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In this paper, we demonstrate how black hole quasinormal modes can emerge from a Dirichlet brickwall
model normal modes. We consider a probe scalar field in a Bafios-Teitelboim-Zanelli geometry with a
Dirichlet brickwall and demonstrate that as the wall approaches the event horizon, the corresponding poles
in the retarded correlator become dense and yield an effective branch cut. The associated discontinuity of
the correlator carries the information of the black hole quasinormal modes. We further demonstrate that a
nonvanishing angular momentum nonperturbatively enhances the pole condensing. We hypothesize that it
is also related to quantum chaotic features of the corresponding spectral form factor, which has been
observed earlier. Finally, we discuss the underlying algebraic justification of this approximate thermal-

ization in terms of the trace of the algebra.
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I. INTRODUCTION & DISCUSSION

One of the earliest achievements of the AdS/CFT
correspondence [1-3] had been to understand black holes
in anti-de Sitter spacetime in terms of distinguishing
features of thermal correlators of a nongravitational con-
formal field theory living on a codimension one conformal
boundary.

In this work we study a toy model of a (quantum) black
hole spacetime capped off by a “brick-wall” through an
appropriate boundary condition, right before the horizon
[4]. This wall is hypothesized to move infinitesimally close
to the horizon. This capped-off geometry corresponds to a
pure state in the dual conformal field theory (CFT), which,
qualitatively, resembles a smooth fuzzball microstate [5—7]
in the supergravity approximation [8,9]." In this work we
investigate how an effective thermal description emerges in
this setup, in a sense that a low-energy asymptotic observer
would never be able to distinguish it from an actual black
hole. This exemplifies the perturbative dynamics of

"It is nontrivial to define a “smooth geometry” in the highly
quantum regime, since a geometric description may not exist in
that regime. Nonetheless, it may still be true that an “effective
geometric” description exists that somehow captures quantum
gravitational features. These are speculative statements at this
point.
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thermalization in a typical pure state which lies at the
heart of the black hole information paradox [10-18].

In this brickwall model, we compute the holographic
boundary Green’s function of an operator dual to a bulk
probe scalar field by imposing a Dirichlet boundary
condition at the radial cutoff near the event horizon. We
demonstrate that when the wall is placed at a distance e
away from the horizon, an asymptotic observer will observe
an effective thermality in the limit ¢ — 0 and will also be
able to read off the associated quasinormal modes (QNM)
from the normal modes. Here, € is a dimensionless number
measured in a suitable unit, e.g., the Planck length/string
length. This cutoff translates to a divergent IR timescale:
0 = loge. The QNMs emerge from the inability to access
this IR-divergent timescale. In other words, given an
arbitrarily long measurement time, one can always find
an e such that the information of the normal modes will
repackage itself into a set of QNM that coincides with the
black hole QNM. Thus, our observations provide stronger
and complementary evidence that a brickwall model can
indeed capture the thermal features of a black hole as an
effective description. In this way, our analyses provide
strong evidence that resolving the reflecting Dirichlet wall
from a classical event horizon with ingoing boundary
conditions is extremely difficult for a low-energy asymp-
totic observer, as the wall approaches infinitesimally close
to the horizon.

The timescale mentioned above is, largely, kinematical
and holds for a linear spectrum in a two-dimensional black
hole geometry [19]. We will show that the IR-divergent
timescale is even nonperturbatively further from 9, once we

Published by the American Physical Society


https://orcid.org/0000-0001-7116-5687
https://orcid.org/0000-0002-0053-3187
https://orcid.org/0000-0002-0260-7629
https://ror.org/00fbnyb24
https://ror.org/0491yz035
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.126020&domain=pdf&date_stamp=2024-06-27
https://doi.org/10.1103/PhysRevD.109.126020
https://doi.org/10.1103/PhysRevD.109.126020
https://doi.org/10.1103/PhysRevD.109.126020
https://doi.org/10.1103/PhysRevD.109.126020
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

BANERIJEE, DAS, DORBAND, and KUNDU

PHYS. REV. D 109, 126020 (2024)

include nonvanishing angular momenta along the compact
direction. Curiously, this nonperturbative separation appears
related to the appearance of quantum chaos, as discussed in
[8,9,20-22].

The main achievement in this work is to provide a novel
holographic description of the emergence of thermality in a
perturbative setting. While this is mostly accepted in the
literature as a reasonable conjecture, approximation of a
typical pure state as a thermal state is demonstrated
explicitly in a controllable setting in this work. The probe
scalar and its subsequent quantization is simply a semi-
classical perturbative analysis, as we move the Dirichlet
wall infinitesimally close to the horizon. The dependence
of thermality on ¢ is similar to [23], but nonperturbatively
enhanced. The thermalization is manifest through accumu-
lations of poles of the holographic retarded Green’s
function on the real axis. As ¢ — 0, the poles condense
and effectively form a branch cut in the continuum limit. To
resolve the branch cut from a collection of dense poles one
needs an incredibly large time domain compared to the
proper distance of the Dirichlet wall from the event horizon.
In this work, we also argue how this scale of resolution
determines the type of von Neumann algebra of local
operators of the boundary field theory. This completes an
algebraic understanding of a thermal approximation of a
typical pure state in a large system.

The rest of the paper is organized as follows. We start with
the standard computation of holographic Green’s function
[24], but with the Dirichlet condition on the wall. We further
discuss the analytic properties of Green’s function and
demonstrate the effective thermality. Finally, we conclude
with a discussion on how this approximate thermalization
can be realized in terms of the classification of von Neumann
algebra. In particular, we demonstrate how the aforemen-
tioned limiting procedure captures an approximate transition
from type I to type III von Neumann algebra.

II. SCALAR FIELD IN THE BRICKWALL

Let us begin with the nonrotating Banos-Teitelboim-
Zanelli (BTZ) [25] geometry

2
(7 =)
where r = ry is the position of the horizon. Consider a

probe scalar field of mass y in this background that satisfies
the Klein-Gordon equation

ds* = —(r* — r)df> + + rPdy?, (1)

1
O =—=—=0,(
Vgl
One can solve (2) analytically with the ansatz, ® =
S €™ P(r). In terms of the redefined radial co-
ordinate z = 1 — r%/r* with z €0, 1], we get two linearly
independent solutions in terms of hypergeometric

9]0°®) = W’ . (2)

functions. The general solution is a linear combination:
P(r(2)) = p(2) = (1 =2/ [C1z7 F (a.bic;2)
+ Gy Fi(l+a—c,1+b-c;2-c;2)], (3)

where

a:ﬂ—i(m—i—m),

. o _1 »
with a-er, ﬂ—2<1 y/1+,u). (4)

We now impose a Dirichlet wall at a radial position
Z = z¢, slightly above the event horizon at z = 0 [8,9,20].2
Accordingly, we demand ¢(z = zy) = 0, instead of the
ingoing boundary condition on the horizon. This boundary
condition fixes the ratio of the undetermined constants C,
and C, of the general solution as

b:ﬁ—i(w—m), c=1-2ia,

G
GG =,
1

_ _dia 2Fi(a,b;c;zg) s

2F1(1+a—c,1+b—c;2—c;zo)'

Following the prescription of [24], and using the above
result, we expand the solution near the boundary at z = 1:

¢(Z)bdryNRl(1_Z)%(l_v1+”2)+R2(1_Z)%<1+ ) (6)
where

I'(c)l'(c—a—->b) F2-c)l'(c—a->b)

R =Fe=are=p TR Trazara=s. 7
R :F(C)F(a+b—c) Ir2-c)'(a+b-c) (8)
2 COT(1+a—e)I(1+b—c)

[(a)(b)

Identifying R, and R; as the normalizable and the non-
normalizable modes respectively, the boundary Green’s
function can be computed by taking their ratio,

I'(c)l(a+b—c) I'(2—c)l'(a+b—c
Ry ST+ Reo Mieoriieg
G(o,m) = R, T(c)[(c—a=b) T(2—c)(c—a—b) ° ©)
U Te=ar(e=p) T Rese, Ta—ara—n)

with R¢,¢, given in (5).

The Green’s function (9) possesses a very rich pole
structure and the dynamics thereof, as we move the wall
close to the horizon of the black hole. As shown in Fig. 1,
for a fixed value of m, the poles tend to accumulate when
the wall is moved closer to the horizon. A very similar
dynamics of the poles can also be obtained by keeping n
fixed instead of m. In what follows, we will investigate this

*The proper distance of the Dirichlet brickwall from the event
horizon, € ~ z, when the wall is close enough to the horizon.
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FIG. 1.
horizon toward the event horizon. ¢ = 1 here for both figures.

phenomenon of pole accumulation more closely, toward
obtaining a physical interpretation of the same.

A. Analytic properties of Green’s function
Green’s function (9) has poles when the denominator
vanishes,’ namely when
I'(c) I'2-c¢)
+Re,c,
I'(c—a)l'(c—b) I'(l-a)l'(1-0)

=0. (10

Note, solutions of (10) are the normal modes for the probe
scalar [8,9]. This is clearly different from the QNM which
is obtained by imposing ingoing boundary conditions.

When the wall is infinitesimally close to the event
horizon, then, from (5), R¢ ¢, ®—2; 2ia Accordingly,
(10) can be written as

r
alOgZo+Arg [m} =nx, with neZ. (11)

The solution to (11) provides quantized values of frequency
® = w,,, as the normal mode frequencies. The poles of
Green’s function located at these quantized values of
frequency get denser as the wall moves closer to the black
hole horizon at z = 0. We already observed this in Fig. 1,
for a fixed value of m.

To get an intuition of how fast that density of poles
increases, we can simply fix a cutoff in frequency at w =
®max and count the number of poles as a function of the
distance between the wall and the horizon. This estimate
can be done both for fixed m and n. The results are
demonstrated in Fig. 2. To better visualize, we have fitted
the numerical data with appropriate functions. For example,
when m is held fixed, the fitting function is

3Equation (9) also has poles for a+ b —c = —n where

n€ 250 which implies y = vVn?> — 1 =0,v/3,V/8,.... We are
not interested in those because poles are in the mass axis.

4 T T
— Zp =10~ ‘
2
e |
30
0]
-2
4% 1 2 3 4
w

Pole structure of G, (n,m) for fixed m = 1. Poles are coming closer and closer as we move the position of the stretched

a+ blog(1/zg), (12)

where {a, b} are the fitting parameters. This provides the
IR-divergent timescale 6 = | log(zo)| where the branch cut
approximation breaks down. Note that, this timescale
appears on generic kinematic grounds in the presence of
a horizon, see, e.g., [26] in a different context. On the other
hand, when 7 is fixed, the corresponding fitting function®

a+ bzy'? (13)

yields an IR-divergent timescale, e’ with an O(1) number
c. It is possible to obtain an analytic expression of how
dense these poles are along the m direction. This result is
given by product-log functions, and the precise expression
involves nested logarithms and powers of them. The
existence of the hierarchy is therefore warranted [27].

It is therefore clear that the rate of accumulation of poles
along the m direction is much faster compared to when we
fix m to a particular value. Combined with earlier work in
[8,9], where it was demonstrated how a quantum chaotic
feature emerged from level repulsion along the m direction,
the greater accumulation rate along this direction further
supports the emerging thermal picture due to the spectral
correlations along this direction. It appears to be a rather
important qualifier in this framework, where pole accu-
mulation happens along both directions, but level repulsion
occurs in one of them. This will be a very interesting point
to understand better.

B. From discrete poles to a branch cut:
Approaching thermality

As we discussed in the preceding section, the poles of
Green’s function accumulate systematically as the Dirichlet
wall at z =z, moves toward the horizon. Approaching

“The form of this fitting function is inspired from analytic
WKB approximations discussed in [9].
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FIG.2. N_ vs z, for fixed m (left) and fixed n (right) respectively. 4 = 0 here. The horizontal axis is scaled up by a factor of 10! for
better visualization. The numerical data are fitted with appropriate fitting functions which are discussed in the main text.

zo — 0, the poles form a continuous branch cut for a low-
energy asymptotic observer. As we just argued, however,
this statement is nonperturbatively enhanced in the pres-
ence of nonvanishing angular momentum. We will now
demonstrate that this branch-cut approximation encodes the
black hole QNM data. The detailed analyses here are
essentially parallel to [23],” and therefore instead of writing
them out, we point out the key steps.

Let us, for simplicity, fix m to a particular value m = m
for which we denote the normal mode frequencies as
@, Ea)”.6 In this case, Green’s function at fixed gz,
can be written in the form of [23]

G(w, my) = Z(ﬁ)AM’ (14)

— \®, w—w,

where Res(G,w,) is the residue of Green’s function at

® = w,. Here the factor @ is introduced to ensure that the

function % falls off and eventually vanishes at the

boundary of the contour at @ — co. When the poles at w =
®, come infinitesimally close to each other making the
structure sufficiently dense, one can instead consider, as a
good approximation, a continuum distribution of poles,
simply by replacing the sum over n with an integral over
frequency:

pw(a)nvmﬂ)
Glo,m) ~ | da,P2"LnM0) 15
(@, my) / ® P (15)
where
w\2 dn
= (Z)R 2
Po(@,, mp) (wn) es(G,w,) do, (16)

5However, the specific system of [23] is very different from
ours.

®As argued before, we can also keep n fixed instead and work
with normal mode frequencies ,, ,, = @,,. This will not alter the
conclusion.

From (15), it is straightforward to show

G(w + ie,my) — G(w — ie, my) = 2iImGr (@, my)
= 2mip, (. mg),  (17)

where Gy (@, mg) is the retarded Green’s function. This
shows that, indeed, as the poles become sufficiently dense,
the correlator effectively develops a branch cut with the
discontinuity given by the function p,, (@, my).

The branch cut discontinuity p,, (@, mg) can be computed
from the residue of our Green’s function (9) which yields

1/ w)\2
pw(wn’ m) = -\ Imeh(w’ m)lw:(nn? (18)

T\ W,

where Gy, is the retarded Green’s function of the BTZ
black hole. Using (17), this can be re-expressed as

21p, (@, my) = ImGr(w, my) = —ImGpy (0, mg).  (19)

The Eq. (19) ensures the matching of the effective temper-
ature in the aforementioned limit to that of a BTZ black
hole. This can be confirmed by explicitly calculating the
position space representation of Green’s function. In
particular, one can show in this limit, set by the resolution
scale of the low-energy asymptotic observer, the pure state
we started with can indeed be well approximated by a
thermal state at the Hawking temperature of the black hole.
Accordingly, the position space Green’s function becomes
indistinguishable from the corresponding thermal corre-
lation function. It is worth emphasizing here that while our
pure state Green’s function only contains normal modes,
resulting eventually in a branch cut on the real axis through
pole accumulation, (19) implies that the jump function
across the branch cut actually contains complex QNM
poles of the black hole.

A complementary approach to understand this approxi-
mate thermality was adopted in [28] where the same cutoff
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scale was obtained by comparing the microcanonical
entropy of the horizonless configuration to that associated
with a Hartle-Hawking state. This approach is quite similar
in spirit to that in [29]. Connecting our conclusion to this
approach, it is worth noting that the entropy of our pure
state actually scales with /8 so that it represents a system
with large entropy in the continuum limit. For such large
systems, one can indeed expect a thermal approximation of
a typical pure state [30].

III. ALGEBRA AND FACTORIZATION

The emergence of the approximate thermality in the limit
Zo — 0 carries an underlying algebraic justification. When
the cutoff is placed at a finite z,, the algebra of observables
A is of type I,. Correspondingly, there exists the natural
notion of a trace functional as we are used to from quantum
mechanics [31-33]. In the limit z, — 0, the algebra type
transforms to type III [19]. To verify this explicitly, we need
to ensure that, in the limit z5 — 0, there is no tracial state
@, on the algebra, i.e., there is no state satisfying

wy(ab) = wy(ba) for any a,b € A. (20)

This can be argued as follows. Given a finite value of z,
the solution of the scalar wave equation yields a set of
quantized simple harmonic oscillator data {a,.,, .®,;}.
Furthermore, we showed that in the limit z; — 0, an
effective thermal description emerges at an inverse temper-
ature f = % The associated state vector is given by [19]

_pengt  qf
1 - e_ﬁwn e 2 al.wnar-wn

Ple=®

wy,

Ol,a),l ’ Or.w,,>' (21)

From the perspective of the state, this expression can be
thought of as an approximation of the topped-up Boulware
vacuum as a Hartle-Hawking state. Such an approximation
was argued back in [34] and was recently revisited through a
comparison of the Wightman function in the aforementioned
limit in [28]. This identification is a key to the factorization
map discussed in [29]. The cutoff scale provides an energy
topping on the conventional Boulware vacuum, which in the
context of dual CFT should have an interpretation of a defect
operator. We will elaborate on this interesting connection in
a future publication [27].

Using the vector (21), we evaluate the thermal expect-
ation value of a,,, (1)ar,(0) as well as al e, (0)a,, (1)
and find that the difference between the two expressions
scales as a function of z,.* In particular, we find

Gl1) = F(i - ip). (22)

where

’See Equation (3.10) of [28].
¥The analogous computations may be performed for agl))n.

GO) = <ar.a),,_m (t)aisa)n,m (0)>ﬁ.zo
F<t) = <a1‘vwmm (O)ar,wn_m(t»ﬁ.zo' (23)

This has the form of the Kubo-Martin-Schwinger condi-
tion, which, in terms of the corresponding Fourier modes
f(w) and g(w) of the functions F(¢) and G(¢) respectively,
translates to

g(w) = e f(w). (24)

So long as the relative scaling with the exponential is not
unity, F# G and their difference is nonzero. In this
situation one cannot define a trace. In our case, (12) and
(13) yield

e_ﬁwn,m |n ~ eNZ(I)/z s (25)

ﬂ N
—PWOnm [In ZO‘
e ~e k4 =const

| m=const

where N denotes an O(1) number that does not play any
role in the conclusions. Now comes the main catch point
which will justify the role of the emergent IR timescale
mentioned before. Taking the naive limit z, — 0, both the
exponential factors tend to 1, and this happens independent
of the number N and for any finite temperature. This
implies so long as we can resolve the respective timescales,
we can still define a tracial state, and accordingly, the
algebra remains to be of type I. However, when we are no
longer able to do that as the spectrum effectively becomes a
continuum with e #®n.n — ¢=#® one cannot define a tracial
state for any finite . Accordingly, the algebra type changes
to type IIIL

This emphasizes further the importance of the continuum
spectrum approximation in our analysis. Although both the
exponential factors in (25) have the same limiting behavior
in the limit z; — 0, the gradient of the exponents along the
n and m directions differs, and they determine to what
extent this continuous approximation for the spectrum is
valid. A faster gradient in the m direction potentially
explains the appearance of ramp in the spectral form factor
for fixed values of n as observed in [8]. Thus this serves as
an explicit example where the rate of approach of a type I
von Neumann algebra to a type III algebra is related to the
existence of quantum chaotic behavior.

In [35] it was argued that geometric phases associated
with the entanglement pattern can be used to distinguish
between different algebra types. The trace on any type of
algebra is defined by a state vector with vanishing geo-
metric phases, corresponding to maximal entanglement.
Therefore, as type III algebras do not have a trace, any state
vector for such algebras has geometric phases. It would be
interesting to determine whether this notion can be made
quantitatively precise in the current setting, i.e., how the
limit z, — O affects these geometric phases, in particular
their values hinting at an approximate algebraic transition.
A detailed exploration of this will appear in [27].
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