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We argue that the celestial conformal field theory exhibits patterns of a logarithmic conformal field
theory. We uncover a Jordan block structure involving the celestial stress tensor and its logarithmic partner,
a composite operator built from the stress tensor and the Liouville field. Using a limiting process whose
parameter corresponds to the infrared cutoff of gravity, we perform some basic consistency checks,
particularly the calculation of two-point correlators, which reveals the expected logarithmic behavior. We
comment on the vanishing value of the central charge in the celestial conformal field theory and explain
how the logarithmic partner is relevant for its well-behavedness.
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Introduction. Celestial holography aims at reformulating
the S matrix in four-dimensional (4D) flat spacetime in
terms of correlation functions of a 2D conformal field
theory (CFT), coined celestial CFT (CCFT), living on the
celestial sphere. In practice, this is achieved by expressing
the scattering amplitudes in the boost eigenstate basis rather
than in the usual energy eigenstate basis, hence high-
lighting the conformal properties of the amplitudes [1–7].
In this framework, the soft theorems for the amplitudes can
be reformulated as conformally soft theorems [5,8–11],
which in turn are interpreted as Ward identities for the
CCFT correlators. For instance, the subleading soft grav-
iton theorem can be recast as a Ward identity of a 2D
CFT involving the celestial stress tensor [12]. So far,
there is no independent definition of a CCFT other than
translating bulk scattering data into CFT language (see,
however, [13]).
Among the exotic properties of the CCFT, the Virasoro

central charge c has been shown to vanish for a tree-
level scattering after considering colinear and double soft
limits of amplitudes [14,15]. This result was also obtained
through a complementary approach by computing the
Bondi–van der Burg–Metzner–Sachs (BMS) flux algebra
in an asymptotic symmetry analysis [16,17] and can be
explained by the presence of only one scale, Newton’s
constant G, for gravity with a vanishing cosmological

constant, which is not enough to build a dimensionless
Virasoro central charge.
While in a standard unitary Lorentzian/reflection-

positive Euclidean CFT, the property c ¼ 0 would imply
that the theory under consideration is trivial, the CCFT is
not expected to be of this type and therefore could admit a
nontrivial spectrum despite c ¼ 0. However, even in this
case, one would have to face the issue of the “c ¼ 0
catastrophe” [18], which states that a generic CFT is ill-
defined when the central charge vanishes. A class of CFTs
consistent with the property c ¼ 0 are logarithmic CFTs
(log CFTs), see, e.g., [18,19], whose defining property is
the presence of a Jordan block structure under dilatation
yielding a logarithmic two-point correlation function. It is,
therefore, natural to ask whether the CCFT, whose central
charge vanishes, is of this type.
It was early noticed that, in addition to the stress tensor,

the CCFT admits another (2, 0) operator in the conformally
soft limit [5,8,20]. The two operators are symplectic
partners: They are constructed from the symplectic product
of the linearized operator at null infinity with the Goldstone
mode wave function and the logarithmic branch, respec-
tively. The vanishing of the central charge together with
the presence of a (2, 0) partner to the stress tensor is the
smoking gun for a log CFT.
The aim of this paper is to show that, indeed, the CCFT

exhibits a log CFT structure. To do so, we identify the (2, 0)
logarithmic partner of the celestial stress tensor. A key
ingredient in this construction is the Liouville field (also
called superboost field) that was identified in [21,22] and
that appears naturally in the radiative phase space at null
infinity. We explicitly obtain the log CFT structure from a
limiting process of the type discussed in [19] and reviewed
in the next section, where the role of the infinitesimal
parameter is played by the infrared (IR) cutoff for gravity in
flat spacetime.
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Log CFT aspects. Log CFTs were introduced three decades
ago by Gurarie [23], see [24,25] for general reviews
and [26] for a review on holographic aspects.
Log CFTs obtain their name from logarithms appearing in

certain correlation functions. However, their defining prop-
erty is a Jordan block involving two (or more) operators with
degenerate scaling dimensions. Algebraically, this means
one has reducible but indecomposable representations (typ-
ically related to so-called “staggered modules’;’ see [27]).
We focus on the case when there are exactly two

operators t, T with degenerate scaling dimensions (2, 0)
forming a logarithmic pair and assume that the Virasoro
generator L0 cannot be diagonalized, i.e., has a Jordan
block

L0

� jti
jTi

�
¼

�
2 1

0 2

�� jti
jTi

�
: ð1Þ

The quantities jti and jTi are the states associated with the
operators t, T via the state-operator correspondence. For
our purposes, T is the stress tensor, and t is its logarithmic
partner.
The above Jordan block structure appears naturally as a

resolution of the “c ¼ 0 catastrophe” [18]. Since the CCFT
is a CFT with vanishing central charge, this “catastrophe”
applies to us, so we briefly review the arguments summa-
rized by Cardy [19]. In a generic 2D CFT, the operator
product expansion (OPE) of some chiral primary field Oh
with itself

OhðzÞOhð0Þ ¼
a
z2h

�
1þ 2h

c
z2Tð0Þ þ…

�
ð2Þ

involves the conformal weight h of the primary and the
stress tensor T.1 In the limit of vanishing c, the second term
in parentheses is ill-defined unless one of the three
conditions is fulfilled:
(1) The normalization a vanishes for c → 0.
(2) The conformal weight h vanishes for c → 0.
(3) The omitted terms in the ellipsis contain another

expression with a pole in c such that both poles
cancel and the limit c → 0 can be taken.

The first two options do not apply in our context. Hence,
we elaborate on the third option. The OPE expression that
includes the additional pole,

OhðzÞOhð0Þ ¼
a
z2h

�
1þ 2h

c
z2
�
Tð0Þ −Mð0Þ�þ…

�
; ð3Þ

has a well-defined c → 0 limit, provided MðzÞ ¼ TðzÞþ
OðcÞ. The operator tðzÞ ∝ limc→0ðMðzÞ − TðzÞÞ=c is

well-defined and constitutes the logarithmic partner of T.
In conclusion, the third resolution of the c ¼ 0 catastrophe
leads to a log CFT where the stress tensor T acquires a
logarithmic partner t.
A convenient way to construct such log CFTs is via a

limiting process c → 0. Assume we have a family of
(possibly nonunitary) CFTs with a chiral primary operator
Mϵ that has conformal weights ð2þ ϵ; 0Þ for some ϵ > 0
(the CFT may contain additional primaries, but we do not
care about them). The central charge of these CFTs is
assumed to scale linearly in ϵ, c ¼ −2bϵ with some b ≠ 0.
Before taking any limits, the nonvanishing two-point
functions are given by

hMϵðzÞMϵð0Þi ¼
a

z4þ2ϵ ¼
a
z4
�
1 − 2ϵ ln zþOðϵ2Þ�;

hTðzÞTð0Þi ¼ −
bϵ
z4

: ð4Þ

Anticipating the limit ϵ → 0, we define an operator that
turns into the logarithmic partner of T for ϵ → 0,

tϵðzÞ≡MϵðzÞ − TðzÞ
ϵ

: ð5Þ

Its correlator with the stress tensor is nontrivial and
independent from ϵ,

htϵðzÞTð0Þi ¼ −
1

ϵ
hTðzÞTð0Þi ¼ b

z4
: ð6Þ

For the limit of the autocorrelator

htϵðzÞtϵð0Þi ¼
1

ϵ2
a
z4
ð1 − 2ϵ ln zþ…Þ − b

ϵz4
ð7Þ

to exist, we are forced to assume a ¼ bϵþ ãϵ2 þ � � � This
concurs with the general discussion of the third resolution
of the c ¼ 0 catastrophe. Finally, defining the logarithmic
partner of the stress tensor as t≡ limϵ→0 tϵ obtains the two-
point correlation functions in the limit of vanishing central
charge,

hTðzÞTð0Þi ¼ 0; ð8Þ

htðzÞTð0Þi ¼ b
z4

; ð9Þ

htðzÞtð0Þi ¼ −
2b lnðμzÞ

z4
: ð10Þ

The parameter μ ¼ expð−ã=ð2bÞÞ is physically irrelevant
and stems from an ambiguity in the definition of t, namely
t → tþ γT with some finite γ.
Let us now uncover the Jordan block structure (1) from

the limiting construction above. Acting with the Virasoro
generator L0 on Mϵ and T yields

1Similar considerations apply to the other chirality, but we do
not display the analogous formulas with bars on top of various
quantities.
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L0jMϵi ¼ ð2þ ϵÞjMϵi; L0jTi ¼ 2jTi; ð11Þ

and

L0jtϵi ¼ 2jtϵi þ jMϵi ⇒ L0jti ¼ 2jti þ jTi; ð12Þ

which for ϵ → 0, establishes the desired Jordan block (1).
Under infinitesimal conformal transformation with

parameter YðzÞ, log primaries transform slightly differently
from primaries:

δYO
log
h ¼ Y∂Olog

h þ hð∂YÞOlog
h þ ð∂YÞOh: ð13Þ

Here, Olog
h ðzÞ is a log primary of weight h; e.g., the log

operator t above (with h ¼ 2),OhðzÞ is its partner, e.g., T in
the example above. If the operator is only a quasiprimary,
there can be additional anomalous terms in (13).
Once a logarithmic pair is at disposal, one can show that

Ward identities induced by (13) imply

�
Olog

h ðzÞOhð0Þ
	 ¼ b

z2h
;

�
Olog

h ðzÞOlog
h ð0Þ	 ¼ −

2b
z2h

lnðμzÞ; ð14Þ

ðb∈C; μ∈Rþ
0 Þ from the invariance of the correlators

under SLð2;CÞ transformations, which for h ¼ 2, agrees
with (9), (10).

CCFT aspects. The asymptotic structure of 4D asymptoti-
cally flat spacetime has been broadly studied in the
literature (see, e.g., [28–40]). We review some basic
features of the radiative data at null infinity and construct
the CCFT operators for massless scattering, following the
notations and conventions of [41].
At future null infinity (Iþ), we employ the retarded

time u and stereographic coordinates xA ¼ ðz; z̄Þ on the
celestial sphere. The degenerate metric on Iþ is taken
to be ds2 ¼ 0du2 þ 2dzdz̄. The asymptotic symmetries of
asymptotically flat spacetimes form the (extended) BMS
group [28,29,37,42]. The BMS generators at Iþ are
ξ ¼ ½T þ u

2
ð∂Y þ ∂ ȲÞ�∂u þ Y∂þ Ȳ ∂, where ∂≡ ∂z and

∂≡ ∂z̄, T ¼ T ðz; z̄Þ is the supertranslation parameter,
YðzÞ and Ȳðz̄Þ are the superrotation parameters. The
latter generate conformal transformations on the celestial
sphere. Since we are preoccupied with the conformal
properties of the CCFT, we mostly focus on this subsector
of symmetries.
The outgoing gravitational radiation at Iþ is encoded in

the Bondi news tensor Nzzðu; z; z̄Þ (N�
zz ¼ Nz̄ z̄). Under

infinitesimal BMS transformations, the Bondi news tensor
Nzz transforms as [37]

δðT ;Y;ȲÞNzz ¼
�
Y∂þ Ȳ ∂þ2∂Y

�
Nzz − ∂

3Y

þ
�
T þ u

2

�
∂Y þ ∂ Ȳ

��
∂uNzz: ð15Þ

We assume the falloffs

Nzz ¼ Nvac
zz þ oðu−1Þ ð16Þ

on the radiative data near Iþ
� (referring to the limits

u → �∞ of Iþ, respectively), which are compatible with
the stability of Minkowski spacetime, the action of BMS
symmetries, and encompass relevant physical features
such as gravitational tails and loop-corrected soft theo-
rems [16,22,39,43–48]. In particular, the presence of the
vacuum news tensor Nvac

zz ðzÞ [21,22] in the expansion (16)
is required because of the infinitesimal Schwarzian deriva-
tive of YðzÞ in (15). It can be seen as the tracefree part of a
stress tensor associated with a Euclidean Liouville theory
living on the celestial sphere,

Nvac
zz ¼ 1

2
ð∂φÞ2 − ∂

2φ; ð17Þ

where φðzÞ denotes the Liouville field. The latter is also
referred to as the superboost scalar field and encodes the
refraction/velocity kick memory effects [22,49–53]. Under
the action of BMS symmetries, we have the anomalous
transformation law

δðT ;Y;ȲÞφ ¼ Y∂φþ ∂Y; ð18Þ

so that

δðT ;Y;ȲÞNvac
zz ¼ ðY∂þ 2∂YÞNvac

zz − ∂
3Y ð19Þ

reproduces the infinitesimal Schwarzian derivative in (15).
This subsector of the radiative phase space is invariant
under supertranslations. It is convenient to introduce the
physical news tensor [22] Ñzz ¼ Nzz − Nvac

zz that trans-
forms homogeneously under BMS symmetries, due to (15)
and (19). It vanishes at the corners of Iþ, ÑzzjIþ

�
¼ 0, as a

consequence of (16).
The CCFT graviton operators can be obtained by

performing the integral transforms [41,54–56]

OðΔ;þ2Þðz; z̄Þ ¼ κþΔ

Z þ∞

−∞

du
ðuþ iεÞΔ−1 Ñzzðu; z; z̄Þ

O†
ðΔ;−2Þðz; z̄Þ ¼ κ−Δ

Z þ∞

−∞

du
ðu − iεÞΔ−1 Ñzzðu; z; z̄Þ; ð20Þ

on the physical news operator, where ε → 0þ is a UV
regulator, Δ ¼ hþ h̄ is the conformal dimension, J ¼ h −
h̄ ¼ �2 is the graviton helicity, and κ�Δ ¼ 4πð�iÞΔΓ½Δ− 1�.
The integral transforms (20) are the combinations of
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Fourier and Mellin transforms, which allow relating boun-
dary operators in position space with CCFT operators.
Here, we have discussed the spin-2 case, but the corre-
spondence (20) can be written for any massless field in the
bulk by simply replacing Ñzz with the appropriate radiative
data at Iþ [41,54,55]. The bulk amplitudes can be rewritten
as correlators of CCFT operators inserted on the celestial
sphere [1–7].
Of particular concern for us is the subleading soft news,

which can be obtained by taking the conformally soft limit

N ð1Þ
zz ðz;z̄Þ¼

Z þ∞

−∞
duuÑzzðu;z; z̄Þ

¼−
1

8π
lim
Δ→0

Δ


OðΔ;þ2Þðz;z̄ÞþO†

ðΔ;−2Þðz;z̄Þ
�
: ð21Þ

The integral in the first expression can be divergent when
taking the falloffs (16) into account. This forces us to
introduce an infrared (IR) cutoff for the bulk theory to
regulate these expressions. This observation will be impor-
tant for us in the next section to get the CCFT in the IR limit.
The celestial stress tensor [12] is obtained by taking the

shadow transform of (the hermitian conjugate of) (21)

TðzÞ ¼ −
6i
8πG

Z
d2w

ðz − wÞ4 N
ð1Þ
w̄ w̄ðw; w̄Þ: ð22Þ

In the CCFT, the subleading soft graviton theorem is recast
as a 2D CFT Ward identity [4,12,14,57,58]

hTðzÞXi ¼
Xn
j¼1

�
∂j

z − zj
þ hj
ðz − zjÞ2

�
hXi; ð23Þ

where X ¼ Q
n
i¼1OðΔi;JiÞðzi; z̄iÞ. Various refinements of the

expression (22) of the stress tensor have been discussed,
e.g., in [15,17,59–61] to take into account loop corrections
to the subleading soft graviton theorem or subtleties arising
when taking the double soft limit.
For our discussion, we utilize the OPEs

TðzÞTð0Þ ∼ ∂Tð0Þ
z

þ 2Tð0Þ
z2

; ð24Þ

TðzÞφð0Þ ∼ ∂φð0Þ
z

þ 1

z2
: ð25Þ

As discussed in the introduction, the OPE (24) makes explicit
that the central charge in the CCFT vanishes [14,15,17]. The
OPE (25) is a direct consequence of (18) and the fact that the
soft charge generates the transformation on the soft variables
(see, e.g., [60]).

CCFT as log CFT. The CCFT admits a (2, 0) operator in
the conformally soft limit, referred to as the Goldstone
operator, and symplectically paired with the celestial

stress tensor (22) constructed out of the subleading soft
news (21) [5,8,20]. Furthermore, it was shown in [60,62,63]
that the symplectic partner of the subleading soft news is
the Liouville stress tensor (17). Therefore, in the framework
of Sec. III, the (2, 0) Goldstone operator is precisely
identified with the Liouville stress tensor. Although the
latter constitutes a natural candidate for the logarithmic
partner of the stress tensor, its transformation law (19) does
not match with (13). Instead, we shall use the decom-
position (17) of this operator in terms of the Liouville field
and build another (2, 0) operator out of it.
More precisely, the logarithmic pair we consider consists

of the celestial stress tensor TðzÞ and the composite
operator

tðzÞ≡ ∶TðzÞφðzÞ∶; ð26Þ

where colons denote normal ordering. The field φðzÞ does
not enter in the definition (22) of TðzÞ and should be
considered as an independent datum belonging to the
Liouville subsector of the radiative phase space. Under
conformal transformation, the anomalous transformation
law (18) implies

δYtðzÞ ¼ ðY∂þ 2∂YÞtðzÞ þ ∂YTðzÞ; ð27Þ

which matches the expected transformation for a logarith-
mic partner (13) with h ¼ 2. The SLð2;CÞWard identities,
therefore, automatically imply two-point correlation func-
tions of the form (14).
We now derive this log CFT structure from a limiting

procedure like the one discussed in Sec. II. This allows
deducing some properties of the Liouville field and
computing the two-point functions explicitly. As men-
tioned below (21), the integral over u involved in the
definition of the celestial stress tensor is divergent, which
necessitates an IR cutoff Λ ∼

ffiffiffiffi
G

p
e
1
ϵ as regulator. It is,

therefore, natural to choose ϵ as a parameter for the limiting
process, and the CCFT will be defined in the IR limit
ϵ → 0. For instance, the result of the vanishing central
charge might receive corrections OðϵÞ at finite cutoff,

hTðzÞTð0Þi ¼ −
bϵ
z4

: ð28Þ

Determining the precise value of b, which encodes the
potential leading IR-finite correction to the CCFT central
charge, is an intriguing question for future investigations.
The correlation function of the Goldstone mode for

supertranslations is

hCðz; z̄ÞCð0; 0Þi ¼ 1

ϵ

2G
π

jzj2 ln jzj2; ð29Þ

where ϵ corresponds to the cusp anomalous dimension
introduced to regularize IR divergences in scattering
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amplitudes [64]. The Liouville field φðzÞ being a Goldstone
mode for conformal transformations [21,22,65,66], it is
natural to assume

hφðzÞφð0Þi ¼ −
2

ϵ
ln z; ð30Þ

matching with the expected two-point function of a
Liouville field. As a consequence of (17) and (30),
performing Wick contractions, one can show

hNvac
zz ðzÞNvac

zz ð0Þi ¼
2

ϵ2
1 − 6ϵ

z4
: ð31Þ

In the uplifted AdS3=CFT2 approach to flat space hologra-
phy [1,4,20], the stress tensor of the holographic 2D CFT
[67] is identified with the Liouville stress tensor (17) [68,69].
As anticipated in [4,69], the central charge associated with
this stress tensor diverges in the IR limit (which corre-
sponds to sending the Euclidean AdS3 radius to infinity)
consistently with (31). This confirms the divergence in the
two-point correlation function (30). Furthermore, picking
hφðzÞi ¼ − 1

ϵ ensures that the associated vertex operator
VϵðzÞ≡ ∶eϵφðzÞ∶ with conformal weights ðϵ; 0Þ has vani-
shing vacuum expectation value. The ensuing vertex
operator’s autocorrelator

hVϵðzÞVϵð0Þi ¼ −
1

z2ϵ
ð32Þ

is compatible with the Ward identities, and confirms the
global factor in (30).
In the notations of Sec. II, we define the composite

operator

MϵðzÞ≡ ∶TðzÞVϵðzÞ∶ ð33Þ

as a conformal primary of weights ð2þ ϵ; 0Þ. It has the
desired property to collide with the stress tensor in the limit,
limϵ→0MϵðzÞ ¼ TðzÞ. Moreover, (25), (28), and (30) imply

hMϵðzÞMϵð0Þi ¼
bϵ − ϵ2

z4þ2ϵ þOðϵ3Þ: ð34Þ

Defining

tϵðzÞ ¼
MϵðzÞ − TðzÞ

ϵ
≕TðzÞφðzÞ∶þOðϵÞ; ð35Þ

owing to hMϵðzÞTð0Þi ¼ 0 and (28), we get

hTðzÞtϵð0Þi ¼
b
z4

⇒ lim
ϵ→0

hTðzÞtϵð0Þi ¼
b
z4
; ð36Þ

matching with (9). Finally, the autocorrelator derived from
(28), (34), and (35)

htϵðzÞtϵð0Þi ¼
1

ϵ2
bϵ − ϵ2

z4þ2ϵ −
1

ϵ2
bϵ
z4

þOðϵÞ ð37Þ

in the limit ϵ → 0 yields

lim
ϵ→0

htϵðzÞtϵð0Þi ¼ −
2b
z4

lnðμzÞ; ð38Þ

hence recovering (10) with μ ¼ e
1
2b.

Discussion. In this paper, we have highlighted a pattern of
log CFT in the CCFT and have provided a scenario in
which this log CFT structure emerges in the IR limit. This
analysis sheds some light on the nature of the CCFT, which
is a candidate for a putative holographic dual in 4D
asymptotically flat spacetime. In particular, this scenario
provides a clear explanation for the reason why the c ¼ 0
catastrophe is avoided in the CCFT [18,19]. We expect that
other Jordan block structures might be identified for other
fields in the conformally soft sector, which could be useful
in the identification of the spectrum of the theory [5,56,70].
While the 2D CFTWard identity (23) is known to survive

beyond the semiclassical regime [17,59–61], a careful treat-
ment of the loop corrections of the bulk amplitudes may shift
the CCFT central charge. It would be interesting to inves-
tigate whether the log CFT structure is affected by loop
corrections; see, e.g., [71] for a related discussion in the
context of celestial gluon amplitudes.
A key ingredient in the log CFT pattern discussed here is

the Liouville field φðzÞ [21,22] whose anomalous trans-
formation (18) allows one to obtain the Jordan block
structure. It would be gratifying to understand precisely
how this field relates with the subleading Goldstone mode
discussed, e.g., in [54,56] and to which extent it can be used
as a dressing field for scattering amplitudes.
Finally, the emergence of a log CFT structure in the

present context of 4D flat space holography is reminiscent of
what happens in 3D flat space holography, where also a
Jordan block structure was encountered [72]. However, in the
3D context, the Jordan block structure was never exploited
since the celestial program seems less fruitful there—after
all, there are no massless gravitons in 3D. Instead, 3D flat
space holographic descriptions focused on the Carrollian
approach to flat holography; see, e.g., [73–83]. Since in 4D it
is possible to translate between celestial and Carrollian
approaches to flat space holography [41,55,84,85], it could
be rewarding to translate our discovery of a Jordan block
structure from CCFT into Carrollian language.
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