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We show the absence of radiative corrections to the axial-vector anomaly in non-Abelian gauge

theories of strong interactions.

I. INTRODUCTION

The quark constituent picture has been useful in
providing a simple and concrete model for the
description of the low-lying hadronic states and
their properties. One of the criteria in hadron
model building is the correct prediction of the
low-energy theorem for the decay 7°~2y. It has
been shown that the low-energy theorem is related
to the anomalous partial conservation law of the
axial-vector current (PCAC anomaly).! Adler and
Bardeen® have shown that the PCAC anomaly is
given by the basic fermion triangle graphs in
quantum electrodynamics (QED) and the ¢ model.
This important result tells us that the 02y
amplitude can be used to distinguish between
various quark charge schemes. The theorem was
also proved in QED by Zee® using the Callan-
Symanzik equation®; this technique was later ex-
tended to the ¢ model by Shei and Zee.®

A very popular model of strong interaction is
the quark model with non-Abelian gauge fields.
This is the only renormalizable theory which ex-
hibits the property of being asymptotically free.®
Therefore, it provides an appealing explanation
of Bjorken scaling in the SLAC-MIT deep-inelastic
scattering experiments. In constructing models
along this line, the correct prediction for the
low-energy theorem of 7°~2y is often required.

It is natural to ask whether the PCAC anomaly is
independent of the strong interactions. To the
best of our knowledge, this general problem has
not been studied. The purpose of this paper is to
show that, in non-Abelian gauge theories of
strong interactions, the PCAC anomaly is still
given by the basic fermion triangle graphs.

The plan of this paper is as follows: We describe
the non-Abelian gauge model of strong interactions
in Sec. II. In Sec. I, the problem of the radiative
corrections to the PCAC anomaly is discussed.
We show that the argument by Zee® can be easily
adapted to non-Abelian gauge theories of strong
interactions. In the last section, we first com-
ment on our results and the Crewther relation.”
We then comment on the difference between our

model and the model considered by Chanowitz.?
It is also pointed out why the argument we use
here is not applicable to his model.

I1. MODEL OF STRONG INTERACTIONS

For definiteness, let us consider a non-Abelian
gauge model of three quark triplets with a gauge
symmetry SU(3)’ [ color SU(3)]. The Lagrangian
is of the form

£=-3G5,GY + i g y—moly, )
where

D, =0, +ig,BiT?, (2)

Ghy =0,B,- 9, B - gof " By B} ; (3)

f% are the structure constants and 7° are
matrices acting on the color indices of quarks.

In this model the color gauge symmetry is exact.
The hadronic vector and axial-vector currents
are all singlets in the color space SU(3)’. They
satisfy conservation laws and partial conservation
laws, respectively:

8, Vi =0, (4)

BuAﬁ = mol-['i}’skk y =Dy, (5)
where

vi=gyiaty, (6)

Ag E—djyu')’s%& ¥, (7)

and the A, are the usual Gell-Mann matrices
acting in SU(3) space. We remark here that
there is no anomaly in Eq. (5), because the gauge
fields are SU(3) singlets.

III. ABSENCE OF RADIATIVE CORRECTIONS
TO THE PCAC ANOMALY

To study the low-energy theorem for the decay
1°~27, we consider the amplitude®
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RS, ,(k,q)

=z‘fd4xd"ye'(k”")<O'T3A(O)Jl‘(x)’]"(y) 10y

= €4,k qOf (B2, @2, (R + q)?) » (8)

For clarity, we have dropped subscripts on D and
A in Eq. (8). It is understood that D and A have
subscript 3 and J, is the electromagnetic current.
In what follows we treat the strong interactions to
all orders but the weak and electromagnetic
interactions to the lowest order. The Callan-
Symanzik equation is obtained by varying RZ“,,
with respect to m, with the bare coupling con-
stant g, and the cutoff A held fixed. One finds that

2] .
MO%R%py(k,q)zR%ﬂu(k, q)+lR%uv,(k,q,0), (9)
where

R?Ju vs (k’ q, 0)

=ifd4xd4yd4z el "’*‘”)(OhTSA(O)Ju(x)J,,(y)s(z)ﬂ 0,
(10)
== moE‘/)- (1)

It is easy to see that the following Ward identity is
true:

i(k+q)*iR3,,,(k, q,0)=R}, (k,q) +iR},, (%, q,0),

(12)
where
R34y, (k,4,0)
sifd4xd4yd42
x {8+ (0| TA, (0, (x)J, (3)s(2)]0) .
(13)

It is important to realize that there is no
anomalous term in the Ward identity (12). This
can be proved by appealing to Weinberg’s
theorem'® as in Adler’s review in Ref. 1. We only
have to remind ourselves that in the renormaliz-
able gauge the power counting for the superficial
degree of divergence is exactly the same as in
QED.

Substituting Eq. (12) into Eq. (10) we find that

<]
moa—n;;RDDuu(ky 9)=—‘(k+Q))‘Rg\u vs (k’ q’O) (14)

The operators D, s, J,, and A, are all cutoff in-
dependent owing to the CVC (conservation of vec-
tor current) and PCAC conditions.!’ This implies
that the amplitudes R}, , and RS, ,, are all cut-

off independent. From now on we drop the super-
script in R}, and RS, ,, to emphasize that they
are renormalized cutoff-independent quantities.
Now we can express Eq. (14) in terms of the re-
normalized mass m and the renormalized
coupling constant g.? We obtain

n[m% +B(g)5%}RDw(k, Q)

=_(k+q))quus(kyqyo), (15)

where

om
g
0

=m &
,0,/\’ T’B(g) moamo go,/\' (16)

Let us turn to the behavior of R,,,, in the limit
k,q~0."* From Bose statistics and parity one
finds that

R)\p vs (k; q, 0) =a€)\puo(k - ¢1)°

+terms of higher order in &, g.

(am

On the other hand, the gauge invariance of
R,,,, requires that

ik* Ry, ,, (R, q,0)=-iae,,, k" q°++++ =0
or

a=0. (18)
This together with Eq. (15) implies that

n[m‘?“rﬁ(g)—a-Jf(O 0,0)=0. (19)

am ag ’ ’

Now we recall that our model has only one mass
so that £(0, 0, 0) is independent of the mass m.
Thus we are led to the result

nB(g)aigf(o, 0,0)=0. (20)

It is known that nB(g)#0. Therefore, f(0,0,0) is
independent of the coupling constant g. In other
words, the PCAC anomaly is given by the basic
fermion triangle graphs in the non-Abelian gauge
theories of strong interactions. This is our
essential conclusion. For simplicity, we have
considered the case of exact SU(3). Our result
remains the same in the case of broken SU(3)
caused by the mass splitting in quarks.*

1IV. REMARKS

Before we conclude this paper, we would like to
make some pertinent remarks. Our first comment
concerns the validity of the Crewther relation
S=KR.® It has been shown by Bég'® that in
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asymptotically free theories the coefficient
function of A, in the short-distance expansion'® of
Vi (x)V1(0) is given by the free field result in the
short-distance limit, i.e., K is independent of the
coupling constant g. The constant R, which is
related to the c-number term in the short-dis-
tance expansion of A} (y)A%(0), can be obtained by
a technique similar to that of Appelquist and
Georgi'” and Zee.'® One finds that R is also given
by the free-field value. In this note we have
shown that the PCAC anomaly is given by the free-
field value. Therefore, we conclude that the
Crewther relation is valid in non-Abelian gauge
theories of strong interactions.

Our last comment is on the comparison of our
result with that of Chanowitz.® He considered the
weak and electromagnetic corrections to the low-
energy theorem of 7°—~2y in a spontaneously
broken non-Abelian gauge theory. He has found
the absence of corrections to the fourth order in
the coupling constant. Nothing is known about the
higher-order corrections in his case. One might
be tempted to apply our technique to the spontan-
eously broken gauge theories of weak and
electromagnetic interactions. Unfortunately this
is not a fruitful pursuit. This can be understood in

the following way. One essential difference is that
in the model we consider here there is only one
mass, while in the spontaneously broken gauge
theories there is more than one mass. Therefore,
Eq. (19) and the statement that (0, 0,0) is inde-
pendent of mass are no longer true. To carry
out the generalization to the cases involving
several masses, such as the o0 model, it is
essential that®

o)

& _
i 3, =L (21)

for each constant ¢, in the interaction Lagrangian.
Unfortunately, in the non-Abelian gauge theories
go(8/0g,)L,#8£,. Therefore, our method is not
applicable to spontaneously broken non-Abelian
gauge theories of weak and electromagnetic
interactions.
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