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We propose a holographic dictionary which comes from reducing the bulk theories in an asymptotically flat
spacetime to its null infinity. A general boundary theory is characterized by a fundamental field, an infinite
tower of descendant fields, constraints among the fundamental field and its descendants, as well as a symplectic
form. For the Carrollian diffeomorphisms, we can construct the corresponding Hamiltonians which are also the
fluxes from the bulk, and whose quantum operators realize this algebra with a divergent central charge. This
central charge reflects the propagating degrees of freedom and can be regularized. For the spinning theory, we
need a helicity flux operator to close the algebra which relates to the duality transformation.
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Introduction. Holography, one of the main properties of
gravity, has been checked for various examples in the
context of AdS/CFT. However, most of the physical
processes occur in an asymptotically flat spacetime. Flat
holography [1-11], which is to study the correspondence
between the gravity in asymptotically flat spacetime and
field theory at its boundary, has received a lot of attention in
recent years.

In this letter, we study the boundary theories from the
bulk reduction and find the intrinsic properties of physi-
cally meaningful boundary theories. We provide a bulk-to-
boundary dictionary which is summarized in Table I and
has been checked by virtue of unifying the results from
the real scalar, Maxwell, and (linearized) gravity theories
[12—14]. All the results will be extended to the higher spin
theory [15], and we will show how the correspondences in
this table are realized in a concise way which may also be
true for general dimensions [16].

Manifold. The bulk manifold is assumed to be asymptoti-
cally flat and a typical example is the Minkowski space-
time. In retarded coordinates x* = (u,r,0,¢), we may
choose a timelike hypersurface H, with constant r. By
taking the limit » — oo while keeping u finite, the hyper-
surface H, approaches future null infinity Z* with top-
ology R x 82 This is a Carrollian manifold [17-19] whose
metric could be obtained by taking a Weyl scaling for the
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induced metric of the hypersurface H, in the above limit.
The metric of Z is degenerate

dst. =y = d6* + sin® 9d¢p? (1)

which characterizes the unit sphere S2. There should be a
complementary null vector y = d, that lies in the kernel of
the metric ¥ and generates the retarded time direction.
Therefore, an asymptotically flat spacetime takes a
Carrollian manifold as its boundary.

Symmetry. Carrollian diffeomorphism [20-22], which pre-
serves the null structure of Z*, is generated by the vector &
such that the direction of the null vector y is invariant under
Lie derivative along & [12]

Lex = px. (2)
The general solution of (2) is
E=&y = f(u,Q)d, + Y (Q)o, (3)

where f is any smooth function on Z* and Y4 is any
smooth vector on S2. All the Carrollian diffeomorphisms
consist of a group denoted by Diff(S?) X C®(Z"), i.e., the
semi-product of the diffeomorphisms on the sphere and the
transformations generated by fod, with f&€C®(Z™).

BMS group. The original Bondi-Metzner-Sachs (BMS)
group [23-25] is a subgroup of the Carrollian diffeomor-
phism which is generated by & y with parameters satisfying

f.0) = Q) +3uVar O(1)=0 ()

where the symmetric traceless tensor ®,5(Y) is defined as

Oup(Y) = VaYp + VY4 —rapVeY©. (5)
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TABLE I. Bulk-to-boundary dictionary.
Bulk Boundary
AFS Carrollian manifold

Leading radiative modes
Other modes

EOMs

Symplectic form Q" (5f; 5f)
Leaky fluxes

# of Propagating DOFs

Fundamental fields F ) (u, Q)
Descendant fields

Constraints C(F, F®)) = 0
Symplectic form Q(5F; 5F)
Hamiltonians

Proportion of central charges

The vanishing of the tensor ®,5(Y) indicates that Y4 is a
CKYV. There are various extensions of the BMS group
[26-33]. We will adopt the terminology defined in [14]
that a general supertranslation (GST) is generated by
& = f(u.Q)0,, and a special superrotation (SSR) has
generator &y = Y4(Q)d,. The GST and SSR, consisting
of the Carrollian diffeomorphisms, preserve the null struc-
ture of Z, so they are our main focus. We have also called
the cases of Y4 = Y4(u, Q) a general superrotation and of
f = f(Q) a special supertranslation.

Boundary fields. For a bulk system whose fields are
collected as f(z, x), a variation of the Lagrangian L [f] leads to

SLIf]

SLIf| ==

& — dO(sf: ) (6)

where the first term represents the equation of motion (EOM)
and the second term gives the presymplectic potential.
To solve the EOM, we may expand the bulk field near Z*

F(u,Q) _i_iF uQ) )
=2

f(t,x) =

in the Cartesian coordinates. We have omitted the tensor
indices and superscript for the leading order field. The
coefficients {F(u,Q), F¥)(u,Q)} are boundary fields and
the EOM becomes the following constraint equations

C(F,F®) =0 (8)

among the boundary fields. The boundary fields are
classified into the fundamental fields and descendant fields.
The fundamental fields at Z represent the leading radiative
modes, namely

fAI'”As = rs_lFAl”.AA + O(rx_z) (9)

in retarded frame. The order of other components is at least
O(r*=2). We will write the fundamental fields as F(, for
brevity, where A(s) = A, ---A, represents a set of sym-
metric indices. For s = 0, 1, and 2 can also be denoted by
X, A, and Cyp, respectively, to match with notations of the
general literature. Note that for the spin-2 theory, the

field can also be interpreted as the metric perturbation
69;41/ = ~ Ny~

Constraints and descendants. The descendant fields, deter-
mined by the fundamental fields up to initial data, are not
independent radiative modes. For example, we consider the
scalar theory with a potential V(®) = >, -, 4,®"/n. From
the bulk EOM ¢*® — V/(®) =0, one can derive the
constraints at order O(r=*~1) with k > 2

Ez(k—w _ 1!
2 2(k—1)
k2 kyteebk, =kt

(k) — v, VA 3 (k=1)

sk) k)

(10)

I‘l
..... K21

Descendant fields =) with k > 2 are constrained and will
be determined with appropriate initial conditions. A similar
equation has been obtained in [34,35].

The same analysis can be done for spinning theories and
we get the same conclusion.

Therefore, the bulk equations of motion become con-
straints of boundary fields. The fundamental fields re-
present leading radiative modes, while the descendant
fields could be determined from fundamental fields given
specified initial conditions.

Symplectic form.In the bulk, we may evaluate the sym-
plectic form in a constant r hypersurface H, and find the
boundary symplectic form [36-40] by sending it to Z+
(with 327G = 1 for the gravitational theory)

%WWHI/W@WWAWM, (11)
where the upper indices are raised by the inverse metric of
S?. From the boundary symplectic form, we could work out
the commutators for the fundamental fields

i

[Fas) (,Q), () (. Q)] = =X s (5)(5) 6 (u =

: W)5(Q— Q).

(12)

where the Dirac delta function on the sphere reads
5(Q-Q) =55560-6)5(¢p—¢'). The tensor X, (p()
is the symmetric and trace-free part of y, 5, - -74 p, With
respect to two sets of indices A(s) and B(s), respectively.
For the theories with spin s = 0, we have X = 1, while for
s = 1, we have X, p = 745

One can also define vacua and then obtain the funda-
mental correlators

(O[F a5 (u, Q) F g (', ')[0)
= iXap(s)flu—u')5(Q - Q)

L061901-2
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with p(u—u') = [° dw e ™@==i€)  which will be
useful for computing the central charges.

Hamiltonians. From the symplectic form (11) and the
Carrollian diffeomorphism, we could make use of the
formula below [39,40]

irQ(5F, 6F) = H (13)

to find the corresponding Hamiltonian operators
TS = / dudQf (u, Q) : Fy FAW) -,

1
My =3 / dudQy 4 (Q) PABLICDE)
x ( :FB(S)VCFD(S) - FB(s)vCFD(S) D, (14)

where we have imposed normal order to quantize the
operators, and the tensor Pyp(s)cp(s) 18 the symmetric and
trace-free part of

(YacYB,p, + SYaB,YcD, = S7aD,YCB,)VBy0, VB,  (15)

concerning B(s) and D(s), respectively. Note that the
variation of field J¢F 5 (,) needs to be modified to covariant
variation, seeing (19) and below. At last, these
Hamiltonians are just the hard part of so-called BMS
fluxes [41-44], as shown in [14].

Leaky  fluxes. Interestingly, the aforementioned
Hamiltonians are just the fluxes of Noether’s charges
arriving at Z*. Take the translation as an example. The
four-momentum flux 7% arriving at Z*, may be computed
from the bulk stress tensor 7+

T = / (dx), T = — / dudQn“F o FA©). (16)
Z+

Here n® is a null vector which reads n* = (1,n')in
Cartesian coordinates with n’ the unit normal vector for
§2. One can check that the result is T ; with f taking —n“.
Note that the quantity 7 is not a conservative charge but
the leaky flux [31,40,41,45] from bulk to boundary. From
the Poincaré fluxes, one can define two local density
operators

T“'(u, Q) = FA(‘)FA(Y) o (17&)
M3 (1, Q) = 3 (: FIOYEEDG) — FROVERDO);)
X Pap(s)cp(s)- (17b)

We can perform the (generalized) Fourier transforms to
these density operators

T = / dudQf(u, QT (. Q). (18a)

v = /dudQYA(u,Q)Mjl(u, Q). (18b)
However, to preserve the null structure of Z* and get a
closed algebra, we have to impose ¥ = 0 which makes M,
be the Hamiltonian operator related to the SSR. Hence, we
conclude that the bulk leaky fluxes are precisely the
corresponding Hamiltonians at the boundary.

Actions on radiative fields. We find that all the physical
operators (including the helicity flux operators below) have
the unified form

i / dudQ: FACBF, . (19)

where “8F 5 (,)” denotes the corresponding covariant varia-
tion of Fj() induced by taking the commutator with

Hamiltonian operators. For example, the supertranslation
operators can be written in the form below

T =i / dudQ: FAOBF, 1 (20)

with the following covariant variation
8F () = [T, Fa)) = fFa)- (21)

It is easy to see that 5F () agrees with 6,F () induced by
Lie derivative.

The covariant variation of superrotation is denoted as
Ay =8y = 6;_1,vy, where the 8y corresponds to the

standard superrotation. Hence we can define superrotation
flux operators as

v =i / dudQ: FAOI A F (22)

where
AyFp(s) = i[My., Fp(y)]

= pan(s)co(s) YAVEFEW

1 ,
+ 5 PAB(s)CD(.v)FB<“)VCYAv (23)

and we have defined pap(scnis) =3 (Pass)cnis) +
Pap(s)cB(s))-

Contrary to the supertranslation, the covariant variation of
the superrotation differs from the one induced by Lie
derivative. The origin lies in the fact §yy,p =045(Y)#O0.
To be adapted to the boundary metric, we introduce a
“connection” I'yz(Y) = 10,5(Y), and define the covariant
variation Jdy by regarding the variation induced by Lie
derivative as the ordinary variation, in parallel to the definition
of the covariant derivative. One can check the linearity,
Leibniz rule, metric compatibility, and the last one, acting on
scalar fields like the ordinary variation, i.e., yX = dyX.

L061901-3
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In summary, we use the covariant variations to
find a unified form for all the physical operators,
which are adapted to the boundary metric,
consistent with the starting point that all the
fields locate at an asymptotically flat spacetime.

Commutation relations. We could write the general form of
commutators among the supertranslation and superrotation
operators for the theories with spin s

(T35, T3 = Colfo. f) +iT5 ;. (24)
[T‘},Msy] = _iTSYAVAf’ (24b)
My, M| = iM}y 5 +isOy 4. (24¢)
where we have defined the following function
1
o(Y,2) = ;" 0u5(Y)0¢(2), (25)

which vanishes by definition when Y or Z is a CKV.
C5(f1, f2) represent central charges which for s = 0 takes
the form

i6)(0)

5s=0
Cr N (f1f2) =~

/dudﬂ(flfz—fzfl)- (26)

The Maxwell field and gravitational field have two propa-
gating degrees of freedom (DOFs) at 7+, so their central
charges are exactly twice larger than (26). In general d
dimensions, the central charge for the Maxwell theory is
d — 2 times as large as (26), as expected, while for the spin-
2 theory, the number of propagating DOFs is d(d — 3)/2,
which is exactly the proportion of this central charge. This
fact illustrates that the number of propagating DOFs in the
bulk corresponds to the proportion of the central charges
at the boundary.

Regularization of 5 (0). Using the orthogonal and com-
plete relations for spherical harmonics Y,,,(Q), one can
show that 5)(0) is exactly the density of states on S,
which is represented by an infinite sum ) _,, 1. One can
use the spectral zeta function regularization [46,47] for the
Laplace operator on the compact manifold S? to find a finite
result. One can also use the heat kernel method [48-50] to
evaluate this sum. These two methods give the same results
in d = 4, namely 8 (0) = 1/12x. These regularizations
may be valid in higher dimensions [16].

Duality operators. For the scalar theory, (26) realizes the
Carrollian diffeomorphisms with a central extension.
However, if the spin is not zero, we must include a
generalized duality operator O to form a closed algebra,
which can also be written in the aforementioned form (19)
by virtue of 6,F 5(y). As the result of Y = 0, we require the

parameters g of duality operators to be time-independent.
The above covariant variations read

(05, Fags)] = =igQuas)p(s) FE. (27)

where Q()p(s) 1 the symmetric and trace-free part of
€A, Y4B, """ Yap, With respect to A(s) and B(s),
respectively.

As is known, the duality transformations is a symmetry
for the free Maxwell theory [51-56] and linearized gravity
theory [57-59]. They rotate the field strength tensors with
their Hodge duals. The infinitesimal duality transforma-

tions at Z* reduce to

8cFa(s) = €F (). 8cF sy = —€Fag),  (28)

where F A(s) 18 the dual fundamental field at 7 *, which
relates to F () through F A(s)=Qa(s)B(s)F B(s). As an exam-
ple, we could write out AA = €BAAB, CAB = QABCDCCD.

Now, one can derive the Hamiltonians related to the
duality transformations and also the corresponding flux
operators. The results are precisely Of, with parameters ¢
constants. They can be extended to smooth functions on the
sphere which we call special super-duality transformations
(SSDTs), but cannot be time-dependent due to the nonlocal
term. Nevertheless, we call the latter as general super-duality
transformation. The corresponding operators are called
duality operators since it is the generator of duality trans-
formations. Readers may need to be careful to distinguish
this name from the dual charges constructed from the dual
field A(s)> Such as dual mass/angular momentum, which are
the dual counterparts to the normal charges [56,60—65]. One
can also refer to O; as helicity flux operators since the fluxes
evaluate the difference between the numbers of particles
with left and right helicity. In particular, the flux is called
optical helicity [53] for the Maxwell theory.

Phase transformation. Actually, when we switch the
fundamental fields to complex scalars through the vector
¢4 = (1,—i/sin@) and its complex conjugate &4, namely
taking y* = F (¢4 -+ - &% and ' = F (M -+ &, the
duality transformations become phase transformations of
the complex scalars. The flux density operator correspond-
ing to the phase transformation is

i - — .5
O (1. Q) = =5 (y'y* =gy ), (29)

and we find the superrotation flux operator can be written as
My = / dudQY* s, +$ / dudQo(y,5)0°(u,Q),  (30)
where

¢ 1 = ¢ 9 .5 — 5 — 5 .8 s L‘x
S$a=4 W Vay' +y Vair' =i Vay' —y'Vyys) - (31)

L061901-4



HOLOGRAPHIC DICTIONARY FROM BULK REDUCTION

PHYS. REV. D 109, L061901 (2024)

and
0(y,5) = yVul4 = EAV 4y — §V, (A 4+ (AV, Y

with y = Y4¢, and y = YAZ,. It implies that the super-
rotation flux operator can be divided into a duality part
%Oz(y&) and a part which is in the same form as the
superrotation flux operator in the spin-0 theory, namely that
Sy = [ dudQY*S:, is just the form of the complex version of

(32)

M(}/szo)‘ The duality part is proportional to the spin s which
leads to the appearance of s in (24c).

Intertwined algebra. Including the duality operators for
spinning theories, one needs to calculate out the commu-
tators involving Oj to complete the algebra. The result is

[T5.03] =0, (33a)
(M3, 03] = iO4g . (33b)
|
f(u,Q).Y=0
—0 Carr. diffeo.
rodul. | f=1V.¥.¥=0
gener. BMS

Fu,Q), YA (u,Q), s .
most general case f(l/t, Q), Y= g= 0
Carr. diffeo.xSSDTs
f=ivV.y.y=4=0
gener. BMSxSSDTs

s#0

with dual.

Although we show a series of groups, it must be pointed
out that our main concern is the Carrollian diffeomorphism.
That is because it preserves the null structure of the Z* and
leads to a closed algebra. The time-dependence of f may be
alittle surprising. However, seeing T*(u, Q) =: F/ A(S)FA(S) :
as a natural local object at Z* and taking the Fourier
transform of this density implies that we need to consider
the general f. Such a Fourier transform encodes all the
information about the momentum radiation. In particular,
if we take f as a natural basis at R x S2, ie., f=
e" @y, ,.(Q), we find that (24a) is a Virasoro algebra
for the real scalar, and the same is true for the spinning
theories except that the central term will be twice as large.
As a matter of fact, such a time-dependence appears in the
context of the light-ray operator formalism [68—71] which
is related to the collider physics.

Conclusions. We propose a systematic way to obtain field
theory at Z* from bulk reduction. We find some intrinsic
characteristics of the boundary theory that capture the
essence of the dictionary: There are fundamental fields that
are unconstrained and determine their descendants up to
initial data. The boundary symplectic forms only depend on

©;

9

051 =0 (33¢)
The algebra (24) and (33) shows the intertwinement
between Carrollian diffeomorphisms and SSDTs.

Truncated algebras. Imposing ¥ = g = 0 gives the pre-
vious closed algebra. If we further demand Y to be a CKV,
then we obtain the Newmann-Unti group [66,67]
NU(Z",y.x) = Conf(§?) X C*(Z"), where Conf(S?)
denotes the conformal transformations on the sphere. On
the other hand, we could also require f =1V .Y.¥ =
g=20, and the result is the generalized BMS group
(intertwined with duality transformations for the spinning
theory). At last, the original BMS group is obtained when
f=1V.Y, ¥4 = @Y%, and the Poincaré group is recov-
ered if f=an, Y* = w"Y4, where a* and @" are
constants. We can use a schematic diagram to show how

various groups are related:

fu,Q), YA =Y, s

A

NU group
. ifza“nﬂ,YA:w””Yﬁy,s
f=IV.y, YA =wY4 s incaryé
2 s nal Poincaryé trans.
original BMS

these fields and give the fundamental commutators and
correlators. The transformations of fundamental fields
under the Carrollian diffeomorphism are adapted to the
boundary metric and lead to the Hamiltonians or leaky
fluxes at the boundary. Taking normal order results in
quantum operators, which form a representation of the
Carrollian diffeomorphism. These properties have been
checked by virtue of the field theories with any integer spin,
which may provide new insight to the construction of the
general Carrollian field theories. It will be our future
interest to check the above properties of boundary theory,
improve the dictionary, and investigate how these may help
to understand the quantum gravity in the bulk.

Discussions. We consider the Carrollian diffeomorphism
& y linking two boundary fields F,(u, Q) and F,(u,Q),
whose bulk counterparts f, (z,x) and f, (¢, x) are related by a
bulk transformation. It is interesting to investigate how our
boundary transformation will react the bulk physics or
solution space in the future. Moreover, taking soft limit in
the basis f = e~™"Y, , (Q), the Carrollian diffeomorphism
reduces back to the generalized BMS group for which the
equivalence between the Ward identities and (leading and

L061901-5
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subleading) soft graviton theorems has been checked. It is
natural to ask how the Carrollian diffeomorphism is
integrated into S-matrix. Under a Carrollian diffeomor-
phism generated by & there is an equation relating the
fluxes Qg at 7" and Z~

1
O¢lr+ — O¢lr- = 3 A o d*xTH8eg,, (34)

like (4.77) in [16]. Bracketing (34) by in and out states, we
will get a similar expression as Ward identity in [1] which
relates to the soft theorem, except that there will be
nontrivial contributions from the insertion of stress tensor
in S-matrix. This problem deserves further study.

Acknowledgments. The work of J. L. is supported by NSFC
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