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Models for hadron-hadron scattering at high energies and rising total cross sections
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The recent results of rising total cross sections for m+p, K p, and pp scattering are analyzed by
two simple analytic models for high-energy forward scattering which are derived from analyticity,
crossing symmetry, and the unitarity constraints of the rigorous results. The numerical fit to the data
for p~ & 10 GeV/c does not rule out the possibility that the crossing-odd amplitude may not be

negligible at high energies.

The recent results' of an experiment at the
Fermi National Accelerator Laboratory (Fermi-
lab) prove that the total cross sections for PP, mp,

and KP scattering all show indeed a remarkable
rise in the range of 50 & P~ & 200 GeV/c, thus con-
firming beautifully the previous observations'
made for PP at the CERN ISR. Already a number
of theoretical models'" have been put forth to ex-
plain such a rise in g» seen at the CERN ISR.
Among them, the works of Ref. 4, in particular,
indicate the existence of a ln's term in cr~. How-
eve r, in actuality the se works pr edict eithe r too
fast an increase of cr~ or too rapid a decrease in

v» when compared with the Fermilab data. Thus,
it will be interesting to develop a theoretical
framework that can explain the seemingly general
behavior of all or, as well as the ratio n=—ReF(s))
ImF(s}.

In this paper, we propose some simple analytic

parametrizations for high-energy hadron-hadron
scattering, which are derived from the "quasi-
local" relations of analyticity and crossing sym-
metry with the constraints coming from the rigor-
ous studies of analyticity, unitarity, and positivity.
Such a quasilocal relation had been suggested some
time ago' and several authors' have advocated it
recently again.

As has been emphasized by many people, ' most
of the asymptotic statements in the literature in-
volve an additional tacit assumption that the cross-
ing-odd amplitude becomes negligible at high en-
ergies. But one can construct an example in which
the crossing-odd amplitude can even grow in en-
ergy and yet is perfectly compatible with all the
results of rigorous studies. '

Keeping such option in mind, we can then derive
from the analyticity relation given by the Sommer-
feld-Watson-Regge representation that
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where the crossing-even and -odd amplitudes are
defined as F, = 2(E»+F„s) and normalize—d so that
sor(s) =ImF(s, 0). In order to derive these, ' we

have assumed that the asymptotic behavior of I,
is controlled by the rightmost singularities of
A(f, I), whose position is one in the forward direc-
tion for the reasons explained above. This is cer-
tainly possible even if the analytic continuation of
the Froissart-Gribov relation down to I, = 1 may
not coincide with the physical P-wave amplitude. "

The relations (I) and (2} are quasilocal due to
the inherent asymptotic nature. They imply the
convenience of using lns as a natural variable in
the high-energy region. Then, together with de
facto rise of total cross sections, they are de-
signed to describe as well the situations in which
the singularities of A(l, t ) in the complex l plane
are not necessarily just simple poles. In addi-
tion, these quasilocal relations have a number of
interesting features: (a) F, is predominantly
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imaginary at high energies while I" can be real',
(b} if IF, I~ s(lns) +, with {3,~ 2, then we get
from (1) that e, =ReE, /ImE, —&mP, (lns) ', again
a well-known result"; (c) if, in addition,
IE I~ s(lns) such that'J3 —1~ 2P, , then it
follows from (I) and (2) that

I GAB vAB I

((o~s+gAs)/Ins, the rigorous form of the Pom-
eranchuk theorem. "

Denoting E,(s, 0) = E,(s—) and allowing that A(i, i)
can possess harder singularities than simple
poles, we may write

Im[F, (s)/s] =A, +B, lns+C, ln's+Czs '", (3)

Im[F (s)/s] =B +wC lns —Czs '", (4)

which are compatible with the unitarity bounds of
the rigorous studies. Here the C~ terms are in-
troduced to represent the over-all contributions
of the exchange-degenerate Reggeons. Also it is
understood that lns = In(s/GeV') at this point, but
the real scale will be determined by the fit to the
experimental data. Then the exact analytic solu-

tions of ReE, can be obtained from (1}and (2);

Re[F+(s)/s] =(w/2)[B++2C, lns —(2/s)Css '"],

Re[E (s)/s] = —(2/s)[A +B Ins+(s/2)C ln's

+(s/2)Css '"].
Thus we obtain"

E, (s)/is =oo+C, (ln's/s, —is lnsls, )

+Cs(i+I)s '",
F (s)!is= iC (ln's/s -ill sn/ s)

+Cs(i —1)s '" .

Depending on the absence of the C and C„
terms, we end up with different physical pic-
tures:

(a) M mode/. This is the case of C =0 and is
the conventional and perhaps the most "moderate"
line of pictures, e.g. , the works of Cheng, %alker
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FIG. 1. Fits to oz. The data on ~~+~ for 30 &PL & 60 QeV/c are excluded.
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TABLE I. Parameters used to fit (Tz and g/number of data points, in the
I model and in the SI model.

Parameters SI sap

0 (mb) 39.93 38.95 19.16 17.28 23.46 22.94

C, (mb)

s+ (Gev2)

C (mb)

(GeV2)

Cz (mb GeV)

508.8

0.45

820.7

0.50

193.8

0.14

551

19.85

0.38

61.9

0.17

794.7

0.24

0.013

73.3

10.93

0.63

140.3

0.076

984.5

0.54

111.6
—0.027

500.2

6.01

g /data points 121/58 58/58 37/35 21/35 37/59 28/59

and Wu, and Bourrely and Fischer. But they give
in general a faster increase of a ~ than the Fermi-
lab data indicate.

(6) I model. This is the case of C~=0 so that
even p does not contribute to I' . This may ap-
pear to a traditional Reggeist improbable or even
"improper. " The parametr ization of Lukaszuk
and Nicolescu is a very special case of this pic-
ture, i.e. , C, =C and s, = s, which, however,
gives a faster decrease of a~~ than the actual data
shown.

(c) SI mode/. This is the case of C IO and

Cs 4 0, i.e. , the full structure of ( t) and (8).
As it seems that the reality may lie somewhere

between the full I model and full SI model, we
have made a complete it' fit (Fig. 1) to all avail-
able data" of z~ with the two analytic parametri-
zations for mP, KP, and PP scattering above

Pl, ~ 10 GeV/c. In the case of mP scattering, we
have incorporated in addition the 18 data points"
of the charge -exchange differential cross sections
at t =0 (Fig. 3). The ratios a=ReF(s)/ImF(s) are
predicted and compared with the existing data.
The parameters corresponding to the best fit in

each picture are summarized in Table I along with

the g' value.
One can see that the over-all fit in both para-

metrizations is quite remarkable in all the cases,
considering the simplicity of the models. They
give a similar fit to or (Fig. 1). Note from Fig. 2

that both the I and SI models can fit be~ equally
well except the case of 7'. Here the SI model ap-
pears to be definitely favored by the Fermilab
data from the characteristic curvature of the

In(nor) vs Inp~ plot. In general, the 1 curves fall
clearly faster than the trend of the data at high

PL. As we have excluded the Serpukhov data for
7Ip, the fact that the I curve goes through their
points in Fig. 2 is a pure accident. From Fig. 3,
we see that the data of do/dt at t=0 for v P- m'n

20.0-

10.0

5.0

+ GALBRAlTH et al.
1965

ai
1967

et al.
1973

al.
1974

SI

05- SI

I

20 50 %0 200 400

p (Gev/c)

FIG. 2. Fits to Aoz. See the caption of Fig. 1.

can be fitted equally well by the two parametriza-
tions. (See the Added note )We n. ote further that

o» and e~~ can be described more or less to the
same fairness by both parametrizations. The only
difficulty is in a, -~ around PL =58 GeV/c. If the
existing (Serpukhov) datum is indeed correct, then
models with O~~ ln's including the M model will
have a serious problem explaining this. The best
SI-model value that we can come up with" is
n, I,(Pz =-68 GeV/c) —= 0.01 instead of —0.08+ 0.03
and a, ~(60) =0.

To conclude, we may say that though the actual
data at this point in time are coarse, they appear,
from the favored fit of the SI model, compatible
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FIG. 3. (do/dt)0 for ~ p- ~ n as fitted by the two models.

with the possibility that C 10 (see the Added
note), thus suggesting various different physical
consequences to anticipate: (1) The crossing-
odd amplitude can be predominantly real at high
energies, allowing the maximal growth of a~ and

~ Aor~ as permitted by the axiomatic asymptotic
theorems'; (2) if C & 0, cr&~ and 0» must cross
at some s ~ s and n»- —C !C,, a negative
number; (2) if C &0, then there is no crossover
in the total cross sections. But Agr reaches a
minimum at s=(C~/2vC )' and a»-C /C„a
positive limit. From the g' fit, we see that the

KP and PP interactions are of the type (2) in either
picture, while the mP interactions again distinguish
between the two pictures, i.e. , the I model is of
the type (2) and the preferred SI model is of the

type (2). In the case of SI model, the crossing
occurs aft:er P~ ~ 1000 GeV/c for EP and PP,
while there is no crossing for mP and (~a~),~ has
a minimum at PL, =—670 GeV/c.

Added note. The new data" of the pion exchange
reaction for P~ =20-101 GeV!c from Fermilab,

which became available to us after the completion
of the present work, have been incorporated along
with the earlier data at low energies in a subse-
quent work" and the conclusion reached in this
paper is indeed found to be supported. In fact, it
is shown that" the M-model fit with a single p-
Regge pole, while it is statistically acceptable,
is too steep to explain the trend of the Fermilab
Acr~ at high energies as well as the low-energy
data near PL = 10 Ge V/c and it is shown that the
SI model can indeed fit 60~ without any discrep-
ancy at high- or low-energy ends and simultane-
ously with (da/dt), . We have received the 1974
analysis of Barger and Phillips, "again after the
completion of this work, which concludes that
there is also a discrepancy between the p-Regge
model and Av~, thus supporting our results.

We are indebted to B. W. Lee, R. Vinh Mau,
G. Bialkowski, H. Cornille, J. Fischer, M.
Einhorn, E. Paschos, and A. R. White for dis-
cussions.
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