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Phase transition during inflation and the gravitational wave signal
at pulsar timing arrays
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The gravitational wave (GW) signal offers a promising window into the dynamics of the early Universe.
The recent results from the pulsar timing arrays (PTAs) could be the first glimpse of such new physics. In
particular, they could point to new details during inflation, which cannot be probed by other means. We
explore the possibility that the new results could come from the secondary GWs sourced by curvature
perturbations, generated by a first-order phase transition during inflation. Based on the results of a field-
theoretic lattice simulation of the phase transition process, we show that the GW signal generated through
this mechanism can account for the new results from the PTAs. We analyze the spectral shape of the signal
in detail. Future observations can use such information to distinguish the GW signal considered here from

other possible sources.
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Introduction. Despite the enormous progress in our knowl-
edge of the early Universe, large gaps remain. The
gravitational wave (GW) signal offers a new window into
the early Universe epochs and dynamics that cannot be
probed by other means. Pulsar timing array (PTA) collab-
orations have recently released further evidence that the
previously observed common-spectrum process exhibits
the Hellings-Downs angular correlation [1-7]. This finding
indicates the existence of a gravitational wave background
in the nanohertz frequency range [8].

The GW signal in this frequency range can emerge from
various phenomena, including low-scale phase transitions
in the radiation domination (RD) era [9-27], supermassive
black hole binaries (SMBHBs) [28-36], and topological
defects like cosmic strings and domain walls [23,37-52].
Simultaneously, this signal can also originate during
inflation, approximately 15 e-folds after the cosmic micro-
wave background modes exit the horizon. Numerous
mechanisms have been investigated in relation to this
possibility [53-76]. Additionally, alternative new physics
scenarios have been proposed as potential sources for the
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observed signal [77-82]. In this work, we focus on the
possibility of the source being a first-order phase transition
during inflation [83-86]. The process of bubble collision
during the phase transition can generate GWs, referred to as
the primary GW signal, which is suppressed by (Hin/f)’
and (L/piy)?, with Hy,¢ representing the Hubble expansion
rate, f denoting the phase transition rate, L representing the
latent heat density, and p;,; being the total energy density of
the Universe during inflation. Meanwhile, the phase tran-
sition process serves as a source of curvature perturbations,
that, after inflation, give rise to the so-called secondary
GWs [87] (also see [88,89]). Compared to the primary
GWs, the secondary GWs can undergo natural enhance-
ment via the slow-roll parameter, thus potentially account-
ing for the signals observed by the PTAs.

As pointed out in [84,85], the plasma energy density
during inflation is significantly smaller compared to latent
heat. Therefore, the dominant source for GW and the
induced curvature perturbation is from bubble collisions.
In this work, we employ a field-theoretic simulation of
the bubble nucleation and collision process to calculate
the induced curvature perturbation. Based on the results,
we predict both the strength and the spectral shape of the
secondary GW signal. Without combining the datasets
from different PTAs, we choose the results from the
NANOGrav Collaboration [1] as a benchmark for com-
parison. We show that both the size and the shape of the
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signal observed by NANOGtrav [1,5] in the region with the
frequency f < (1 yr)~! can be well fit by the secondary
GWs generated through first-order phase transition occur-
ring during inflation.

The model. In this work, we model a spectator sector with a
single real scalar field 6. The Lagrangian of the inflaton ¢
and the spectator o is

1 1
L=-59"040,p =59 9y00,0 = V(¢,0). (1)

For the convenience of later discussions, we decompose

V(p,0) as
V(g.0) =

where Vy(¢) = V(¢,0).

We decompose ¢ into its homogeneous part ¢, and the
perturbation 6¢p during inflation. The excursion of ¢,
during inflation can be around the Planck scale. The crucial
part in the Lagrangian (1) is that the mass of ¢ depends on

¢, given by

Vo(¢) +Vi(d.0). 2)

m(27 = cm¢(2) - m2. (3)

Consequently, the evolution of ¢, affects the shape of the
potential and triggers a first-order phase transition. The
general framework for this scenario is discussed in [84,85].
Further details of the specific model utilized in our
numerical simulation are presented in Supplemental
Material [90]. The timescale of the phase transition is
determined by § = —dS,/dt, where S, is the bounce action
between the false and true vacuums and ¢ is the physi-
cal time.

For the class of models considered here, f/Hjy ~
0O(10) [84,85].

Through this work, we adopt the Newtonian gauge. The
metric components can be written as

goo = —a*(1 +2®), 90i = 0,

gij = a*[6;;(1 = 2%) + hy;]. (4)
During inflation, we have a = —1/H;t with 7 the con-
formal time. During RD, we have a = a%Hyt, where ag
and Hy are the scale factor and the Hubble parameter
at reheating, respectively. In this work, we assume de
Sitter inflation with instantaneous reheating, which implies
Hp = Hiy.

Primary and secondary GWs. In our setup, GWs can be
copiously generated during and after inflation. In both
cases, the GWs satisfy the differential equation

W 4 2HATT — VKT = 162GT ;. (5)

where “TT” denotes the transverse and traceless compo-
nents, H = a'/a, and T ; represents the source of GWs.
During inflation, the main contribution to the GWs is
from the TT components of the energy-momentum tensor
composed of o and 6¢, where 6¢p is induced by the
backreaction from the phase transition as discussed later.
We call these contributions primary GWs. After being
produced, the primary GWs will exit the horizon, and their
field strength will be frozen to fixed values. The primary
GWs will oscillate again once they reenter the horizon.
In addition to the primary GWs, the phase transition also
induces curvature perturbations leading to secondary GWs
after inflation. In the Newtonian gauge described by Eq. (4),
the source 7 ;; consists of terms quadratic in @ [87,88].

The induced curvature perturbations. From the Lagrangian
(1), we can derive the equation of motion for d¢ (the
Fourier transformation of 6¢):

PV,

f H2 .2 6452 >5¢~5q = Sq’ (6)

- 2 .
5¢{;—75¢;+<q2
where the source S is
1 fov 2&, (ov 2\%
sz g, L o [591,)
me a¢ 1nfT a¢0 ¢

+ by (3@;+&>g)}. (7)

Hinet
Here, the symbol [---], denotes the Fourier mode with

comoving momentum ¢, and ¢, denotes d¢h,/dt. There are
two source terms on the right-hand side of Eq. (6), in which
the first is from the direct interaction between ¢ and o,
whereas the second is purely gravitational. In the case of a
polynomial interaction c,,¢p*¢, we have

{avl] B
9P |4
According to the Einstein equations, ® and ¥ satisfy the
following differential equation:

@3_32_4 Gy <¢°5¢q+ { = ’aia)] ) (9)
q

T H; 7 i

Cnlpa®ly & crtpolo®]y- (8)

From energy-momentum conservation, we have

ch - qu = _SHGN”q/( me ) (10)

where 7% represents the anisotropic inertia
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. 3
a= Hme 4qi qj

g =—5 ~*[(9;00; G)TL]q

(11)

where the superscript TL refers to the traceless part.
After the phase transition, the Universe returns to single-
field inflation. Thus, the gauge-invariant quantity

- Hiyod
L= —p _ %%
q q 4)0

is conserved when evolving outside the horizon.

(12)

Power spectrum of . In this work, we use a 1000 x 1000 x
1000 lattice to simulate the phase transition process in de
Sitter space and numerically solve Egs. (6), (9), and (10) to
calculate the various contributions to {q. As discussed in
the appendix of [84], the typical values for #/H;,; is O(10).
The solid curves in Fig. 1 represent the numerical results of
Af:, the spectrum of the induced curvature perturbation for

B/Hys =4, 5, 10, and 20. Ag is defined as

3 3

83(g) = 555 Pe(q) = 35 (Cabi)

272 (13)

where (---)’ denotes the correlation function without the
delta function. Figure 1 shows that Ag grows as ¢> in the IR
region (to the left of the peak) and drops as ¢~% in the UV
region (far to the right). By comparing the peak values of
the curves for different §/ H;,¢ in Fig. 1, it can be concluded
that A? o (Hyy/P)°.

10°
Excluded by PBH bound
10721
1074+
N

1074

— B=4Hr
1084 — B=5Hin _

—— B=10Hmns ¢—“ 1, e=6x1073

—— B=20Hp¢ =107 N.=385
10-10 v v

1078 1077
f/ Hz
FIG. 1. Power spectrum of the induced curvature perturbation

Ag for different choices of parameters. The solid curves are the
results from numerical simulation, and the dashed curves are
based on the empirical formula Eq. (20). The wiggles in the
curves for #/Hy,y = 10 and 20 are the remnants of the oscillatory
pattern in the integrand of (14), which also leads to the oscillatory
pattern in the primary GW spectrum as discussed in [84,85].
Large curvature perturbations can result in primordial black hole
(PBH) production, and the relevant constraint is indicated by the
dash-dotted line [91].

To provide further insights, an approximate formula for
Afv will be derived. Several e-folds after the phase tran-
sition, the @ contribution to ¢ becomes negligible as its
direct source from o quickly redshifts away.

Hence, using the Green’s function method and Eq. (6),
we obtain

H, inf
¢OCI

As discussed in Supplemental Material [90], in the param-
eter space of interest, the gravitational-induced contribution
to the curvature perturbation is smaller than the direct
contribution. Thus, in the qualitative analysis, we focus on
the contribution from the direct source (the first term in ).

According to Egs. (8) and (14), Ag is inversely propor-
tional to € = g5/ (2H7,¢M?,), the slow-roll parameter after

inf

0 d /
Ly=- TGmm—mT>&wy(m

qrt

the phase transition. Assumlng that the rolling of the scalar
fields is predominantly in the direction of ¢, after the phase
transition, {, can be estimated as

H, inf

dr sin g7’
4 (cos qt — q/r)
boq® qr

For a first- order phase transition to complete, we require its
duration ~3~! < H;l. However, even after the phase tran-
sition, the ¢ field continues to oscillate and produce ¢.
Since p < m,, these oscillations resemble matterlike
behavior and redshift as a=>. Thus, the ¢ production
diminishes within a few e-folds after the phase transition.
Figure S2 in Supplemental Material [90] shows that
majority of induced curvature perturbations occur between
one and two e-folds after the phase transition begins.
For modes with g5 < Hiy, Or, equivalently, g7’ < 1,a
Taylor expansion of the cosine and sine functions in the
integrand of Eq. (15) can be performed, resulting in

Cmtpolo® ()]
H2 72 .

inf?

Cq ™

(15)

{q® (16)

v | el @y

where di’ = a(7')d7’. Considering that the typical scale of
the bubble size is p~' and H,; < f, the correlation
([6%]4[0%]4)" is expected to be insensitive to q. Since the
term c,,p30* triggers the phase transition, we also expect

cmPio® ~ L. Hence, we have
L? <2ﬂ> 3
Hmfa* ﬂ 7

/W/Wﬁ%@z
(17)

where a, is the scale factor at the time of the phase
transition. The factor H; % arises due to the integration over
the physical time duration, and the factor (2z/f)? is from

(@)]g[o*()g)" ~
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dimensional analysis. The factor a$ appears in the denom-
inator because the Fourier transformation is performed in
comoving space. Combining Egs. (16) and (17), in the
region gphys < Hiyp, we have

dphys 3
83"0) = (P22 (18)

where

LGV o
et € <¢0 p Pinf ' (1 )

The numerical factor A is determined by the specific phase
transition model. Numerical simulations show that A ~ 24
for the model used in this work. Equation (18) explains the
IR behavior, the (H;,;//)? dependence, and the (L/piy)?
dependence of A% depicted in Fig. 1.

The ¢ growth of AZ stops when gy reaches H. In the
region where g, ¢ X Hiyt, the sine and cosine terms in (15)
are of the order of one, while ([6°]4[6°]:,)" remains
insensitive to changes of g. By counting the power of g,
it can be concluded that A? drops as ¢~' in this region.

As shown in Supplemental Material [90], the production
of the curvature perturbation lasts for a few e-folds,
during which the typical physical momentum of the
bubbles undergoes redshifting. As a result, the correlation
([0*]q[o];) drops significantly as gy, become larger than
a value between H and f. This behavior leads to the drop of
A% as ¢~% in the UV region, as shown in Fig. 1.

In summary, we arrive at an empirical formula for Ag:

AZ(emP) :Ar f-<qphys>, 20
£ (4) = A F (G (20)
where
3
Fx) - (21)

T (ax) + ()

Numerical results give that a; = 0.31, while a, mildly
depends on i/ H;,; and equals 0.143, 0.17, 0.2, and 0.2 for
p/Hiye = 4, 5, 10, and 20, respectively.

In a general inflation model, ¢, and ¢ can be independent
parameters. For single-field inflation, if we consider the
case that 0V, /d¢ dominates the evolution of ¢, after the
phase transition, we have

&
2]ngliiznf 6pian12nf

(22)

and, assuming V| is a polynomial in ¢,

M—‘2’1~< My >2~<Mp1 >2 (23)
5 Vi/V L/V)

Thus, without fine-tuning, the peak value of Ag is

Hine\3 [ Gohys
A2(g) = 3.6 x <—f> f(ﬁ) 24
#(q) 5 H., (24)

suggesting that, for H;,/f ~ 0.1, a peak value of Ag around
0.01 can be naturally expected.

Production of secondary GWs. To produce the GWs to
account for the PTA results, the curvature perturbations
need to reenter the horizon well before the matter-radiation
equality.

Following the procedure outlined in [88], the spectrum
function for the secondary GWs can be derived as

phys
QGw(f) = QrALF, ( ;‘?Yf) , (25)

where Qp is the radiation energy density of the Universe.
The form factor F, collects transfer functions and Green’s
functions. As shown in Supplemental Material [90], F,(x)
peaks around x = 5, and its peak value is about 200. In the
IR region, we have

6 16 28
FR(x) ~ x? (§ log?x + Elogx + E) . (26)
The logarithmic structure in F, slows down the rise of the
spectrum, allowing for a better fit to the IR part of the
NANOGrav observation data as depicted in Fig. 2.

—— B=5Hin, Arer = 3.1x1073, f,g': 12510 Hz |
B = 5Hing, Arer = 2.8x107, fror = 7.9x107° Hz

107F B'=10Hns, Ave = 3.1x1073, f = 1.2x108 Hz
B = 10His, Arer = 2.8x1073, fror = 7.9x107° Hz

Qe

10-10F

1073
1.x107°

1.x1078 5.x10%  1.x1077

/(Hz)

5.x107°

FIG. 2. The differential spectra of secondary GWs induced by
first-order phase transitions during inflation for different param-
eters as shown in the plot. The gray violins show the periodogram
for an Hellings-Downs-correlated free spectral process from [92].
Four sets of the model parameters are shown as examples, which
match the data collected by the NANOGrav Collaboration in
terms of the amplitude and spectral shape, particularly in the
region f < 3 x 1078 Hz. The corresponding primary GW spectra
are represented by the dashed curves. In the parameter region of
interest, the magnitude of the primary GWs is smaller than the
secondary GWs by a few orders of magnitude.
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FIG. 3. The Bayes factors for the model comparisons between
the new physics interpretations of the signal and the interpretation
based solely on SMBHBs. The stars denote the Bayes factors
for the model considered in this work. Other results labeled
as “SIGW DELTA,” “SIGW GAUSS,” “SIGW BOX,” “PT
BUBBLE,” and “PT SOUND” are the benchmark new physics
models studied in [92]. SIGW and PT stand for scalar-induced
GWs and phase transition, respectively.

The relation between the comoving momentum ¢ and
today’s frequency f is

f = = Jref X : s (27)
0 .
where

H. 1/2
frp = 1070 Hzxe40‘Nf< inf > . (28)

10'* GeV

N, is the number of e-folds the phase transition happened
before the end of inflation. Here, we assume the reheating
process finished within one e-fold. Thus, if the phase
transition is responsible for the PTA signals, it happened
about 40 e-folds before the end of inflation.

Utilizing the Bayesian analysis developed by the NANO-
Grav Collaboration [93] (also described in Supplemental
Material [90]), we present the Bayes factor for the model
comparisons between our work and the interpretation in
terms of SMBHBs in Fig. 3 accompanied with the bench-
mark model chosen by the NANOGrav group [92], where
we can see that the Bayes factor of our model is signifi-
cantly higher than the benchmark models in [92]. Figures 4
and 5 display the reconstructed posterior distributions of
our scenario, indicating that the benchmarks presented in
Fig. 2 fall within the 1o contour. It is interesting to note that
the scenario for #/H;,; = 20 is exactly the same as that for
p/H;y = 10 1in Figs. 3 and 5, due to the fact that they share
both form factors F (%) and F, (qH"—“j) Therefore, the
spectra of secondary GWs for f/H;,; = 20 completely
overlap with those for f/H;; = 10 but with different
primary GWs.

T T T

Secondary GWs from
I FOPT during Inflation
B = 5Hint

Ly |
t t

_2.4} Excluded by
PBH bound

NG15 d

Il 1
-8.5 —8.0 -7.5
logy fret/Hz

1 Wl L L
-3.0 -28 -26 -24
10%10 Aret

FIG. 4. The reconstructed posterior distributions for the param-
eters, Ayr and f¢ for f = SH;,;. The upper left and lower right
panels display the 1D marginalized distributions with the 68%
Bayesian credible intervals, while the lower left panel depicts the
68% (darker) and the 95% (lighter) Bayesian credible regions in
the 2D posterior distribution. The two benchmark stars corre-
spond to the two curves with the same color shown in Fig. 2. The
PBH bound on the curvature perturbation is also shown by the
dash-dotted curve.

Secondary GWs from
Il FOPT during Inflation
B =10, 20Hnt

1
i H |

T T T
,2_4-_ Excluded by ) i
t PBH bound/ /
5 —26f J
< [
= [
& o8l NG15 ]
[ 4
_s0F ]
1 1 1 il 1 1
-85 -80 —175 —30 —28 -26 -24
logy fret/Hz logyg Aref
FIG. 5. The same as in Fig. 4 but for f = 10, 20H,;.

Summary and outlook. The main results of this work are
shown in Fig. 2. As a benchmark, we compare them with
data from the NANOGrav Collaboration. The observations
from the other PTA collaborations are in broad agreement.
The secondary GW signal considered in this work can
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provide a comparable magnitude to account for the
observed data and fit the spectral shape, particularly in
the region f < 3 x 10~® Hz. Hence, it is concluded that the
GW production mechanism investigated in this paper offers
a promising explanation for the observations made by PTA
collaborations.

The observed signal in the higher frequency range f >
3 x 1078 Hz seems to indicate an even higher amplitude.
Further data and combining the data from all PTA collab-
orations can shed more light on this region. In the proposed
scenario, it is possible, in principle, to consider slightly
later phase transitions (smaller N,) to shift the signal peak
toward higher frequencies. Other parameters such as L, €,
and f can also be adjusted to achieve a higher amplitude.
However, as already evident in Fig. 1, higher amplitudes of
curvature perturbations will inevitably lead to copious
production of primordial black holes and may be in tension

with observations. This limitation applies to any mecha-
nism of secondary GW production.

Significant PBH production is expected in the region
with large curvature perturbations considered in this work,
even if they have not been excluded yet. This could offer a
correlated signal to verify the secondary GW production
mechanism. A detailed investigation of this question is left
for future work.
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