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Hauser has presented a type-N gravitational field with twist in terms of a function f(y), which he
expressed as the solution of a differential equation. The exact solutions of this equation are presented

here as Gauss hypergeometric functions.

Recently,! Hauser presented an exact type-N
solution of the Einstein field equations with twist-
ing rays. He presents the solution in terms of a
function f(y) which satisfies
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+y)dy2+mf—0. (1)
Hauser notes that the two solutions of Eq. (1) have
the following properties:

(a) The even solution has zeros only at y=45.5.
The odd solution has a zero only at y =0. We will
denote these solutions as f,(y) and £,(y), with

fg(y)=fe("y) ’

fo(y)=_fo(_y) .

(b) As y ~=, two independent solutions behave
like

Sf3a=Cy y3/4 ,
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We present here the exact solutions of Eq. (1)
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in terms of the hypergeometric function.?® If
we define

ZE—y2 ’
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T dz
then Eq. (1) becomes
2(1-2)f+(3-$2)f - &f=0. (5)

The two solutions in the neighborhood of zero are
given by Erdélyi? [Eq. 2.3.1-(1)]:

“1(0)(z)= zF1(‘7§" —%, %1 Z) ’
iuz(o)(2)=(—2)"/22F1(g-’ %y %,Z) .

These solutions are proportional to the even and
odd solutions of Eq. (2), with

fe(y)=a1“1(o)("y2) ,
fo») =a2u2(0)(_y2) ,

where a,, a, are constants. Note that Eq. 15.4.25
of Abramowitz and Stegun® implies

(6)
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for O<y <,

Expressions for u,.,(-y*) and #,.q (-y?) for y =1
are given by Eq. (6), since these hypergeometric
series are absolutely convergent at |-y?| =1.

As z - =, these solutions are better understood
by analytic continuation [Erdélyi?, Eq. 2.10-(2)],
which gives

“1(0) (Z) =B1(_z)l/82F1(_-;‘1 %’ 3‘, I/Z)
+B2(—Z)3/32F1(—%, %y %v 1/2) )
9)

iuz(o)(z)=BS(_Z)1/82F1(%y —'%5 g-y l/Z)

+B(-2)Y%F, (5, -8, 1,1/2)
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Thus the solutions of interest as y -« are
Vl(-o)("yz) =yU42F1(—%y g, i‘) "l/yz) )
(11)

3/42F1( %y Ex) 4’ —1/3’2)
which give the behavior of Eq. (3). Note that Eq.

2(-’)(‘3’ )=

11 TYPE-N GRAVITATIONAL FIELD WITH TWIST—ANALYTICAL... 2331

15.4.11 of Abramowitz and Stegun® tells us that

Vi) (=32) =20 ()1 + 3P Y3(y2/ (1 +y2)]V?)
(12)
Vi(ey (=32 =2 V4T (D)(1 +32)V 4P Yap (32 /(1 +y)]/2)

for 0<y <,

A preliminary computer search? for zeros of the
even and odd solutions found no zeros in f,(y)
other than at y =0, and found one zero in f,(y),
at y=+5.467. (This was also found in Ref. 1.)
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