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Statistical scaling in inclusive yp, e p, and e e reactions
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High-energy inclusive yp, e p, and e e reactions are discussed in connection with the modified
Fermi model. Evidence for statistical scaling in these processes is presented.

I. INTRODUCTION

Recently, much interest has been focused on in-
clusive experiments in photoproduction, electro-
production, and electron-positron-annihilation
processes. Violations of Bjorken and/or Feyn-
man scaling have been observed' " in hadron (k)
production in

y+ p - h+ anything,

ln

e +p-e +&+anything (2)

(which in the one-photon-excha, nge approximation
can be written as

F(x, s) = — dPr'
d'0

pmax + dpi'
(4)

increases with increasing energy v s.
In connection with electroproduction processes,

the following facts are known"
(e) The distribution droPs with q' for x ~ 0.3

y„+p —h +anything,

where y„ is the virtual photon with negative mass
squared q'), and in inclusive e e' reactions.

In photoproduction (q' = 0) of charged pions and
kaons the following characteristics are seen"' '
[as in the experimental analyses, we use for re-
actions (1) and (3) the center-of-mass system of
y (y„) and P, where both the transverse momentum

p~ and the longitudinal momentum p~ =xp „of h

are measured with respect to the direction of the
photonj:

(a) The invariant cross section Fd'o/d'P in
creases with increasing total energy of the out-
going hadron system, v s, for large transverse
momentum (Pr & 0.5 GeV/c, say).

(b) At fixed x values, the above-mentioned en-
ergy dependence becomes stxonge~ as p~ increases.

(c) The Pr distribution is x-dependent. Ed'o/d'P
is not factorizable into independent functions of x
and p~.

(d) In the central region (-0.1 &x &0.1, say) the
partially integrated cross section

and small p~. At the same energy, the difference
between q'=2. 0 and q' = l.2 (GeV/c)' is muck
smaller than that between q'= l.2 and q' equal or
near 0 [e.g. , 0.4 (GeV/c)']. (Here, we adopt the
usual convention that positive x corresponds to
the "photon-f ragm en tation region". )

(f) The average transverse momentum (Pz) in-
creases with increasing q' for x&0. (Cf. Fig. 19
in Ref. 2.)

(g) Near x =0, F(x, s) and (Pr) increase with
increasing total energy v s.

Furthermore, the following observations have
also been made'" ":

(h) The average multiplicity (n) for fixed v s
decreases with increasing q' in the interval 0 and
1 (GeV/c)' but it remains constant for 1 &q' & 8
(GeV/c )'.

(i) For fixed q' (either =0 or x0), (n) increases
with increasing 9 s.

(j) (n) does not depend only on the Bjorken
variable

where M is the mass of the proton.
From experiments on high-energy electron-

positron annihilation processes,
e' + e - hadrons

and

e'+ e -&+anything

the following results have been obtained'" ":
(k) The ra, tio

o(e ' e - hadrons)
o(e e 4 4 )

(6)

(8)

where ILi,
' are the muons, is strongly increasing

with increasing total energy of the incoming e'e
system (we shall also call it v s).

(I) The inclusive single-hadron distribution a,s a
function of the Feynman variable depends on the
total energy vs.

(m) The distribution mentioned in (l) is iso' oPic
in the interval 90 +41 of the c.m. angle 0.

In this note we attempt to show that the above-
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mentioned experimental findings can be under-
stood in the framework of Fermi's statistical
approach. ""

II. APPLICATION OF THE MODIFIED FERMI MODEL
TO INCLUSIVE PHOTOPRODUCTION PROCESSES

d3 e-P/sr (9)

(10)

In an earlier paper" a modified Fermi model
has been proposed to describe the large-trans-
verse-momentum phenomena observed in high-
energy proton-proton collisions. The physical
picture which underlies that model is as follows:
Secondary hadrons with large transverse momen-
tum (Pr) 2 GeV/c, say) found in the neighbor-
hood of center-of-ma. ss angle (8) equal to 90 are
produced in violent collision processes of the two
initial protons. In such processes, the average
momentum transf e r i s larger, the average impact
parameter smaller, and the average multiplicity
higher than their counterparts in the normal col-
lisions. (For the sake of simplicity, here we shall
only consider the central collision. For discus-
sions on the more general case see Refs. 17 and
18.) When a, violent collision process between two

high-energy protons take place, the energy avail-
able in their center-of-mass system will be first
deposited inside a conglomerate. By a succession
of hadronic reactions, this energy can give rise to
states representing a certain number of particles.
Eventually statistical equilibrium is reached in
this conglomerate among all states that are com-
patible with the conservation laws. The proba-
bility that the collision may result in the forma-
tion of one of the possible final states is propor-
tional to the probability that the state in question
will have all of its particles contained at the same
time inside the conglomerate. The conglomerate
at its initial stage, the volume of which is that of
two Lorentz-contracted protons, must expand be-
fore it decays. (This is necessa. ry in order to ob-
tain a self-consistent statistical or hydrodynami-
cal description of such processes. Cf. Ref. 18 and

papers 11 and 12 cited therein. ) Because of the
lack of direct information on the detailed expan-
sion and decay mechanism, the following simple
ansatz has been made: The conglomerate decays
at a critical volume V, the magnitude and shape
of which is not specified; it is only assumed that
U does not depend on the total energy of the incom
ing protons. In the high-energy limit (where the
ma. ss of the observed particle is neglected) this
picture leads us to the extremely simple result for
the single-particle inclusive cross section

where T is the temperature of the conglomerate at
the moment of decay, k is the Boltzmann constant,
s the total c.m. energy squared, and P (P =

i pi) the
momentum of the observed particle. (Here we
have considered the simplest case where only one
kind of particle is produced. The generalization
to more realistic cases is straightforward. ) It
follows from Eqs. (9) and (10) that

d 0'ln, (s, p) = const ~ a,d'p

where

~ = ps-'« (12)

plays the role of a scaling variable (hereafter
referred to as "the statistical scaling variable" ).
Evidently, the variable used in the previous paper"
is a, special case of (12). Other characteristic
features of the above-mentioned model [cf. Eq.
(24) and Eqs. (15) and (19) of Ref. 18] are as fol-
lows: The energy dependence of the total averaged
multiplicity is s'«. The angular dependence of the

p~ distribution near 8 = 90' is extremely weak
(isotropic for central collisions).

Since photons at high ener gie s behave like had-
rons, " "it is quite natural to expect that this
model (originally proposed to describe hadron
collisions) can also be applied to high-energy yP
processes. We studied the available data"' '"
and found that the exPerimental findings, esPecial-
ly those mentioned in (a), (b), (c), and (d) of Sec.
I, can indeed be readily understood in terms of
this model. That is to say, also in high-energy
photon-proton collisions there are statistical
processes in which the multiplicity is higher,
and/or in which hadrons with larger (compared
with the average over-all processes) transverse
momentum are produced. Similarly to the proton-
proton case, we expect that products of such sta-
tistical processes will dominate in the large-p~,
lar ge -8 (pr» (pr ), 8 = 90', i.e. , pr» pl, ) region.
As a quantita. tive test of this model Eq. (11) is
confronted with all available large-p& data in or
near the central region (all data with j x i( 0.2 and

pr/pl ) 1 are included). The results are shown in
Figs. 1-4. The slight difference in slope for pions
and kaons is not unexpected. This is because Eq.
(ll) stands for the high-energy limit where the
mass (m) of the observed particle is neglected.
For cases where the mass is comparable with the
momentum (P), (P + m )" s '~' would be a more
suitable variable. Although the available experi-
mental results'" ' (cf. also (a), (b), (c), and (d)
of Sec I) already exclude models which predict
s independence in the kinematical region p~»pl,
the s"' behavior proposed in this model still needs
further experimental tests. For the lack of suffi-
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cient large-P~ data near x = 0, the s'" dependence
shown in the figures above is not as obvious as in
the proton-proton case. " Future data in this kine-
matical range will be very helpful.

Furthermore, according to the physical picture
of this model, products of statistical processes
can also be found in the fragmentation regions
(0.2& ~x~&1, say). That is to say, for sufficiently
large transverse momentum Pr (cf. Sec. III and
Ref. 13) the single-particle distribution can be
written as

d 0'
(pr, x; s)= g(pr, x)+Re (13)

where g(Pr, x) denotes the limiting distribution of
the fragmentation products. " A and B are posi-
tive rea. l constants. To compare Eq. (13) with ex-
periments, we consider sets of data points with
the same value fox the statistical variable s. Plot-
ting in each group d'o/d'P (Pr, x; s) with fixed x vs.
Pr, we should find that data points taken at differ
ent s values lie on one curve. We note that the

FIG. 1. Cross section for inclusive photoproduction of
z' in the center-of-mass system versus z =ps ~, where

p =
~ p ~

is the momentum of the n' and v s is the total
c.m. energy. d 0/d3p is given in pb/GeV . Boyarski
et al. , Bef. 7 (data taken from Bef. 1); U Boyarski et al. ,
Ref. 7 (data taken from Ref. 4); 0 Burfeindt etal. , Ref.
4; 6 Struczinski et al. , Ref. 6; 9, Q Kaune etal. , Ref.
22.

FIG. 2. Same as Fig. 1 for z . 0 Boyarski et al. ,
Ref. 7 (data taken from Ref. 1); Boyarski et al. , Ref.
7 (data taken from Ref. 4); 0 Burfeindt et al. , Ref. 4;
6, Moffeit et al. , Ref. 5; 0 Struczinski et al. , Ref. 6; 9,
&& Kaune et al. , Ref. 22.

second term on the right-hand side of Eq. (13) is
only significant for sufficiently large P~ values
(Pr &P~, say). At the Present stage, there are un-
fortunately not enough high-P~ data for a critical
test of this formula.

III. STATISTICAL PROCESSES IN DEEP-INELASTIC
e p COLLISIONS

We shall discuss high-energy deep-inelastic e P
collisions (in particular the Bjorken limit) in the
framework of the Chou-Yang picture. " We recall
that one of the main features of this picture is that
the virtual photon in Process (3) with lab energy v

and mass squared —q' does not fragment (because
it has an energy deficiency compared with its mo-
mentum). This readily explains the observed
q' dependence of single-particle distributions in
the photon fragmentation region ref. (e) of Sec. Ij.

Comparison of the reactions (1) and (3) leads us
also to the following question: Can statistical
processes take place between the virtual photon
and the proton in reaction (3)? We think the an-
swex. is yes (cf. Appendix A of Ref. 25). Since in
statistical processes the quantum numbers, espe-
cially the masses of incoming particles, do not
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FIG. 4. Same as Fig. 3 for K .

FIG. 3. Same as Fig. 1 for K . ~ Boyarski et al. ,
Ref. 7 (data taken from Hef. 1); Boyarski et al, Hef.
7 (data taken from Ref. 4); C) Burfeindt et al, Hef. 4.

play an important role in formation and decay of
the conglomerate, there is in fact a priori no
reason why this should not be the case. Further-
more, we speculate that the pulverization pro-
cess,"which is also a violent one, takes place
according to the modified Fermi model as well.

It is clear that the characteristic features of the
recent experimental results, especially those
given in (f), (g), (i), and (j) of Sec. I, can be un-
derstood in terms of this model. A direct, quanti-
tative comparison with the data in this case is,
however, not so simple as in those for hadron-
hadron or photon-hadron processes. The reason
is that the pulverization process mentioned above
is equivalent to a statistical process at a lozoex
total energy (v s'= Ws/2 in the Bjorken limit; cf.
Fig. 1 of Ref. 24). Hence, in general, the energy
dependence of the observed cross sections is ex-
pected to be more complicated than the simple
relation given in Eq. (11). As a first-order ap-
proximation we make the following simple ansatz:

Statistical processes with the whole proton domi-
nate over those with only part of it.

The following particular features of deep-inelas-
tic e P processes should be pointed out: Since
virtual photons do not fragment, statistical pro-
cesses can already be significant at small P~'s in
the kinematical region x & 0. Furthermore, be-
cause of the smaller spatial extension of virtual
(compared with real) photons, the probability for
statistical processes to occur should be larger in
deep-inelastic e P collisions than that in yp pro-
cesses." But, since Eq. (11) is only valid for
central collisions and for 8= 90 in the case of
noncentral collisions (cf. Sec. III of Ref. 18), we
expect Eq. (11) to agree in general with data in
the neighborhood of 8=90 . Comparison with
experiments" "~' is given in Figs. 5 and 6.
It is interesting to see that the slopes of these
plots are precisely the same as those in Figs. 1
and 2. For the reasons stated above, only data
points with pr/pl & 1 [for data where pz, is not
sharply given: (pr),„/p~& I] are included. It
should also be mentioned that the present physical
picture provides a natural explanation for the ex-
perimental result given in (h) of Sec. I: While the
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FIG. 5. Cross section for inclusive electroproduction
of 7(' in the center-of-mass system of the virtual photon
and the proton vs. z =ps . (1/O.z)d3a/d~p is given in
GeV 3. ~, Q, 0 Lazarus etal. , Bef. 26; 0, Bebek
etal. , Bef. 9; 4, 6, g, g Ahrens et al. , Bef. 27.

FIG. 6. Same as Fig. 5 for 7t . , 0, 8, U, k, 6
Eckardt et al ., Bef. 12; 9 Bebek et al. , Ref. 9.

observed p' independence in average multiplicity,
(n), for q'& 1 GeV/c)' coincides with one of the
basic features of the statistical model, the ob-
served decrease in (n) when q' is moved from
zero (real photon) to positive values (virtual pho-
ton) is just because virtual photons do not frag-
ment.

IV. e e+ AND e e PROCESSES

We speculate that statistical processes also take
place in high-energy e*e hadron-production pro-
cesses. In fact, because of the condition for sta-
tistical processes to take place (small impact
parameter) a.nd because of the small spatial
extension of the electron (or positron) relative to
that of the proton, the relative probability for such
a process (compared with other processes) to oc-
cur may be higher in e 'e than in PP reactions.
Furthermore, we speculate that fragmentation
processes" as well as statistical processes can
take place between high-energy electrons (or
positrons) and photons, and between photons and
photons. This means, in particular, that we do
not confine ourselves to the one-photon approxi-
mation while dealing with the reactions (6) and (7)

(n)-s'" for s-~. (15)

(iv) The angular distribution is very flat nea, r
8 = 90' I cf. Eqs. (15) and (19) of Ref. 181. In case
of central collisions, which is certainly not a bad
approximation for e'e processes (because of the
small spatial extension of electrons and posi-
trons), it is isotropic.

(v) The typical features mentioned above can
also be observed in. high-energy e e hadron-

(cf. , e.g. , Fig. 1 in Ref. 28).
Immediate consequences of the above-mentioned

speculations are the following:
(i) At large c.m. angles (6=90'+30', say) and

at large transverse momenta (Pr ~ 0.5 GeV/c, say)
the single-hadron inclusive cross section
d'o/d'P(s, P) is given by Eq. (11) of Sec. II.

(ll)

R- s for s-~,
because e' with finite radius led to constant total
cross section o(e" e -hadrons). (cf. Refs. 16 and
28). Here o(e'e —p, 'p, ) is calculated in the
lowest -order @ED.

(iii) The tots, l average multiplicity (n) ha. s the
following asymptotic behavior (this behavior has
also been obtained by other authors" "):
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production processes.
It seems that (i), (ii), (iii), and (iv) are in good

agreement with experiments. ' "'" Results from
DORIS on e'e inclusive m -production experi-
ments as well as those on e e hadron-production
experiments" will be extremely exciting.

In connection with the e'e annihilation process,
statistical (or thermodynamical) models have
been discussed by Bjorken and Brodsky"" and by
Engels, Satz, and Schilling. " Because of the dif-

ferences both in spirit and in method, the basic
features of their models are qualitatively different
from those of ours.
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