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Following the work of Trautman we have described briefly the Einstein-Cartan equations with special
reference to a perfect fluid distribution and then obtained three solutions adopting Hehl’s approach and
Tolman’s technique. We have found that a space-time metric similar to the Schwarzschild solution
(interior) will no longer represent a homogeneous fluid sphere in the presence of spin density, and the
corresponding equation of state has the form 8wp = 8mp — 6/R? + (B,/2mA R?) (8wp — 3/R?)'?, where
R,B,, and A are constants. At the boundary of the fluid sphere the hydrostatic pressure p is

discontinuous.

I. INTRODUCTION

Modifying Einstein’s equations of general rel-
ativity has been one of the techniques followed to
avoid space-time singularities. Recently, Traut-
man! has proposed that spin and torsion may
avert gravitational singularities, by considering
a Friedmann type of universe in the framework
of Einstein-Cartan theory and obtaining a mini-
mum radius R, at £=0. Isham, Salam, and
Strathdee? have shown that if one considers the
Trautman model in the framework of their two-
tensor theory then the minimum radius would in-
crease substantially, giving a reasonable density
for the universe in the early stages. Applying the
same arguments for finite collapsing objects, the
present author has shown® that it is possible to
get a minimum critical mass for black holes.
Having seen that the new idea regarding preven-
tion of catastrophic collapse could have an inter-
esting role in astrophysical situations, we wish
to understand the full implications of the Einstein-
Cartan theory for finite distributions like fluid
spheres with nonzero pressure. Also, since spin
is a very important property of a particle, it is
very relevant to consider its role in the study of
such configurations as one may find in the interior
of a star.

As a first step in such a study, we now consider
the problem of static fluid spheres in the frame-
work of Einstein-Cartan theory. Moreover, ifa
collapsing fluid sphere stops collapsing because of
spin and torsion and then stays as a static body,
its interior will no longer be described by the
Schwarzschild solution for a homogeneous fluid
sphere of general relativity. Finding a proper
solution to describe this situation is one of the
motivations of the present work. We adopt Tol-
man’s technique?* to solve the field equations and
thus obtain two more solutions and their corre-
sponding equations of state.

The plan of the paper is as follows. In Sec. II

we describe briefly the Einstein-Cartan theory
and the governing equations following the notation
and treatment of Trautman.® In Sec. III the metric
and the curvature are presented along with the
components of the Einstein tensor. Section IV
deals with the energy-momentum tensor and the
field equations. Three solutions are given in Sec.
V, and the paper is concluded along with some
discussions in Sec. VI.

II. EINSTEIN-CARTAN THEORY

Let M be a C” four-dimensional, oriented, con-
nected Hausdorff differential manifold with a
Lorentz metric g defined on it. All geometric
objects other than the forms are defined by their
components with respect to a field of coframes 6!
(in the cotangent space of M) which are linearly
independent at each point of M. Since we are
interested in spinor fields we take the ©' to be
in general anholonomic and the associated tetrad
to be orthonormal. Since the manifold is para-
compact there exists a connection w on it which
we assume to be a metric linear connection. The
metric g and the connection w are described with
respect to the chosen coframe o' by the metric
components g;; and by a set of one-forms wij de-
fining the covariant derivative, respectively.
Hence we have

g=ds’=g,,06'2 ¢, (2.1)

wij themselves are completely determined by 64
functions I'*,; such that

w';=T,6". (2.2)

The torsion and the curvature two-forms on M are
respectively given by

e’ =Do’
=d6' + w'; ~ ©’
=3Q%,,67 A 6%, (2.3)
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where D denotes the exterior covariant derivative.
For a tensor-valued zero-form, say, ¢4, Dy,
=0'v,¢,, where V, is the usual covariant deriva-
tive. @',, and R',,, are the torsion and the curva-
ture tensors, respectively.

If we introduce a completely antisymmetric ten-
sor n;;, such that 1,,,,=|detg;;| /3, this zero-
form along with the forms

Nijr =e’77im , Mij=20%A Mije
(2.5)
Mi=507an;, 1=36% A,

spans the Grassmann algebra of M.
The field equations are obtained from the vari-
ational principle

éf(b'H{L):O, (2.8)

where L=L(J,,Di,, 0%, g;;) is the material La-
grangian four-form depending locally on the spinor
or tensor fields ¢4, their covariant derivatives
Dy ,, and the metric; « is the gravitational con-
stant and S is the Ricci four-form defined globally
as

S=m,' ~ Q% = 3Ry, 2.7

where R=g'"6",R¥, - 7 is the volume four-form.
Varying the total action with respect to the metric,
i.e., 6! since g;; are fixed, the connection w‘j, and
the fields §, independently, we get the equations

; . oL
- - i, - .
e;=kt;, ¢’ KSHGJJA 0, (2.8)
wherein
0L oL
L k1 i _ i - i L
e;=3Mim A, C -Dn';, li=—=, STi=a .
i ikl i i en i 5(.0‘]
2.9)

The orthonormality of the frames together with
the fact that the connection is a metric connection
(Dg;;=0) tells us that an infinitesimal variation in
connection induces tetrad rotation. Hence one
identifies s’; as the spin density of the system.®
t; is the energy-momentum vector-valued three-
form. In the general case (when the variation in
metric is induced through the variation in g;;) we
have the energy-momentum symmetric four-form,
T =46L/6g;;, which, along with ; and s?;, sat-
isfies the identity

T, =07nrt, —3Ds;’ . (2.10)

Using (2.3) and (2.4) in (2.8) and (2.9) we can
write the Einstein-Cartan equations as

Rji—iRﬁ",-=—Klji, (2.11)
Qijk_éithlk_ 6ilejl = —Ksijn, (2.12)

where (7, and s}, are defined through the rela-
tions

ti:njt’.», sjkznisijk' (2.13)

In order to derive the conservation laws we
make use of the Bianchi identities

DO'=Q', 07, DO, =0. (2.14)
From (2.9) and (2.14) we get
De,=30" nQN;py
ie.
De;=1[-Q*n(R", - 20", R)
+ 2@ R +2Q%, R' )], (2.15)
Dey; =1, AR —nMAQ"i
=e;n0;-€;10;. (2.16)

If we use the field equations and simplify, the con-
servation laws for the spin and the energy-mo-
mentum are respectively given by

Ds;j=t;n©; —1;n0,, (2.17)
Dty =n(@% it ™y = 55" m R'™},) . (2.18)
Simplifying (2.18) we get
Vt* =s! R* + 5™, R,
+8%,(R*, - 30%,R). (2.19)

In order to consider solutions of Einstein-Cartan
equations we use a classical description of spin?
as given by

stp=u'S,,, with u*S,,=0, (2.20)
wherein u' is the velocity four-vector and S, is
the intrinsic angular momentum tensor. If we
have a perfect fluid distribution with isotropic
pressure then the canonical tensor for such a
distribution is given by’

tin=h iUy = P (2.21)
where £; is the density of enthalpy. The conserva-
tion law (2.17) then gives us

hy=(p+phu; —u'V,W*S;;), (2.22)
where p=t‘-,-uiu" is the energy density in the rest
frame. Using the expression for t"j from (2.21)
and (2.22) we get the equations

Vk[(P +P)“k-gkiulvm(umsxi)]—ujvjpzo (2.23)
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and
[(p +p)u* ‘g“ulvm(umsu)]vkuj

- 1 i RQ 1 1
==V, 'u; = 6" )) +utS Ry - 5u*S, R, .

(2.24)

If T;’ denotes the usual symmetric energy-mo-
mentum tensor then we have for a classical de-
scription of spin (2.20) the relation between the
canonical tensor ¢/, the spin tensor s;,, and
T/ obtained from the identity (2.10) as

nT ' =7 anyt*, - 3D(n, %), (2.25)
which on simplification yields
T/ =t/ - igmu,(s%,). (2.26)

III. METRIC AND CURVATURE

We consider a static spherically symmetric mat-
ter distribution represented by the space-time
metric

ds? = —e?*dr? - v2d 6® - v sin®6dy? + €2dl ? |
(3.1)

where u and v are C! functions of 7 alone. If 6
represents an orthonormal coframe we have from
(2.1) and (3.1)

Ol=eldr, ©2=7d6, ©°=7rsinbdy , ©*=¢"dt,

3.2)
so that

gy =diag{-1,~1,-1,1}.

Assuming that the spins of the individual parti-
cles composing the fluid are all aligned in the 7
direction we get for the spin tensor S;; the only
independent nonzero component to be S,;=K, say.
Since the fluid is supposed to be static we have
the velocity four-vector u} =5 4 Thus the nonzero
components of s*;, are

s%a= -5y =K. (3.3)
Hence from the Cartan equation (2.12) we get for
@', the components

Q423:_Q432:_KK; (3.4)

the others are zero.
Using (3.4) in (2.3) we can obtain the torsion
two-form ©* to be

©'=0, 6°=0, 6°=0, ©*=-kKO?+0°,  (3.5)

Once we have the torsion form we can use it in
(2.3) along with (3.2) and solve for the components
of w*,, which in the present case turn out to be

W, =wh =3kKO?, W¥ =-w'j= —67°, (3.6)

1 coté
W' =wh = —3KKO? | W, = ~w = —3kKO*+ ——0°,
7

Using them in (2.4) we get the curvature form Q*,
with the nonzero components

qu = [e -zu(vn +v% “/U/)](el A 64)

- ﬂe-u(ez A ea) ,
r

924=%Ke'“<K’ + I;)(eu %)

e ~2H f
v+ 1K°K? | (621 6%),

Q3 =—zke™H <K’ + ';) (CRNCY)

3.7
e‘2u ¢t L2 3 4
+\5—v +3K°K? ) (B3~ 0%,
e~2H
le= — §' (O 02)
1 -u ’ 1 4 3
—zKKe U—;(e'\e)’
e ol as
Q= ——u'(61107)
s -H ’ 1 4 2
- zkKe V—;(GAG),
-— 2y
@2, = <1 = +§«2K2>(ehea)
+zKke MK’ +KV')(©' ~ 6%) .
Equations (2.4) and (3.7) together give
Rl““:e-zu(v” + UIZ - IJ.IUI) ,
~2H,,/
R, =R%,,=ikK?+ £
-2y, 7
1 _p1 _¢ K
R 212 k 313 r ’
2k
e (3.8)
& .
R pps=- - € 4,

R%,,=1e™"K'+KV').
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The Ricci tensor R;; and the scalar of curvature
R are therefore given by

2’
—_e"? 2
Ry =-e “<V”+V' -uv - )

-24

e 1
33 % [T+ =]+ 7% (3.9)

2V’
—p=2 L
R“_e “(u”+u'2_“’v'+—— +2K2K2,

2 u')]} +1K%K? | (3.10)

with R;;=0, ¢#j. Hence the Einstein tensor G,
=R, - 3Rg;; is found to have the components

1 _ !
Gp=-z+e 2“<2TL+1%>+%K2K2 ,
Gy =Gy

=e'2“|:1/”+1/’2— [J.lV’-!-;(V’ _“I)}+%K2K2,
(3.11)
1 _f(2p 1
G44=F+e 2"(—7— - 172->+%K2K2.

IV. ENERGY-MOMENTUM TENSOR
AND FIELD EQUATIONS

Since we are considering a perfect fluid distri-
bution with isotropic pressure p and matter density
p we have from (2.21) and (2.22) for ¢/,

th =g ™{[(p+ D)ty — UV (™S, ) Ju; — g} . (4.1)
Using (3.4) we get then the nonzero components
1 =t2,=1% =_p, t%=p. (4.2)

Hence the field equations (2.11) may be written,
using (3.11) and (4.2), as

1 Huf2v 1
- ;5-‘}-6 2“(7—+7—;2'>+%K2K2=—Kp, (4-3)
2‘2#[V11+V12 - IJ.IVI + ;l’(ul - p.')J-F%Ksz: _Kp,

(4.4)

1 ouf 20’ 1
-z =€ 2“<7- - 7—2>-%K2K2=Kp. (4.5)
The conservation laws governed by Egs. (2.23)

and (2.24) give us the relations

V,[(p+p)ut]=0 (matter conservation), (4.8)

V,(Ku')=0 (spin conservation), 4.7)
and

Z—f—+(p+p)u’+%xK(K’+Kv')=0. (4.8)

If we assume the equation of hydrostatic equilibri-
um to hold as in general relativity, namely

ap '
W+(p+p)v =0, (4.9)

we get the additional equation

K'+Kv'=0. (4.10)
Solving for K we get
K=Ae™, (4.11)

where A is a constant of integration to be deter-
mined. Setting k=-81G/Z withG=1, c=1we
can write the field equations as

1 —ouf2v’ 1
Bﬂp:IGﬂng_ 'r_2+e 2u<-r—+y—2>, (4.12)
1 ’
8np=16n2Kz+F+e'2“<2—E— - 7—};), (4.13)
- vy 1 20 1
e [(F -5 5)- (2. )
+V/<}L’+u’>]+_1-_—.0 (4 14)
2 r3 ’ '

In principle we now have a completely determined
system if an equation of state is specified. How-
ever, it is well known that in practice this set of
equations is formidable to solve using a preas-
signed equation of state, except perhaps for the
case p=p, which may not be physically meaning-
ful. Secondly, we have the question of boundary
conditions to be chosen for fitting the solutions
in the interior and the exterior of the star. A
very interesting aspect of the Einstein-Cartan
theory is that outside the fluid distribution the
equations reduce to Einstein’s equations for empty
space, viz., R;;=0, since there is no spin density.
Following Hehl’s® approach, if we transform the
terms in K? to the left-hand side of the equations
and redefine the pressure and density as

p=p-21K%, p=p-21K?, (4.15)

we find that the equations take the usual general-
relativistic form for a static fluid sphere as given
by

8mp =~ %+e'2“<2%+;1—2>, (4.16)
81p= > +e'2“<2—7'i- - %> (4.17)

with (4.14) remaining the same. The equation of
continuity (4.8) now becomes

di’ ~  F\., _
‘W+(p+p)v =0.

Equations (4.16), (4.17), and (4.13) are the same

(4.18)
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as obtained by Tolman,* so we can use the same
solutions for our discussions. Assuming that the
sphere has a finite radius » =a for 7 >a, since the
equations are K;; =0, we have by Birkhoff’s theo-
rem the space-time metric represented by the
Schwarzschild solution

-1
ds?=— <1 - grﬁ) ar? - r2de?

_? sin26d<p2+<1— ?)dﬁ, (4.19)

where m is a constant associated with the mass of
the sphere. With this we use the boundary condi-
tions

le™],-q = [e*"),-,

1o

(4.20)

J

8mp

- 16m2A2 +(1/R2)[3Bl(1 _72/R2)1/2 - 321[32 - Bl(l - YZ/RZ)”ZJ

and
p=0atr=a, (4.21)
V. SOLUTIONS

Case (1). Let us consider the case correspond-
ing to the well-known Schwarzschild solution

2 -1
ds®=_ (1 - :—2-2-> dav? —r3d6® — v* sin®6d¢p?

1,2 1/2 |2
+[Bz_31<1_§?> arz, (5.1)
with

B,=3(1-a%/R®)Y2 B =%, 2m/a=a*/R%. (5.2)

Unlike in the case of general relativity, the fluid
sphere is now no longer of uniform density. The
pressure and the density are given by

[Bz - Bl(l - 7-2/1{2)1/2]2

_ 16m2A? + (3/R?)[ B, - B, (1 —r?/R?)\2]?

8mp [Bz" B,(1 _,,.2/32)1/2]2

The constant A can be evaluated in terms of the
central density p, to be

1 3 1/2 a2 1/2
A=§—T?(81rpo—172-> [3<1‘F> _1] (5.5)

As in the case of Einstein’s theory we find that a
singularity at » =0 occurs only for the case B, =B,
i.e., m/a=§-. From (5.4) we can compute 7 in
terms of p and substituting the value so obtained
in (5.3) we get the equation of state

~ 6 B, 3 >1/2
81rp—81rp—R2 +m<8ﬂp— F . (5.6)
Case (2). Assuming e¢?’v’' =Cr, where C is a

constant, and solving (4.14) for . we get the space-
time metric

(D +2Cr?) .
2__ ___MTTAYT ) i y2d R — 2 0dp?
ds'=~- (1+Bl7'2)(D+C’rz)dr vid¢ -7’ sin®6dy
+(D+Cr3)dt?, (5.7
with
m - m 3m
Blz- t?’ C=E;, D=<1—T>. (58)

The pressure and density are given by

16m2A° 3m?_ (1-r2/a)
(1=3m/a+mr?/a3) T A (1-3m/a+2m7r?/a®)’

(5.9)

8np=

(5.3)

(5.4)

16m2A? m (6 —9m/a+mr?/a®)
(1=3m/a+mv?/a®)  a® (1-3m/a+2mr?/ad)
4m3r? 1 -m7r?/ad)

T @ (1-=3m/a+2mr?/a®)?" (5.10)

87mp =

At =0 we have now

2m 3m

6m =1
870, =8Tp,+ a_3<1 - —a—> (1— a_> , (5.11)

and we can again express the constant A associated
with the spin density in terms of p, as

1 3m\) 6m QmZ:‘”Z
A‘E[“"v(“?)‘?s*?‘ :

Eliminating 72 between p and p we can get the
equation of state.

Case (3). If we assume e2”=C,¥*", the complete
solution is

(5.12)

(1+2n = n?)

2 _ 2 2 2
ds®=- 1+(1+2n—nz)Blrz’rdr - ride
- 72sin?6d? + C 2" df*, (5.13)
with
o (1+2n-n?)
N=Ter=-")
! T+
- 2m 1 N, 5.14
B‘—<1— a _1+2n—722>a ’ (5.14)

Clza"2"<1_ @.)
a
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The pressure and the density are evaluated to be

8np= 1672A° + —1—< n >

p= C7*" " Y2 \1+2n -n?
+B1(1+2n)1'2"(“")/(”"), (5.15)

16m2A?2 1( on - n? )

8np= ot T r\lron -
- 2
(382 gy (.19

At r=a, p=0 gives us n in terms of m and «, as
n=(m/a)(1-2m/a)™*, (5.17)

It is obvious from the expressions above that as

7 -0 both p and p tend to infinity. However, we

can study for various values of » how the ratio

Po/P, behaves. For

O<n<l1, i.e., m/a<z, py/py=n/(2-n),

n= 17 i.e., m/a?%’ po/po"’ 1;

0>n>-1and 1+2n-n2>0, p,/p,—~n/(2 -n),

(1+2r)(1+n)

0>n>-1and 1+2n-7* <0, p,/po—~ G —5n=3)

n<—1, py/pe=~n/(2-n).

n=-1, i.e., m=a, p is infinite, and the metric
is degenerate. As in the case of Tolman’s solu-
tion if we consider the case n =3, equivalently
m/a=%, we get the space-time metric

ds?=— Wdr —7?2d - r?sin? Bd(P

+3(r/a)dt?, (5.18)
with the pressure and density given by
8mp=32m24%(a/7) + (1/1*)[1 = (v/a) ], (5.19)
8mp=3212A%a/7)+(3/1*)[1+5(r/a)*]. (5.20)
At the center 7 =0 we have p,/p,=3. Since we do
not have any further relation to determine A, we
can set a limit on it by assuming that at the bound-

ary 7 =a, the ratio of pressure to density is <3.
This gives us the condition

A<(1/8m)(DV*(1/a). (5.21)

The expressions for the pressure and density sug-
gest the relation

(37p +5mpy? - 32m2A%ar — 5 =0, (5.22)

from which solving for 7 and substituting in either
of the relations (5.19) or (5.20) we get the equation
of state

8up(l £2)2 = 2-(3mp +57p) (6 + 222+ 72)

27/3A2/3172/3(1 tz)7/3
14a2(3mp +5mp)t?

(5.23)
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where
(37p +5mp) ]”2
2= [1 10247 A% (5.24)

V1. DISCUSSIONS AND CONCLUSIONS

At the outset we observe that the continuity of p
(not of p) across the surface » =a ensures the con-
tinuity of v’ as required by Eq. (4.13), whereas
1’ is discontinuous. The discontinuity in u’ is due
to the curvature coordinates employed and hence
the same as in general relativity. However, since
the spin density is discontinuous the pressure p
is discontinuous across 7 =a, Thus we find that
the usual general-relativistic boundary conditions,
namely that (1) the metric potentials are C* and
that (2) the hydrostatic pressure is continuous, are
not satisfied. This, in our opinion, should not be
surprising, as in this theory spin does not influ-
ence the geometry outside the distribution.

As could be seen the presence of spin density
induces nonuniformity in density in a Schwarzs-
child sphere, and consequently the equation of
state is changed. The other three cases con-
sidered by Tolman,* (i) ¢® =constant, (ii) e™2*72¥
=constant, and (iii) e?*=constant, do not give us
any interesting distributions. Case (i) represents
the static Einstein universe and cases (ii) and
(iii) represent fluid spheres with singularities,
without suggesting any interesting equation of
state.

Adopting the scheme of Hehl® as done here one
can always use any known solution of general rel-
ativity and study the corresponding equation of
state under the influence of spin density. It might
be very interesting to consider the recent general
solution as given by Adler® for static fluid sphere
and that of Bowers and Liang' for anisotropic
fluid sphere.

In conclusion we note that the assumption of
spin alignment will have to be justified by extend-
ing the study to the case when a magnetic field
is present. To have a radially outgoing magnetic
flux one may have to assume the existence of a
magnetic monopole at the center of the sphere.

On the other hand, if we relax spherical symmetry
and consider the case of axially symmetric fluid
distributions the physical picture will be much
more plausible.
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