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The quantum-electrodynamical S matrix is obtained as the set of on-mass-shell values of the
renormalized momentum-space Green's functions multiplied by C, (m,

' —p )' tf for each particle i,
where $, is proportional to the fine-structure constant and C, is a constant. A photon mass is not

needed to eliminate virtual infrared divergences. Instead the parameters 5, = m,-' —p,
' regularize

Feynman integrals in the infrared region, and the dependence on the 5,. is canceled against the

expansion of {m- —p,-)~~ multiplying lower-orderGreel»':;functions. Exact' cross-section formulas are

developed which express transition rates in terms of this S matrix. They account for radiation damping

nonperturbatively, whereas the S matrix must be calculated perturbatively as a power series in n. It is

seen that in processes with very small energy loss to unobserved photons individual elements of the

quantum-electrodynamical S matrix are directly observable. Rules for practical calculations are
summarized.

I. INIODUCTION

The present article is devoted to a traditional
concern, namely, how to pass from the renorrnal-
ized Green's functions of quantum electrodynamics
to convenient cross-section formulas, without en-
countering infrared divergences. ' As a practical
matter, physieists have long known how to get
around infrared divergences ' "and it seems
that any actual physical situation can be dealt with

by previously developed methods. The most prev-
alent one' '"' involves regularization of Feynman
integrals by introducing a small photon mass A. ,
which ultimately disappears from cross sections.
In the present approach Feynman integrals are
regularized by taking the external charged parti-
cles slightly off the mass shell. The small param-
eters 6; = m —P,

' cancel out of the reduction for-
mula which expresses the quantum-electrodynami-
cal S matrix in terms of Green's functions. It re-
mains to be seen what are the comparative compu-
tational advantages of the two methods in actual
experimental situations. Radiative correction cal-
culations are crucial to the interpretation of high-
energy electron scattering experiments, so it is
important to find out if the present method allows
any simplification in practice. This can only be
known by trying it out on real problems.

The present approach may be summarized in two
formulas. The first is the reduction formula which
relates the S matrix to Green's functions,

S(p, , p,. ) -II lim (m —p,.')""-t

Here P; represents the char ged -pa r ticle momenta,

and k; the photon momenta. The second is the
cross-section formula. It expresses cross sec-
tions in terms of the S matrix by means of the
infrared-renormalized inner product developed in
the accompanying article. ' In its dependence on
final photon variables it looks like

Here K(d ) is an infrared damping factor, and

p„(k) is the density matrix representing the ac-
ceptance of the final-state detector. The integral
over photon variables appears to arise from a
partial integration on u of the usual phase-space
integral J dk j (d»o/&o)&o', with neglect of a diver-
gent boundary term at & =O. The quantity 6 is an
arbitrary parameter which cancels between the co-
efficient e and the infinite series. It may be
assigned any value, in particular one which makes
the infinite series converge rapidly.

In Sec. IIA the S matrix is defined as an operator
on the asymptotic-state space and it is shown to
be transverse a.nd infrared-coherent. (An infra. —

red-coherent state is one which is an eigenstate
of the zero-frequency annihilation operator. ) In
Sec. IIB an exact cross-section formula is pre-
sented. It is applied in Sec. II C to radiation-
exclusive processes. Such a process is one in
which the measured energies of the observed par-
ticles are very nearly conserved, so only a small
amount is lost to the infrared radiation field. In
Sec. IID a cross-section formula is developed for
radiation-inclusive processes. Such a process is
inclusive in the usual sense; the momentum of
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only one, or some, final particle is measured,
and it is not known how the remaining energy is
shared between the other hard particles and the
radiation field. In this case the total cross section
is expressed as an integral over the bremsstrah-
lung cross section. "

In Sec. III the reduction formula is derived. It
expresses the ~ matrix in terms of renormalized
momentum-space Green's functions. The starting
point is the definition of the &-matrix element as
an inner product between vectors in the retarded
and advanced spaces. These are subspaces of the
asymptotic-state space which have finite numbers
of incoming and outgoing photons, respectively.
Although infinite numbers of particles are emitted
in any scattering process involving charged par-
ticles, such an S-matrix element is directly ob-
servable in a radiation-exclusive process. An un-
expected result is the discovery of superselection
sectors for states with incident charged particles.
It is found that the most complete description of
an incoming state containing charged particles is
a density matrix which is diagonal in the numbers
and momenta of the charged particles.

In Sec. IVA an on-mass-shell ultraviolet renor-
malization scheme for quantum electrodynamics is
described. The Ward identity is used to show that
if the renormalized electron propagator in the
Feynman gauge is normalized to

(1.3)

where )3 = n/m and z is an arbitrary finite normali-
zation constant, then the renormalized vertex
function near the forward direction satisfies

lim u(p)I'"(p', p) ~)2= K2(p)

weak external potential, is treated by the present
method.

Finally in Sec. VA we summarize the rules for
practical calculations. In Sec. VB we indicate how
a rigorous scattering theory for quantum electro-
dynamics might be formulated.

II. S MATRIX AND CROSS SECTIONS

A. Definition and properties of the S matrix

Our scattering theory for quantum electrody-
namics i s modeled af ter the theory of brems-
strahlung by the classical external current of a
scattered charged particle developed in Sec. I IV B.
The reader may wish to review it before proceed-
ing. In that case an exact solution was at hand. In
the present case the properties of the representa-
tion space and scattering operator might be con-
sidered postulates. However, they are susceptible
to verification or disproof in perturbative renor-
malization theory, so they are really Ansatze.

Let the Fock space of photon test functions es-
tablished in Sec. IIII B be called Fz(h). For free
charged particles one may make use of either a
Hilbert space K, or a Fock space 5', of testfunctions
defined on the mass shells of the charged particles.
Both K, and F, possess a positive-definite inner
product, and X, is simply the completion in norm
of F, and provided with the norm topology. For
convenience of expression we shall use &, . Let 5
be the product space

(2. la)

whose elements E are sequences of test functions
in the photon and charged-particle on-mass-shell
mome nta

(1.4)

In Sec. IVB as an application, the Schwinger prob-
lem, ' namely the scattering of an electron by a

(2. 1b)

where polarization indices are suppressed. The
inner product in photon variables (dk)„developed
in Sec. IIIIB, is indefinite, whereas the inner
product for charged particles has the usual posi-
tive-definite form

1
"

1(E I G)=, )

dpi'

' ' ' dp g (dk i)) ' ' ' (dkn)) E(*„g)(@i ' ' ' k~~ Pi ' ' ' P ~) G(~, ~) (&i ' ' '
km~ P g

' ' pg) ~

k=0 ' ri=O
(2.2)

where dp; =d'p, (2E;) '. To lighten notation the n=0 and t= 0 terms have been represented only symbolically,
polarization indices are suppressed, and we have written Z, (t.) as if only one type of charged particle
were present instead of Q, g (t, .), as is appropriate for several types a. The Dirac notation
E(„,)(k, ~ ~ k„,P, ~ P, ) =(k, ~ - ~ k„,P, ~ ~ ~ P, ~F) is convenient to distinguish in and out variables accord-
ing to (k, k„,P, ~ P, '"

~
and (k, k„,P, P, '"'~.

Our scattering Ansatz is that the asymptotic in-space given by 5'" = &&" (h')8 &,
'" and the asymptotic out-

space 5'"' = F&"' (h) S F,'"' are the same spa. ce



3506 DANIEL ZWANZrGER

0- in pout

with corresponding states and operators related by the unitary scattering operator

g in Sp out

0 in SOout Sg

Equation (2.4a) reads explicitly

(2.3)

(2.4a)

(2.4b)

(9, "9., 9, 9 '"'(P" )= Q .. . f dye' dP'(dkl)i ''(dk') P., i:,.(9, '''9. , 9, '''Pi;kl'' 9'Pl'' , Pl)'
I

X(ke ky py p/ to(k~poUk )

Unless otherwise stated we always use out variables

~(k k P ~ P ) =(k ~ ~ ok P o ~ Po~( ~P)

(2 5)

(2.6)

so the equation E'" =SF'"' expresses a given in-state Ii in terms of out variables. (The S-matrix elements
are of course the same in both in and out variables. ) The vacuum and one-particle states are invariant
under S, and S is Poincard-invariant.

On occasion it is convenient to write (k, P) for (k, ~ ~ ~ k„,P, P, ) and express the inner product (2.2) and
matrix multiplication (2.5) symbolically as

( PI G) = f F"ikP)(:(99)(dk, ) dP, , (2.7)

9'" (9,9) = f S(k, P; k', 9')9'"' (k', 9')(dk'), dP'. (2.8)

(2.9)

Unitarity S S = 1 reads

Poincard invariance leads to the standard invariance properties of the S-matrix elements, in particular

S(k, P; O', P'}= S(k, P; O', P')f) (Zk+ZP —Ek' —ZP').

S* k, P;O', P' S k, P;O', P' dk, dj= 6, k-k" 5 P'-p", (2.10)

and correspondingly for SS~ = 1.
The field equations yield some conserved quantities. From the Yang-Feldman equations, A =A'" +A"' J

=A'"t +~' J, and current conservation, we have 8 A =8 A'" =8 A'", or in terms of annihilation opera-
tors"

k ~ c'" (k) =k c'"'(k),

as follows from the expansion, Eq. (1.4.3c). We have also

(2.11)

d;"' (e) —d„'" (e) = f k(» —y)d„(y) d'y, (2.12a)

where L(x) =S"'(x) —S' (x). Again making use of the expansion (1.4.3c) and Eq. (1.4. 19) for rk, , one finds

cc"'(k)-co'(k)=(k )... f e"'do(y).

Upon letting co approach zero one obtains on the left the zero-frequency annihilation operators,
c(k) = lim, c(k),

(2.12b)

c'„"'(9)—co" (9)= „,iim f e"'do(y)d'y.

As u approaches zero the explicit factor of w annihilates contributions from finite regions of integration.
Upon taking matrix elements between normalizable states, the only contribution from infinite regions
comes from infinite timelike regions for which the asymptotic limit (1.2.5}may be used,
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«T

cp'"'(k) c„'"(k) = »2 lim ic d' ye' ' O'PPp dT 6'(y -P&)p'"'(P)+ d7 &'(y P-T)p'" (P)
T OO

where T is some large positive number. This gives

cp (k) —cp (k) = 2/2 d PPp llm

c„'"(k)+ d'P
2
"„, -= =c„'"'(k)+P.p'"(P)

pan't (p)e 12 2TP!il(p)C-in ~ 2T
(d +

—ik"P ik P

P.p'"'(P)
(2w)2" p ~ k '

(2.13)

which is the operator form of the low-energy theorem.
Conservation of the quantities (2.11) and (2.13) provides important information about the S matrix. From

k ~ c'"(k) = k ~ c'"' (k) and k ~ c '" (k)S = Sk ~ c'"' (k) we find

[k ~ c'"'(k), S] =0,
and similarly

i

cp"'(k)+ d'P
( „) / ."„- P'"'(

P),

(2.14)

(2.15)

In terms of the S-matrix elements (2.5) the first relation gives, with suppression of the charged-particle
variable s,

1 n, in(kl ' ' 'kni kil
' ' 'km)pl'' pn, pl ~ p„'=k1 g ( Ep p')5l (kl kil) n-l, iii-1(k2' ' 'kn ik2

' ' 'km)p2'' p„;p2''' pm
P

(2.16)

where the sum extends over the rn. permutations of the initial photons, and S„,=0. There is a similar
relation which holds upon contraction on an initial-photon index. This shows that the part of 8 which is
connected in the photon variables is transverse. Similarly from Eqs. (2.5) and (2.15) one has

n, m(kl ' ' 'kniPfikl'' 'kmiPi)p '"p„; p' "'p'

( gpl, pl )5l (kl kl) n-l, m —1(k2 kni Pf i k2 kmi Pi)pa ~ '' pn, p2" 'pm~

~ ~ ~ ~ ~ ~

P

i pip ~

l2/2 ~ - —~ 2 Sn 11~m 1(k2' ' kniPf'ik2 ' ' ' kmiPi)p2 p 'p2''''p
) f P~ k, ; p;

(2.17)

The sum on the left-hand side extends over m! permutations of the initial photons; the sum onf extends
over final charged particles, and on i over initial charged particles. With respect to photon variables, S
has the usual connectivity properties. In terms of the photon connected S-matrix element 8', the last two
properties become

k,„S'„(k, .k„Pf k . ..k P )P, " P. :P,'" P' .0

, S' (k k p k .k p )pl p. '.pl '"p' =0"
lpga n m 1 n& ft ], m& i

(2.183/,

(2.18b)

lim S' (k ~ ~ ~ k p k' ~ ~ .ki p. )pl"' pn 'pl "'
pm

Qf y 0

lim S' (k ~ ~ k p ki . .ki p )»" pn». " p'

fug~o

I
(2 12/2, ki n, m-l(kl kniPfik2 'kmipi) ~ (2 18b)

Here

gaeapa g ~f pf g &1p;
g P k y pf k i p ~ k

(2.20a)

(2.20b)
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so a runs over all final and initial charged particles with (e.j=(e~,e;), (p. j=(p~, p; j, and (q.J=(qf g' j.
Relations (2.18) and (2.19) show that the set of photon connected S-matrix elements is transverse and in-
frared-coherent in initial and final photon variables.

The kernels S„, , of the S operator, Eq. (2.5), are very simply related to S-matrix elements between
states which have definite numbers of initial and final photons and charged particles. These states lie in
the subspaces

rF rat erin (g ) S 6-in + rFin

0ad ryout (g )g, trout + ~out

characterized by

c,'" (k)6:"'=0, c'„"'(k)5:"= 0.
They satisfy

pret quad @ret g pad

(2.21a)

(2.21b)

(2.22)

(2.23)

where 0 is the CPT operator. Let I" ",be a state with m initial photons and s initial charged particles,
and wave function E, (k, k, p„~ p, ), and correspondingly for G„",. For such states the inner product
on photon variables is ordinary integration, and we have, by Eqs. (2.2) and (2.5), with suppression of po-
larization indices

io„",)a„"',i=„,', , J o„,ia, "a„,e, " a,)a., ..., .ta, " a., e, " a„r;" a.', a,' a;)"
&&I a(k', . O', P,' P,')dk, dk„dP, dP, dk,' .dk'dP, ' dP,', (2.24a)

where dk = —,dk dtt)/tt). This may be written formally, in terms of (improper) momentum eigenstates ofF"' and 5'

(k, "k„,p, " p, '~k, k.', p', "p,'"'&=S„,..(k, "k„,p, "p„k', k.',p,' p.'). (2.24b)

Use of the retarded and advanced spaces which have finite numbers of initial and final photons is essen-
tiel to obtain the reduction formula, namely an expression for an S-rr'atrix element in terms of a single
Green's function, for by definition the Green's function contains a finite number of photon and charged
fields and relates directly to an inner product between a finite number of initial and final particles. Each
space F"' and F'" contains a physical subspace of non-negative metric

regret+ rytn(g+)3 «yln + pret

evade pout (br+)@ trout + eyed

characterized by Eqs. (2.22) and

k ~ c (k)0""=0, k ~ c'"'(k)5'" =0,
with

(2.25a)

(2.25b)

(2.26)

~ret+ ~~ ad+ p ret+
g

stadt

(2.2V)

Each of these may be completed in norm to a physical Hilbert space K"' and K'" containing finite numbers
of incoming and outgoing photons, respectively. There is a unique extension of S and 6I to

~ret S~rad ~ret 0~ad (2.28)

However, because in any scattering process involving charged particles infinite numbers of photons are
emitted,

~ ret + ~ad ~ ret+ ~ +ad+ ~ret ~ ~ ad
(2.29)

as may be seen analytically by comparing Eqs. (2. 13) and (2.22). Use of two different physical subspaces5""and F' ' with &-matrix elements defined as the inner product between an element of one subspace
with an element of the other is characteristic of the present approach. It will be seen shortly, Sec. II C,
that in processes with small energy loss to the radiation field, the &-matrix elements defined here are
directly observable.
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B. Cross-section formula

In an ideal collision the system is in a state where the initial particle numbers and momenta k;, ~

P, , ~ ~ -P, , are sharp. We suppress the labels of the individual initial particles and write 0;, p;. Xn terms
of out variables the system is in a state described by the sequence of wave functions (n, t= 0, 1, 2, . . . )

n, t(kf( kfn&pfl pft) n, t(kf& kfn&pf1 pft &ki&pi)

=S„,(k„kf„,p„" p„;k, , p, )6'(Zkf+Zp, -Zk, -Zp, ). (2.30)

Here polarization indices are suppressed.
We are interested in the transition rate o(Q) into some volume Q of final-sta. te phase space. Assume for

simplicity that polarizations are not measured, and let the volume 0 refer to a fixed number I, of final
charged particles. The set of momenta P» ~ ~ ~ P«will be represented by Pf and (t. )

' f dPf, ~ ~ dP«by
f dPf, henceforth. Our attention is centered on the final photons. The outgoing phase-space volume Q is a.

set of volumes Q„, Q =(Q„), n =0, 1, 2, . . . in n-photon phase space, symmetric in k, „~ ~ ~ kf„. Let
X„(kf, ~ ~ kf„,pf) be a function which is one for (kf, ~ ~ ~ kf„,pf) C Q„and zero otherwise. " Because zero-
frequency photons are unobservable, the X„satisfy

»m X. (k, k., pf) = X. ,(k2 k., pf).
I

The projector onto 0 is represented by

(P„F)(„)(k, k„,p) =X„(k, ~ ~ k„,p)F(„)(k, ~ k„,p).
The projection does not disturb infrared coherence because of condition (2.31), [P„,c„(k)]=0.

The transition rate o(Q) into Q is given, with a convenient normalization, by

»(n) =J &((&& x(p&)l &.((&,;&;t;)l*»'Ft& ,-»; -r(&;)

(2.31)

(2.32)

+ p, (dk„), . (dk, .) x.(k, .k.,p )l &.(k„..k, p, ;k;,p;)l &'(Zk, +Zp, Zk, -Zp,-),
7I= j.

(2.33)
where J (dk), . . . is the inner product developed in Sec. I III A. It is understood that s„ is the photon con-
nected part of the S-matrix element. The infrared-coherence condition on the S matrix, Eq. (2.19a), al-
lows us to inake use of the explicit form of the inner product on photon variables, Eq. (I.3.62),

(")=I d(&
"'*' x.((& )l .((&i, &;,(&;)l'&'(r(& -r»;-rt;)

+Q, (dkf, ) t ' ' (dkfn)t Xn (kf, ' ' ' kf n& pf) I &n (kf, ' ' '
kfn& pf'& k t& pt) I

x6'(Zkf+Zpf-Zk, -Zp, . ) . (2.34)

Her e we have

] (d 9
(dk)t, = —;-dk du) ln—

8 cv

1P.) =(Pf,P;)f, (e.'r =(e„';),
(n.&=(~„~;), n, = 1, ~, = —1,

&(p, &)= —Q n. e.n~e~&p. Ip»),
a, Q

P, k" ml

(2.35)

(2.36a.)

(2.36b)

(2.37)

The cross section (2.34) is independent of 6, which
may be chosen to be any function of k and of the
momenta. . The derivatives implicit in (dk)t) a,ct on
all the factors on the right, i.e. , x„ l s„ l'5'.

The damping factor e ~' has a dependence
on the infrared renormalization constant l given
by t where

(2.38a)

8 is non-negative because the integrand is the
square of a vector which is orthogonal to A and is
therefore spacelike. Use of Eq. (I.3.10) gives
easily
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(2.38b)

where g„~ 0 is the hyperbolic angle between P,
and P» P, P, =m, m, cosh(„. As will be seen in
the reduction formula, each S-matrix element
s„(kz, ~ ~ ~ k&„,P&, k;, ~ k;, P;) contains a factor
of I, with ReZ = -B/2, so the cross section is
independent of l. Since 8 is calculated perturba-
tively, it is convenient to remove this factor first
and have an exact cancellation. However, It has
the dimension of mass, and if l alone were fa,c-
tored out, the S-matrix element would acquire
an anomalous dimension. One may in fact view
the radiation-damping factor +, as arising from
the anomalous dimension introduced by the inf ra-
red renormalization. However, for a perturbative

calculation of S it is convenient to maintain normal
engineering dimensions. If there is only one mass
m in the theory, one could factor out (I/222) . If
there are several masses nz„a convenient factor
may be chosen as follows. As will be seen later,
Eq. (3.45), Z i s gi ven by

(2.39a)

(2.39b)

g„=
(

'„' ' " [P„—2me(q, 2I,)I, a W

(2.39c)

Introduce a scattering amplitude E independent of
I according to

-~a~»
(k~, kp„, pg,'k;, k;, p;) =

I [ '
„I,

-' &„(kg, k~„,pf , k;, k'; p;),
a ma g )y HZgPlg

(2.40)

where l, = /e and C is Euler s constant. Anticipating later convenience we have also factored out powers
of 2e . Note that the g„are independent of the photon numbers nz and n, so the E„„has the same infrared-
coherence properties as the s„. This implies

(2.41)

We thus obtain as an exact expression for the counting rate

+ Q —,j' (de, )~ ~ (dkq„)~g„(k„k~„,Pq) II"„(k~, kq„, Pg, k„P, ) I'

x 5'(/k~+ Qp~ -Qk, -PP, ) (2.42)

(2.43)

and (dk)~= Jdkd&u l-n(~/b)S/&e. The amplitudes + are suitable for perturbative calculation or phenomeno-
logical parametrization.

The cross section is independent of 4 provided the &„satisfy the infrared-coherence condition. All
quantities in Eq. (2.42) may be expanded in a power series in o., and to each order in o., o(Q) is indepen-
dent of 4. Successive terms in the sum correspond to emission of an additional photon and decrease by
order u. In the next two subsections it will be seen how the cross-section formula (2.42) may be used to
account for radiation damping nonperturbatively, while retaining a perturbative expansion for the scatter-
ing amplitudes +.

C. Radiation exc1usive cross section

Here we pose the traditional question: "What is the rate o(A„, &u, ) for observing a number of final par-
ticles called hard in a volume of phase space Q~, accompanied by an undetected energy loss to the radiation
field no greater than a small number ~, . " Call such a rate "radiation exclusive" because loss of much en-
ergy to unobserved photons is excluded. The quantity ~, is the resolution of the apparatus which measures
the energy of the hard particles, and may depend on their momenta ~o = &uo(P&). Suppose for simplicity that
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none of the hard particles are photons. " In this case the phase-space volume is a product of the charged-
particle phase space and the photon phase space

X» (kf ~' ' 'kfne pf) X(pf) 6(~() &1) ' ' ' &fn) (2.44)

For a first orientation assume that ~, is sufficiently small that the infrared-coherence property of the
S matrix may be used,

')Ia eaPa( )ia aPa~n
Fn(kgb kjne Pfe ( pei) " Q (2 is f2, g

' p )2 is)'2, $ F()(Pfe k(& pi) ePa' 5 && Pa' fn
a a

(2.45)

and that the recoil due to the radiation may be neglected

6'(Zk~+Zh- Zk~ - ZP) =6'(Zh-Zkd - ZP ) .

In this case the cross-section formula becomes

e(a., te) =f&l'en(te)X(n)l &(pe; )ei A)l &(pn )e A)l'()'(Z n'Z)ei- 2pi)-

(2.46)

(2.47)

~(n. ~) ~
QaeaPa gaeaPa'""' '""'~ ~(2.) ~ p k

" ~ (2.) ~ p k
n=l a

X e((x)0 —(d~ —' ' ' —(d)n) (2.48)

The radiation damping factor R((d),) may be evaluated by setting

e(&g) = . . e'~,1 " dt
2' „t- ie

which gives

a(te)=e " 'I (e . e"' [e""-1]
I

1 " dt
(2w) „a+it

l(i) = f (de) (p ' ' ') e ' "
From E(I. (2.35) this gives

(2.49)

(2.50)

(2.51)

z(i)=-' ' f dx (I "")'fd. i.(-)—'.-i- i.
a

(2.M)

An e has been introduced to make the integral on a well defined. It has been evaluated previously, Eqs.
(I.4.60)-(I.4.63),

I(t)=, —g "' ' ' In[(a+it) hec],
pa '

a

where C is Euler's constant. With B defined in E(I. (2.38) we have

I(t) = —Bln(&+it) +L,(h),
2

~(a)=-,(,(, fde(L",",' (e(de).
a

Equation (2.50) becomes

~~(~)
R(&u,) =e i~'+ I - 8(&o,)+ dte'~o'(t+it) s '

(2v)

R((u ) =e & (~'~&
I'(I +B)

(2.53)

(2.54)

(2.55)

The expected dependence ~, on the experimental resolution ~, has made its appearance. From Eqs.
(2.43) and (2.54) we find
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dI" g 9a aPa g a 1aPa in Pa
2(2m)~ p, h p, ~ k m, '

The arbitrary quantity 4 has canceled out. Because J(p, h) satisfies

J(P, A) = J(P, 1) —Bind,

we may write
8

R((o,) =exp[- J(P, e c)]

(2.56)

(2.57)

(2.58)

A(~, ) =exp[- J(P, u), /D)],
where

D=e [1'(1+B)]'~~=1+0(fl') .

[No« that &, Eq. (2.38), is proportional to o..] We thus obtain for the cross section (2.47)

(2.59)

(2.60)

4~ exP[- J(P ~o/D)]X(Pg) I I".(Pg, &;, P;) I'6'(PPy —P&; —PP;) . (2.61)

The dependence of the cross section on the experi-
mental resolution has been obtained many times. "
In the massive-photon method it emerges from a
cancellation between real and virtual infrared di-
vergences. The novel feature here is that it mul-
tiplies the modulus squared of one scattering am-
plitude. Thus in experiments inwhich the observed
hard particles account for almost all energy ex-
cept a small amount lost to radiation field, the
scattering amplitudes introduced here are observ-
able in the same way that scattering amplitudes
are usually considered observable in a theory
without massless particles.

The cross section (2.61) is nonperturbative, but

approximate, for the recoil produced by the un-
observed photon has been neglected. Suppose we
wish to account for the recoil systematically. A

comparison of the approximate formula (2.61) with

the exact formula (2.42) shows that the approxi-
mate formula coincides with the zeroth term of
the exact formula, provided the arbitrary quantity
4 is fixed at

6 = (do/D . (2.62)

This makes the zeroth term in the infinite series
exact to all orders in o. as uo approaches zero.
Qne expects the successive terms in the series,
each of which corresponds to the emission of an
additional photon, to decrease by neo, . This is a
great improvement over the purely perturbative
expansion of the cross section which is a series in
Q lnbpo.

D. Radiation inclusive cross section

In many cases the experimenter does not mea-
sure the momentum of every energetic particle

participating in a collision. For example, in p,

decay or in inelastic electron-proton scattering
only the momenta of the initial particles and final
electron are measured, so it is not known how the
remaining energy is shared between photons and
other particles. This situation may be called
"radiation inclusive, " for the final state may in-
clude unobserved high-energy photons. In this
case radiation damping is not determined by the
energy resolution of the detector, and a cross-
section formula is required which manifests strong
radiation damping if the unobserved photons have
little energy, but not if they have a lot of energy.
We surmise that the radiation-damping factor will
depend on the energy of the unobserved photons.

For a first orientation let us calculate the rate
oo(Q, , ~,) for emission of charged particles into
a volume of charged-particle phase space 0, ac-
companied by unobserved photons, none of which
individually has an energy greater than a small
number +0. This situation is observable in princi-
ple and corresponds to surrounding the scatterer
with photosensitive material which detects photons
of frequency above 0, and rejecting events where
a photon is recorded. In this case the projectors
y „ factorize

(2.63)

where X(P&) is one for pz E: 0, and zero otherwise
Again making use of infrared coherence of the S
matrix below 0, and with neglect of recoil due to
unobserved photons, we find from Eq, (2.42)
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&,(~„&,) =
Jl ~kg Q(&,)X(P~) &,(P„~;,u()l'6'(ZP~ —Z~( —ZP;),

)) 1 —8

Q(~)=8 '""I++ (d~) g ' ' ' ~(~ -~)+ n( J ~ (2w)' P $

With (dk)z, = —~ f dkd(&(in(~/b )8/8((&, one has immediately

Q(cd, )=e '"'~'exp —J(,(g ' '. ') 1n(~)

Comparison with Eq. (2.43) yields

q((g ) e- J(P, (&o)L
0

which gives for the cross section

o,(&„~,) = J"~P, e '"'"'X(P,)(f';(P~, I (,P;)I'5'(&a~ —ZI; —Z&().

Thus the infinite sum (2.42) adds up to the zeroth term with b, set at &,.
Equation (2.57), J(P, ~,) =&@,1)—Bin&„allows the cross section (2.67) to be expressed as

~.(&„~,)= f&p, ~,'~ '""x(D,)l&(((„&,, 0;)I'~'(zp, —r)( —Ep;).

The usual infrared damping factor has resurfaced. The seemingly trivial identity

(2.64)

(2.65)

(2.66)

(2.67)

(2.66)

~o dw
(2.69)

0

does not possess a perturbative expansion, for 8 is proportional to & and the integrand is of nominal order
& whereas the integral is of order unity. The first term in a perturbative expansion of the integrand would
be divergent. With this identity and the definition of B, Eq. (2.38a), the cross section becomes

~,(&„, J&@,f 2 J ~ '" "x((,),(Q "";-')I&((, ; p;)&I'~'(Ep, —z~, —zp, &

(2.70)

Infrared coherence states that for sufficiently low frequency the one-photon bremsstrahlung amplitude is
related to the no-photon amplitude by

so for sufficiently small ~o, Eq. (2.70) becomes

o,(II„~,) = J[ &P~ d&, e '"'"&&X(Py)~(&,—&y)l F(&y,Pg, &;,P;)I'6'(&g+ ZPg Z&; —ZP;), - (2.71)

where dk =-,'dkd&/& is the usual photon phase space. This formula expresses the cross section for emis-
sion of no photons of energy greater than o as an integral over the bremsstrahlung cross section for
emission of a photon with energy less than , . The infrared divergence is averted because of the radia-
tion-damping factor . It gives instead a cross section of lower order in & than the bremsstrahlung cross
section.

Another way of stating this is that the probability for a small energy loss + per unit frequency interval
is proportional to B . This is singular at =0, but is integrable and gives an integrated probability
for energy loss no greater than o which is proportional to o . The usual zeroth or no radiation term rep-
resents a probability for energy loss per unit frequency interval of the form &(&), which in a correct treat-
ment is replaced by B '. This manifests the fundamentally radiative nature of the scattering of charged
particles.

We now seek an exact formula which embodies the features of the approximate formula (2.71). We begin
by calculating the transition rate v, (Q, , &o) for emission of charged particles into a volume of charged-
particle phase space 0, and emission of at least one photon with energy greater than some fixed number

Later we shall let &, tend toward zero. In this case projectors Z„ factorize into a projector Z(pz) onto

0, and a projector onto the &-photon phase space,
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x, (pq) = 0,

and for n~1,

(2.72a)

kniP) =X(p)I.8( g +o)8(+] —+2) ' ' ' 8(&k —(k)„)+ 8((k) —(k) )8((k) —(k) )8((k) —(k) ) ~ ~ 8((k) (k) ) + ~ ~ ~

+ 8((d„—&,)8(&„—o), ) ~ ~ ~ 8(&o„—(o„,)j. (2.72b)

y„(k, ~ ~ ~ k„,P)- ng(p) 8((d„—&u, ) 8(&u„- (o, ) ~ ~ ~ 8(&u„- (o„,).
The exact cross-section formula (2.42) gives

This formula exPresses the fact that some one of the n photons has an energy greater than all the others
and the requirement that this be greater than &0. The amplitudes are symmetric in the photon variables,
which allows the substitution

x II", (k, ,p, ;k, p, )l 6 (k, ,Zp, Zk, Zp, )

+p
~ f (de )&k (tag tap ) (dk~ „,)~k (~/ Idf )

1

xl~(k, k„" k, „„p„k,p, )l 6 (Zk, ,Zp, Z, Zp, ) .

Here we have written 0f instead of &f„, and the integral

f (dk, )~8((o~ —~,) ~ ~ =--,' l dk~ d(d~ ln 8((d~ —~,) ~ ~f & f 0 ~ f f

(2.73)

was integrated by parts to give —,J de J (d&z/(dz)8(&z —(d, ) . Observe that with the substitution n-n+1,
the integrand has the usual infrared-coherence properties in the variables &» kf„, and consequently it
is independent of the arbitrary parameter ~ for each value of 4f . Thus we are at liberty to set ~ =(df,
which gives

v, (i), , w, ) = f dk, k(k~) f dk~ k(~I —~,)e '"'x'

x l&i(kgkpg, 'k;, P))l'~'(kg+ Zpg —Zk; —ZP;)
L

+Q ) (dkyk) 8((dy —(dgk) ' ' ' (dk~„) 8((k)y —(d~„)
1

x le„(k„k,„,p„k, ,p, )I'6 (Zk, +. Zp, Zk, Zp. ) (2.74a)

(dk&, ) = —fdkj, f de&, )n ( ') (2.74b)

With this choice for &, ~ =&f, the leading term in this expansion agrees with the approximate formula
(2.71), except that 8(~z —o),) appears instead of 8((d, —(o&). The emission of charged particles into the
charged-particle phase-space volume 0, is accompanied by emission of either no photons of energy greater
than (d„or at least one photon of energy greater than &,. Therefore, o(Q, ), the total rate for emission
of charged particles into 0, , is given by

o(Q, ) =o,(Q„(o,)+o,(Q„~,).
As (d, approaches zero oo(Q„~,) vanishes like (d, , according to Eq. (2.61) and we have

o(Q, ) = o, (Q„O).

(2.75)

(2.76)

This is a manifestation of the principle that if you look closely enough at a collision of charged particles
you will see at least one photon, or for that matter, at least n photons. We thus obtain
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o(II,) =
I

~P, x(Pf))(dkf e '"' f' l&(kf, Pf, k), P()l'~'(kf+ZPf —Zkg —ZPg)

(dkf, ) g(~f —co&, ) ~ ~ ~ (dkf„) 8(&of —~f„)
1

l Z „(k„k„~~ ~ k,„,P„k,,P,.)l'5'(Zk, + ZPf —Zk, —ZP,.) .

(2.77)

Because e ~'~' ~'=e '~"u&, this formula has the
desired feature that for small values of & suc-
cessive terms in the series decrease by &+&, and
the leading term agrees with Eq. (2.71}, and thus
has the correct nonperturbative radiation damping.
For large values of &, the leading term has no
particular nonperturbative virtue, but it is of
order + and e '~' ' is of order unity, and thus it
correctly gives the usual one-photon bremsstrah-
lung cross section. It is proposed to test this
formula on the electron spectrum in p,

' decay and
compare with known results. If the leading term
is accurate, this formula may be useful in calcu-
lating radiative corrections to other processes
such as inelastic electron-proton scattering or
electron-positron annihilation.

HI. REDUCTION FORMULAS

A. Reduction formula for photons and superselection rules

and in- out,

4n LtP'&) -P& J

c'„'(k, t)= ,f, e" "ap„"-(x)d''x . (3.2)

In this section we effect Lehmann-Symanzik-
Zimmermann (LSZ) projections on the asymptotic
vector potential. This yields a reduction formula
for photons of finite frequency and conserved zero-
frequency quantities which commute with all local
observables. The latter define superselection sec-
tors.

Consider the LSZ projection on the asymptotic
vector potential, Eq. (I. 2.9),

The first term in Eq. (3.3}gives the expected an-
nihilation operator and the second term represents
the correction due to the Lienard-Wiechert poten-
tial of the asymptotic charged particles. Because
this potential is not a solution of the free wave
equation the integral (3.4) depends on the spacelike
surface integrated over. In the present instance
it is the plane x' = t and the result depends on the
parameter t,

g„(k,p, t) = (,,f, "~ exp(ik pt/E),

where E =P'= (p +I')'t'. This gives

c„"(k, t) = c„'"(k)

+ d, &,
"- exp ik Pt E p'"

(3.5)

and in- out. Because p'" (P) commutes with c„'"(k)
and c„'"t(k), the additional term is a shift in the
photon variables by a quantity which commutes
with the photon variables, so c„"(k, t) is the annihi-
lation operator for a coherent state. If this ex-
pression is contracted with a test function f(k)» t)I,

(f vanishes like ru at v =0) the last term gives a
vanishing contribution at asymptotic times by the
Riemann-Lebesgue lemma and we have

)itc dkf k(k)( —d"')c„(kt) fdk f t(k)(—"d"",)c'"(k)=
g -+ oo

=c'"(f ), f» g, .

(3.6)

On the other hand, in the strictly zero-frequency
limit of Eq. (3.5) the second term has a finite limit
independent of the time,

c't'(k t) = ( ) cjtkP c(ddtc)ttk "t(tk) (3.3)

t) i(t xs P)t
(27f)a'2 4)f ()

O [(p ~ x)2 p2x 2p/2

(3.4)

If the expansion (L 4.3c) is substituted for A'" there
results

lim c(t'(k, t)=c„'"(k)+ d p,2,f, "- p'"(p),
~~ p

(3.7)
where c'(," (k) = lim „c„'"(&u,5).

If these relations are expressed as projections
on A(x) at asymptotic times, they provide a more
precise meaning to lim, „A(x)=A" (x). Thus
for f„(k)» S„with
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fe(x)= t e, f d)cree '"*fe-()r)

we have

c'"(f)= lim i f „*(x)(-g"')BoA, (x) d'x,
t~-~ x =t0

and also

(3.8)

(3.9)

plus infinity.
The usual LSZ machinery" may be employed

with the finite-frequency relations. It gives, for
fe So and T a time-ordered product,

c'"'(f )T[ ] —T[ ]c'"(f)

=i d x q x -g""8 TA„x ~ ~, 3.11a

ce" ()r)+fdtr t,e "I c'"Or)2II)'P k

= lim Iim, &,
e' " soA„( x) d' x. (3.10)

t~ -m m~O II xO

There are corresponding expressions for creation
operators obtained by Hermitian conjugation, and
also for out variables obtained as t approaches

c "' (f)Q ~ ~ ] —T[ ]c'" (f)
=-i d x ~ x -g""& TAI x''' . 3.11b

Because c'"t(f ) and c""'t
(f ), f~ S„are creation

operators for retarded and advanced states, re-
spectively, we obtain, by taking matrix elements
between generic retarded and advanced states n'"'
and P', from Eq. (3.8),

(t, d'11]' '']le"'& = t,r, f d)r ref „'(&)( d""))im d* d xe-"*('d'I c'(d.(x) ]lc"'&,
H~O

(3.12R)dk(deaf&(k)(

g"') lim -k' d4xe '"'*(p""IT[A„(x) ]Io("'),
0 ~0

(3.12b)

where photon disconnected parts have not been
written explicitly. These are the desired reduc-
tion formulas for photons of finite frequency. They
have the standard form, but the interpretation is
somewhat different, for the retarded and advanced
subspaces 7"'C 7'" = % "', $"'C 5'" = 7'"' are dis-
tinct,

The zero-frequency radiation field appears in
the expression for the asymptotic charged fields.
Set

'(I)=- e(t)+fcd'(r „, "- C'"(P) (t it)

and in- out. From Eq. (3.10) we have

s "'()I)-s'"(k)

s"(k)=-s" "'(k) =s"'"(k) .

by Eq. (3.10) we have

(3.14)

l(d
s„(k)= lim lim,

taboo Id~0 'L2&J 0
e'" "soA" (x)d 'x

Z(d= lim lim,t~- ur~o 42&)
e"'*aoA" (x)d'x .

0

The fact that the two expressions on the right are
equal for large positive and negative t suggests
that the quantity

s"(k, t)= Iim, &,
e' —'"(']oA" (x)d'x, 2II t

may in fact be time-independent. Its time deriva-
tive

Z(d=lim lim i is/~t~~ fd~o 2~)

Z(d= lim lim(2 ),t

d x'd'xao[e'"'*PoA„(x)]

dx'd'x e"'V„(x) .

s"(k, t) = lim ',t, e"V" (x)d'x, (2]I)'t'

also may be estimated by its zeroth component

This expression may be estimated by its zeroth
component, in which case it becomes

2g(d t
linl 11111

(2 )atm Q
t~t)o ~~0 77

so

s"(k, t) = lim, 2,&, Q = 0,
M~o r

s"(k) =lim, t, e'"'"(to A" (x)d'x (3.15), (2II)'t', o t

where Q is the charge operator. This limit van-
ishes and we have s"""'(k)=s"'"(k), a relation ob-
tained earlier, Eq. (2.13), by a different method.
Set

is, in fact, time-independent.
It is tempting to set s"(k) = 0, which would char-

acterize a time-symmetric subspace of F(h).
However, by Eq. (3.13) we have
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k s(k) =k c'"(k)+(2 ),/,
——k c'"'(k)+(2

(3.16)

so if s„(k) vanishes the Gupta-Bleuler condition
is violated in the charged sectors. Let L be any
operator with compact support in space-time. By
Eq. (3.15) we have

[s (k), L]=lim, /, e"'"a,[A"(x), L]d'x.

Because of locality, the integration on x extends
over the intersection of the plane x'= t with the
interior of the future or past light cone subtended
by the support of I.. This is a finite region, so as
~ approaches zero, the right-hand side is an-
nihilated by the explicit factor of &u. Thus s"(k)
commutes with any local operator L,,

[s"(k), L] =0. (3.17)

[s„(k),L]X"''= c'„"(k)+ d'P
2 „, k

p'"(P), I.
x5"'

1
P(2 )3/2 k P (P)P

This result, and the explicit expressions for s„(k)
=s'„"(k)=s~"'(k), Eq. (3.13), will be very convenient
in deriving a reduction formula for the charged
asymptotic field.

The fact that s„(k) commutes with all local op-
erators leads to a large set of superselection
rules ' in the retarded Hilbert space X,"' which
is the completion in norm of 7""''. The latter is
characterized by c'"(k)F"' '=0 and k c„'"(k)7"''
= 0. Physical observables are local quantities
which leave both of these conditions invariant. Let
I. be one of them. By locality it commutes with
s(k), [s(k), I]=0. Because it is an observable it
leaves 5"'' invariant, I.S"' &7'"'', so
c'"(k)LF"' =0. This gives

ticles with equal velocity but opposite charge are
annihilated by Jd P(2w) '/'(P k) 'P„p'"(P) are thus
in the same superselection sector as the vacuum. ]
Consequently, in the retarded representation, in-
cident s';:=.'es are represented by density matrices
which are diagonal in the numbers and momenta
of the incident charged particles. A density ma-
trix of this type obviously provides an accurate
description of a large class of scattering situa-
tions. More generally such a density matrix, and
the wave function to specify a state of the radia-
tion field with finite photon number, appears in
fact to offer the most complete description pos-
sible of an incident state containing charged par-
ticles.

B. Reduction formula for charged particles

To reduce out charged particles we make use of
the asymptotic charged particle field found in Sec.
IIV D. In particular for an electron, a particle
which by convention has charge —e, the asymp-
totic charged field is given by

where

1
(2W)3/2

d'p
"2, Q[D(p, x) ~.(p)~.(p) e "'"

S

+d,'(P) D(P, x) v, (P) e""],
(3.19a)

D(p, x)=exp[ieQ(p)e(p x)ln(~p x~l, /m)]

x exp[- eA (p) ln(e —ip. x l,/m)]

xexp[eA(p) 1n(e+ ip x g/m)] (3.19b)

represents the logarithmic distortion of the plane
wave, and e(s) =s/~s~ represents the sign function.
The first factor of D represents the logarithmic
distortion in phase produced by the Lienard-
Wichert potentials of. the charged particles, with

and hence

=0 (3.18a) p p
[(p,pI)2 p2pt2]~12P&P 'P

(3.20)
d P,/, ," p'"(P), I, X"'=0. (3.18b)

Thus all local observables commute with
fd P( w2) '/'(P„/P k)p'"(P), and the eigenspaces
of this operator define superselection sectors.
The relative phase of vectors in two different
eigenspaces of this operator is without physical
meaning.

From the form of this operator it follows that
states with different numbers and momenta of the
charged particles are in different superselection
sectors, apart from exceptional momenta which
are of measure zero. [For example, pairs of par-

1 dk P c(k)
(P) (2)3/2 2 p

(3.21)

The quantities b, d, D, Q, A. , p, and c are all
understood to bear either in or out labels, and
Ly is an infrared renormalization constant.

Let P; be the 4-momenta of a set of incoming
particles with charges e;, and correspondingly
for P& and e&, and consider the matrix element

and the last two factors represent the logarithmic
distortion in amplitude produced by the zero-fre-
quency radiation field
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&0" (x)&-=&P" IS" (x) T[."]Ip,'"&, (3.22)

where T[ ~ ~ ] is a time-ordered product, polariza-
tion indices and photon labels are suppressed, and

is the annihilation part of g",

1
(x}=

(2,)3»2

D'"'(p, x)Q b,'"'( p)u, ( p)e
"'" .

(3.23)

We will maneuver this matrix element until an
electron of momentum P has been introduced into

the final state. The retarded and advanced labels
mean that the incoming and outgoing states have
finite photon number,

c„(k)lp,"'& =o, &p,""lc„""(k)=o, (3.24)

which implies in particular &P» (»1'"'t(P) =0. From
the definition of Q(p}, Eq. (8.20),

&p» I[e@'"'(p)]=y»&p»" I, (8.25a)

e eyP 'Py 8 ~ 8y
4~ [(P P»)'-P'P, ']' ' 4v ~» tanhy» '

(3.25b)

where g»&0 is the hyperbolic angle between p and
P&. This gives

1
(x)& =

(2 }3»2

3.

exp[i@»ln(p xl /m)]e '~'*&p», p~~exp[eA'"'(p) in(a+ip xL/m)] T[ ~ ~ ]~p,"&,
(3.26)

&P» P"~ -=Qu, (p)&p;P, s"I. (3.2'l)

To proceed further, use Eqs. (8.13) and (3,14),

and A '"'(p) may be written

—1 dy d4, p p', „g, 1 dk p s(k)
(»)' 2 p kp" k' ' (2.}s»' 2 p k

Making use of the commutativity of s(k) with any local operator, Eq. (8.1V), in particular with T[ ~ ~ ], we
have

sp(k) Tl" )P'"& = T[ ]sp(k)lpf"&.

(The fields which appear inside T[ ~ ~ ] may be the fields of particles which have already been reduced out
and taken off the mass shell, in which case they are integrated over all space-time. However, the values
of x which contribute are of the order of the inverse distance from the mass shell, so [s(k), T[. ~ ~ ]]=0 is
justified despite the infinite region of integration. ) Hence we have, by Eqs. (3.13), (8.14}, and (3.24)

(3.26)

which all together gives

&p», p'
~
exp[eA. '" (p) in(E +ip xl /m)]T[ ~ .

]~ PI"& =exp[p» ln(f +ip xl /m)] &p», p, s
~ T[ ]~ p,"&,

where

-e dk p -ep ~ e»p» ~ e, p, I
(2w)' 2 p k p k ~q p»'k, pi'k)

This is easily evaluated exploiting Eq. (1.3.10),

(8.29a)

(2m)' ~ tanhP» ~ tanhP, (3.29b)

where f; &0 is the hyperbolic angle between p and p, and similarly for t)I». This gives, from Eq. (3.26),
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"'&»,p"
I
T[" ]I p,"'&,x)) = —

zing
— e

(3.31)

(e + zp x)' = ——" dZ Z ' 'e ""'
I'(-g) ~,

ma be obtained by analyticis helpful. It is valid or ef Ref &0. If this condition does not hold, the result may
we have from Eq. (3.30),continuation. Temporarily dropping the subscript on gz, we have, from q.

d~~-'-'e ""'""(p„p"'Ir[" ]I p,"').""'""=(2)- 2E
'

F(-~) . "
This gives„ for t an arbitrary finite number,

L o-z(y+X)gt"*f,2z((+x)' m I'(-() [q'-z((+x)]t

(3.33)

w ' —m' =-g &0. Set'+m"'" and = (I+A) '. Let q approach the mass shell from below, q'—where E =p'=(p'+m ) an p =q +
roach zero. On the right-hand side itmake the change of va, riable A. =gn, and let q approac z r .q = &q+m

r ~ and in the denominatormay be rep ace y zl .d b ero everywhere except in the overall factor g an in e n

q' E1+A) -= (q'+ m' —zl)"' —[~q+ m'(1+zln)']" = ——,'q(q" +m') '"(1+2m'n) .

4 =6+Z&~ ~

im l the lane wave e '~'" modulated by the com-Thus the x dependence of the matrix element (3.22) is simp y p

the final state but all values of P are integrated over,As desired, an electron of momentum P appears in e ina s a e,
tat ith fixed momentum. The integral representationand it is necessary to produce a s e wi lx

Then with

— =(2m')'I( g)r'(I+g),, ~n" (1+2m'n)

which holds for -1 &Re( &0, and the substitution q-P, one finds

(3.34)

(3.36)

"IT[".]I p-'&I' dx' d'x ———&p" (x))=,——,. „„.(2m, ) e s &p~, pim x (2)z)'" (m' —P Z
~P2~ fft2 t

d
'

~ t 11 Ref &-1. With the definition (3.22), one hasThis relation may be continued in ~ o a e

d* f&'*e"*(u"i'I ()"(")7'[ ")lPi ). "(p„p'"Ir[ "]Ip,"'}= lim — --( —
), ( )„., x xe '

b "which is justified because the creation part of (I)" produces no smgularityHere we have replaced (" by P' which is ]us i ie
as "'-m' The right-hand side is inde-t d 'th '~'" and thus it gets annihilated by (m -p i

' as „-m .when integrate wi e
the contribution to the integral comes from times of orderendent of t because as I' —p' approaches zero, the contri u ion o

edb ~ '"I b
pen en o

as is clear from Eqs. . an(3 32) d (3.33). For this reason f" may be replaced by z, ~ y»' "x. Here z defines the normalization of the renorma ilizedv~r~ue of tf the weak as mptotic limit [))(x -z, ( x . ere zoy I

.4.75 F' ll the x integration may be extended to allHeisenberg field g according q . ( .'to E s. (1.4.47) alld I. . . lna
t for in this case the infinite integra-times, provi e I" oes n'd d I" does not coincide with any of the initial momenta P&, for in is case

tion over early imes pr uc .t'
. oduces no singularity and is annihilated by (P —m ) as

"* "' — d'x e" "&O'I T[P(x) ']I p"'& (3 35)&p~, p'I T["*]lpga")=, „.F(„q ) (2, ),, (2,)...
Here we have restored the subscript to ff, which, y q . & .b E s. (3.31), is given by

-e ey(gy —z'lz) ~ e(((
(2)z)' ~ tanh(I) ~ tanh(j);

y f
fectron out: of a final state. To reduce an electron out oThis is the desired formula, which reduces an electron ou o a in

an initial state, one finds similarly
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1+(. -Kp /2

(3.37)

where

(3.38)
—e ~ e;(p, —im) ~ e&pz

and g; (P&) & 0 is the hyperbolic angle between P and P; (P&).
Formulas (3.35)-(3.38) which reduce out a particle of charge (- e) may be applied successively to par-

ticles of charge e, . There results a formula which completely reduces out a~l. charged particles. Let a
be an index which runs over all initial and final charged particles, with (P,}=(p;,Pz}, ]e,}=-f e,„e&}, (q,}
= jq;, q&}with q& =+1, q; = —1. I et G(P, ) be the renormalized Green's function in momentum space,

and let S(P,) =S(P&, P;) be the covariant S-matrix element

(3.40)

where a sum over each of the two-valued spin indices sf and s, is implicit. The complete reduction
formula reads

(3.41)

Here g, means an ordered product such that the
factors with lower index a are on the right of the
factors with higher index. This results in an
ordered limit such that the particles with lower
index go on the mass shell first. With this order,
by Eq. (3.36) and (3.38),

ga = pa+i@a =

gaga

+Q f~s
b&u

2ea
faa =

(2

(3.42a)

(3.42b)

4t =
(2,:t' 'h" [6~ &:&~(n—.n~)]-, ~ » (3 42c)

where P, and y, are real and 0(l) -= 1, 8(- 1) =-0.
The appearance of the ordered limit is character-
istic of the weak asymptotic limit employed for
the charge/ field. For each particle a, the pa-
rameter g, = g„+g„,g, ~ which determines the
singularity as particle c goes on the mass shell
depends on the particles & that have already gone
on the mass shell. The first term g, , leads pre-

cisely to a cancellation of the singularity of the
propagator of particle a, Eqs. (I.4.74) and (I.4.75),
so the reduction formula may also be expressed
direct'y in terms of the amputated Green's function.
The normalization of the Green's functions is dis-
cussed in the following section,

Qur derivation gives the S matrix only if the
n1on1entR of the chRrged particles Rre dlstlnc~&,

P, 4Pb for a &&. At coinci. dent momenta it presum-
ably has singularities which resemble those which
occur in scattering by a Coulomb potential. In that
case Herbst" showed that there is a. unique unitary
extension of the amplitude from nonforward direc-
tions to the forward directions which has R simple
form. A similar procedure should determine the
quantum-electrodynamical 8 matrix at coincident
momentR.

Finally we state the reduction formula directly
for the /-independent amplitude I", Eq. (2.40).
With z, =a~, I'(1 +/, ,) (2l, /m, )~'', Eq. (I.4.75),
one has

(3.43)

where

1
~a Kaa+2 g ~ah

b ~a
(3.44)

The dimensional factor g, m, '~ which appears
here is invariant under relabeling of particle in-
dices. The infrared renormalization constant l,
has disappeared from this formula, which verifies
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that the original S-matr ix element was propor-
tional to l, , where

In ze roth order it is given by

i( + m)G'(p) = (4.4)
Z = 2

1 (3.45)
Set

Furthermore, the explicit factors z, ' ' in the re-
duction formula (3.43) cancel the factor of z, ')'
which the Green's function contains for each ex-
ternal leg, by virtue of the Ward identities [see
for example E(I. (4.22)]. Thus F is independent
of both the infrared r enormalizat ion constant l y

and the fie ld -r enor mali zat ion constants z, ~

1V. APPLICATIONS

A. On-mass -shell ultraviolet renormalization

Suppose the Gre en' s functions of quantum elec-
tr odynamic s are calculated according to a stan-
dard re normal ization procedure . The re suiting
re normalized Green' s functions are finite ." How-
ever, the normal ization of the photon propagator,
the electron propagator, and the vertex function
may be varied according to the re normal ization
group . We show here how these normal izations
may be fixed in actual practice .

Let D „„(k)be the exact re normalized photon
propagator

G,„()')=fe ''(ol)'(A"„(x)A.(0)]IO)d'x.

In the Feynman gauge it is given in zeroth order
by

G-'(p) = —i[p'-m- Z(p)],

where Z(p) is the electron self-energy,

~(P ) =&(P')(P' -m) +B(P') .

(4.5)

(4.6)

~(p)l p2 = ~ ~(p) = o, (4.7)

which fixes the additive constant in B(p') accord-
ing to

Set

B(m') = 0 . (4.8)

B(P') = (P' - ') c(P'), (4.9)

without implying that C(p') is regular at p' = m',
but only that its singularity there in eac h order
of perturbation theory is annihilated by P' —m' .
We have

Z (p) = (p' -m)[A (p') + 2 mC ( p') + (p' - m) C (p')],
(4.10)

In each order of pe rturbation theory there is a
finite additive constant in A(p') and B(p'), which
must be fixed by some prescription . It is gen-
eral 1y thought that the electron mass re normal iza-
tion is free of infrared divergences, which means
that the singularity of the propagator can be main-
taine d at P' = m' . Thus, we require

D'„„(k)= (-g „,) (4 1) C -'(p) = (- i )(p' —m)[1 -A(p') —2 mC(p')

No infrared divergences are encountered if D„,(k)
is normalized to agree with (4.1) at k' = 0. More
precisely, set

G„().') = —, -))„„„+ ', ")d(k')—

(4.2)

—(p' -m) C (p')] . (4.11 )

The arbitrary additive constant in A(P ) is re-
lated to the fie ld- re normalization constant which
determines the normalization of the Heisenberg
field g. In Sec. 11V C, E(ls. (I.4.74) and (I.4.75),
we have seen that if the propagator is normalized
to

and normalize d(k') according to

d(0)=1 . (4 .3)
P+ m m

»m G(p) =iz. . . , , p=c]/~pg-2P-mm-P
This normalization of the photon propagator is to
be used with the photon reduction formula (3.12).
[If one wishes to make the finite renormalization
d(k') - z,d(k'), then a factor of z, -') ' would be in-
serted in the reduction formula for each external
photon line .]

Let G (p) be the renormalized electron propaga-
tor

G(p) = f.' (olr[t)(x)il(o)](*0) dx'
then the Heisenberg field is normalized such that
its asymptotic limit is g zGg ", where z
= z,I"(1 + P)(2 I,/m) z. Comparison with Eq. (4.11)
gives

mlim, , [1 —A(p') —2mC(p')] =
2 2 m -p z

(4.12)

Here z = z(o() is a power series in n with finite co-
effic ie nt s . It may be fixed by any convenient nor-
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malization convention, for example, z(a) =1, or
z(o() =r(1+P)(21,/m)8. However it is fixed, its
actual value is required for insertion into the re-
duction formula. The amplitude which results is
then independent of the choice of z(o. ), as we have
seen.

Equation (4.12) suggests the introduction of new

functions D(p') to characterize the electron prop-
agator,

P+m m
G(P) = fz

with

x[D(P ) y (P —m)E(p )], (4.13)

D(m') =1. (4.14)

In second order perturbation theory, explicit cal-
culation gives

5'(p'&=&( *&= ——, &e(, )in(, )
(4.15)

1+A(p )+2mC(p ) =(1+o&a) 1 ——ln
Q Vl —P
7r m'

xD(p ), . (4.16)

a (m' -p') (
m' —op') (m'-p' )'

(4.1'7)

where a is a finite additive constant in A(p') which
is fixed by a renormalization convention. The con-
stant z, in second order, thus has the value
(1+o.a).

The three-point function is given by

k. r'(P+k, P) =k z( P+ k) +z-( P) . (4.21)

Let p go on the mass shell and multiply by u(P),
using Z(P)u(P) =0 at P' = m. '. This gives

G„(p',p&= fe"'' "e-"''(Ol p(p(eM e(O& p(p&IIO&

(4.18a)

It satisfies the Ward identity

(P' —P)'(P' —P)"G „(P',P) = ie[G(P) —G(P')],

(4.18b)

which is an expression of the fact that the (l& field
carries the conserved charge e, [Q, g(x)] =eg(x),
where Q =j J'(x) d'x. The constant e which ap-
pears here is independent of the convention by
which the propagator is normalized. In the next
subsection we shall see that —e is in fact the ob-
servable charge on the electron (the minus sign
is a convention, obviously) as measured by the
near forward cross section for scattering by a
weak external potential.

Let the vertex function 1 "(p', p) be introduced
as usual according to

G &((P', P) =D„„(P'-P)G(P')(-ie)r'(O', P)G(p) .

(4.19)
It satisfies

(- f)(p'-p), r"(p', p) =G '(p') —G '(p) (4.20)

by virtue of Eqs. (4.2) and (4.18b). This fixes the
normalization of the vertex in terms of the nor-
malization of the propagator. We see that F' will
be proportional to z '. However, we may use our
knowledge of the propagator near the mass shell
to obtain an explicit expression for the vertex near
the forward direction. In terms of the inverse
propagator (4.5), the last relation reads, with

k. = (P ' -P).,

k. r'(0+k, P)l'= 'u(P) =[0-~(P+k)J u(P)

= [/' —$A((P +k)')- (k'+2P k) C((P + k)')] u(P)

by Eq. (4.10). Assume that as k„approaches zero with p' = m', A((p+k)') and C((p+k)2) develop a singular-
ity which in each order of perturbation theory is a polynomial in ln(2P ~ k). Then as k~ approaches zero
we may equate the coefficient of the term linear in k„and obtain

lim r"(P + k&P)lp2 2u(P) = [y" —y"A((P+k)')- 2P'c((P+ k)')]u(p)
Op ~P

or
lim u(p) r"(p, p)l z .2 u(p) =[1-A(p")- 2 mC(p")] u(p) y' u(p) .

P' ~P
This gives, by Eq. (4.12),

2

u(p) r'(p, p)l. ..u(p) = —u(p) y"u(p) . (4.22)

This is a convenient explicit expression which fixes the normalization of the vertex directly in terms of
the constant z. It is also a particularly simple example of the type of ordered limit which occurs in the
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reduction formula: p goes on the mass she11 before p'.

B. Scattering of an electron by a weak potential

As a simple application, consider the scattering of an electron by a weak external potential A'"((x),
sometimes called the Schwinger problem. '~ In this case the reduction formula (3.41) takes the simple
form

where

] 1 (m2 P(2)1+ 8 (m2 P2)1+ 8

(2r)' z (2mf, )
' 1(l+ 8') I'(1+ P)

(4.23)

S(p', p) =g ~. (p') & p', s'""
I p, s"'

& ~. (p), (4.24)

&, =P, +iy, =P= a/w,

Here, by Eq. (3.39),

&2 = p2+ iy, = p' = p —p(l) cothy. (4.25)

(4.26)

(4.27)

G"'(P' P)= fe ee e
(Pe( "y[P''"'(x)y'"'(y)] (D)d xd y

where (It'"' is the Heisenberg field of the electron in the presence of an external potential. Thus

0'"'(p', p) f' d'xde"y' ='('D*y"p(x)e(y)exp —i d'"'(z)d(z)d zp'
where i) and A are ordinary renormalized Heisenberg fields and J'"' is the external current s22„'"' (x)

,

=J&"((x). We are interested in the scattering to first order in the external current, so it 1s sufficient
to retain only the term linear in J&"( (x),

G'"' (p', p) - ( —i)G" (p', p) J'„'"' (p' —p),

where G(P', P) is the three-point function given in Eq. (4.18a.), and

(4.28)

J'"' (k) = e'"' J'"'(z)d z

This gives

] 1 1 (m2 pe2)1+ () (mp p2)1 + 2

(22)' z, (2ml )'"a,2 „, 1(1+p'), ', 1(l p)

(4.29)

(4.30)

It is convenient to introduce the vertex function I"(p', p) by means of Eq. (4.19), using the near mass
shell expression for the propagator, found in Sec. IIV,

lim G(P) = z, 1"(1+P) (4.3 la)

whose normalization may b'e expressed in terms of

2I,, '
z =z I'(1+ P) m

(4.3 lb)

one finds

I I+P m m' p"
S(p', p) = ', z, +, lim (p'+m), 1 "(p', p) Q+m)F (&')di)', "'()'2).

p2 m2 m' p2 =m~

(4.32)

Here )'2 = p' —p and we have used Eq. (4.2) for D„„and set A'&( (k) = —(k') 'x J")(( (4), and written

Fr (12 2) = d (k 2) (4.33)

for the form factor which results from vacuum polarization. This S-matrix element depends upon the
infrared renormalization constant I, . Introduce the scattering amplitude F according to Eq. (2.40). With

L„=612=p and &»= —p(I)coth(I) we have F=(2l, jm) S, where p' = p —ppcothg. This gives
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(4.34)
2 ~i2 8' -8

E(P', P)=, , lim Q' +m), zI'"(P', P) (P'+m)Fy (k')4 '„"(k).(2~)' I'(1+P' m'

This expression is independent of the infrared renormalization constant. Observe that as the forward
direction is approached, p' —p= —ppcothp approaches —p. This corresponds to the same singularity of
the forward vertex function as was found using the Ward identity, Eq. (4.22). Thus we have verified that
the singularity structure which we have attributed to the propagator and the forward vertex function is
consistent with the Ward identity.

I et us introduce electric and magnetic form factors for the electron F, (k') and F (k') according to

u, , (p')(y"F, (k')+(4m) '[)k, y" ]F„(u)a),u(p) =u, (p') «"(p', p) u. (p).
(4.35)

The left-hand side is the most general expression consistent with the symmetry properties of the right-
hand side. From the normalization condition (4.22) we have

E, (0) =1.

Hence with E(p', s', p, s) = (2m)'u, (p')E(p', p)u, (p), we find simply

(4.36)

1
F(p', s', p, s) =

), (,)
u, (p') ( y"F,(k')+ (4m) '[k, y" ]F„(k')j,u(p) E&( k'). (4.37)

Thus the scattering amplitude is expressed in terms of infrared-finite electric and magnetic form fac-
tors for the electron, F, and F, and a form factor F& coming from vacuum polarization. The latter is
a classic calculation, '

F ()) ) =1- — 1 ——) coth — 1— coth — —+}
A

y lT 2 2/-

with k'= —4m'sinh'(ay). To find the electric and magnetic form factors in second order set

I „(O', P) ='Y„+I' „(P,P)

(4.38)

(4.39)

r~ ' P - k+m P- P'+m
1 (P & P) (2p)4 k2 k2 A2)y~ (P' k)2 m2 (P k)3

yP (4.40)

where -A'/(k'-A') has been introduced to ensure ultraviolet convergence. We require this quantity for
P'=m' and for 5 =m' —P" small. ,

—iea d'k -A' P' —P+m
& P —f+m

(2 ) k k —A ~k —2P'k-5 k 2P I

We may set P"=m' everywhere except in the D which appears explicitly. For 6 finite this integral is
finite and one finds

(4.41)

P u m'
u, (p') lim I""(p', p) ~~2- 2 u, (p) = (1 —o.a) 1+—

p coth4) ln
pl2 ~ 2 m'

x )f. (P') (y"F.(k')+(4m) ' [k y" 1F.(k'))u. (p), (4.42)

where a is an arbitrary constant arising from the ultraviolet renormalization, k' =2m'(1- cosh)l)), and
the form factors are given by

n P(3 cosh)I) + 1) cosh)
2)f 2 s inh)l) sinhy

F„k' =—
27f sinh)i) '

(4.43)

(4.44)

(4.45)
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and f(x) = —J",ctt(l —t) 'lnt is Spence's function. The form factors satisfy E,(0) =1, F (0) =n/(2~)
Suppose that the external potential is time-independent, A" '"'

(f, x) = V""" (x),

4"'"' (k) = 2n'6(k') V" '"' (k)

We seek the radiation exclusive cross section, namely only those events are cou~ted for which the energy
loss to the radiation field is no greater than a very small number uo, as measured in the frame in which
the potential is static. In this case, the transition rate for observing electrons in a volume Q„of phase
space is given, according to Eq. (2.61), by

A.

2Z
exp[-~V', P; ~./D)]X(P') 2; (2~)6(&'-&),

where y(P') is the projector onto Q„, the usual mnemonic substitution 2@6(0) T, has been made and

(4.46)

A. ..=, u, .(P')(y"E(k')+(4m) '[f, y" ]F ( k')}u,(p)Eq( k') V„"c' (k), (4.47)

with k" =(0, k). The incident flux is (2m) '2EU =(2w) '2~p(. One finds for the differential cross section
per unit solid angle, with energy loss no greater than a small amount eo, that

= exp[ J(p', p;-tu, /D)] (4.48)

If spins are not observed and the potential is electrostatic V&(k) =6» V(k), the ratio of the radiation ex-
clusive cross section to the uncorrected one,

do(~o) duo

dQ dQ'
is given by

I' 2

A(cu, ) = exp[ —J(P', p; &u,/D)], ~, T,

where

(4.49)

(4.50)

2p'sin'(8/2) + (p')'sin'(8/2)
m' +p'cos'(8/2) ' " m'[ m'+ p'cos'(8/2)]

The form factors are functions of

k' = —k' = —4m' sinh2(g/2) = —4p' sin'(8/2),

where 6 is the scattering angle.
There remains only to evaluate J', given in Eq. (2.43),

(4.51)

(4.52)

(4.53)

where &u, =e u&, /D, which gives by Eq. (2.60)

where

CO

[r(1+ a)]'~' (4.54)

—8 Ak' p p 2AB= —2P' =, —,- — = (PcothP —1).(2~)' 2 P'k p k w

This gives

J (p', P; &uo/D) = —K(p', p) —B ln(2&v, / m),

(4.55)

(4.56)

—e' 0'k P' P P' P"0 P P 4
~'P)=(2)' 2 P'k P a

' P'S'" p
k'" (4.57)

This integral is frame-dependent, which is a reflection of the frame dependence of the condition that the

energy loss be no greater than e,. It is to be evaluated in the frame where p =(E, p), p' = (E, p'); )p~ =
)
p' ).

One finds
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o. 1 cosh/ vcosh —,'p+sinh —,y
" 1+v cosh',K ', P = — —2+ —— . . ln ln

v sinhp v cosh —,'p —sinh —,'y 1 —v sinhy
(4.58)

where v = ~p) /E, I is given in Eq. (4.45), and

g' sinhy'
(1+v')(1 —v') '- cosh''

be'-1
f(be~)-+f(be ~) ~ Inbln( & ), (4.59)

where b = (1+v)(l —v) ', and f (x) is Spence's
function, as in Eq. (4.45). This gives from Eq.
(4.49)

charged field and the asymptotic-state space. To
work in other gauges, one would first have to ef-
fect a similar construction and derive a new re-
duction formula, or else find the near mass shell
gauge transformation properties of the renormal-
ized Green's functions" and convert back to the
Feynman gauge before using the reduction formula
given here.

Write the inverse of the electron propagator in
the form

do z(pi p) 2'~ Fy cTQ

dO ' m I'(1+B)I'(1 B/2) dQ-

(4.6Q)

6 '(p)=-i[p-m-z(p)]. (5.3)

This formula is exact as the energy resolution
&o approaches zero. In this limit all of the frame
dependence of the radiative corrections has been
found explicitly to all orders in u. Only the co-
variant form factors E&, E, , and E~ must be
evaluated perturbatively. They have been cal-
culated above to order o.. The author has ver-
ified that if the cross section (4.60) is expanded
to first order in n, the result agrees with per-
turbative calculations" which regularize by in-
troducing a small photon mass ~. Final. ly, it is
easy to see that in the forward direction K=B=0,
E=T =1, so the cross section reduces to the
cross section in the absence of radiative correc-
tions. Thus the parameter e introduced in the
Ward identity is the phenomenological electric
charge, as measured in the forward scattering
off a weak external potential.

The electron mass renormalization is effected by
requiring the self-energy to vanish at its physical
value,

&(P) I p2 = u(P) = o (5.4)

Electron field normalization is defined by the
condition

(5.5)

Here z =z(n) may be fixed by any convenient con-
vention. However, once this convention is es-
tablished, for example, z =1, the actual value of
z is required for the reduction formula. The Ward
identity fixes the normalization of the vertex func-
tion in terms of the normalization of the electron
propagator according to

V. CONCLUSION

A. Rules for practical calculations

D„„(k)=—, -g„„+—," d(k')-~, " (5.1)

be normalized such that

d(Q) =1. (5.2)

The normalization of the longitudinal part is
characteristic of the Feynman gauge, which we
have used throughout. In this gauge the free vec-
tor potential satisfies the wave equation, which
simplifies the construction of the asymptotic

The Green's functions of quantum electrodynam-
ics are calculated according to perturbative re-
normalization theory, with the normalization con-
ventions as follows. Let the photon propagator

mlim, „u(p)I"(p', p) u(p)
plop m P p2=m2

= —u(pb" u(P) (5 6)
1

The generalization to different types of particle a
with propagators normalized to z, is obvious.

We now turn to the reduction formula, whose
validity presupposes the normalization conven-
tions described above. Let I" (pf sf kf f,.
P,„s;,k„p, , ) be a connected scattering amplitude,
where fP„s„k„p,, ) are a set of charged particle
momenta and spins, and photon momenta and 4-
vector polarization indices, and correspondingly
for final particles. Introduce indices a and b which
run over initial and final charged particles and
photons ~p ) (pfi A ~~ ~kb f Lkf) kf )~ f l 5~
=(p„p, ), and set
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(P»»»»» )&» gp»» (fi} (ff» f» f» i f» A» k» f» i $) s (5.7)

where Q, u, (P)u, (P) =P+ m. The reduction formula reads

5(Z. f -Z-~)F(~ k) = -' I'-a a b b a» b &»&, (2&)/ & Z(I+g ) 2 +f
Pa2~a2 a a ma a a

(5.8)

with quantities defined as follows. The q, and q, are sign functions with &I& =+1, q, = -1, g, is an ordered
product such that the factors with lower index a are on the right of the factors with higher index a. This
results in an ordered limit such that the charged particles with lower index go on the mass shell first.
The complex constants P, are defined by

C. =p, +&r, =K„+Q 4„,
&&a

(5.9a)

where P, and y, are real, and

2

«(2~)2» (5.9b}

(5.9c)

Here g,„&0 is the hyperbolic angle between P, and P„and 8(x) is the step function 6(x) = —,(1+x/~ x~ }. In
the reduction formula the factor (m, ' —P,')"~«cancels the singularity of the external leg of the Green's
function. The factor (m, '-P, ')~&" cancels the infrared singularity of the Green's function associated with

photons exchanged between external leg a and external leg b that has already gone on mass shell. The
imaginary part of this power, proportional to 0(&},q, ), is the famous infinite Coulomb phase. Also

z, =g., +-,' g g.. .
b &a

(5.10)

G(p„»,&„f& (d'=x»e'~"t *»& (d x, e '"'*'i&'~ (rV»ze'4' '"
&(0 ITI»(xx&&„(» &»(xg&]la&.

f i b

(5.11)

Because of the %ard-Takahashi identities and the
scaling law of the Green's functions under the re-
normalization group, G(P, , k~) contains a factor
z, ' ' for each external charged particle leg. This
is canceled in the reduction formula by the ex-
plicit appearance of za ' ', so the amplitude & is
independent of z, .

In actual calculations of Feynman integrals the
parameters 6a =m, '-P, ' provide an infrared regu-
larization and thereby replace the photon mass A.

which is traditionally used to eliminate virtual
inf rared divergences. As 6,- 0 the Green's func-
tion to order N in n is a polynomial in ln5, of
degree ¹ When the factors (m' —P,')t ~ are ex-
panded in powers of a, with f, proportional to n

by Eqs. (5.9),

(m, ' —P ')~~= —g,"(In5 )",1

n=o

the dependence on ln5, cancels out to order N,

giving a finite perturbative expression for the on-
shell amplitude F. The mass factor g,m, a& en-
sures that + has the usual engineering dimension.

The amplitude is normalized corresponding to
a charged particle density in configuration space
of (2w) '(2E), so the sum over charged particle
states is effected with volume element (2E) 'd'P.
As a matter of convenience, a factor of co has
been included in the amplitude ~ for each photon

leg, so individual photons have a density in con-
figuration space of (2m) '2v'. We describe the
radiation associated with the scattering in the
retarded representation according to which the
incident radiation is described by a finite number
of photons. In practice, for two-body scattering,
zero, one, or two photons are assumed incident.
(Although from another point of view an infinite
number of infrared photons may be incident, the
error made in assuming a finite number may be
made arbitrarily small, for the effect on mea-
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surements of incident photons which are neglected
is proportional to their energy, not their number. )

However, it is a fact of theoretical physics that
with this description of the initial state, the final
state must be described as having an infinite num-
ber of photons. This is true even though the most
sensitive photon counter imaginable will count only
the finite number of final photons which have a
frequency above some minimum positive fre-
quency. The counting rate of an actual detector of
final particles is obtained from the amplitude +,
defined above, as follows.

Let the detector be such that it registers a count
if and only if the system is in some volume of
final-state phase space Q. For example, Q may be
defined by the condition that an electron be emitted
into a given solid angle and energy interval. In
terms of states of the system, Q will be a set of
volumes Q„Q„Q„.. . , Q„. . . in the
0, 1, 2, . . . , n, . . . photon phase space. In
the example, the electron may be accompanied by

0, 1, 2, . . . , n, . . . photons. Let g, (pf),
)t,(k&„pi), . . . , g„(k» k«, p&) be the character-

istic function" on Q„Qy p
Q p. . . .

)tg (kfy kf pf) = 1 for kfy kf pf Q Q~

= 0 otherwise .

(5.12a)

(5.12b)

This restriction has the consequence that if X is
not identically zero, then g„ is not identically
zero for all n&m. Thus, corresponding to any
yes-no detector there is an infinite series of non-
vanishing X„.

With this specification, the cross section o(Q)
for emission into a volume Q of final-state phase
space is given by

Here pf represents a set of final charged particle
momenta, and y„(k&, k«, Pf) is symmetric in

kf kf The important point is that the non-
observability of zero-frequency photons imposes
the restriction on the X„given by

lim )t„(k, k„,p) =)t„,(k, k„,p), n) 1.
(5.13)

]I'I ' p[-~(p, &)] x.(p )l&(p;k, p )I'~'(Z@-Zk;-Ep )
f

1
+ Q (dkgy)d ( «)EXn ( fr fn&pf)

tf =I

&&
I +. (ky, ' ' 'ky. , py; ki, pg) I

'
(5Zky Z+Pf -Zk(-ZA. .

(5.14)

Here P& represents the incident flux factor. For example, if the initial state consists of a photon of
frequency &u incident on a particle of mass m at rest, Q, =(2w)'(2w) '2m(2w) '2uP. For simplicity, polari-
zation and spin variables have been suppressed, and also factors of (n, . ) ' which are present if there are
n, identical charged particles of type a in the final state. The variables k„p„and pf represent sets of
initial photon and initial or final charged-particle momenta, but the final photon momenta are represented
individually by k» kf„. The factor exp[-J(p, b)] will be seen to account for radiation damping nonpertur-
batively,

(5.15a)

(5.15b)

Here the index a and q, are defined as in Eq. (5.8), C = -J,"dt e 'lnt is Euler's constant, p, k= E, —p, k, —

and

(dk) ~ = --,' dk d&u ln
8QJ

(5.16)

where dk is an element of solid angle. In the cross-section formula the derivatives implicit in
(dkj )Q (dkf )Q act on all factors to their right, namely g„F„5 . The partially integrated photon phase
space (5.16) does not possess the real infrared divergence of the bremsstrahlung cross section that the
usual phase space [which would be, with our normalization, dkd~(2&v) ] would produce. The cross section
is independent of the parameter 4, for it cancels out between exp[-J (p, b)] and the infinite sum in (5.14)
due to infrared coherence of the amplitudes,

lim +„(k&, k«, P» k„P,)"»' ''9~= g ' ' ' &„,(k&, k&„, P&ik„P, )"»' ' '"« . (5.17)
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This cancellation occurs both in the exact cross
section and in every order of the expansion of the
cross section in powers of Q. . Consequently 4 may
be assigned any value. A good value is one which
makes the infinite sum (5.14) converge rapidly.
Such a value is found in Sec. II C for the radiation
exclusive case, namely when the energy loss to
unobserved photons is less than a small amount

~,. It is shown there that if 4 is set at the value
& =v, /D, D=e [I'(1+B)] '~s, then the infinite sum
(5.14) becomes a series in (n~, )" instead of
(n 1m', )", and the factor exp[-J(P, v, /D)] cor-
rectly accounts for radiation damping. This re-
sults in a calculational scheme whereby the amp-
litudes & are calculated according to perturbative
renormalization theory to a given order in n.
They are then inserted into the nonperturbative
cross-section formula with n =&do/D. This cor-
rectly accounts for radiation damping nonpertur-
batively. In Sec. IID a similar scheme is devel-
oped for the radiation inclusive case, namely when
unobserved photons may carry a lot of energy.

B. Toward a rigorous formulation

At present a rigorous formulation must be based
on the Green's functions provided by perturbative
renormalization theory. A rigorous derivation
would follow the reverse order of development
from that of our heuristic derivation. We started
with an A.nsatz for the asymptotic field, and ended
with a reduction formula for the S matrix. In a
rigorous approach one could start with the reduc-
tion formula found here, and let it define the S-
matrix elements. It must then be proved to every

order in n that this definition yields finite on-
mass-shell S-matrix elements which are indepen-
dent of the order by which the charged particles
go on the mass shell. It must also be proved that
they possess the properties asserted in Sec. IIA,
namely transversality, infrared coherence, and,
most critically, unitarity calculated with the in-
frared-renormalized photon phase space (dk), .
The only results in this direction are nonrigorous
investigations of the singularity structure of the
Green's functions, "which indicate that the S
matrix defined here is finite, and the fourth-order
calculation pf Splpvjev.

Another necessity for a rigorous theory would be
to establish a topology for the asymptotic-state
space discussed in Sec. I GIB, which is
a Fock space of test functions. " Among the
desiderata for such a topology would be continuity
of the indefinite inner product, the condition that
S map the space onto inself, 5'" =SF'"'= F'"', and
that the transverse retarded and advanced sub-
spaces be closed subspaces on which the inner
product is non-negative. They may be completed
in norm to give physical Hilbert spaces.

The fields g and A may be constructed as op-
erators on F'" as follows. The reduction formulas
of Sec. III not only define S-matrix elements, but
also matrix elements of any T product of fields
between in and out states,

&p', k'""'I T[y(x,) "&„(s,) "q(s,)" ]Ip, k '"&,

(5.18)

where P and k represent sets of momenta. The
S matrix may be used to give the corresponding
matrix element between in-states,

&P', k"" IT[I(x,)" &„(x,) "7(~,)" ] IP, k'"&

= Jt S*(P k P', k')&P k '"&I T[f(x,) ~ A (y )'''f(z )''' ]Ip, k'") dp"(dk')&,

(5.19)

where summation over particle number is im-
plicit. This gives, in particular, the matrix ele-
ments for single fields

&P', k""
I y(x) IP, k'"&, &P', k"" IA„(x) IP, k '"

& .

(5.20}

These matrix elements define the (smeared) fields
as integral operators on the sequences of test
functions &P, k'"IF) which are the elements of 5'",

&&, ~" 1&&~&&+) = f&& &" &&&~~|le', &"")&a',&""I+)

x dP'(dk'), . (5.21)

Asymptotic completeness and the consistency of
this definition of the field operators may be ver-
ified by comparing the product of several fields
calculated as the product of these integral op-
erators, with the information on ordinary products
contained in the T products (5.18) or (5.19). This
defines the unobservable fields g and A as opera-
tors on a Fock space of test functions with indefi-
nite metric. Finally it must be verified that the ob-

' servable fields E„„and J& act properly within the
physical subspaces. All of these constructions
and verifications may be effected to any finite or-
der in u. It may require a lot of work to prove
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our assertions to every order in m. However, if
they are wrong they may be disproved by a single
perturbative calculation.
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