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Chiral magnetovortical instability
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We demonstrate that in a chiral plasma subject to an external magnetic field, the chiral vortical effect can
induce a new type of magnetohydrodynamic instability, which we refer to as the chiral magnetovortical
instability. This instability arises from the mutual evolution of the magnetic and vortical fields. It can cause
a rapid amplification of the magnetic fields by transferring the chirality of the constituent particles to the

cross helicity of the plasma.
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Introduction. Magnetic fields and fluid vortices coexist in
many physical systems, encompassing the electromagnetic
(EM) plasmas in stellar and planetary objects, the quark-
gluon plasma (QGP) formed in heavy-ion collisions, and
the electroweak plasmas in supernovas and early Universe.
Notably, the magnetic field and fluid vorticity can induce
anomalous, parity-breaking, transport phenomena when the
plasma is chiral, that is, when the constituent particles
exhibit asymmetries between their left-handed and right-
handed species. Two prominent examples are the chiral
magnetic effect (CME) [1-3] and the chiral vortical effect
(CVE) [4-T7], which lead to electric currents along the
magnetic and vortical fields, respectively. They both
emerge from the underlying chiral anomaly, which con-
nects fermion chirality with the topology of EM and
gravitational fields. In recent years, the CME and CVE
have attracted considerable attention in theoretical and
experimental researches across many subfields of physics,
including nuclear physics, astrophysics, cosmology, and
condensed matter physics; see Refs. [8—11] for reviews.
In the hydrodynamic regime (i.e., low energy and long
wavelength regime), the chiral plasma can be described by
the so-called anomalous hydrodynamics or chiral magneto-
hydrodynamics (MHD) which extends the standard MHD
by incorporating the electric currents from CME and CVE.
New wave modes can appear in chiral MHD, such as the
chiral magnetic wave [12], chiral vortical wave [13], chiral
electric wave [14], chiral Alfvén wave [15], and chiral heat
wave [16]. Furthermore, the CME can induce a novel
magnetic-field instability (and its variants) known as chiral
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plasma instability or chiral dynamo instability [17,18],
which activates a dynamo mechanism (i.e., the amplifica-
tion of a weak seed magnetic field) similar to the a-dynamo
but without requiring the presence of finite mean kinetic
helicity. This has profound implications for our under-
standing of magnetic field formation and evolution in
various contexts, such as the early Universe [17,19-27],
supernovas and neutron stars [26-35], QGP in heavy-
ion collisions [36—40], and even Weyl/Dirac semimetals
[41-44]. Various other CME-leading instabilities were also
discussed in literature [29,45,46].

Unlike the CME, the influence of CVE on the evolution
of chiral plasma remains relatively unexplored. This might
be because the fluid vorticity is usually considered weak
comparing to the magnetic field (unless the system is in a
strong kinetic-helicity dominated turbulence). However,
this may not be the case when the CVE can cause or
catalyze plasma instabilities. Furthermore, there are
instances, such as the QGP in heavy-ion collisions, where
extremely strong vorticity can appear even in laminar flow
[47-49]. In this paper, we demonstrate that the CVE can
indeed induce a new MHD instability, which we refer to as
the chiral magnetovortical instability (CMVI), in a mag-
netized chiral plasma.

Before going into the detailed calculation, let us provide
an intuitive understanding of the CMVI. Suppose a chiral
plasma is situated in a background magnetic field B, along
the z direction. Let us consider a sine-shaped perturbation
of the fluid velocity v perpendicular to B, as depicted in
Fig. 1. In the absence of electric resistivity #n, such a
perturbation would cause a bending of the magnetic field
line (according to Alfvén’s frozen-in theorem), resulting in
the generation of a perturbed magnetic field b perpendicular
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FIG. 1.

Mlustration of the arising of the CMVI.

to B,. However, the presence of a finite # would eventually
dampen b due to magnetic diffusion. This scenario changes
when the CVE is taken into account. The perturbation in the
fluid velocity induces alternating CVE currents along the y
direction and positioned along the z axis. These electric
currents generate additional magnetic fields that add to the
perturbed magnetic field b. When the CVE is sufficiently
strong, the perturbed field b in regions like the one marked in
the figure is amplified instead of being damped, which in turn
leads to an amplification of the velocity v and the CVE,
leading to the emergence of an instability.

We now give an analysis using chiral MHD. We set
¢c=h=ky=1andalsoegy = py = 1, the chargeis g = 1.

Chiral magnetovortical instability in chiral MHD. We
consider a chiral plasma in which the electric current j is
given by the following constitutive relation,

j:nv—l—g(E—l-vXB)—l—jB‘i‘jw, (1)

where jp = £gB andj, = &, ,@ (@ = V X v is the vorticity)
represent the CME and the CVE, respectively, with £ o ps
and &, o pusp (u and ps are the electric and chiral chemical
potentials) the corresponding conductivities, o > 0 is the
usual electric conductivity, and # is the charge density. For
the purpose of analysis, we focus on the non-relativistic
limit as it offers a more transparent understanding of the
CMVI, although a similar analysis can be adapted for
relativistic case as well. The governing equations are the
following set of chiral MHD equations (See the Appendix
for a derivation):

p0,+v-V)v=-VP+ (VxB)XB, (2)
0,B=Vx(vxB)+nV’B+négV xB+né,Vxw, (3)

accompanied by the solenoidal conditions for velocity v
(incompressibility) and magnetic field B (Gauss law):

V.ov=0, (4)

V.B=0. (5)

In the above equations, P is the pressure, p is the mass
density, and n = 1/0 is the electric resistivity. In Egs. (2)

and (3), we have neglected the viscous terms for the sake of
simplicity. However, the effects of viscosity can be readily
taken into account. Note that the electric field is not
dynamical in MHD due to the screening effects (i.e., the
timescale of MHD processes is much longer than
the screening time of electric field), but determined by
the constitutive relation (1).

The wave modes and possible instabilities arising from the
CME have been discussed extensively. Therefore, our focus
here is on the CVE. For clarity, we deactivate the CME and
assume constant pressure and mass density (and thus con-
stant 77, £,)) for the moment. We examine the behavior of
small fluctuations around a static equilibrium state in the
presence of a background magnetic field By, i.e., v =0+ v
and B = B, + b with v and b counted as of order 6 < 1.

We keep terms linear in ¢ in Egs. (2) and (3) and obtain

po,v =B, Vb—V(B,b), (6)
d,b =B, - Vv +nV?b —né, V?v. (7)

We note that if we start with relativistic hydrodynamic
equations, we still obtain the same linearized equations,
albeit with the replacement of mass density p by the
enthalpy density € + P (where ¢ is the energy density).
Contracting B, with Eq. (6) implies 9,(B, - v) = 0, indi-
cating that the longitudinal velocity fluctuation is not
dynamical. Therefore, we pay our attention on the trans-
verse velocity fluctuation by assuming v - By = 0. With
this and the solenoidal conditions (4) and (5), Egs. (6) and
(7) further imply 0,(By - b) = 0, meaning that the longi-
tudinal magnetic field fluctuation is not dynamical. Hence,
we assume b - By = 0 in our analysis.
To find the eigenmodes of Egs. (6) and (7), we substitute
the plane-wave form of the fluctuations,
v :fvei(koc—wt)’ b :fbei(koc—wt)’ (8)

where f, ;, are amplitude vectors, and obtain
pwfv = _(BO : k)fbﬂ (9)

(nk? — iw)f ), = (nE, k> + iBy - k)f . (10)

We obtain immediately the following equation for
dispersion relations:

B, -k (B, k)
w2+ink2w+in§wk20——u=0, (11)
p

whose solutions are given by

B, -k)?> nk* B, -k
w:wis—igkzi\/( Op ) ST ipe K (jo

4
(12)
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~

B, -k &\ s ,
iﬁ z(li\/ﬁ)k + oY, (13)

where the last line is valid when |k | | < |k.| << [Bo|/(n]€,])
and |By|/(n\/p). The first term, w = £B, - k//p, repre-
sents the usual Alfvén wave modes propagating along and
opposite to By. Without CVE, the presence of the electric
resistivity always induce dissipative diffusion of the mag-
netic field. However, when the CVE is turned on in the
parameter region |£,| 2 ,/p, one of the Alfvén wave modes
becomes unstable. This is the CMVI, which amplifies the
magnitudes of the magnetic-field and velocity fluctuations.

We also note that in another parameter region, namely,
when [k| > |Bo|/(n]¢,|) and [Bo|[€,|/ (np) (but k| < 1/n
should be always satisfied in order for the hydrodynamic
analysis being applicable), we have

ox+ 5By k4 O2). (14)
p

The same dispersion relation was derived in Ref. [15] and
was referred to as the chiral Alfvén wave. However, in
Ref. [15], the magnetic field was considered nondynamical,
and as a consequence, it was found that the dispersion
— 0. It is interesting to note that
in the presence of a dynamical EM field, the situation is
changed, and the |k| — O dispersion relation is actually
given by the last line of Eq. (13).

Some comments are in order: (i) The CMVI appears
when [, | > /p, regardless of whether we make the small
wave number expansion, as we did in Eq. (13). (ii) For
k L B, we only have one dissipative mode w_ = —ink? for
magnetic field diffusion [see Eq. (7)], while the velocity
fluctuation does not propagate. (iii) The appearance of
CM VT indicates that during the evolution of the system, the
chirality of the constituent particles should decrease in
order for £, to decrease and eventually cease the instability.
The continuity equation for helicity thus implies that the
magnetic and/or flow helicities would increase, thereby
triggering a dynamo action. We will analyze this possibility
in the following.

Fate of CMVI. The CMVI, once it takes place (i.e., when
&, > +/p, assuming &, > 0), cannot last forever. The
system would evolve toward a state where £, < ,/p, thus
terminating the CMVI. Due to the conservation of electric
charge, we expect that the decrease of £, would be mainly
due to the decrease of us. To analyze how this occurs, we
examine the chiral anomaly equation,

0,j3+V js = CE - B, (15)
where C is a constant representing the strength of the chiral
anomaly, j5 is the chiral current, and j(5) =ns+kpv-B+
K,V - ® with ns the chiral density of constituent particles,

kg « p and k,, o T? the conductivities of chiral separation
effect (CSE) [50,51] and axial CVE, respectively.
Assuming a homogeneity of the system and writing ns =
Zshs, with ys o< T? denoting the chiral susceptibility, we
can derive the following evolution equation for us:

C
X50is = _EatHb — kg0 He — K0 H, —Tysps, (16)
where H;, = (A-B), H. = (v-B), and H, = (v- ) are
the average magnetic cross, and kinetic helicities, respec-
tively, with { V7 [dPx(---). UsingA = By x x/2 +
a (with a 1s the fluctuatlng vector potential), and the
conditions (@) = 0 = (v), one finds that H;, = (a - b) and
H, = (v-b). We have also introduced the chirality relax-
ation rate I' in order to account for the chirality-flipping
process due to, e.g., massiveness of the particles [30].

To proceed, we expand the fields in their Fourier modes,
v(t,x) = / v(t,k)e®* (17)
k

b(1.x) = A b(1.k)e™*, (18)

where [, = [d°k/(2x)®. For each Fourier mode, we
further expand it in helicity basis with e;(k) = k = k/|k|
and e, (k) as the right-hand and left-hand helicity basis
vectors. They satisfy the following properties: k x e (k) =
Tie (k), k-e.(k)=0, and e, (k) e’ (k) =1,e.(k)-
e (k) = 0. The solenoidal conditions for v and B imply
that v(t,k)=> . v,(t,k)e (k) and b(t,k) = > ., b, X
(1,k)ey(k). Using this helicity expansion and focusing
on the long-wavelength modes, we can rewrite Egs. (6)
and (7) as

0,214 (t,k) = —iw 714 (1, k), (19)

6t12i(t, k) = —ia)_ZZi(f, k) (20)

Here,z;, = > . ze,(k) are the CVE-modified Elsasser
fields [52], given by

iné, k* ink?

&,k ink?
ZZi“(l 28 k) U ag g )be 22
0 0

with the primed quantities being scaled as Bj =
By/\/p.b' =b/./p, and &, = &,/./p. Writing in helicity
basis, the average kinetic energy per unit mass, magnetic
energy per unit mass, and various helicities are expressed by
E,= (/2= (1/2V) [i( |v+|2 +|v_|?), &= (®"?)/2=

(1/2V) (1B} 2+ 1B21), My =(1/V) [kl (v = [v-]?),
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FIG. 2. Evolution of &,, cross helicity H,, and magnetic energy
&, normalized with their initial values. The lines in red, blue,
purple, and orange correspond to #I" = 0, 0.01, 0.02, and 0.03,
respectively.

Hy = (1/V) f (b, = [o_)/Ikl. and H, = (1/V) J; x
(v, D% + v_b%), respectively.

When the chirality relaxation is negligible, I' = 0, the
coupled equations (16), (19), and (20) permit a state in
which us, various helicities, and kinetic and magnetic
energies are stationary. Such a state satisfies the condition
that £, = 1. To see this, we first observe from Eq. (19) that
the magnetic diffusion would eventually diminish z;, and
enforce vy = b/, when &, = 1. Then, Egs. (20) and (22)
gives that v, (t,k) = b/, (t,k)  eBo*" representing a pure
Alfvén wave (an Alfvenic state). In this case, £,,, and
H, . become time independent, which also implies the
time independence of us according to Eq. (16). This
suggests that when I' =0, the system will eventually
evolve into a state such that &, = 1, regardless of whether
&, is initially smaller or larger than 1, as confirmed by
numerical calculation given in Fig. 2. When &, is initially

larger than 1, this provides a dynamo mechanism. It has been
long believed that the Alfvenic state is favored in relaxation
processes in the MHD plasmas [53]. Therefore, for a chiral
plasma, the CMVI provides a mechanism for a fast reach of
such a Alfvenic state, in addition to other known effects [54].
Note that such a state maximizes the cross helicity H,. for a
fixed total energy per unit mass &£, + &p,.

When a finite I" is present, x5 is constantly driven to zero.
But this process can be very slow as usually I" is small. As
an illustration, in Fig. 2, we show the time evolution of £,
cross helicity H,., and magnetic energy &,, with an initial
& =5; we assume that £, to be homogeneous. To high-
light the effect of CMVI, we have chosen an initial
condition such that H,, = H, = 0, which implies that they
remain zero throughout the time evolution. Other param-
eters are chosen as follows: All the dimensionful quantities
are in units of 1/ which is considered as a constant, the
background magnetic field is |Bj| = 5, the initial v, (0) =
b’ (0) are given as a Fermi-Dirac shape v,/ [exp(10n|k,| —
100) + 1] with vy = 0.1. Itis evident from Fig. 2 that at the
early times, the CMVI drives both the cross helicity and
magnetic energy to grow exponentially. After that &,
becomes smaller than 1, the system evolves slowly (qua-
sistationarily) toward vanishing velocity and magnetic field
due to the finite I'. In such a way, the CMVI provides a fast
dynamo mechanism by transferring chirality of constituent
particles to the cross helicity of the system. It is worth
noting that such a CMVI-induced dynamo mechanism
bears some analogy with the turbulent cross helicity
dynamo [55,56], in which the turbulent electromotive force
(v x b) gains a term « @ due to the mean cross helicity in
the plasma. This cross-helicity dynamo has been shown to
play significant roles in geophysical and astrophysical
plasmas [55,56]. However, it is important to note that
our CMVI-induced dynamo has a completely different
origin from the cross-helicity dynamo, although they could
act together in a turbulent chiral plasma.

Inclusion of chiral magnetic effect. In the above discussion,
for the purpose of transparency, we have intentionally
excluded the CME from the electric current. Upon restoring
the CME, the linearized chiral MHD equations, expressed
in terms of the reduced variables, become

o,v =B} Vb, (23)
ob' = Bjy- Vo + V2 +négV x b’ —n&, Vv,  (24)

These equations allow plane-wave eigenmodes moving
along By, k||Bj,, with dispersion relations

(25)
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1
m By k=i (1% ) + iysnéslk| + O(F).  (26)

where y = + corresponds to two different helicities in b,
and we have omitted terms suppressed by #nép/Bj in
Eq. (26) as 5 is usually very small. Therefore, we observe
that, assuming &, &5 > 0, when &, > 1, there is always an
unstable mode corresponding to @?=*. Even when &, < 1,
the usual chiral plasma instability is catalyzed in a way
that the modes with |k| < £g/(1 —£,,) are unstable, mean-
ing that the unstable region in the wave number is enlarged
from |k| < &g [17,18] to |k| < &g/ (1 = &,).

Discussion. To summarize, we have demonstrated that the
presence of the CVE can induce a new type of plasma
instability, the CMVI, in the presence of a background
magnetic field. While the condition for CMVI to occur,
& > 1, is stringent, we have discussed that other mech-
anisms, such as turbulence-induced cross helicity [55,56],
may facilitate the onset of CMVI. Additionally, the
combined effects of CVE and CME can broaden the
kinematic region for the occurrence of chiral plasma
instability, thus leaving a trace of CMVI. The CMVI can
have interesting implications, e.g., it may lead to a new
dynamo action and affect the evolution of the magnetic,
cross, and kinetic helicities in chiral plasma. Possible
applications include the electromagnetic plasma in astro-
physical objects, the primordial electroweak plasma in
early Universe, the quark-gluon plasma in heavy-ion
collisions, and the electron plasma in Dirac and Weyl
semimetals.

Acknowledgments. This work is supported by the National
Natural Science Foundation of China (Grants
No. 12147101, No. 12225502 and No. 12075061), the
National Key Research and Development Program of
China (Grant No. 2022YFA1604900), and the Natural
Science Foundation of Shanghai (Grant
No. 20ZR1404100).

Appendix: Derivation of the MHD equations. For
completeness, we provide a derivation of the chiral
MHD equations (2) and (3) in this appendix. A similar
derivation for the conventional MHD equations can be
found in textbooks such as [57]. In the one-fluid
description of the chiral plasma, the equation of motion
for flow velocity v is given by (where P, p, n, and j are
pressure, mass density, charge density, and electric
current, respectively)

p(0,+v-V)v=-VP+nE+jxB, (A1)

coupled with the Maxwell equations,

V-E =n, (A2)
V-B=0, (A3)
VxB =0, +}], (A4)
VXE = -0,B, (AS)

and the continuity equations for p and n,
0,p+V-(pv)=0, (A6)
on+V-j=0. (A7)

The constitutive relation for j is

J =Jr +Jotm T +Jor (A8)

with j, = nv the free current, joy,, = 6(E + v x B) the
Ohmic current, jp = &zB the CME current, and j, =
¢£,0 the CVE current. We have omitted the viscous
terms in Eq. (A1) for the sake of simplicity. However,
the effects of viscosity can be readily taken into account.

From Eq. (A5), we have |E|/|B| ~ L/t = uy with L, 7
and u,, the characteristic length, time, and velocity scales of
the plasma. In the nonrelativistic limit, uy < 1, and one
finds

|0.E|

v <8~ uj < 1, (A9)
[nE| V- E|E| >
~ ~ud <1 Al
jxB " TVxB) xB "0l (AlD)
iyl |V-E|v]
~ ~ud <1, All
VxB~ [vxB] < (All)

Therefore, we can eliminate nE from Eq. (Al), d,E from
Eq. (A4), and j from Eq. (A8). Consequently, the electric
field E is no longer a dynamical quantity and is determined
by Eq. (AS),

E=-vxB + 7](] _jB _jm)' (A]Z)
Substituting Eq. (A4) into Eq. (A1) and E into Eq. (AS5), we
obtain Eqgs. (2) and (3) in the main text.
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