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Using the algebra of the axial-vector current which is defined as a source for the pion field, we study
the 7% — 27y decay rate and the Adler anomaly. Our treatment is identical to the one previously
applied to other interactions which are mentioned in the text. It consists of expressing the reduction
formula in terms of the above current and evaluating it directly on the mass shell. In the process, we
have a set of intermediate states from which we choose the one- and two-meson states. The 37
continuum is taken into account effectively by a pion isobar, . Hence the #° amplitude is expressed
in terms of the parameters of the p, w, ¢, and 7’ and a coefficient 8 which represents the momentum
dependence of the coupling constants of these mesons at the 7y vertex. A feature of our method is
that it does not explicitly depend on the anomaly operator. However, by writing our current in terms
of the modified PCAC (partial conservation of axial-vector current) operator, the 7 lifetime is linked
with the anomaly via these meson data and two unknown parameters, in addition to the B, which
represent the 7’ contributions in the m° lifetime and in the chiral-symmetry—breaking terms
underlying the PCAC relation. We give the most appropriate combinations of these parameters for
obtaining the observed n°lifetime in accord with the anomaly given by either of the existing
quark-theoretical models. We find the correction to the Adler anomaly, in terms of the 7' parameters
and according to the quark model we choose. Assuming that the 7’ contribution to the decay
amplitude is small, our results favor the integral charge quark schemes.

I. INTRODUCTION

The calculation of the decay rate of the real
7%~ 2y has been an interesting problem for the
test of various formalisms in elementary par-
ticles. Several treatments have been used and
their result have been analyzed. A well-known
one is the interaction Lagrangian for the first-
order Feynman graph consisting of a closed pro-
ton-antiproton loop.! Another method is based on
the vector dominance assumption (VMD) in which
7°—-p +w followed by p -y and w -y.%2 A refined
VMD model exists on the basis of the light-cone-
dominated mass dispersion relation.® Finally we
have the current algebra based on the PCAC (par-
tial conservation of axial-vector current) relation
which yields zero for the above decay amplitude,
unless it is modified by the anomaly operator which
Adler has found from the perturbation theory in
the presence of the electromagnetism.* Yetthis mod-
ified PCAC gives a 7°lifetime which is one order of
magnitude smaller than the observed one. Adler
has, therefore, defined the anomaly operator such
that the 7° amplitude is found proportional to the
anomaly parameter S, which is in turn related to
the hadron internal charges. Accordingly, the ob-
served 7° data give $=0.44 close to 3 which is ob-
tained from the recently developed “colored”
quark schemes,® but in disagreement with S =%
given by the original quark model based on the

fractional charge. This conflict has naturally re-
vived the argument concerning the validity of the
PCAC smoothness assumption. In order to obtain
the n° lifetime in accord with the fractional charge
quark, while retaining the PCAC features, Drell
has introduced the 7’ field (a pion isobar repre-
senting the 37 continuum) in the modified PCAC
operator.® Other authors, focusing on the smooth-
ness problem, have introduced the 7’ pion in the
off-shell 7° amplitude which then is extrapolated
to the physical one by the Fubini-Furlan tech-
nique.” This approach, which requires a relatively
small extrapolation, also favors S =1 unless the
field is included in the modified PCAC operator, as
in Ref. 6. In view of the important connection
which has been developed between the 7° lifetime
and various quark models, and mindful of the gen-
eral weakness of the PCAC smoothness assump-
tion, we wish to study this decay with a method
which avoids extrapolation and does not explicitly
depend on the anomaly.

Our treatment, in Sec. II, is based on the al-
ready known algebra of the axial-vector current
which is generally defined as the pion source and
is given as

JI=Al+c8%,, a=1t0 8 . 1)

Here A’ is the usual axial-vector current satisfy-
ing the PCAC relation 3,A”=cm¢, so that d,J"”
=c(m?+8%)g, and ¢, m, and ¢ are the decay con-
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stant, mass, and the field component associated
to the symmetry index a. The algebra of this cur-
rent is based on the linear o0-model Lagrangian
for the canonical fields.® The vector current J”
is the same one which appears in the commutators
of the current AY. This J-current formalism has
been successfully used in the calculation of the Kp
and 77 scattering lengths®'° and for the study of
the K, form factors.!! Here, by reducing the pion
and a photon we express the 7° amplitude in terms
of the commutators of the currents J” and V¥,
making use of the properties of these currents and
the canonical rules. The terms which finally ap-
pear in the amplitude are calculated via a set of
intermediate states from which the one- and two-
meson states are taken into account, while the

terms of the order of e and smaller are neglected.

The contribution of the 37 continuum is repre-
sented by the 7’ pion. Thus the 7° amplitude is
expressed in terms of the parameters of the p,

w, and ¢ mesons and the 7’ pion. Inanappendix we
show that the momentum-dependent terms in the
coupling constants of these mesons, at the 7y ver-
tex, are also due to the 37 continuum in the inter-
mediate states. Effectively we take account of
these terms by a coefficient 3. In Sec. III, we ex-
plain why our treatment does not directly depend
on the PCAC anomaly. However, by writing the
current J in terms of the modified PCAC rela-
tion,*'® we derive a sum rule for the Adler anom-
aly, while considering a chiral-symmetry-break-
ing term proportional to the 7’ field. Our expres-
sions therefore depend on, in addition to 8, two
unknown parameters which represent the 7’ contribu-
tions to the 7° decay amplitude and to the anomaly
parameter S. In Sec. IV, we analyze our results
and give the most economical combinations of
these parameters for which we can obtain the 7°
lifetime and the anomaly S in agreement with
either of the existing quark-theoretical models.

II. CALCULATION OF THE n°~ 2y LIFETIME

The transition matrix element for the 7°—2y
decay may be written as

T,o=Tre) , (2a)
T =4 [d“xd"y expli(k x-p-y)]

XK, (y,q, €| 6(xy =y [ VH(x), @ro(]IO) ,
(2b)

making use of the reduction formalism. Here
K,=m®+ 9, with m being the pion mass, and V*
is the electromagnetic current operator in the
SU(3) scheme,

1
E)
Also, p is the pion momentum, while (g, €) and

(k,€') are the momenta and polarization vectors

of the two outgoing photons. We consider the pion
source current J" as®

c K,,(Y)=8,J.(y), a=1to8 (2d)

Vhe Ve SV (2c)

where ¢ and ¢ are the pion decay constant and the
field, respectively. For the 7°, Eqs. (2d) and (2b)
give

TH = ic'lf dixd%y expli(k x=p-y)]

X (7) q! E|9(XO —yo)[Vu(x)) 3ng(y)”0> .

(3a)

To obtain Eq. (3a) we have chosen the c-model
Lagrangian formalism in which V*is expressed
in terms of the quark, scalar, and pseudoscalar
fields, (@, 0, ), as®

Ve=zQ1.7"Q +fabc(a“0b°a+3“‘»0b @a) . (3b)

Such a current and the canonical commutation
rules for the above fields, lead to

6 (xo)[gp3, Vg(X)] = G(xo)[ao(p3, Vg(x)]

=0, for c=3 and 8, (3c)
and thus
Kye(xo _yo)[ V“(X), <P3(y)] = o(xo —yo)[V#(x)’ 81/ Jg(y)] .
(3d)

By introducing a set of intermediate states in
Eq. (3a) and dropping (27)*6*(p —¢ — k), we find

T"=1!+T}, (4a)

. (y,q,€| V¥ |win JY|06%B, D)
Tf:zc‘;yq | lp"ip_'zoal Ba =P )

(4b)

s 2 g.€llg =p )T Y | V008 F, +K)
ngzc 1; Pooth, ,

(4c)

where p, is the four-momentum of the intermediate
states n. To evaluate Eq. (4) we assume the pole
dominance of the one- and two-meson states
among the intermediate states in the present de-
cay. Considering parity, gauge invariance, and
9,V" =0, we find the states n. For the V! part of
the V* operator, in Eq. (4b) 7 represents 7’ me-
sons (i.e., 37 continuum, or pion isobars) and
|p,v”, which consists of a p meson and a photon
v’; while in Eq. (4c) n denotes p and |7’,y"). For
the V! part of the V¥, on the other hand, we have
w and ¢ mesons in Eq. (4c), and (w,y’) and (¢,7’)
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in Eq. (4b). The two-particle intermediate states
(the Z graphs) are evaluated by an approximation,
such as

GV H i,y 2 pHEIO0 =Cy [y X0 V| p)

XCplIGly 7 . (4d)
The matrix elements which we require here are!?
N, n|VF|0) =icel ,
N An'|VEIO) =ic'ph, |
(5a)
Nn7<7‘J§‘n> :igmry(tn)eaﬂuueaq 8€no s

Ny |57 =ign'y7r(tn')eaﬂcu€aqsp1r’o ,

where here and henceforth » denotes p, w, and ¢
mesons, the N’'s are the normalization factors,
while ¢, and €, are the decay constant and polari-
zation for the particle n. Also ¢’ and p,, are the
same as c¢ and p, but for the 7’ pion. The coupling
constants g;,, depend on the momentum transfer
squared,

ti :(pi ’(I)Zy

By combining Egs. (2¢), (5), (4), and (2) and sum-
ming over spins of the states n, we find, in the
rest frame of the decaying pion,

(2 7r)

i=nand 7’ . (5b)

T=N—"—0p—q -R)IM+M’) , (6a)

with

m:eaﬂﬂue e’ Cn pnu[gn g 5
Asth 295 hrn=a,” @

AU .
=2nn 5
* Prnot+do (p,,+q)] ’
(6b)

where N is the over-all normalization factor, g,
denotes g, Ty and

ti=m, 2+ mm, . (6c)

Also, JU' represents the contribution of the pion
isobars and is obtained by replacing the param-
eters of the particle n by those of the 7’ pion in

Eq. (6b); i.e.,
ﬁﬁ’:ﬂn(cn—o()" Pon=Duw, ”1""7,; Zn‘/w’) ’ (Gd)

where m '’ is the 7’ mass.
The transition probability for the 7° decaying
into two identical photons is found to be

3
= 6?1111c [FI+ Z% <1—ﬁ %) "(O)JZ !

n n

(Ta)

where

i

F'= o gt ) +g0(13)] (Tb)
is the direct contribution of the 7’ pion, and we
have used Eq. (A6) of the Appendix in which
Ba(t%) are, on the average, taken as g for all me-
sons n, in the range of {,={ to {, given by Eq.
(6c). This parameter 3 represents an indirect
contribution of the pion isobar, which comes from
the coupling constants g,.'*'* In Egs. (7) we have
also

1
a,=1, a =a,= 73 (Tc)

and ¢}, is given by Eq. (6¢) in which m,~m’. From
the vector -meson data and work in Ref. 15 we have

Cca&n(0)=b,m,?, (7d)

with 4,=2.56+0.11, b,=2.95+0.41, and b4=-0.55
+0.38 in units of 1072 m ™!, and m,=5.45m, m,
=5.6m, my=8.5m, and ¢=0.65m. Using these
data, there are two unknown parameters F’ and
8 left in Eq. (7a). We will find a relation between
these parameters and estimate their values be-
low, by finding the connection between our formal-
ism and the PCAC anomaly constant which may be
determined by either one of the quark models.
What we know now is that these parameters are
not simultaneously negligible, since by setting
=B=0 we get

T =w
=0.11x107'¢ gec™
=60 eV, (8a)
unacceptably different from
1=(7.8£0.9) eV, (8b)

which is the latest observed 7° lifetime.'®

I1I. CONNECTION WITH THE PCAC ANOMALY

A feature of the on-mass-shell treatment is that
it gives the decay rate of the physical 7° without
the necessity of dealing explicitly with the PCAC
anomaly. We first explain this point and then de-
rive a sum rule for the anomaly parameter as
follows.

We note that at the soft-pion limit p?=0 the re-
duction formula expressed in terms of the J cur-
rent is equivalent with that written in terms of the
usual axial-vector current A. To keep this prop-
erty in the presence of the electromagnetism, the
two currents J and A must be modified by the
same anomaly operator. Now the modified PCAC
operator, for the neutral pion, may be written as

9,A=cm?p,+0,RY, (9a)
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where the anomaly current operator is defined as

,RY = =

Bok
WRE= 47 S8,v0,0,°P7 4 m' 25 . (9b)

Here, the first term is the anomaly operator de-
fined in Ref. 4, and the last term is due to a
chiral-symmetry -breaking term introduced in
Ref. 6. Also S is the Adler anomaly constant,
and vg and ¢’ are, respectively, the photon and
the 7’ meson fields. According to definitions (9)
and (2d) we can write

JV =J% +RY6,, , (10)

a

where J;” is the modified third component of the
octet current J ., which is given in Ref. 8. We
have verified that if v and ¢’ fields are canonical,
using the definition (10) and thus changing J } to
J3V in the previous part does not affect our result
in Eq. (7). Nevertheless, by this change we can
find a connection between the 7° lifetime given by
Eq. (7) and the Adler anomaly, since by reducing
only the pion in Eq. (2a) and using Eq. (10), we can
also have

T= %64(p-q—k)<27I3uR§lo> : (11

17

The Adler anomaly for the physical pion can be
found by evaluating the transition rate with this
amplitude and definition (9), and comparing it with
Eq. (7). This gives

S= i [Z L (mz—ﬁm,,z)c,,g,,(O)+F’—F”}

m = M,
(12a)
in units of (47a)™'. Here
F"=c¢'m'(m" =m®)7'g ey (12b)

is due to the ¢’ field in the anomaly current oper -
ator defined by Eq. (9a). An interesting case is
to assume that the entire contribution of the 37
continuum in the amplitude (11) is generated by
the RY operator. In this case, by evaluating the
transition rate from the amplitude (11) and com-
paring it with that given by Eq. (7), we find F’
=F" and

S=i Z il—'l-(mz—Bm,,z)c,,g,,(O) . (12¢)

m n m’l

The numerical analysis of Eqs. (7) and (12) will
be seen below.

IV. DISCUSSION AND CONCLUSION

The essential feature of this formalism is that
all particles are kept on the mass shell, and thus
the soft-pion extrapolation which troubles the -
PCAC approach is avoided. Moreover, as stated

earlier, the modification of the third component
of the PCAC operator by the canonical operators,
as in Eqgs. (9), does not upset the algebra of the
current J. It changes the J, component to J;

given in Eq. (10), with no effect on the result in
Eq. (7). Nevertheless, by having J], we have
linked the 7° amplitude with the Adler anomaly S
in terms of the vector-meson and 7’ parameters.
Note that the B parameter represents the 37 con-
tinuum which is the only contributing source of the
momentum dependent terms in the coupling con-
stants g, ., while F'gives the contribution of the
same intermediate state in the 7° amplitude. We
recall that the 7’ pion is, at present, a device to
account for the 37 continuum in the intermediate
states of the matrix elements of our current prod-
ucts. Nevertheless, we have considered the pos-
sible existence of such a field in the chiral break-
ing terms as done in Ref. 6; thereby F” has
appeared in our anomaly expression. We discuss
our results in terms of 8, F’, and F” parameters in
Eqs. (A6), (7b), and (12b), rather than in terms of
the more numerous parameters of the 7’ pion.

We first consider the numerical results with the
assumption that has led to F’=F” and Eq. (12c).
In this case, there is a set of F’=F” and 3, for
which Eqgs. (7) and (12c) give

7-1=(7.8-9.1) eV,

(13a)
S=3%
and another which yields
T-1=(7.8-9.1)eV, (13b)

s=%

in agreement with the “colored” quark statistics
and the usual quark model, respectively, as seen
in Table I.

For the general case F’# F”, Eqgs. (7) and (12a),
with the vector-meson data in Sec. II and w in eV

TABLE I. Selected solutions of Egs. (7) and (12) with
the dimensionless parameters 3, F’, and F” in units
of 1072,

-1 ;-1 1
T S=7 S=¢
(eV) B F’ F” F’ F”
7.8 0 -19.0 -0.18 -19.0 1.5
3.16 -0.18 -0.18
3.19 0 -0.18 0 1.5
3.45 1.5 1.5
9.1 0 -18.8 0 -18.8 1.7
3.16 0 0 0 1.7
3.45 1.7 1.7
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units, give

zi"z +F7=(8.50 x10-%) 191/

=F’+0.214 - 5.968. (14)

Thus one of the parameters F’ and 8 is free in the
formalism. However, we expect these parameters
to be small since the coupling constants g, are
known to be slowly varying functions of ¢, in the
range given by Eq. (6¢), and the 37 continuum is

a second-order correction in the 7° amplitude.

We know from Egs. (8) that 3 =F’=0 is unaccept-
able. On the other hand, we see in Table I that

B =0, which implies a complete smoothness of the
vector-meson coupling constants requires an un-
desirably large F’, while F’=0 and 8 in the same
range as in the case F’=F" yield either of solu-
tions (13).

In dealing with the formalism based on the
PCAC operator modified by the anomaly expres-
sion (9b), an important point to be considered is
the fraction contribution of F” in relations (14).
This fraction, which may be regarded as the
extrapolation correction, is very small, 0-49%,
for S =4, but appreciably large, 64-67%, for
S =% making use of Eq. (8b), the observed 7! in
relations (14). It follows that if the 37 continuum
contribution in this decay is small, as is the case
for the Goldberger-Treiman relation reported in
Ref. 6, our best solution corresponds to the ex-
pression of S in Eq. (12c), which is based on
F’=F",and on the “colored” quark schemes that
gives S=13 .

We conclude that the on-mass-shell current
algebra offers a successful analysis of the 7°
lifetime and the Adler anomaly constant, in terms
of the parameters of the dominant vector mesons
and the 37 continuum in this decay. It leads to the
anomaly operator RY for the modification of the
PCAC relation which accounts for the pion elec-
tromagnetic interactions, and produces the PCAC
extrapolation correction corresponding to which-
ever quark-theoretical model we choose.
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APPENDIX

Here we evaluate the coupling constants g, for
n, which represents p, w, and ¢ mesons, by
writing the unsubtracted dispersion relation

- Img, ()
Zary ()=t [ "}%’"_", Dar, (A1)

where t'=(p;—¢q)?, withp/?=p,2=m,?. To obtain
the imaginary part Img,(t’) we consider the quan-
tity R defined as

R=(y,q,€l0,J%Ux)|n,p,. €,

=i f dlyen K Sy, q, €| T{8,J 4 (%), 1,(»)} | 0),
(A2)

where v, is the field for the vector meson xn.
From Eq. (A2) we find

mr= &L 5 64, —g -p,)

1

XSy leh Vi ulDULp o, d 5100, (A3)

where p; is the four -momentum of the inter-
mediate states /, and we have defined K, v,(y)
=ehV,.(y) in which V, is the vector current
source. Considering the properties of the oper-
ators V, and J,, gauge invariance, etc., we find
that the only contributing states I in Eq. (A3) are
3w, 57, ... states, which are called the “37 con-
tinuum.” Hence for such states we write

(v, q.ElVﬁl 1,pp) =&1n y(tl)ﬁaeoueaqﬂpla ’

(A4)
L, prlo, T80 =ic m,?

where p;, ¢;, and g;,, are the momentum, decay,
and coupling constants of the state |), p,;%=m,?2,
and {;=(p; —¢)®. By obtaining ImR from the matrix
element of the current J in Eq. (5a) of the text
and comparing it with Eq. (A3) in which Eqgs. (A4)
are used, we find

Irngn ’ - 2”) Z GI

X 6(my 2=t B, —q+P,) .
(A5)

where G; is a function associated with the state /.
Using Egs. (A5) and (A1), we obtain

i,
fary ()= [1=B0) 8] 20 (0). (A6)
where the coefficient
Balt)= 2 (ty=m,?) ' m? (A7)
T

is a measure of the effect of the 37 continuum to
the coupling constant g, .
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