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Neutron stars (NSs) serve as laboratories for probing strongly interacting matter at the most extreme
densities and nearly vanishing temperature. Their inner cores are expected to be dense enough to
host deconfined quark matter. Utilizing state-of-the-art theoretical and multimessenger constraints, we
statistically determine the bulk properties of dense NS matter. We show that the speed of sound can be
expressed in terms of the slope and curvature of the energy per particle. We demonstrate that the restoration
of conformal symmetry requires changing the sign of the curvature of the bulk energy per particle as a
function of energy density. Furthermore, we find that such a sign change is closely related to the peak in the
speed of sound. We argue that the curvature of the energy per particle may serve as an approximate order
parameter that signifies the onset of strongly coupled conformal matter in the NS core.
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Introduction. The main extraterrestrial laboratories of
dense nuclear matter are neutron stars (NSs), which can
host matter up to several times the saturation density
(g = 0.16 fm™3). The key quantity that determines the
observed properties of these objects is the equation of state
(EOS). One of the goals of multimessenger astrophysics is
to determine the EOS of dense nuclear matter. It is to be
expected that NSs may contain exotic matter such as exotic
hadrons, hadronic resonances, or even quark matter in their
interiors. The appearance of exotic matter is usually
associated with a strong first-order phase transition, but
other possibilities, e.g., a local peak in the speed of sound,
are also not excluded. Such nonmonotonic behaviors of the
EOS are reflected in the speed of sound, which provides
valuable insights into the microscopic description of dense
matter. At 7 = 0 it is given as

a=2-2% (1

where p is the pressure, € is the energy density, # is the net-
baryon number density, and u is the baryon chemical
potential. Low-density nuclear matter (n < 2ng,) is faithfully
described by chiral effective field theory, which provided
the first indications of violation of the conformal bound of
c2 =1/3 in dense nuclear matter [1]. However, due to
the nonperturbative nature of quantum chromodynamics

“michal. marczenko @ uwr.edu.pl

2470-0010,/2024/109(4)/L041302(7)

L041302-1

(QCD) at low densities, first-principle calculations are
only accessible through perturbative QCD (pQCD) methods
at extremely high densities (n 2 40ny,). Nevertheless,
they confirm that the conformal limit is achieved asymp-
totically [2]. At intermediate densities, relevant for the
phenomenology of NSs, great progress in constraining the
EOS was achieved by systematic analyses of recent astro-
physical observations of the massive pulsars PSR J0740 +
6620 [3—-6] and PSR J0030 + 0451 [7] by the NICER Colla-
boration and the constraint from the GW170817 event [8],
within parametric models of the EOS (see, e.g., [5,9-36]).
Recently, the trace anomaly scaled by the energy density,

-3 1
A= " P (2)
3e 3 €

attracted a great deal of attention in the context of neutron
stars [37]. The vanishing A is a consequence of conformal
invariance. The speed of sound in Eq. (1) can be expressed
in terms of A and its derivative as

cgzl—A—A’, (3)
3

where A’ = dA/d loge. The swift increase of the speed of
sound above its conformal value is related to the swift
restoration of conformality [37]. Interestingly, dense matter
shows conformal behavior in the cores of the heaviest
NSs at densities € ~ 1 GeV/fm?® [37,38]. Another impor-
tant quantity that is linked to the speed of sound and trace
anomaly is the polytropic index

© 2024 American Physical Society


https://orcid.org/0000-0003-2815-0564
https://orcid.org/0000-0002-2629-1710
https://orcid.org/0000-0003-4612-3375
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.L041302&domain=pdf&date_stamp=2024-02-05
https://doi.org/10.1103/PhysRevD.109.L041302
https://doi.org/10.1103/PhysRevD.109.L041302
https://doi.org/10.1103/PhysRevD.109.L041302
https://doi.org/10.1103/PhysRevD.109.L041302

MARCZENKO, REDLICH, and SASAKI

PHYS. REV. D 109, L041302 (2024)

dlogp € , c2
o= 4

=1 loge p
As the scale invariance becomes restored in QCD, c% -
1/3 and A - 0, thus y — 1.

Using the thermodynamic relations de = udn and
p = n*d(e/n)/dn, the speed of sound can be expressed
in a different form as follows:

1 232
Cgi_d_pzzzde/n n_de/n:a_hﬁ’ (5)

S udn Tpodn o ou dn?

where

c? 1/3-A

= —2 =2-a (6

Notably, a and f are directly proportional to the slope and
curvature of the bulk energy per particle ¢/n, respectively.
At low densities, the conformal symmetry is broken, i.e.,
A =~1/3 and ¢ ~0. Consequently, @~ 0 and =~ c2. On
the other hand, at high densities, the system restores its
conformal invariance, i.e., ¢2 — 1/3 and A — 0. In turn,
a— 1/2 and f - —1/6. We note that f is also related to
the compression modulus of nuclear matter [39]. Evidently,
at low densities, f is a non-negative increasing function of
the energy density. Approaching the conformal limit,
however, requires it to change the sign from positive to
negative. From Eq. (6), one sees that the curvature of the
energy per particle vanishes for ¢2 + y = 2. Moreover, the
conformally broken (f > 0) and restored (f < 0) phases
can be characterized by ¢2 +y > 2 and ¢ + y < 2, respec-
tively. We note that ¢2€[0, 1] and A € [-2/3,1/3], there-
fore a€[0,1] and pe[-1,1].

In this Letter, we propose the curvature of the bulk
energy per particle as an effective measure of conformality.
We argue that the negative curvature signifies the onset of
strongly coupled conformal matter. We analyze its behavior
statistically as well as in terms of a simple parametrized
model of trace anomaly. We discuss possible implications
for the phenomenology of NSs and relations to other
important physical quantities.

Methodology. We construct an ensemble of equations of
state based on the piecewise-linear speed-of-sound para-
metrization [15]. The model has been already used in
several other works [19,21,38,40,40]. Here, we follow the
prescription provided in Ref. [19]. At densities n < 0.5n,,
we use the Baym-Pethick-Sutherland (BPS) EOS [41]. In
the range (0.5-1.1) ng, we use the monotrope EOS,
P =Kn', where T'€(1.77,3.23) is sampled randomly
and K is matched with the BPS EOS at 0.5n,. At densities
n 2z 40ng, we use the pQCD results for the pressure,
density, and speed of sound of cold quark matter in
p-equilibrium [2]. The density and speed of sound can

be calculated straightforwardly from the pressure. In this

Letter, we use the pQCD results down to pyqcp= 2.6 GeV.
At densities 1.1ng < n < n(uyocp) We use the piece-

wise-linear parametrization of the speed of sound,

i —_ Cz.- + — Ui C2»
() = (i1 = w)esi + (= Hi) it )

Hiv1 — Hi

where p; < u < p; . We generate N pairs of y; and C?,i’
where y; € [u(no). upacp) and cZ; € [0, 1]. The values of u;
and c7 are fixed by the values of the monotrope EOS at
ny = L.1ng, and uy = pyoep-

The net-baryon number density can be expressed as

n(u) = ngexp /ﬂ dv 2] (8)

w o v (@)

where ny = 1.1ng and uy = u(ny). Integrating Eq. (8)
gives the pressure

) = po+ / " dun(v), 9)

Ho

where py = p(u(ny)).
In addition to requiring consistency with the pQCD

results at high densities, we impose observational astro-
physical constraints. First, we utilize the GW170817 event
measured by the LIGO/Virgo Collaboration. Viable equa-
tions of state should also result in a 1.4M NS with tidal
deformability of a 1.4My NS, A4 = 190350 [8]. Second,
we use the recently reported mass of the black widow
pulsar PSR J0952-0607 [42], M = 2.35 + 0.17M, which
is the heaviest detected neutron star. The pulsar is also
among the fastest known rotating neutron stars and cor-
rections are required to incorporate the equivalent non-
rotating mass. As pointed out in Ref. [43], using method-
ology from Ref. [44], the uncertainty in the correction is
smaller than the uncertainty in the heavy-mass measure-
ment itself. Therefore, we require the maximal mass [i.e.,
the Tolman-Oppenheimer-Volkoff (TOV) limit] to be at
least the lower bound of the mass of PSR J0952-0607, i.e.,
Moy > 2.18M . In total, we analyzed a sample of 6 x 10°
equations of state with N =7 that satisfy the pQCD
boundary conditions, as well as the observational con-
straints from gravitational wave and pulsar measurements.

Results. In Fig. 1, we show the confidence intervals (Cls) of
the curvature of the energy per particle f as a function of
energy density. At low densities, f# increases and develops a
maximum, similar to the speed of sound [19,38]. This is
due to the low-density behavior being dominated by the
swift increase in the speed of sound, while the trace
anomaly changes only mildly. After ¢? develops a maxi-
mum, /3 starts to decrease driven by the monotonic decrease
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FIG. 1. The curvature of the energy per particle f as a function
of energy density. Shown are results at 16 (68%) and 20 (95%)
confidence intervals. Additionally, marked are 1o and 20 esti-
mates of energy densities for centers of 1.4M NSs (green), the
peak of the speed of sound (purple), vanishing curvature of the
energy per particle (gray), and centers of maximally massive NSs
(blue). The orange band at high densities shows the pQCD
constraint. The horizontal, dashed black line marks g = 0.

of the trace anomaly A. Consequently, # becomes negative
and reaches the pQCD constraint at high density with
negative values. We note that the notable peak in f at
densities close to the imposed pQCD constraint is due to
the parametrization method employed in this study, which
allows for large variations of ¢ at chemical potential close
to upoep (see Refs. [15,19,22]). This artifact should not
affect our findings at densities below ~epqy, which are
relevant for the phenomenology of NSs.

The key result of this work is the determination of
the energy density €4 for the vanishing curvature of

the energy per particle f. We find the median e; =

0.678" 760 2s1) GeV/fm’ at 16(26) CL. We note that,

in general, the current multimessenger constraints do
not forbid f to change the sign multiple times. We

find that this wusually happens well above epgy =

1073 0700200 GeV/fm? at 16(20) CI and, thus, is not

relevant to the results reported in this Letter. In our
sample, we find the position of the maximum of speed

of sound at €y = 0.500") 075 GeV/fm® at 16(20)

CI. Remarkably, the curvature f vanishes consistently at

densities between €, and ergy. We note that the peak in

¢2 can be phenomenologically interpreted by connecting it

to the phase boundary obtained in first-principles lattice
QCD calculations and percolation threshold extracted from
heavy-ion collision experiments [38]. Following the above
discussion, one can conclude that the change in the sign
of curvature of the energy per particle can be connected
with the existence of the maximum in speed of sound.
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FIG. 2. Curvature of the energy per particle § and its decom-
position [see Eq. (6) for details] in the parametrized model
from Eq. (10). Solid lines indicate the limiting values in the
conformally symmetric phase (see text). Gray, dashed lines
mark g = 0.

Therefore, the negative curvature of the energy per particle
in the interior of NSs can be attributed to the change in
medium composition.

To qualitatively understand the structure of S, we
consider a minimal parametrization of monotonically
decreasing A that fits the observational data [37],

11 A
MO =373 o1 (1 "B+ n2>’ 1)

where k =345, n. =12, A=2, B=20, n=1loge/ey,
and € = 0.15 GeV/fm3. We note that A > 0 in this model.
In Fig. 2, we show f and its decomposition [see Eq. (6)]
using the model introduced in Eq. (10). At small densities,
a < c2 and f is positive, owing to increasing ¢Z and mildly
changing A. The most interesting is the behavior around
€ = 0.4-0.9 GeV/fm?. The speed of sound develops a
peak at a value above the conformal value of 1/3. Because
A in Eq. (10) is a monotonic function, @ increases smoothly
from O to 1/2. Eventually, the speed of sound develops a
maximum, signaling swift restoration of conformality [37].
Consequently, a > ¢2, and  becomes negative at €~
0.8 GeV/fm>. From the decomposition of f, it is clear
that negative curvature of energy per particle signals the
restoration of conformal symmetry. At high densities, the
speed of sound has to converge to the conformal value 1/3.
Therefore, our interpretation is valid regardless of the
height of the peak in c2.

We also indicate that the additional requirement of the
positive definiteness of A allows us to find constraints for
c% 5 and y; at which the curvature of energy per particle
vanishes. From Eq. (6), the condition f = 0 implies the
following relations:
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FIG. 3. Comparison of physical quantities obtained in the
parametrized model in Eq. (10). Solid lines indicate the limiting
values in the conformally symmetric phase (see text). Gray,
dashed lines mark f = 0. Circles indicate criteria for identifica-
tion of conformal matter, y = 1.75 [15], d. = 0.2 [45], f =0
(this Letter).

and

_4cpm 12 _4y=3/2
3 ciﬂ—2 3

Ay (12)

Under the assumption that A > 0, from Eq. (12), one gets
that ci s < 1/2andyy > 3/2. We confirm that indeed in the
parametrized model f = 0 is characterized by cfﬁ ~ 0.4
and yz ~ 1.6, which is consistent with the extracted inequal-
ities (see Fig. 3). We note that, in principle, violation of the
above inequalities would imply A < 0.

In Fig. 4, we compile several physical quantities as
functions of energy density: the speed of sound c2,
polytropic index y, trace anomaly A, and a measure of
conformality d.. The last quantity was recently proposed
as an effective measure of the restoration of conformal
symmetry and combines the trace anomaly A and its
logarithmic derivative with respect to energy density A’
into a single quantity [45],

d. = /A% + (A" (13)
At low density d, =~ 1/3, but as the conformal symmetry is
restored, d. — 0.

Interestingly, all quantities shown in Fig. 4 manifest
nontrivial behavior within our estimate for the energy
density of vanishing curvature of energy per particle.
The extracted values of the parameters are listed in
Table 1. They are consistent with the threshold values

e ' 68% CI ---
s 95% CI -

€ [GeV /fm?]

FIG. 4. The speed of sound c2, polytropic index y, trace
anomaly A, measure of conformality d,. as functions of energy
density. Shown are results at 1o (68%) and 20 (95%) confidence
intervals. The gray region shows lo and 26 estimates of energy
density for vanishing curvature of the energy per particle,
ie, p=0.

adopted in the literature, y = 1.75 [15] and d,. = 0.2 [45].
From the condition in Eq. (11) one may show that
d.p 2 0.16. We also illustrate this in the parametrized
model from Eq. (10) in Fig. 3 with a similar conclusion. We
obtain d,. 5~ 0.17, c?_ﬁ ~ 0.4, and y; ~ 1.6. We also con-
firmed that the condition in Eq. (11) holds in the ensemble
of equations of state considered in this Letter. Our results
signify the role of the curvature of the energy per particle in
quantifying the onset of deconfined/conformal matter. We
note that finite-temperature effects would introduce addi-
tional terms in Eq. (1). Thus, in general, the decomposition
of the speed of sound in Eq. (5) is not valid at finite
temperature. Nevertheless, these effects are expected to be
small at relatively low temperature. Thus, the demarcation
of the conformal regime with negative curvature of the
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TABLE I. Estimates of the selected properties of dense matter at the center of 1.4M g neutron star (M 4), at the
peak of the speed of sound (c?_peak), changeover to conformal regime (f = 0), maximally massive neutron star
(Mtov), and conformal equation of state in the high-density limit (pQCD). Error bars are given at lo (20)

confidence level.

¢ (GeV/fm3) 2 v A d, B
ML 0406 QIR 0600 S04 oo el 0asgen 03 gm0
s 05000008 086 201 37T 01 R 061 00 046 000
PO 0esEIO) 050N a0l oy 0
Miow Lo RO 0as 00T 0s00E0S om0l 0ntEOD oapen
pQCD 0 1/3 1 0 0 -1/6

energy per particle should remain valid at relatively low
temperature. We plan to elaborate on this issue elsewhere.

Finally, we remark on the first-order phase transition
(FOPT). In general, a FOPT implies a plateau of constant
pressure between two values of energy density, €, and eg,
ie., p(ep <€ <eg)= pp =const. In turn, the speed of
sound vanishes c?(e; < € < eg) = 0. On the other hand,
the trace anomaly A increases from ¢y to eg, i.e., A(eg) >
A(er). Consequently, FOPT acts against the restoration
of conformal symmetry. However, the curvature of the
energy per particle  becomes negative. Thus, the sign
change of f can potentially be also linked to the FOPT in
dense matter. Nevertheless, having an array of various
physical quantities at our disposal allows us to discriminate
this scenario from a continuous restoration of conformality.
We also note that at present there is very limited evidence
favoring strong FOPT (see, e.g., studies based on Bayesian
inference [43] and recent lattice QCD results featuring a
peak in ¢? at vanishing temperature and finite isospin
chemical potential [46]). Certainly, new data from the next
LIGO observation run, as well as the third generation of
gravitational-wave detectors, will allow us to determine if
there are discontinuities such as a FOPT in the cores
of NSs.

Conclusions. We have statistically determined the bulk
properties of the neutron star equation of state in view of
current multimessenger constraints. We provided new
arguments that dense matter in the cores of the most
massive NSs may be almost conformal. We proposed a
new criterion of conformality, the curvature of energy per
particle. This quantity is positive at low densities and

dominated by the swift increase in the speed of sound,
which develops a peak, signaling fast approach to con-
formality [37]. We demonstrated that the curvature of
energy per particle must become negative as conformal
symmetry is restored. We have shown that this changeover
happens at energy densities between central energy den-
sities of canonical 1.4M; and maximally massive NSs.
Therefore, the most massive NSs may contain almost
conformal matter. Moreover, we found that it is closely
related to the position of the peak in the speed of sound,
which strongly indicates a phase change in dense medium
[38]. We also confirmed that our criterion is consistent with
other criteria used in the literature.

It is desired to further explore our findings within
effective models of the NS matter to determine microscopic
characteristics of the QCD EOS related to the onset of the
strongly coupled conformal matter.
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