-
J particle. Here ¢(*) and ¢'"? (g =2,...,J) are real fields, ¢''"? (g=2,...,J) is an auxiliary field, and
(") and (779 (g =2,...,J) are Lagrange multipliers.!® Moreover, /(¥ and d® (P=0,1,2,...,J -2,J)
are defined by

(P = ven
1“1)'"“}’;”1"'”?—8-“1”1 g“PVP’ (3)
(P & (P) ﬁ
d CHpiVyt P [r: & Zc(g“luzg"lyi. -'gﬂar—wzrg’fzr-l”zf) 1227+ Buwi @)
with
5
aP) = (=y@ -nlr/(P1), ©)

where d(® is called the O(4) projection operator.!®®

A. Euler-Lagrange equations

The Euler-Lagrange equations follow from Eq. (2). For later convenience, one contracts these equations
with 8#1+++8#X-¢, The results are found to be

(32 _m2)¢(J,X) =JT§J:°')‘) _C(J)TgJ;o,X) , (6, 0)
¢("~>‘)=(82—a,g")mz)¢("‘2')‘)+bg”T§”2’)‘)+mc(2”Tg’;2')‘)+d§")T§"’2')‘) , (6,2)
m¢("'2'>‘)=(82—ag")m"’)qb("'S"‘)+b§”T§"’3'>‘)+mc(3")T§”3')‘)+df3'”T§"’3'}‘) , (6, 3)

and

D emetI=a 1N _q(9)6(=ar2N) 2 o) (N[ (52 _ @Iy 2)p(I=aN) | p(D) T (dia )

+mc{NT{heN L gD (e for g=4,, .., J, (6, q)
where ¢(’~*" is a symmetric and traceless tensor of rank J—2A;
(J=a,\) = .o —adh (I
¢p>\_qq+1...u"q QM pee s b q¢( ) e - )

We derive Egs. (6, ¢) in detail in the Appendix. Also, T {"®™ (i=1, 2, 3) are defined in the Appendix [Eqgs.
(A1), (A2), and (A3)]. By setting A=q in Egs. (6, g) Euler-Lagrange equations are obtained.
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B. Determination of coefficients in the Lagrangian

Since the coefficients (¢!, a{”, b{", ¢{7) and d{”)are independent of », we can easily determine them
by setting A =J in Eqgs. (6, ¢). Then, Egs. (6, g) reduce to

(82 _mz)¢(.l,l) =Jfg"’}82¢(""’) _ C(J)fg:f}fg.,f}a4¢u-z,.l) , (8, 0)

¢(J,1) = (82 _ag.r)mz)d)( J-2,J) +b§")f§:’}32¢("'2”’) +mcg.r)f<2:f}az¢(.l-3.1) +ng)fé:rJ)f(3-’l}a4¢(J-4,J) , (8,2)

m e D) = (02 = &I m?)p D) 1 b{ D (71029 D eme{Df (o2t +a{Df (T F{Tet I D (8, 3)
and

DM —d( oD = (0 - g b o

D) -a= ~q =
+mc(q )ff,,}aqu” q 1.J)+d(ql)f(q’d'}f(qﬁ..’34¢(-l 2.7 |

for g=4, .. .,J.
(8,9)
Equations (8, ¢) are exactly the Singh-Hagen expressions, in which the coefficients are determined so as
to eliminate the auxiliary fields ¢(’/~? (¢ =2,...,J). The results are found to be
o JU=1P
2J -1 ’

oD = qRJI-g+1)J —q+2)
e 2QJ -2¢+3)J-gq+1) ’

©)
pn o =g’
e 2J-2g+3 ’

o) - g =DU=qPU-q+2)2T-q +2)
@ T 2U —g+1)2J-2¢+1)(2T-24+3) '

and
d{7)=0 forg=2,...,J.
It is worth noticing that these results are invariant under the transformation
¢(J"‘)-aq¢>”"‘) forg=1,...,d, a,#0

so that different choices of the a,’s will yield equivalent Lagrangians. Suitable choices of the a,’s are
easily seen to yield the Lagrangians obtained by Chang for J=2, 3, and 4.

C. The covariant propagator

Since a quantization of free fields was performed by Chang? and Singh and Hagen,' fields are assumed to
be quantized from now on. Following the Schwinger formulation of the Green’s function,'® we derive the
propagator in this subsection. One adds the free Lagrangian density £, to an interaction term £; of the
form

- 5D | (10)
where 7 is an external c-number source obeying no constraints. Then, Eq. (6, 0) is slightly modified as

(82 _mz)d)(-/‘.k) _JTEJ;O,X) +C(J)T(3J;o, ) =j(J, ) , (6’, 0)
where j(*™ ig defined by

GO Foe a0 (11)

After a lengthy calculation, the auxiliary fields ¢(?~**™ are eliminated from Egs. (8, 0), (6,2), (6,3),
and (6, g) and the following equation of motion is obtained by using Eqs. (9) and (A13):
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@% —m®)pi .., =i 00, anulfu'l)
17 J-1 92 _ 1 ] (5.2 1 2¢-1) (12)
- %_J(ZJ-—I) TJ chlil“z] m‘l 29J—1 ZC Nlaﬂgj

17 J-2 ,, 20-1) (o) _120-2) (43
P dliei-n Y Tdei-n ™ }chwz"“sj b T 201 200,08, 3%

3

2 -2)

17 J-2)J=-3) 4 2 8, 2 4} : (1)

F Rl TToDEI-DRI=3)° TTe-1eI-D " T Tei-n) ™" 208y B ISP,
17 20-2)0-3) _, ] jooa

T RlTRI-1@I-3)° T ZJ 1) chuluz uslu

1 4J-2)J-3) -
T @I-1D@J-3) anul wo0uslud gy

1 J=3)I-4) 58 4-2=3) ., , __20-2) 4]
‘W[J(J_l)(zJ_1)(zJ_3) T JU-D@-DEI-3) "t Jg-neI-1)"

(J.s)
x chuluzgu3u4 b ] g

1 20-3)J-4) _, 4J-2)J-3) -
* W[J(ZJ—l)(ZJ—?)) 0 _J(ZJ—I)(ZJ—?)) ]ch“ﬂ‘z “38“4 “5]% ) Y,

1 4J-3)J-4) (05 .
10 (ZJ 1) 2dJ— 3) an 8“2 “3 Hq “5] B + . (12)
In general, Eq. (12) can be rewritten in the form
(az_mz)q)(.r)zé(.f)j(l) . (13)
Schwinger’s expression for the Green’s function'’ is given by

_50jgl0 . L, (9]0 "

(J)
Guln..“J;yl...yJ(x,y)— 5]'(”"1”'”"(3)) j(J):'o‘
It follows from the form of the right-hand side of Eq. (14) that G{*) can be written in the form
Gﬁ) Ctpgivy e '"J(x’y)zefl?' cepgivyte ~U,1(8x)A+(x"y, m?), (15)
where
2\ s exp Z(x y)p]
As(x-y,m )‘Ef’ﬂ.’ f (27r)4 pr+mi—ie (16)

Operating on both sides of Eq. (14) with a Klein-Gordon operator and using Eq. (13) along with
(8,2 =m®)As(x =y, m?) =6 (x -y), we find the prescription for determining /) :

o) =) | (1)
Once &) ig obtained explicitly, the covariant propagator is easily derived as the Fourier transform of
Eq. (15). Thus

(J5)
e,

LI 0, @0)/(p? +m? —ie) . (18)

vy ..

III. THE EXPLICIT FORM OF PROPAGATORS FOR J < 5§

Information on propagators for J<5 is provided in Eq. (12). From Egs. (12) and (13), &) is obtained!®:
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WD =g _ %Zc{a(adu))}

mz] 2l go(000a )} - — T

1 20-1) 0
m4 ZJ 1 Zc{aa(aad )}

L 20-2) > {es0(s00d )}

2 )
DE/~D 2™ JGI-D) ]Zciggaaaad )}

} > Agvo(s000d (M)}

il éJ%) o - pmt] el tosa )
1 2(/-1)
+Je[ 2J 0% - i@er-1
+L[ U-2)U-3) .. _ 20-2)
mE | JT-1D)RI-1)2J-3)" ~Jd-
17 20-2)0-3) ., 20-2)
‘m[J(zJ 12J-3) JeI-1)"™
mi (———-———ZEIJ 12))(ng 3;) Zc{aaaa(aaaad“))}

84

4(‘]"2)(11_3) 82 2

1 [ J-3)J-4)

mlO

xzc{gga(aaaaad<J>)}

JU-1)2J-1)2J=-3) ~JU-

20— 2) ) 4]

DeI-DEI-3) ™ Ju-nEes-n ™"

1 [ 20=-3)0-4) ., 4-2)d-3)
T[J(ZJ-1)(2J-3)a T TRI-1)27-3) ma]zc{gaaa(aaaaadm)}
_ Ll 4U-3)d-4) > fo0000(080080d (1))} . (19)

m° (2J-1)2J-3)

A tedious but straightforward calculation shows
that 67 results in the following elegant form'®
for eachJ (J <5):

=(d( D@D g0
(8)=(dN&Na W),

Bpo oo pgiv Uy RN TH AR 3

(20)
Here ©(9)(3) is the usual O(3) projection operators

obtained by Fierz2® and Fronsdal.?> The ©(? ()
is expressed by

6. ceun, (®)

S AL R

[J/2]
- (J) z 5 ce e
- ﬁﬁ: @ C(g"l‘lZg"ly2 g“21—1“2r gqu—lVZT)

J
< I1 8w (21)
12271
with
(- (=y@J-27)!riazr

& @I -7 (22)

and

9,0

g‘.“y:gpu' mzy . (23)

It follows from Eqgs. (17), (18), and (20) that the
propagators for J <5 are

(P(J)

CHgiULtc Vg

_ [d(J)@(J)(ip)d(J)] Hyee e Bgivyeeeny
pE+m® —ie

24)

’

r

which are exactly as expected, i.e., the propa-
gators proposed by Harnad and Snoke. These
propagators reduce to the conventional propagator
on the mass shell (p%=-m?) and to the O(4) propa-
gator at p,=0. Note that Eq. (24) is independent of
a,’s which are arbitrary parameters in £,. There-
fore the propagators for J <4 are those derived
from Chang’s Lagrangian.

IV. DiISCUSSION

Following our prescriptions, we have constructed
propagators for J<5 from the Singh-Hagen La-
grangian. The propagators are found to be in
agreement with those proposed by Harnad and
Snoke. This fact strongly demonstrates that the
Harnad-Snoke propagator is derived from the
Singh-Hagen Lagrangian by using the Schwinger
formulation of the Green’s function.

A general structure of the Harnad-Snoke propa-
gator is examined in the framework of the Van
Hove model.” In particular, slopes of daughter
trajectories at p?=0 are given as a closed form.
The result depends on a model for the self-energy
parts, but it is unlikely that daughter trajectories
are parallel to the parent trajectory.?

The field ¢(¥ (P=0,1,...,J-2,J) is decomposed
into the following form by using orthogonal pro-
jection operators proposed by the authors:

[P/2] 1 .
¢(P) - 2: E: &(P,LiP-2L-i) . (25)
=0

J=0
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Here &P LiP-2L-1) ig defined as

$(P,L;P-2L=j) =Q(P,L:P—2L—j)¢(P) , (26)

where Q(F'LiP2L-) ig the projection operator
which projects out the spin-(P —2L -j) state cor-
responding to the representation D(P —2L —-j) of
0O(3) from the representation D(P/2,P/2) of O(4).2®
Equation (25) follows from the fact that

[E/2]
d® = zQ(P,L;P-zL-j) .
=0 =0

Note that @‘F+L:P=2L=)) contains the orthogonal
spin-{P —2L —j) projection operator which is ob-
tained by replacing &, in &7~ with g ,=g,,

@7

AND Y. MORI

—08,9,/9%

The field & 7'%7) belongs to the representation
D(J) of O(3) and describes a spin-J state. In the
free limit, () =0, only the field (%) gurvives.
Also, ®(%%9) satisfies the Klein-Gordon equation
and all the subsidiary conditions. Therefore,
other fields correspond to “daughter” fields®* de-
scribing lower spin-K (K=J—-2L—-j; L=0, j=1
and L=1,...,[J/2], j=0,1) states.
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APPENDIX

First of all, we define the tensors T{7:¢™ (i=1,...,

5) of rankJ -\ as

(J3a,\) —gMteee gl Amg g (I-0) a (J=q)Byotye s s oy,
Tl?#)\-q+1"'“J-q 0% o qrdﬁll."“J-q:al"'O‘J-qa 1(6514) e 4 q)’ (Al)
(J3a,N) —alieeeghrnagd(I=a oy A (T =a=1)og®** a
TZ:“x—qﬂ"'“J-a or1 9 qdul"'“J-q;al""‘xJ_qa 1ptd e 2 J-a (A2)
(J3a,N) —9H1e e gl aagd (=) a0y, s (J=a=2) g o * a g
T3Hl>\-q+1"'l‘=l-q of1 8 qdlll'“ﬂJ-q;al"'O‘J-qa 19 2¢ 8 I, (A3)
(J5a,1) —gH B =g (I-9) (J=q+1) Byioye o s oo
T4,,,)\_q+1...uJ_q ofa, .0 qdulﬂ-u,;-q:ocl--'aJ_q(aﬁl¢ 171 J=q) | (A4)
and
(J;a,N) —9H1e e e gl paag g (d=a) (J=q+2) By Booty® oo g
B N T S e “J—q(a 8,%8,® e =), (45)
where ¢ is a symmetric and traceless tensor of rank P. By using the formula
(P) Ay ee ey vee (P=itj)B;*°° B.a,,  *°*a
dul...up;al...apa 1--49 ‘(881 aﬂqu 1 i%i+1 P)
min(i,[ P/2]) min(7,i=7)
- - (P) (P;r,i) 21 cos
= al B} ZC(guluz' e 8uyyotuz)? Orer” s
=0 1 =max(0, i +7 =P)
coe “oe (P-itj)Bys e+ B.ox e g
x (0 8, aﬂjaazm aar+l¢ 1 %211 r+t?ui+r-l+1"‘ﬂp)’
(A8)
where a!’) is given in Eq. (5) and
V151
(iryiy . P =0)lil
A 20Ul (r=0)! (AT)
the tensors T§{7:¢™ are calculated in the forms
(J5a,N) —f(I)g24(I=a, A) (J) (J=q, A +1) _f(J) (J=q, Mt2)
Tl;“ A-g+1° * " Hgaq f"' ;‘a d)“ A=q+1° " Byag +f1 ""chaﬂ >\-q+1¢ﬂ A=qt2" " " HJ=gq fz” ch“ =gt 1M )\—q+2¢“ A=q+3° " "Hyag ?
(A8)
(J3a, ) =f(I)g24(Jd=a-1,\) (J) (J-q=1,\1) —_fF(N (J=q=1,\+2)
T2 A=qt1® ** H=q fa.;\a Pu Amgt1® ® uJ-q+f 13a, X anu x_q+1¢u A-qt2® * Hg-q J 23¢ chu Amgt 1M x_q+2¢u A-q+3° *° Hi=gq ?
(A9)
(J3a,N) _£(d) £(J) 4 (J=q=2,\) J) 2 4 (J=q=2,\F1)
T3¥l1 A=qt1® °°HJ=q _fqr;‘f‘l*“l"\a ¢H A=gqt1®*® “J—q+g““'>‘ an“ X-aﬂa ¢P N=qt2® * " Ho-q
(J) (J-q-2, M2) "(J) 2 4 (J=gq=2,\2)
& 250,1 anu =gt 18“ r-a+2P >\_q¢+3- gmq T 821N chu A-g+1H rar2® Pu A=q+3°* *Hyag
(J) (J-q=2,M3)
- g3:a,>\zcgu >\—q+1u>\-q+28u >\_q+3¢u A-g+a® * * Hi-g
(J=-q-2, N 4) (A10)

()
+8 434 chu Amat 18 Amqr2 Sl Amqi gl Amgra P

Bacgts * *Hreg

’
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TG g™ Bt s (a11)
and
TSN et ¢>§1§‘_"q*+21'.*?.“J_q , (A12)
where ¢(/~*" ig given by Eq. (7) and
1R gl @U-g-a ), S G S gy
g 2 QoINRI—g N gy 20-ME-A-1)
@ V-qPd—-q-17 > =0 (J-_qPJ-q-1)
g0 = A -g)R2J- qzx~1)+(i q—l)’ g = 20 -2 -1) . (A13)
e -9PJ-q-1) AT (J-gPd-q-1)
and
2

gl m—wr——vw
J-qPJ-q-1)

with restrictions g <A <J for¢=0,2,3,...

tensor indices are arranged in order of subindex size.

indices like ¢uq coeonp

a scalar. Thus tensors ¢, vanish for p <q.

ceepy

,J=1,J. Inunderstanding the results, it should be noted that
Under this convention, an arrangement of tensor
for p<gq is forbidden except for the case ¢ =p +1, in which we regard this tensor as

Euler-Lagrange equations follow from the Singh-Hagen Lagrangian. Moreover, these equations are

contracted with 8#1«+ gk -q,

then the results turn out to be Eqgs. (6, ¢g).
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