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For systems of massive particles with arbitrary spins we define complete sets of invariant c.m. helicity
amplitudes. We construct the associated partial-wave amplitudes and give a detailed derivation of the
constraint equations which they must satisfy if scattering processes are to be invariant under space-time
translations and proper homogeneous Lorentz transformations. We then indicate how these amplitudes
are related to those of Jacob and Wick and Feldman and Matthews. In appendixes we collect together
the definitions and transformation properties of various two-particle states and scattering amplitudes,
and derive some useful kinematical transformation formulas.

I. INTRODUCTION

We have shown elsewhere’ that for scattering
systems involving sets of 7 particles (k) it is pos-
sible to define complete sets of invariant scat-
tering amplitudes which are parametrized by the
eigenvalues A, of spin-component observables?
S(x)'®) provided » >3. The new observables Sy '®
are defined by?3

S q(h)z[A(ﬁ(k)aa(k))]-lW(k).a(k) ) (1

where 1;( ) is a four-vector function of the single-
particle momenta p,, for k=1,2,..., 7, and W,
is the Pauli-Lubanski spin of the particle (),

Wiy u==2€4""°P (v ) po - @)
For a two-particle system these Poincare-invariant
observables coincide up to a sign with the ¢.m.
helicity* observables of Feldman and Matthews,

25 (n) =S (w121
=A™ Waybay o @)

where the total momentum observable p,, is
defined by

5[2]=5(1)+2’(2) . 4)

In this paper we shall construct various types of
two-particle c.m. helicity amplitudes. We shall
investigate some of their properties and shall show
how they are related to the helicity amplitudes of
Jacob and Wick®’® and c.m. helicity amplitudes of
Feldman and Matthews.*”” In order to follow our
notation we suggest the reader refer to Appendix
A of Ref. 1 and to Appendix A of this paper, where,
for convenience, we have listed the definitions and
properties of several two-particle states.

In Sec. II we construct a complete set of c.m.
helicity scattering amplitudes which, apart from
a momentum-independent phase factor, coincide
in the c.m. frame with the helicity amplitudes of

11

Jacob and Wick.> These amplitudes, contrary

to the suggestion of Feldman and Matthews,* are
not Poincaré-invariant. They are functions of
single-particle momenta which change under
constant velocity transformations of the reference
frame. It is possible to define a complete set of
c.m. helicity amplitudes which are invariant and
coincide with Jacob-Wick-type amplitudes in that
special c.m. frame which is conventionally chosen
for the Reggeization of partial-wave amplitudes.
We construct some explicitly in Sec. III and relate
them to the conventional frame-dependent scat-
tering amplitudes of field theory. We then define
the associated partial-wave amplitudes and exam-
ine some of their properties.

In Sec. IV we discuss the relation between our
amplitudes and those of other authors,*”® and in
Sec. V we summarize the results obtained in Secs.
II-1v.

In Appendixes A and B we collect together the
definitions and properties of various two-particle
states and scattering amplitudes, and in Appendix
C we derive some kinematical transformation
formulas.

II. CENTER-OF-MASS HELICITY AMPLITUDES

We define a set of c.m. helicity states which co-
incide with Jacob-Wick~type helicity states when
the total three-momentum p is zero. We then
show explicitly that the associated scattering
amplitudes are not invariant.

A. Center-of -mass helicity states

We have shown elsewhere? that two-particle
c.m. helicity states | B(,),Be): Ay, Az) ] + may
be definfd in terms of two-particle standard rest
states | 0,0:1(,), A,)) by Eq. (A1),
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| By s Bay i hay » Ay 1+
=H(y) +(b1y;P) Hizy + (P (2), P 0,0: 01y, A5y )
(5)

where p denotes the eigenvalue of the total mo-
mentum observable [5[2], Eq. (4). These states
are parametrized by the eigenvalues P v p(z),
A1), and A, of observables p(l), p(z), 5(1) 21,
and S(z) (21, Eq. (3), respectlvely Like the
ordinary he11c1ty states | B(yy, Bes) t M1y» Moyt + OF
Appendix A they are not well defined when the c.m.
momentum P, (A9) lies in the 3-direction. For
this reason we prefer to consider a different set
of c.m. helicity states | B,), D) : M1ys Ma) ) os
which, like the Jacob-Wick-type helicity states

| B1y» Pzt Auys Moy |+ are well defined unless
momentum p,, lies in the negative 3-direction,

| 5(1) ’5(2) Ay Mz I,
=Hyy o (Py ;2 (- (Do 30)(=1)0@ 7 N2
X|6’6;A(1),_)"(2)) . (6)

The new states are related to the old ones by a
phase factor which depends upon the c.m. mo-
mentum P, (A9),

| By s Bray 1 hay s Moy ) s

=expl = 2X,) $(P )| Bry» Bia) My s Aay 145
(7

and coincide in the ¢c.m. frame with the Jacob-
Wick—type helicity states | By, B(a) A s Mo ¢ -
This is possible because, by definition, the single-
particle helicities and c.m. helicities coincide

in the c.m. frame.

B. Frame-dependent center-of-mass helicity amplitudes

We sandwich a scattering operator S between
complete sets of initial-particle states |P,), D,):
A1), )+ and final-particle states | Py, Bz)
A1y, )+ (6) to obtain our c¢.m. helicity ampli-
tudes,

—

P . .
S*[Ba),Pa ra)» Mo | Pay» P My Moy

=B, Ba) ray, Ao |S1Bay» By Ay » My ) s
(8)

By construction they must coincide with Jacob-
Wick -type helicity amplitudes

S*{Bm B My | By s By Ay Moo
in the c.m. frame.
The generators 1>u of space-time translations
a and generators J wv of homogeneous Lorentz

transformations A of the scattering system as a
whole are of the form

Pu=bayutbP@yuP ) p+tPayute 0, ©)

Jw=Iyw ey w I nw +Iow+e 0, (10)

and the associated homogeneous Lorentz transfor-
mation and translation operators A and a are given
by

A =R(e, 8,7)Z(O)R(0, 8,7, (11)
=eler b (12)

For scattering theories which are invariant under
space-time translations, rotations, and constant-
velocity transformations, the scattering operator
S must satisfy the equations

A

aSa~'=§, (13)

ASA-'=S. (14)
It then follows from Eq. (13) and the transforma-
tion property of our two-particle states under
translations Eq. (A13) that the scattering ampli-
tudes

$*[Ba)»Be) Aay» Aa | By » Biay : A » Ay |

vanish unless energy and momentum are con-
served. We may thus relate them to a set of
reduced amplitudes,

s = I
S"*[By, Bz My » M | By » Bay My Ay 1

which are functions of only eight independent mo-
mentum components,

S*[B), By Ay » A | By Beay Ay » ey 1 =040 =B *[ Bty » By :hery » Ay | Buy » Beay 2y s Ao | (15)

where momenta p and p are defined by Eqs. (B3).

Under the action of homogeneous Lorentz transforma-
tions A the c.m. helicity states |P(y), B(a) : My, A ]: satisfy Eq. (A14).

The Lorentz invariance of the

scattering operator S described by Eq. (14) then implies that the c.m. helicity amplitudes

S"*[Bery, By Ay s 2y By s Ba) iRy » Mo

must satisfy the constraint equation

S"[Bay, e M » Ay | By s Py My » Ay I =explidg) () = 2a)) —id0) Ry =)l

=1 =t =t =t .
xS"*[B1y, By ey » 2wy | Bl » Bloy : Ay Ay | s (16)
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where the transformed momenta are defined by
Eq. (A15) and the phases ¢, are given by

exp(=id,¢) = A LA D)p)) . )

Since these frame-dependent phases are generally
nonzero the c.m. helicity amplitudes

S"*[Be1)» B Moy Moy | By s Bay Ay » Mo |
cannot be functions of Poincaré scalars alone.

It is generally the case that if scattering ampli-
tudes are defined to be matrix elements of a scat-
tering operator S between independent two-particle
c.m. helicity states, they will not be invariant.
Each amplitude will take the form of a Poincaré
scalar function multiplied by a frame-dependent
phase. In the case which we have considered we
used the two independent four-momenta p ;) and
b(s) to define the c.m. helicity state operators
H.(p(;p) and H_(p,);p). The Lorentz frames
of reference defined by these operators are
consequently only defined up to a rotation about
a 3-axis and the state phases become frame-
dependent.

We shall show in Sec. III that, if one allows the
definitions of initial-particle states to involve
final-particle momenta and vice versa, one may
then construct sets of invariant two-particle c.m.
helicity amplitudes.

III. INVARIANT CENTER-OF-MASS HELICITY
AMPLITUDES

The S matrix associated with the scattering of
two particles (1) and (2) into two particles (1) and
(5) may be a function of four single-particle mo-
menta, three of which are usually linearly in-
dependent. Let us define a four-vector f by

J

| By, By tfih), My ] 2=

f=pay+b ) - (18)

Away from the physical region boundary this
vector will be linearly independent of the total
four-momentum p and linearly independent of

each single-particle momentum. We may then
associate with each particle three linearly in-
dependent four-momenta and can use the multi-
particle techniques developed elsewhere' to con-
struct two-particle states with associated invariant
scattering amplitudes.

A. Center-of -mass helicity states

We define our c.m. helicity states | B(,),D(,):
fiXy), M) in terms of the standard rest states
1 0,0:x(,y, ;) of Eq. (Al1) by

1By Bt/ My, My ]

=Hiyy by £,F) Hegy (P oy s £,1)
X (=1)%) " Ma) | 6,5:7\(1) s = Aay)

(19)

where the homogeneous Lorentz transformation
operators A, (p(1);p,f) and a. (P(z);0,f) are given
in Appendix A. It should be noted that we have
chosen the operators fL,(p;q,f) and fI_(p;q,f)e”’z
to replace the multiparticle state operators
I:(p;q,f) of Eq. (A6) which have the same 4Xx4
matrix representation as L(p;q,f) because they
are closely related to the operators I? (p;q) and
H (p; q)e‘”z in terms of which we defined the
frame-dependent c.m. helicity states (6).

We may use Eqs. (A4) and (A5) to rewrite Eq.
(19) in the form

Ligy 301, N2 0y P o)) 2G5 Py ) (=1)°@ X@) | 0,0:r,), = A, (20)

where the c.m. momenta P,y and P,, are defined by Eq. (A9). As in the multiparticle case' we now modify
the overall signs of initial and final two-particle states so that they have similar Lorentz transformation

properties,
1By Bea) i/ s Mardag £ =1 By By 2/ Ay s Ml s @1
I Dy, Dy Ay )\(E\]p(z)ft =[UL ;D21 )i 2503, NIFCD @ By, Dey: £ Ay, A@s (22)

where the sign function {(L~}(p; Py f)ip; )

is given by Eq. (A26). These c.m. helicity states
have been so constructed that they coincide with
the frame-dependent c.m. helicity states

1By, Doy Xays Aol = and | By, By Ays Ay« and
with the helicity states | By, Bez): A1) Azyf: and

| Bty Py: Ay M@yt « in that c.m. frame in which
the three-vector B, X P, lies in the positive 2-di-

r

rection and momentum ﬁ(l) lies in the positive
3-direction, when

Lp; pays f)=1. (23)

They satisfy the space-time translation equation
(A13) and have the homogeneous Lorentz transfor-
mation properties (Al4),
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Al 5(1)’ f)(z):f: 7\(1), A(z)]p(z)ft :[l(A:p;p(z),f)lz(o(l)" 0(2))1 .15(*1)’ -5(1.2); fT: A(l)’ A(z)]p(z)f + (24)
and

Al By D/ ATy )\(E)]p(z N [l(A;p;p(Z),f)lz(O(T)* °@)| 5:—1), ISZE):f+3 N1y )\('é)-]p(z)f i+ (25)
where the transformed momenta are given by Eq. (A15) and the sign function l(]&:p; P2y, f) is defined by
Eq. (A26).

B. Center-of-mass helicity amplitudes

We define a set of two-particle c.m. helicity amplitudes

\P f - - . _ _ - - .
S [Bry, Dyt Mty A@l Py Peay A M)

in terms of the c.m. helicity states (21), (22):

P2y 4B B BB - B e el S B e
S*@ [B 1y, Bezy: Mty 2@l Brrys Peay * Aas A(z)]_P(z)ft[p(l)sp(2)~f- Ay Aol SI P 1y P2yt f i ays )\(2)]9(2){* .

(26)
-
By construction they coincide in the special frame For theories which are invariant under space-time
defined by Eq. (25) with the frame-dependent c¢.m. translations the translation property (A13) of the
helicity amplitudes states (21) and (22) implies that S-matrix elements
vanish unless energy and momentum are con-
S*[ By, Day: Ay M@l Peuys Pea): Ay Azl served. We may thus introduce a set of reduced
amplitudes
of Eq. (8) and with the Jacob-Wick-type helicity , - = - - .
amplitudes $?@* B, Bay: Ay 2l Bray Byt 2y M)

which are functions of only eight independent mo-
S*{pm, Peay: My Al Py Dezy:rays A-(z\}' . mentum components,

J

. ) . . ~ _ . a e e
SP @ [Bery, 2@y Moy M@ Dy Bray: Ry Aay] = 820 = PIS?@V* [Bery, By Ay Ayl Bray Beayt day Aen] - (27)

We may also use the homogeneous Lorentz transformation properties (24) and (25) of the c.m. helicity
states (21) and (2) and the invariance of the scattering operator S described by Eq. (14) to show that the
reduced amplitudes satisfy a trivial constraint equation,

. - - > = M7 (Aepe 2(0,,\* O,y + Oy* Or3y)
b"(2"*[p(r),p(2—):)\m,)\@:[pm,p(z):)\m,A(z)]—[l(A.p,p(z),f)] @@ M @)

, =t =t =t =t
xS P(z’“[pm, Pezy: A Ayl Pray Pezy: Mays A B (28)

where the transformed momenta are given by Eq. (A15). Consider first of all the effect of a transformation
A of the form exp(27iJ,). Equation (28) then takes the form

$”?@Y*[Bery, Pzy: My 2@l Py Peart Ay M2yl
= (=12 % (D @S [P, Bey: Aty M@yl Pruys Beari Ay A2y )s (29)

and if S-matrix elements are not to vanish, the sum of all individual particle spins must be an integer.
In this case for an arbitrary transformation A Eq. (28) becomes a spin-independent constraint equation,

8" [Bry, Dy Ay 2@l By By A A ) =S@ By, Bl Ay 2@l Bliy Beay: ans Aol - (30)
—
The amplitudes Bl Disys Bly, and By, will then be replaced by
. s s P, P%,, PX,, and P%, of Eq. (A10), and it fol-
S P Dy, Dy My Ayl Perys Ay, A Py Pay Py, (2) q. » ana 1t 1o
[Py Pey: Ay Al Py Py Ay (2)] lows from the discussion in Appendix C of Ref. 1
are evidently functions of Poincaré scalars alone. that each momentum component will be a function
In order to see this explicitly one need only re- of scalar momentum products alone.
place the transformation A of Eq. (30) by We have thus constructed explicitly a set of two-

L=Y(p; p(2),f). According to Eq. (A15), momenta particle amplitudes which are parametrized by the
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eigenvalues of Poincaré-invariant observables
alone. With the aid of the defining Eqs. (26) and
(27) and those of the associated c.m. helicity
states (19), (21), and (22), we may relate these
invariant amplitudes to any of the frame-depen-
dent two-particle amplitudes listed later in Table

J

SXBy D@y My Al Py Peay: May Azy)

>

’

’ ’ r
Ao @M e

0(1")*

(1)

rra

TINDLE 11

III. In particular, in the case of standard ampli-
tudes

S(Bey: Py My Al Py Prayt Xays Azy)

we have the invariant amplitude expansion

N

Dxmx(l—) :I(P(f);P,f)L(P(I)))Dsg:*&_)(ﬁ:l(l’(z“»; 2, L )

)(1}:1@(1); P:f)i(P(x)))DzZ:)\(m(é :I(P(z); p,f)i@(z)))

X[ULP;5 piays iP5 Py HIFCO* @ (=112 °@) - oy @)

pfir & b-GNE _ | R = 3!
xS" By, Byt Moy =A@l Py Pray: Muys

Since the expansion coefficients are unitary we
can invert this equation directly and express each
invariant amplitude as a sum of standard ampli-
tudes with frame-dependent coefficients.
Although two-particle ¢-spin operators S, *)(1)
are uniquely determined up to a sign to coincide
with the Feldman-Matthews c.m. helicity operators
of Eq. (3), invariant two-particle helicity ampli-
tudes are not unique. They may differ by Poincaré
scalar phases which are functions of the four-
vector /. We have examined here the case where

3

S'P(”“[ﬁ(i‘), Py My Al 5(1)’ 5(2)1 Xy Azy]

= Ao} (31)

the vector f is of the form (18). We could alter-
natively have taken it to be given by

fg-.g u =€pupop(1)up(z)pp(2_)a,

in which case the associated amplitudes

(32)

$”@F By, Dy’ My 2@l Py Beoy: Ay M)
are related to the amplitudes

S ’f*[ﬁm, 5(5)3 Ay A 5(1), 13(2): A1y )\(z)]
by

.1 Fif = > _ . Y A, .
=exp[-i3m(A ) + Aoy = Ay = A(z)] SP(2) t[.P(r), P& @y 2@l Py Payiray Azy)- (33)

The new amplitudes
S?@* [Bry, Bay: Moy Ayl By Beay: 2y 2]

evidently coincide with the helicity amplitudes

S Bty Bay: Ay A@)l Peays Pear: Aay Aoyt

in that c.m. frame in which the vector P, X B,
lies in the positive 1-direction and vector 1’)(1, lies
along the positive 3-axis, i.e.,
L@;P(z),g)=1' (34)
Invariant two-particle c¢.m. helicity amplitudes
are only well defined by Eq. (26) within the physi-

r

cal region boundary when® APy Py P@)#0. On
the boundary there is a phase ambiguity and at
threshold, like the frame-dependent c.m. helicity
amplitudes, they are not defined at all. This is
not surprising because at threshold the matrix
elements of c.m. helicity operators between mo-
mentum eigenstates are not all well defined.?'®

C. Partial-wave decomposition of two -particle

amplitudes

We first of all introduce amplitudes of type II
which are matrix elements of the scattering opera-
tor between two-particle states defined by a rela-
tion analogous to Eq. (A19),
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SP@Y*[5: 539, 6: My Ayl S:P; D,6: A1y, X)) =)

(z)fi

[5:5;9, 8: : AyA ezl Sls:p; 9, 6: ¢: Ay Ao gyt -

(35)

The space-time translation properties (13) of the scattering operator S and of these type-II states, (A21),

then enable us to define a set of reduced amplitudes

s, 8 Ay Al 8, Dl @, 6: 015, A2)],

where

S*eY*[5:p; ¢, 8: A Azl 81039, 62 Xy, A2y =6%(F = p) S D, B: A1y, A3l S, 05 D, 6: yyy Azy] - (36)
It follows from Eq. (A23), which relates type-I and type-II two-particle c.m. helicity states, that the cor-

responding amplitudes satisfy the equation

S;P(z)fi[a’ 6: Ay, A(E)l S, 5 ‘ b, 0: N1y, A(z)] = %773—1[ A(s; 1, 2)A(s; T, 2)]s’

Py ire  w = =
[Beiys Bar ey A | Bay s Brayray A1

37

which suggests that type-II amplitudes are invariant. Indeed, one may use the homogeneous Lorentz trans-
formation properties (A25) of the type-II states of (A23) to show directly that the reduced type-II ampli-
tudes are independent of the total three-momentum P and are functions of a single angle ©,

Py Frp— = - F 7RV 5 >
SR, B:xgy Ay 1S, By 001y, A5 ]=5""®7[0,0: X3y, Azl s, 010, 0y, 23]

— by ft
=S’ 2) [)\(_1) ’A(E)]S,el)\(l), 7\(2)]. (38)

We find
R(Oye’ 0)= L-l(p;p(z))p(i) )L(p;p('é))p(z)); (39)

and explicit expressions for the angle © as a func-
tion of momentum components are given in Ap-
pendix C.

Like type-I amplitudes, the reduced type-II am-
plitudes

Do 1
SO N1y, Azl 8, 01Xy s M)

are well defined away from the physical region
boundary where ©#0, 7. R
We now sandwich the scattering operator S be-
tween the c.m. helicity states of Eq. (A27) to ob-
tain a set of type-III scattering amplitudes,
S[5,5:0,X: 03, Azl s, 000, X0, A (]
=[5,5:5, X\ 1), A3 | S |5, 010, X0 4y , A )]
(40)

r

The translation properties (A28) of the type-III
states of Eq. (A27) and translational invariance
(13) of the scattering operator S enable us to de-
fine a reduced S matrix

S'[:XxG) Xl 8, BloiAingy, Ap):

S[5,5:5,X: 0 3), A3 S, T2, XNy s A () ]
=6%p -p)
XS' [T XNy, Az | S, DI Apy].  (41)

The Lorentz transformation properties Eq. (A29)
of the states defined by Eq. (A27) and Lorentz in-
variance of the scattering operator S described by
Eq. (14) then enable us to show that our reduced
amplitudes satisfy the constraint equation

- - Gx A~ ~ A -
ST X:ng) Al 8B 100 A 1y, A (5]= D DX (LA ) D (LA p DS [T X X3, Mgy | 8,67 [0: 0204y, A(50] -

N
(42)
Let us first of all take the Lorentz transformation A to be of the form exp(2miJ,). We then have the rela-
tion
S0, X0 Ap | 5, Bloiainey,An)=(~ 1)2(0+8)S/[6,X:)\(-1) Al s, ploning , Ayl (43)

and our amplitudes must vanish unless the sum of initial and final spins is an integer. If we now take A to
be of the form L(p’)L~*(p) for any momentum p’ we find

S5, X:x5), 2518, D10, X100, 2] =ST0, X: 5y, Al s, B [0, Xinyy , M) - (44)
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The amplitlAldes mu§t bg independent of the total three-momentum p. Finally, if we take the Lorentz trans-
formation A to be L(p)R(a, B,¥)L™*(p) and integrate over the angles @, 8, and ¥y we obtain the spin-depen-

dent constraint equation

STT, Xy, Az |8, D10, X 00y, M) =05, 054 D ST AR5y, Az 8, D10, x ¢y, 2] (45)

A

It follows that the amplitudes of Eq. (41) are diag-
onal in parameters o and A and independent of the
value of the spin component A. These observations
enable us to define new reduced amplitudes of type
IO S (A1), A& ls, 0l r), Az), which are explicitly
functions of only six parameters,

ST Xenny, Al S, Dlos A, A ]

=05,0mS Ay A [ 8, Tl Ay, Ay ] (46)

Such amplitudes are well defined throughout the
physical region and on the physical region bound-
ary away from threshold, whereas the type-I and
type-II amplitudes defined by Eqgs. (26) and (35)
were only well defined within the physical region.

We may use Eq. (A27) relating type-III states to
type-II states to expand type-III amplitudes in a
series of type-II amplitudes

SP Ay, A | 8, 0101, Az)]
a
= Z [20+1]dﬁu(e)sl[)t(1—)r )\(2—)[ S, 0] Ay )‘(2)] ’

o

0c(0,m) (47)

J

S B P& A » A [Py » Bear i Ay » Aot

=2s17A(s; 1, 2)A(s; T, 2)] 712

x 2
MNp MMy Me

T, =k

x DV

(D Mo

(20 + 1)L D5 Prayof) 2 b5 bz I°

(A (L7P): ) DD
A=A, —
(2) (2)

where
a (o] £
d;, (©)=D;,(R(0, 8, 0)) (48)
and
E=AD = A, K=Ao) =Ny - (49)

We see that amplitudes of type III are simply par-
tial-wave amplitudes associated with the invariant
amplitudes of types I and II. One may now use
Eq. (37) relating amplitudes of types I and II, and
equations of the type (B6) relating various two-
particle scattering amplitudes to obtain a partial-
wave decomposition of any two-particle S matrix
listed in Table V. In particular the Jacob-Wick~
type helicity amplitudes

[ -> . _ = > .
S0, Bz : Ays Al P(mp(zw)‘m,)\(zy}

satisfy the equation

(H_(L™P):pm DD’ (H (L) :p(y))
N M

* g (T - -i - -, —( N, = =\, —
x D" (H(L™(P):p0)) e~ L @) = D M@ a5 ,(0)S! [X 1y, Mgl s, 01Ny, Ad]

N(z)"(z)

where the phases ¢,, and ¢ are given by
Ry(p()=RARTH Py P)
=RART"(P(,))F) (51)
and

és(‘P(f)) =1%3(R:1(P(T))P(z>)

=R{RIYPp)F) . (52)

In our special c.m. frame (23) the expansion takes
the familiar Regge-theory form

(50)

r

TR Dk D*X p*.
SHPD, Pay: Ay A Py, Byt Ay, Aot
= ZSTr-l[A(s; I, E)A(S, 11 2)] e
X (20 +1]d5,(©)
Z_: Hy
X S'[)\(T), /\(Z_)I s, 0 A1y ’\(2)]’ (53)

where the starred momenta are defined by Eq.
(A10). Indeed we may take advantage of this fact
to rewrite Eq. (50) in the simpler form
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ST, Bezy 2 A A3 [ Bery s Beay t A1y » Aa)

=2s77'[A(s; 1, 2)A(s; 1,2)] 7 )

ON/— A=A NI\

20+1]D°D" (H,R:p )P’ D (A_(A: pip))
[ ]x'(r)x(r) Pw X(z‘)*@( A2 P

(1) (2) (1) (2)

where A=L7(p; p,),f). We should like to stress
the point that the helicity amplitude expansion
[Eq. (53)] is only valid in the special Lorentz
frame defined by Eq. (23), whereas the invariant
c.m. helicity amplitude expansion [Eq. (47)] is
valid in all Lorentz frames.

One may use the orthogonality and completeness
properties of rotation group [SU(2)] representation
functions or the defining equation (A22) of type-III
states to express the partial-wave amplitudes
S'[ 5y M@yl S, 0l A1y, A2)] as integrals over type-II

invariant amplitudes S”@"*[A 1), Azl $,0( A1), Aot

S Iy, A3l s, 0ln ), Aa]

B
1 a*x orb Py
=§f dgu (@) 2 [7\(1_),’\(E)[S,GI)‘(U,A(E]
o

X $in@ do . (55)

The integrand is not well defined when the angle

O is zero or 7. However, since this constitutes

a set of points of measure zero the integral is un-
affected and our partial-wave amplitudes are well
defined away from threshold. In another paper®
we shall see that it is possible to construct a com-
plete set of c.m. orbital angular momentum par-
tial-wave amplitudes which, unlike these c.m.
helicity amplitudes, are well defined everywhere
on the physical-region boundary.

1V. COMPARISON WITH CONVENTIONAL
AMPLITUDES

The first major step in constructing an equation
of the form (47) was taken by Jacob and Wick,?
who determined the partial-wave expansion of a

J

IPm )‘(1) thea) )‘(2)>=

where

C=(=1)2L0(1) e (1)) ¥ 05 € (3))] (59)
and

e(p) =int.pt.[o(p)/7] . (60)

His partial-wave c.m. helicity states are related

o
XD (ll)
MR

Xd%p(@)S'[K?r), )\;2_)‘ s, 0| ’\(1)1 ’\(2)] ’ (54)

(A, Rt DYDY (A2 pay))
MeyMe)

r

set of helicity amplitudes
(OO | S(s7)[ 00N A z))

in terms of a set of partial-wave helicity ampli-
tudes

MDAl 59(s'2)| Ay, Ag)

in the c.m. frame. One can show that in the spec-
ial frame defined by Eq. (23) their amplitudes are
related to the c.m. helicity amplitudes of Eq. (47)
by

(OON D), Az | S(12)[ 001 (), A(y))
=477(= 1) %= %3 M)y M D)

4 ft .
xS"@ A g, Mg 18,0 N1y, 4], (56)

_ | So(cl/
Ay A(z)lsg(‘sl z)l)‘(x) y A2))
=(=D%=* %@ o) N
xS, @ ls, 010y, A ] - (BT)

However, since they only define helicity states
and partial-wave helicity states in the c.m. frame,
their helicity amplitudes and partial-wave helicity
amplitudes are only defined in the c.m. frame.

In his paper on three-particle states Wick® de-
fines precisely a set of helicity states
[P(1)A(1) 5 P2y Mz))» Which are parametrized by
the eigenvalues A, and A, of the helicity oper-
ators §(U and 3<2), and a set of partial-wave
c.m. helicity states |p; oA:A(y), A(;)), Which are
parametrized by the eigenvalues A, A, and A,
of the helicity operator § and the c.m. helicity op-
erators S(;,”(2) and S,,”(2) defined by Eq. (3), re-
spectively. His helicity states are related to those
of Appendix A by

f ¢1Bey s Beay t A uy s Ao b 6(bcry), 0(P(2))#0, m
}élﬁ(n,ﬁ(z):)\(ny)\(z)}xy 5=6’ e(p(l))zoy etc-, (58)

to the standard type-III partial-wave states of Eq.
(A27) by

(D5 0N: N1, Azy)

= (_1)2€(P) E Dgl)\(é(‘b)) I S, 0:p, A /\(1) , );(2)] .
A (61)
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We see that the corresponding Wick partial-wave
expansion would be an expansion of helicity ampli-
tudes in terms of partial-wave c.m. helicity am-
plitudes.

Feldman and Matthews have made the suggestion
that a frame-independent equation of the form (47)
could be obtained if one replaced the helicity am-
plitudes which coincide with Jacob-Wick helicity
amplitudes in the c.m. frame. Although their
Wick-type partial-wave amplitudes would be in-
variant, we have shown explicitly in Sec. II that
the c.m. helicity amplitudes would be frame-de-
pendent. On the other hand we have seen that it
is possible to construct c.m. helicity amplitudes

b fof= _ = _ _ = - .
S @ [Be5, Bz : My Aol By » Beay : Awy s Ay ]

by Eq. (26) which are invariant provided we only
demand that they coincide with Jacob-Wick-type
amplitudes in the special c.m. frame of Eq. (23).
We suggest that these amplitudes should be identi-
fied with the amplitudes

(b, %(P(T) b)) X, A5 ISl p, %(P(x) =Dy Ay Ay)
of Feldman and Matthews.
V. GENERAL DISCUSSION AND CONCLUSIONS
In Sec. II we constructed a complete set of c.m.

helicity states |B(,y, Bz Ay, A)sr EQ. (6),

J

L.

TINDLE 11

which coincided in the c.m. frame with Jacob-
Wick—type helicity states |B,, Ba) Ac1)» Az)ts-
We then showed that the corresponding c¢.m. helic-
ity amplitudes

S*[B¢ty» Py s Aty » A3 [ By s Bear s Ay s Al
Eq. (8), were not invariant. In Sec. III we
showed that if one allowed initial two-particle
states to have phases determined by a final-par-
ticle momentum and vice versa, it was possible
to construct c.m. helicity states

Iﬁ(l) ’ 5(2) :f : }\(l) ’ A(Z)] P(2)ft>s Eq (22)) in such
a way that the corresponding S-matrix elements

b g = .
S [Bery, Byt A » Ay | Beuy » Bray 1 Ay s Ay ]

Eq. (26), were invariant. Moreover, in Eq.
(31) we indicated how the standard two-particle
amplitudes of field theory could be expanded in
terms of such invariant amplitudes with frame-
dependent coefficients.

We proceeded to define reduced two-particle
c.m. helicity amplitudes,

S”@ " [Mqy, Azl 5,0l Ay, Ap]
by Eq. (38) and
S" [y Al s, 00 2y 2]

by Eq. (46), which were related by the partial-
wave equation (47):

$*@* M), 2| 5,812, Ay] = 20 Ro+1)dS gy xg) x =2, ©@ Ty, Ay 5,01 Ay, )], ©€ (0, 7).

o

In Egs. (56) and (57) of Sec. IV we pointed out that,
apart from a frame-independent phase, in the
special c.m. frame (23) these c.m. helicity ampli-
tudes of types II and III coincided with the helicity
amplitudes of Jacob and Wick.5 Moreover, we
suggested that the type-I amplitudes of Eq. (26) be
identified with the invariant amplitudes of Feldman
and Matthews.*

In this paper we have made no reference to the
analyticity, crossing, or unitarity properties of
c.m. helicity amplitudes. We should however like
to point out that because such amplitudes coincide
with Jacob-Wick-type amplitudes in the special
c.m. frame defined by Eq. (23), any analyticity,
crossing, or unitarity formulas will closely re-
semble those which have already been derived for
helicity amplitudes ®* 7' 101!
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APPENDIX A: TWO-PARTICLE STATES

1. States of type I

One may use the formalism which we have
developed in Appendix A of Ref. 1 to define various
two-particle states in terms of standard rest
states | 0,0:1,,, 2,)) s

1By s Peo) :hy» M)
=By (0)Bo) 01 0,0:0), 2, . (A1)

The parameters A, and A(,, on the left-hand side
of this equation are eigenvalues of some spin-
component observables Z,, and ‘?:(2), We list
the stateg together with the associated operators
£, and B(p,,) in Table I (see Ref. 12). Since
the properties of these states are discussed in
Appendix A of Ref. 1 we shall not review them
here.

For two-particle systems it proves convenient
to construct states of mixed type. Before doing
this we define the following momentum-dependent
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TABLE I. Two-particle states.?

State By B2y Aty Ay B(p(yy) fj(l) Reference
Standard helicity  [B(1)y»B(2) s A1) A2y L (B(yy) [A11] 5y, 12
[Broy By s Ay At Han) [AL0] Sy 5.6
By oy s Ay At Hg) Al Sy 6
¢.m. helicity by by M Aoyl Hoboy b)) (A2) §°Cd) 2

2 Numbers in square brackets refer to equations in Ref. 1.

Lorentz transformations for timelike momenta H_(0; 02,/ Pty 9> S )

P, Pr), and q (Ref. 3): - -
g o E e =Lp; b, NA-(PGy; @y, F),  (AB)
A.(g;0)=L(MA. @), A(p,q)#0, 6Q)#T  (A2) ,

where capital letters are used to denote c.m. mo-

H_(4;0)=L(p)A.Q), A(p, q)*o 6Q)*0  (A3) menta,
A,(a;p,7)=H.(¢;p)R,R,"'Q)F Py, = L7 (p)pgy, ete., (A9)
A(P,fl,f)?‘&(), 0@)* 1 (A4) and starred letters denote the special ¢.m. mo-
A_(4;5,1)=H.(4;0)R(R_T'Q)F), menta
A(p,4,f)#0, 6@)#0 (A5) PR = L7 (p; by, NP, ete. (A10)

We define mixed two-particle states

-1 A
Lp; 4,/ = LOR-(QR,R_THQF), lp(%’ P2y Aays Az)s in terms of standard rest states

Alp, q,/)#0, 6(@#0  (A6) Nays May? s
H,(0;00),: D A Sw) = L®; by, NAL (PR 5, F)
(A7)
[Py, Py s M)« = B 0y ) By - (0) (=1)°@ @10, 020y, =A) (A11)

and list them together with the corresponding operators B+(pm) and im in Table IL
The overlap of any two states |pu), Pe ‘Aw), Ae): and [Py, Pe) Ay, A )* is given by

:(I;{x) » Pl M), Mo |B(1)y 5(2) Ay Ae)s = 4P 0P 00 Bh) = Pay) (Pl = Pe)
o(1) - -
X Dy Vs oy BEY (0B (b)) )IDy me* Hp@)B- (0x) (A12)
where the functions DX, ( ) are irreducible unitary rotation group [SU(2)] representatlons of rotations R.
The states transform in the following way under space-time translations @ and homogeneous Lorentz
transformations A of Egs. (11) and (12):

@|Pay, P Ay Aa): =€ 1Py, Pay Ay, Ae))s 5 (A13)

A - 9(1) A - = ! ’

AlBwy, By i Ay, M) s = Dy R Bs @) )D)(Z,x(z)(B—(lhf’(z)))“)a), Pl My, M) (A14)
Moy M

TABLE II. Mixed two-particle states.?

State IBety s By 1 Aty Ao B, (b)) Z (1) Reference
Helicity [Pty Brey Ay Arpobe H () [a10] Sy 5
c.m. helicity [Be1y B2y s A1) » Ao H, (1) re9) (A2) S(q)T2] 2

Be1y > By 1 Ay Al H (p(yy 3097, (A4) §¢yy?ra3 1
Bty »Bray +F: Ay Aoy ars H 0y 7:4.:0¢1) stra 3. A7) S¢pyPLed 1

2 Numbers in square brackets refer to equations in Ref. 1.
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where the transformed momenta are given by
ply =Apq, etc. (A15)

and the Wigner rotations 1§+(1§:pm) and 3-(&1)(1))
are defined by

B, (A:py) =B (Mpy)AB () , (A16)
B_(R:py) =B (Apy)AB (b)) . (A17)

2. States of types Il and 111

States of type II are parametrized by the square
of the total four-momentum s, the total three-mo-

J

(s p LN )\(1);)\(2)]3 p!¢! 6: ), A ), =0(s" = $)2p,8(p’

TINDLE 11

mentum p, and angles ¢ and 6 which are asso-
ciated with the c.m. momentum £(,, defined by Eq.
(A9):

R((Py 9) _¢) =R+(P(1)) . (A18)

They are simply related to the corresponding
states of type I,°

[$:D; B, 6: Ay, Ay) s =S~ V2[ETA(s, 1, 2)]2
X [Py, By i Ay Aoy )
(A19)
and have the simple normalization

- p)4nd(¢p’ - ¢)6(cost’ —cosb)d, by » . (A20)
(\ (1) o) 2

They transform in the following way under space-time translations @ and homogeneous Lorentz transforma-

tions A:
alsip; ¢, 6: 0y, Ay). =€ ¢ 1s:D; B, 6: 0y, Ay, (A21)
931) 9(2) ’ /
Als:B; ¢, 6: 0, 00).= 9, Dy lx(,(B (A:py))Dy; 2)“(3 A:pe) D s:p™5 0", 60, M), (A22)
Mt
where angles ¢* and 6" are defined in terms of the transformed momenta of Eq. (A15) by Eq. (A18).
The special c.m. helicity states of type II depend on a phase angle ¥,
[5:9; ¢, 6:0: My, Mo pyre = 87227 A(S, 1 » 212 By, B S 1 Ay A Doy 1 » (A23)
where
R(¢a 8,¢‘¢)=L_1@)L(p;p(2),f)~ (A24)

They satisfy the normalization equation (A20) and space-time translation equation (A21). They transform
in the following way under homogeneous Lorentz transformations:

Rls:D; ¢, 6:0: My, Ay Doy 1 = [UA:p, pey, f)]*O 0@ [s:p"; 07, 67 w*:A(l),)\(zv]p(z)f (A25)

where the sign function I(A:p, b, f) is defined by
UA:p, by, /)? 3= LA: p, by, /)

= i’—l(p*’p{zbf*)/&i’(p;ph))f) )

r

of momenta p*, py, and /7 of Eq. (A15) by Eq.
(A24).

We now define states of type III which are param-
etrized by the total effective spin or c.m. total
angular momentum parameter ¢ and the third com-

(A26) ponent of spin A,
and the angles ¢', 67, and y" are given in terms
S— |
. 1 Ve - .
[s,0:5, A Ay, Ay] = (20 + ) f f D”(l) ><2(R(¢’ 6, =) |s:p; ¢, 6: My, Ay ], Sinbdbdg . (A27)

These states transform like single-particle states
under space-time translations a and homogeneous
Lorentz transformations A,

als,0:p, MMy, Ap] =€ % |5, 0:p, Ai kg, A ]
(A28)

A | S, o b, Al )‘(1)) )\(2)]

= Z DeUL(A:p) s, 0D, M i Ay, Am],  (A29)
x'

and have the simple normalization
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[s', 03", A" Xy, Aoy, 03B, A Ay, M) =0(8” = $)8,5162D 0B =)0 305 )0 (A30)

M @’

APPENDIX B: SOME TWO-PARTICLE SCATTERING AMPLITUDES

We define scattering amplitudes to be matrix elements of a scattering operator S between two -particle
states listed in Tables I and II,

S((ry» D) Ay s Azl Pays Py Ay, Ae) =B Po : Ay Amy |S [Py By Aays Aa) - (B1)
r
In order to follow our notation one should refer to mixed two-particle states. The properties of the
Table III in which we list various amplitudes to- other amplitudes have been discussed in Appendix
gether with the corresponding two-particle states. B of Ref. 1.
In the rest of this appendix we shall only be Each amplitude satisfies a space-time transla-
concerned with amplitudes defined in terms of tion contraint equation of the form
J

S* (B, P Moy » Al Bays Py My, Ay) =€ 7P 798 (B, et Ay, A | Py Pyt Ay, Acay) (B2)
where

P=PwytPw, P=bPm +P - (B3)

We are thus able to factor out a & function of energy-momentum conservation and define a set of reduced
amplitudes S"* (piry, Pn : A, Mol Py Pyt Ay M) s

S ®m, P Mo» Al Pay » ey Ay Aay) = 8B = P)S™* (B, Pixy : A » A [ Py s Py Ay M) - (B4)

They satisfy homogeneous Lorentz transformation constraint equations of the form

- - - - o 5 R a(2) B oA a(1) B
S (Bm, B A A [Py Byt has ) = D5 Dagp o BulhipoDys (BL(R:pp)) Dy (BL(Ripgy)
Mphe) (1 @)
x D”(Z)*

B_(A:p))S" (B By Mpys M| By, By * May Mo »
(B5)

where the transformed momenta and generalized Wigner rotations are defined by Eqs. (A15), (A16), and
(A17).

Since each set of scattering amplitudes is complete we may use Eq. (A12) connecting multiparticle states

)('z) M)

TABLE III. Two-particle scattering amplitudes.

Amplitude [Be1y s P2y Acny s Ae)) S®TY, Pz ATy My Beey, Py A1) A ()
Standard helicity [Bc1) By 1 A M) ST P MDHADIP1 P2 A1) Ay
[Pty s P2y s Ay s A SHBTY B MDY A By By Aty A

[Pe1y P oy s Aty » At S{BD) D@ : A A@ By B2y Ary Aoyt

[Bri) B2 Ay Aot e ST D3y MT)-AD P (1), Py Ay Ay b

c.m. helicity [Be1y » D2y s Aty s My L S*IP (1),0@) MDA P P2 Ay A
1Bty P2y s Ay »A s S*P:T), Pyt M AP Pray s Aty A ()]

[Beyy B ooy :f: M) Al S*P (1P : XD ”\<5)|P(s>1p(z>fM)’Nz)]

[Bc1y »Pea) +F: Aty s Ao are Sy . ) MDA 1) Bay Ay Aoyl
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to relate the amplitudes to each other:

* = . - > -
S** (b, P : M » Ao | Py, Py Ay s Ay) =

APPENDIX C: TWO-PARTICLE KINEMATICS

In Appendix C of Ref. 1 we define some kinemat-
ical A and & functions. For a timelike momentum
Py we identify A(p,) with the mass

Alpyy) = [i’(n 2]1/2 =mg) . (C1)

For two timelike momenta p(, and p(,y we define
the parameter s by

s= by +he)’ (C2)

and relate the A function A(p(, p(,)) to the thresh-
old -pseudothreshold function A(s:1, 2),

APy, bay, b)) =19(s, t,u)

N B* X 0m) B, (o)D) 2,_(B* (o) B_ (p(s))

N AR

)(2-))

x((l))()(B*_l(P(n)B (P(x)))D ey (Bf_l(f’(z))é—(p(z)))

M2 @)

oMo

XS By, P : Aoy » Aol Pay s Py Ay, Ay - (B6)

Alpgy, Py) =34(s;1,2)
%{[S - (m(l) ‘m(z)) ]
X[s = (mgy+me )?| }1/2 . (C3)

Moreover, when momenta p) and p;, are timelike
and satisfy the equation

Pwy*+be) =bm P , (C4)
we may define Mandelstam variables f and «,
t=bw=-po)? u=0wy->e)’, (C5)

and relate the A function A(p(), Py, P(p) to the Kibble
boundary function ¢(s, ¢, u),

1
=glstu - s(m? —mp?)(mp? -mg?) - tmy? - mp?) m e —mg?)

/
= (muPme? —=mPme?) (e +me? —me? —m?)]Y2. (C6)

Moreover, the @ function may be expressed in the
form

QPp; Pey, b))
=3[st —u) +(my? -mpA)(mp? -mx?)]. (C7)
In Sec. III we introduced a rotation of the form
R(®,0,¥ -9)=L"(;pw), b)) LP; by, Pry) -
(C8)

It follows from this equation that angles &, ©, and
¥ are given by

R(®,0,-®)=R_(L(p; P, 20 )P(3) » (C9)
Ry@ -¥)=R,(L™'p; bn, P2) )Pz - (C10)
We now use Eqs. (C17) and (C18) of Ref. 2 to show

that angles ¢ and ¥ are zero and angle © is given
by

-Q0;px,Pa)
Q= — 2 FQRLE® )
€SP =10, P AD, b))’

o A(0)AR, by big)
sin® Ap, Pe) A0, b))

With the aid of Egqs. (C1), (C3), (C6), and (CT7)
these formulas may be rewritten in the conven-
tional form

(C11)

st —u) +(m? —me?*) mg® - mg?)
A(s; 1, 2)A(s;T1,2) ’ (C12)

cosO =

2sY2¢ (s, t, u)
A(s;1,2)A(s;1,2)°

sin® = (C13)
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