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We study the notion of volume and its dynamics in the loop-quantum-gravity truncation known as the
two-vertex model. We also show that its U(N)-symmetry reduction provides the old effective dynamics of
loop quantum cosmology with an arbitrary perfect barotropic fluid content. A suitable modification of the
Poisson bracket structure of the U(N)-symmetric model leads to the loop quantum cosmology improved

dynamics.
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I. INTRODUCTION

Loop quantum gravity (LQG) [1,2] proposes a theoreti-
cal framework to describe the geometry of spacetime at the
Planck scale. This is particularly relevant in the vicinity of
black-hole and big-bang general relativistic singularities. A
basis of the Hilbert space of LQG is formed by the so-called
spin networks: SU(2) wave functions defined on graphs,
labeled by spins on edges and intertwiners on vertices.
These spin networks are eigenstates of the area and volume
operators, which have discrete spectra [3,4].

The quantization techniques used in LQG have been
mimicked on highly symmetric universes, giving rise to loop
quantum cosmology (LQC) [5-7]. Since its beginning, LQC
has obtained several successes, describing different cosmo-
logical models [8—11] and physical predictions. The most
relevant result of LQC is the prediction of a big bounce that
avoids the initial singularity of the big bang [8].

Despite the advances made on both full LQG and LQC,
the implementation of the dynamics and the search of a
semiclassical sector of the theory (that would relate the
theory with smooth solutions to the Einstein’s equation)
remain as the main open problems of the theory. Besides,
the identification of a cosmological sector within LQG
in order to make contact with the results of LQC—and, in
the semiclassical limit, with relativistic cosmology—is still
missing [12].

The study of simple (truncated) models within the
full theory has proved to be extremely useful. The trunca-
tion to a fixed graph is described by the corresponding
holonomy-flux phase space on the graph and its
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quantization leads to the spin networks with support on that
graph. The simplest nontrivial graphs are the two-vertex,
N-edge graphs (the so-called two-vertex model, for brevity)
[13—18]. The two-vertex model can be interpreted as two
polyhedra with identical areas but, in general, with different
volume. The classical dynamics of these polyhedra has
been studied analytically in a symmetry-reduced sector
[by a global U(N) symmetry] [14] and, more recently,
numerically in the general case [17]. In both situations a
cosmological behavior is observed, presenting oscillatory
and divergent regimes that avoid any singularities. Besides,
in [18] it was shown that, in the low-curvature regime,
the U(N)-reduced two-vertex dynamics is related to the
classical dynamics of a Friedmann-Lemaitre-Robertson-
Walker (FLRW) universe with a cosmological constant.
We will describe the two-vertex model using the spino-
rial formalism for LQG [14,19-21], a description of the
phase space of each edge using two spinors, one for each
vertex of the edge. These spinors satisfy two constraints:
the matching constraint—which ensures that there is only
one SU(2) irreducible representation (one spin) on each
edge—and the closure constraint—which ensures the
SU(2) invariance of the theory. The spinorial formalism
allows for a simple description of the model in terms of 2N
spinors that, upon quantization, recovers the Hilbert space
of LQG on the graph [19]. Therefore, we can study the
classical dynamics of the model using the spinorial
formalism in order to gain insight into full LQG, as it will
give us a first contribution to the quantum dynamics of
states peaked on classical trajectories. Moreover, using
Minkowski’s theorem for convex polyhedra [22], the
spinors provide a parametrization of the framework
described by the twisted geometries [21,23,24]. In this
framework, each vertex of the graph is associated with a
polyhedron and the edges indicate adjacent faces with the
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same area but, in general, different shapes. In this way, the
classical counterpart (parametrized by the spinors) asso-
ciated with a spin network gives us an unconventional
discretization of space in which the polyhedra do not fit,
i.e., they are twisted with respect to each other.

There are no closed general formulas to compute the
volume of these polyhedra (apart from the tetrahedron).
Therefore, we need to resort to numerical methods [25,26]
or to approximations to the volume formula. One such
approximation is given in terms of the quadrupole moment
for discrete surfaces, introduced in [27] and studied
numerically in [17], whose determinant qualitatively rep-
licates the behavior of the volume of the polyhedron. In this
paper we analytically calculate the equation of motion for
the volume approximated by the quadrupole moment.

The U(N)-symmetric sector of the two-vertex model
contains just one degree of freedom corresponding to the
twist angle and its canonical conjugate momentum, i.e. the
total area of the polyhedra. Comparing the evolution of
the quadrupole approximation to the volume and the total
area, we find that they precisely follow the evolution one
expects from a homogeneous and isotropic evolution. We
also find that a generalization of the two-vertex Hamiltonian
constraint in the form of the addition of a function of the
area (that preserves the symmetries of the reduced model)
effectively takes into account matter content and, further-
more, fully determines the equation of state.

Finally, we show that the two-vertex model is indeed an
LQG truncation that effectively describes the LQC old
dynamics [28,29] with arbitrary barotropic perfect fluids.
Furthermore, a suitable modification of the Poisson bracket
structure of the U(N)-symmetric model leads to the LQC
improved dynamics [9].

The paper is structured as follows. In Sec. I we
introduce the spinorial formalism and the twisted geo-
metries. We will use both of them in Sec. III to describe the
two-vertex model and its dynamics. We will also use the
notion of quadrupole moment of a discrete surface to study
analytically the volume and its evolution. In Sec. IV we
introduce the global U(N) symmetry and study the dyna-
mics on the reduced sector. In Sec. V, we show that the two-
vertex model directly provides the FRLW cosmology and
the LQC effective dynamics. We finally summarize and
conclude in Sec. VL

Index notation. a,b... =1, 2, 3 are spatial indices;
i,j...=1,2...,N denote the edges of the two-vertex
graph; I,J... =1, 2, 3 are 8u(2) indices; and A,B =0,
1 are spinorial indices.

II. SPINORIAL FORMALISM AND TWISTED
GEOMETRIES

In this section we will introduce the spinorial and the
twisted geometries formalisms [14,19,23,24], which we
will use to describe our model and interpret it geometrically
from a classical point of view as a discretization of space.

A. Spinorial formalism for LQG

The phase space of LQG is usually expressed in terms of
holonomies and fluxes [1]. More specifically, given a fixed
graph with N edges, the usual formulation assigns to each
edge i (withi = 1, ..., N) a pair of variables (g;, )?i), where
g; €SU(2) is the holonomy of the Ashtekar connection

along i and X, - 5 € 81(2) is the flux of the densitized triad

on a surface dual to i, with X; €R3, and & = (¢', 6%, 6°)

represents the three Pauli matrices, normalized to (¢7)? =1
for each I =1, 2, 3. Thus, the classical phase space
SU(2) x 8u(2) of each edge i is isomorphic to
T*SU(2), the cotangent bundle of SU(2) [19]. Over the
last decade, an alternative parametrization has been devel-
oped in terms of two spinors |z¢), |z}) € C?, which we will
call source and target spinors, respectively.l Explicitly, the
components of these spinors are

) = (i) (n

and similarly for |z'). For convenience, we define their
conjugate and dual spinors [19]
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and similarly for |z').
We endow the spinors with canonical commutation
relations, defined by

{Z?A7 Z;B} = {Z§A7 ?jB} = _iéABéiﬁ (3)

and the remaining Poisson brackets are zero. This Poisson
bracket algebra is invariant under the following trans-
formation:

A= Vs parg 5 (4)

where f€R™ is the Barbero-Immirzi parameter (this will
become clear below, when looking at the holonomy-flux
algebra). This ambiguity in the choice of canonical vari-
ables will be relevant in Sec. V.

This parametrization of 7*SU(2) in terms of two spinors
is the classical analog to Schwinger’s representation of
SU(2) by two decoupled harmonic oscillators [30].
According to this representation, by canonically quantizing
the spinors with the commutation relations (3), we will
obtain two harmonic oscillators on each edge, describing
the SU(2) irreducible representation associated with such
edge [15,19,30].

"Note that, although we will use bra-ket notation for the
spinors, the whole formalism discussed in this paper is purely
classical.
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From these spinors we can reconstruct the holonomies g;
and the fluxes X" [19]:

|20z = 1z [z
i N’
(zhlzi)(zflzi)

(5)

Xit= o (@elz ), Xy = X =50 (6)

N =
N[ =

The Poisson bracket between the holonomies and the
fluxes is

{9i, ;(jt} = i1'91'(_7)51‘1‘/2- (7)

The Barbero-Immirzi parameter f divides the flux and
nontrivially modifies the holonomy, in such a way that the
Poisson bracket is invariant under the transformation (4) as
happens in LQG. The action of g; associates the (normal-
ized) spinors on one vertex with the dual (normalized)
spinors on the other vertex:

0 )l ’ L] I -
V& VERD TVER) VR
(8)

Each edge of a spin network carries an irreducible
representation of SU(2). This representation must be the
same seen from each of the two vertices that share the edge.
In the spinorial formalism, this condition translates into the
fact that the norm of the spinors |z) and |z!) must be the
same, for which we impose the matching constraint

Ci = (zilz}) — (zilzi) = 2(Xi = X}) = 0. )

This constraint generates (via Poisson brackets) U(1)
transformations on the spinors. This will be of particular
importance for the geometrical interpretation of our graphs,
as we will see in the next subsection. It can be shown that
there is a diffeomorphism between the phase space of
each edge (removing the zero-norm vectors) 7*SU(2) —
{|X| = 0} on the one hand, and the space C? x C2 of the
spinors at each end of the edge reduced by the matching
constraint on the other hand [19].

The components of the vectors )_ff’ form two Lie
algebras 81(2) via Poisson brackets and their action (via
Poisson brackets) on the spinors |z]') generates SU(2)
transformations. Thus, the closure vectors, defined as the

sum of all the flux vectors in each vertex, X' = SV | X&)
generate global SU(2) transformations in all the spinors in
that vertex. Since we seek to obtain an SU(2)-invariant
theory, our observables must be invariant under the trans-
formations generated by the closure vectors. The SU(2)
invariance of the intertwiners in LQG is recovered upon
quantization if the so-called closure constraints have been

previously imposed [19]

N
X =>"X"=0. (10)

i=1

We will use this formalism in the subsequent sections in
order to study the dynamics of a truncated model within
the LQG.

B. Twisted geometries

Spin networks are eigenstates of the area and volume
operators, leading to a notion of discrete geometry given
by a graph with chunks of volume attached to the vertices
and quanta of area associated with the edges. This notion
arises after quantization, but we can look for an equivalent
framework that allows us to understand geometrically the
graphs at the classical level. One such framework is given
by the twisted geometries [23,24].

The closure constraint (10) on noncoplanar vectors is
precisely the condition required by Minkowski’s theorem
[22]. Therefore, these vectors define a unique polyhedron at
each vertex, whose faces are orthogonal to the vectors and
its areas equal their norms. The faces associated with the
same edge but different vertex are understood as adjacent,
and the matching constraint (9) causes both faces on each
edge to have the same area. However, there is no restriction
on the shape of the faces. The faces associated with the
same edge do not necessarily have to fit together, giving a
notion of twist between adjacent faces. The twist on each
edge is parametrized by the twist angle & €[—n, ]
Consequently, a graph will describe a discretization of
space, in which the polyhedra that share an edge will have
an adjacent face with the same area but different shapes.
For this reason this formalism is known as twisted geo-
metries [23,24]. According to this formalism, the phase
space corresponding to each edge i connecting two vertices
is described by (X%,X!, X, &), where X} and X! are the
normal vectors to the source and target faces corresponding
to the edge i; X;:=X} = X! is the area of the faces
associated with the edge i; and &; is the twist angle of
that edge. See Fig. 1 for a graphical representation of the
polyhedra associated with a given graph.

Once the matching (9) and closure (10) constraints are
imposed, the phase space of the twisted geometries proves
to be isomorphic to the gauge-invariant classical phase
space of each edge. The quantization of this phase space
gives us the Hilbert space of LQG [23,24].

Alternatively, one could impose additional constraints
that fix the shapes of the adjacent faces, eliminating
the twist. Imposing these constraints on graphs dual to
triangulations, the twisted geometries reduce to Regge
geometries [24,31-33]. In the past, there have been
attempts to quantize Regge geometries without success
[34]. In this sense, the degree of freedom associated with
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(b)

FIG. 1. (a) Example of a portion of a graph and (b) representa-
tion of the dual polyhedra to this graph given by the twisted
geometries. We indicate with the same colors in both figures the
edges and their corresponding polyhedra. We have taken a low
number of edges for simplicity.

the possibility of having faces with different shapes on the

same edge allows us to quantize the twisted geometries to
obtain LQG [24].

III. TWO-VERTEX MODEL

We will now apply the formalisms explained in the
previous section to describe the two-vertex model and
introduce the dynamics proposed in [14,17]. We will then
study the evolution of the volume of the dual polyhedra to
the two-vertex graph. To do this, we will use the geometric
quadrupole proposed in [27], which allows us to obtain an
analytical expression that approximates the volume of the
polyhedra and study its evolution.

A. Description and dynamics of the two-vertex model

Let us consider the two-vertex model. We will label the
vertices” by a and f (see Fig. 2) [14,15,17]. Following the

*Note that the concept of source and target vertices depends on
the edge, while the labels a and f characterize concrete vertices.
This notation is more convenient for the two-vertex model.

1) |w1)

|2n) |wn)

FIG. 2. Two-vertex graph, labeled by « and j, with N edges,
and their respective spinors.

standard notation in the literature, we will denote spinors at
vertex a as |z;) = |z¥), spinors at vertex f as |w;) := |z?),
and the vectors at each vertex as X; := X* and Y, = )_f'lﬂ .
The simplicity of this model has made it possible to
implement a nontrivial dynamics. With this aim, we
consider the SU(2)-invariant observables [14,15] (at the
vertex a)
Ey = (zlz). Fhy=lalz),  Fi=(zulz). (11)
and likewise for the vertex f. Using these observables, we
construct the Hamiltonian H = MC proposed in [14,15],
where

N
C= [}“E%Efz + Re(rFZzFfz)] : (12)
|

A€R,y€C are constants with units of inverse length,3
and the lapse M is a Lagrange multiplier that enforces
the Hamiltonian constraint C = 0. This Hamiltonian is
constructed to the lowest order in the operators (11)
(treating both vertices equally). It is SU(2)-invariant, i.e.
{H, ;Y} ={H, 37} — 0, where X and Y are the closure
vector (10) at the vertices a and fp, respectively.
Furthermore, it satisfies the matching constraint, so it is
U(1) invariant on every edge, i.e. {H,C;} = 0. For sim-
plicity, the coupling constants A and y are taken edge
independent but, in principle, they could also be different
on each edge [14,17]. Nevertheless, the symmetry reduc-
tion to the U(N)-invariant sector will impose edge

*Note that C is a Hamiltonian constraint that would come from
integrating the Hamiltonian density from LQG over a fiducial
spatial volume and therefore the coupling constants carry this
information.
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independence on the constants [14], as it is already
assumed in (12).

B. Volume and quadrupole of a surface

In Sec. II B it was shown that, as a consequence of the
closure constraint, the interpretation of twisted geometries
assigns a dual polyhedron to each of the two vertices of our
graph, thus providing a classical notion of areas at the edges
and volumes at the vertices. In this section we will focus on
the polyhedron associated with the vertex a. The reasoning
is completely analogous for the vertex f.

Minkowski’s theorem [22] ensures the existence of a
polyhedron associated with a set of vectors satisfying the
closure constraint, but it does not give a prescription for the
construction of the polyhedron. Although the polyhedron-
reconstruction algorithm has recently been presented in
[25,26] and used in [17] in order to compute the volume
numerically, there is no analytical formula for the volume
of a polyhedron with more than four faces in terms of the
normal vectors to its faces. The tetrahedron (N = 4) is an
exception, and the volume squared is given by [27]

In order to analytically study the behavior of the volume
of general polyhedra (with N > 4), we can use a geo-
metric multipole expansion for closed surfaces [27]. This
expansion defines the monopole as the surface area and
the dipole as the center of mass of the surface [which
becomes null when the closure constraint (10) is applied].
Additionally, the geometric quadrupole of the polyhedron a
is defined as [27]

N 1 yJ
Xix
T”:§ ok (14)
= X

This quadrupole gives us basic information about the shape
of the surface: its eigenvalues have a nontrivial relation
with the principal radii of the ellipsoid that best approx-
imates the surface in question, i.e. the ellipsoid with the
same quadrupole [27].

Given that X, represents the area of the kth face, the
determinant of the geometrical quadrupole has an inter-
pretation as a volume squared. Previous papers have
explored the use of this determinant as an alternative to
the volume squared of the polyhedron [17,27], showing
that both the determinant of the quadrupole and the volume
squared (numerically calculated using the polyhedron-
reconstruction algorithm presented in [25,26]), although
they do not coincide in value, have the same behavior in
terms of their growth and extrema [17]. Therefore, the
determinant of the quadrupole may be a good tool to study
the evolution of the volume, for which we define the
following function:

2

- 4
72 = T detT = ?SUKb“LMNTuTJMTKN’ (15)

3

where g;; is the Levi-Civita symbol (with €153 = 1). We
will then use the function (15), which we will refer to as the
approximate volume squared, to approximately study the
evolution of our polyhedra.

C. Evolution of the volume

The evolution of the volume under the dynamics given by
the Hamiltonian (12) has been numerically studied in [17]
using the polyhedron-reconstruction algorithm [25,26]. In
order to obtain an analytical expression for the volume and
its evolution, we will use the volume approximation (15).
Indeed, after carrying out a straightforward but lengthy
calculation, we get the evolution of the volume of the
polyhedron associated with the vertex a:

- - T .
Vi={HV}= ﬁ‘g”KsLMNTILTJMTKN

M N
=™ 2

ijki=1

(X; A Xj) X [(X; /\Xj> X
XXX, X,

X (’IEZIIE/21+VF(151F€1) - Z(Xi A X.f)l

5
x (’lGilEil + VSizFfz) } (16)

where the dot denotes derivative with respect to the evolution
parameter ¢ associated with the Hamiltonian H, and we have
introduced the following (non-gauge-invariant) functions:
S = [alo'le) = Sk Gl = (ailo’ja) =Gl (17)

We observe in the analytical expression for the evolution
of the volume (16) that a degenerate polyhedron (i.e.
with all its faces parallel to each other) has null volume
throughout the entire evolution. Similarly, we can obtain
the evolution of the polyhedron associated with the vertex
by substituting in Eq. (16) the functions and vectors defined
on a by the corresponding ones defined on f and vice versa.

The behavior of both the evolution of the approximate
volume (15) and the exact one (calculated numerically)
is qualitatively similar, as shown in [17]. Note that, even
though the volume of the two polyhedra will differ in
general, the matching constraint ensures that the area of
both polyhedra remains equal to each other.

IV. U(N)-INVARIANT SECTOR
OF THE TWO-VERTEX MODEL

The two-vertex model presents an invariant sector under
a global U(N) symmetry (whose generators involve oper-
ators acting on both vertices) [14,15]. One of the main
results in this sector is that the equations of motion of the
total area of the polyhedra are mathematically analogous to

126011-5



CENDAL, GARAY, and GARAY

PHYS. REV. D 109, 126011 (2024)

the equations of motion of volume in LQC [15]. This has
lead to an interpretation of the two-vertex model as a
cosmological model. In this section we will review the
U(N) symmetry and we will study the dynamics of
the two-vertex model (fully described with spinors) on
the U(N)-invariant sector.

A. U(N) symmetry
The U(1)"Y symmetry generated by the action of the

matching constraints C; on each edge is part of a greater
U(N) symmetry generated via Poisson brackets by [15]

g _ P
&yj = Ef; — Ej;. (18)

Indeed, we observe that the matching constraint associated
with the edge k is simply the kth element C, = &, of the
diagonal of &;;.

The generators &;; are constants of motion, given that
{&;;,H} = 0. Conversely, the Hamiltonian of the system is
invariant under the U(N) transformation generated by &;;.
These transformations will be symmetries of the system
only if the constraints (in this case the matching and closure
constraints) are invariant under the action of &;;. If not,
applying the U(N) transformation generated by &;; on
configurations satisfying the constraints would lead to
configurations not satisfying them. A simple calculation
shows that, while the closure constraint is invariant,
{&). X } = 0, the action of £;; on the matching constraint
(9) is nontrivial,

{Ci. &} = i[(ES — E) oy — (Eg; - Efk)éki}‘ (19)

That is, the action of &;; on a pair of spinors that initially
satisfy the matching constraint (9) will generally yield
another pair of spinors that do not. However, we can work
on the subspace of spinors that satisfy {C;,&;} =0,
restricting our phase space to those configurations that
satisfy

(Eqk - Eﬁi)ékj = (EZj - Ejﬁ‘k)5ki- (20)

L

The diagonal case i = j is trivial (the matching constraint
Cr commutes with itself, as it generates uncoupled U(1)
transformations). The case i # j = k gives us the constraint

— (04 ﬁ —
&y =Ef;—E; =0, (21)
which implies that
(zilzj) = (Zilzi) = (wjlwi). (22)

To satisfy this constraint, the spinors must be related by a
unitary matrix U € U(2) such that |w;) = U|Z;). We can

write any element Ue€U(2) as U = e */?h, where
he€SU(2) and ¢ € [-x, 7] is an arbitrary phase. The theory
is SU(2) invariant, so the SU(2) part of U is pure gauge and
we can fix it without loss of generality. Doing so, the only
part that remains is the phase e~/ €U(1). Therefore,
we find that the constraint £;; = 0 imposes the following
relation between the spinors on each edge:

wi) = e 2|z;). (23)

The Hamiltonian is invariant under the action of &;;.
Thus initial conditions satisfying the U(N) symmetry [that
is, pairs of initial spinors satisfying (23)] will ensure U(N)
symmetry throughout the whole evolution. Expressing
the action on the phase space surface given by &;; =0
and applying the relation (23), we find that only one
degree of freedom remains. If we choose that degree of
freedom to be the angle ¢, the canonical conjugate variable
will be the total area of the polyhedra [14] A =

NoXi=>N, v, ie.

{p,A} = 1. (24)

At this point, it is important to note that the ambiguity (4)
parametrized by the Barbero-Immirzi parameter f trans-
lates directly to these variables in the form of the invariance
of the Poisson brackets between them under constant Weyl
transformations with parameter g, i.e. A — A/f, ¢ = Po.

Then the Hamiltonian constraint (12) on the surface
&;; = 0 in terms of the canonical pair (¢, A) reduces to

C =2A%(A+ycosg), (25)

where the symbol “ denotes U(N)-symmetry reduction. We
can choose y € R™ without loss of generality, as any phase
can be absorbed in the definition of ¢. After imposing the
symmetry and the matching constraint, our Hamiltonian
(25) only depends on two variables: the total area A of the
polyhedron and the angle ¢. We observe that both variables
are global, in the sense that they have no information about
different edges and vertices. Because of that, the relation
(23) has been interpreted as a natural way of imposing
homogeneity and isotropy on the graph [14,15].

Imposing the constraint C = 0 means that either cos ¢ =
—A/y or A = 0. The latter can always be imposed, while the
former is only possible if |1| <y. As we commented in
Sec. III C, the null-volume (and thus the null-area) poly-
hedra are decoupled from the rest of the configurations. So
we can focus on the case of constant ¢. Using the U(N)
symmetry-reduced Hamiltonian constraint (25), we can
derive the evolution equations for the conjugate variables ¢
and A as follows:

@ ={p.H} =4MA[A+ycosg| =0, (26)

126011-6
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A={A H} =2MyA2sing = 2MA%\/y? = 22, (27)

Fixing the Lagrange multiplier M = 1, the solution to
Eq. (27) is

1

AFl =20/ =22

where Ag = A(r = 0). For |A| > y, the only possible solu-
tion to the constraint is A(z) = 0 with arbitrary constant ¢.

A(r) =

(28)

B. Evolution of the volume

After restricting our system to the U(N)-invariant phase
space sector by imposing the relation (23), we can study
the evolution in this sector of observables defined in the
complete phase space. In this section we will study the
volume, for which we have an approximation V for a
generic polyhedron with N faces given by (15).

After performing some algebra we find that the evolu-
tion of the approximation for the volume (16) in the
U(N)-invariant sector is

V = 3MAyVsin . (29)

As previously mentioned, while there is no general
equation to express the volume of an irregular polyhedron
with N faces as a function of the normal vectors to the
faces, for the specific case of the tetrahedron (N = 4) we
can express the volume as a function of )?i using (13).
Therefore, after computing the evolution of X, given by

N
X' ={x! H} = —M1m< AGLER + ysil.Fﬁf,), (30)

k=1

it is straightforward to compute the evolution of the volume
of the tetrahedron within the U(N)-invariant sector

V = 3MAyV sing. (31)

We observe that the approximate volume V (for any
number of faces) and the exact volume V for the tetra-
hedron have the same evolution in the reduced sector
and, hence, we conclude that for the tetrahedron V o V.
Although the approximation V for an arbitrary number of
faces N still requires further investigation, the fact that its
evolution on the U(N)-invariant sector is identical to that of
V for the tetrahedron strengthens the argument for using V
in the general case.

On the other hand, by examining (29) and (27), we
immediately observe that, within the U(N )-invariant sector,
the approximate volume V and A (that is the total area of
the polyhedron) satisfy the relation 2V /V = 34 /A, which
implies

V = ayA3?, (32)

where qy is a constant determined by the initial conditions.
Equation (32) corresponds to what one would obtain when
uniformly scaling all dimensions of a three-dimensional
body: when we scale all three dimensions by a factor /,
the volume and area differentials scale as I° and 2,
respectively. Consequently, the relation (32) is that of a
polyhedron undergoing a homogeneous and isotropic
expansion, further strengthening the interpretation of this
U(N)-invariant sector as a cosmological (homogeneous
and isotropic) sector.

C. Geometric interpretation

Let us now interpret the two conjugate variables of the
U(N)-symmetric Hamiltonian (25). As shown before, the

variable A is the sum of the norms of all the vectors X i
which directly corresponds to the total area of the poly-
hedron in the dual graph formalism within the framework
of twisted geometries. On the other hand, the variable ¢
defines the SU(2) holonomy [14]. We will now provide a
simple relation between ¢ and the twist angles ¢&; (described
in Sec. II B).

The framework of twisted geometries defines a twist
angle ¢; for each edge. Two possible definitions of &; exist,
one in terms of the components (z?, w?) of the twistor, and
the other in terms of (z},w}!) [24]:

A

P =iln——, 33
f=ims (33)

with A = 0, 1. Both definitions are related by a canonical
transformation, making them equivalent descriptions of the
twist angle [24]. At first sight, this angle is not related to the
variable ¢ defined in the U(N)-symmetry-reduced sector.
However, using the definition (33) and the condition (23),
we find that in this sector

e
Z;;‘:zan:(p:: g (34)

This shows that the twist angle is the same for all the edges
and that cf? = jl which means that the two definitions
given by (33) coincide in the U(N)-reduced sector.
Therefore, we can conclude that, in this case, the variable
@ is the twist angle, which is independent of the edge.
In summary, we have found that the reduced sector
[under the global U(N) symmetry] of the two-vertex model
depends solely on two canonically conjugate variables
which are homogeneous and isotropic, i.e. independent
of the edges and vertices. The first one is the total area A of
the polyhedron, directly related to its volume through (32).
Therefore, its evolution can be interpreted as expan-
sion. The second phase space variable is the twist angle
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@ = & which, as briefly discussed in the next paragraph,
is related to the extrinsic curvature. Thus, our model
possesses a unique curvature that is independent of edges
and a single polyhedron-area independent of vertices.
Considering the results and conclusions of previous works
[14,15], the fact that our dynamical variables admit an
interpretation of area [one-to-one related with the volume
by Eq. (32)] and extrinsic curvature strengthens the
cosmological interpretation of this model.

According to the proposal of Freidel and Speziale [24],
the discrete twist angle &; associated with the edge i can
be related to the continuous extrinsic curvature by & =
—£* det(£9KLo;), where ¢ is a small length scale, 77 is a
unitary vector along the edge i, and K|, is the 81(2)-valued
extrinsic-curvature one-form. In the U(N)-symmetric two-
vertex model, the twist angle does not depend on the edge i
as we have seen and hence the edge information disappears
from the relation between twist angle and the extrinsic
curvature proposed in [24] pointing towards an homo-
geneity and isotropy, which we pin down in the following
section.

V. LQC FROM THE U(N)-INVARIANT
TWO-VERTEX MODEL

In this section we show that the U(N)-invariant two-
vertex model is indeed a reduction of the full LQG theory
which provides LQC effective dynamics.

A. The constraint equation

Let us start by noting that the two-vertex Hamiltonian
(12) can be modified as long as we respect the SU(2)
symmetry and preserve the commutation with the matching
constraint. Thus, we consider the following generalization
of the U(N)-reduced Hamiltonian constraint

H =2MA*\+ycosg + g(A)], (35)

where g(A) is an arbitrary smooth function with dimensions
of inverse length. Notice that this generalized reduced
Hamiltonian constraint can be obtained by imposing the
U(N) symmetry on different generalizations of Hamiltonian
constraints of the kind of (12), that is, different classical
Hamiltonians for the general case may lead to the same
homogeneous and isotropic reduced sector.

In order to explicitly connect with the language of
cosmology and motivated by the idea that the variable A
corresponds to an area, we perform the following canonical
transformation

a=VA,

The Barbero-Immirzi ambiguity (4) becomes, in this case,
constant Weyl invariance parametrized by +/f, i.e. under

7, = —2VAgp. (36)

the transformation a — a/+/p, n, — \/fr,. From now on,
we will keep the Barbero-Immirzi parameter explicit since
it will be useful in the following. Then the Hamiltonian
constraint (35) takes the form H = A C, where

T, K
P ;a +d’f(a), (37)

with k = =2y(A + y)/f?, we have conveniently redefined
the Lagrange multiplier as M = N/a?, and f(a) =
2(Ba)2g(a*/P) has dimensions of inverse length. This
Hamiltonian constraint (37) can be written in terms of
(a,a) by using the equation of motion for a,

a:{a,ﬁ}:—./\/%sin'ﬁz—iz;’, (38)

and replacing it back into (37). An straightforward manipu-
lation of the resulting expression allows us to write the
constraint equation C = 0 as

1 aZ a2ﬁ2
where
K

The Hamiltonian constraint (37) and its configuration-
space counterpart (39) will be our starting point for
establishing the connection with LQC.

B. FLRW cosmology as the small-twist regime
of the two-vertex model

The small-twist limit || << 1 is equivalent to |z, /a| < 1.
In the lowest order the Hamiltonian constraint (37) acquires
the form

Ka+a3f. (41)

Note that in this limit the Barbero-Immirzi parameter
disappears as expected. From this Hamiltonian [or equiv-
alently from (38)] we obtain @ = —Nyn,/(2a), which,
when replaced back into the constraint, yields

[\S}

1 a
This equation is precisely Friedmann’s equation for a
homogeneous and isotropic spacetime with spatial sections
of curvature x and matter content given by the function f.
Indeed, a homogeneous and isotropic universe is described
by the FLRW metric
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ds? = —=N2(1)dr* + a?(1)d22, (43)

where N/ (7) is the lapse function, a(7) is the scale factor,
dx? = dr?/(1 — kr?) + r»dQ3, k is the constant that char-
acterizes the curvature of the spatial slices, and dQ3 is the
metric of the unit two-sphere. The general-relativistic
dynamics for this FLRW universe filled with a perfect
fluid with density p and pressure p is described by the
Friedmann’s equation

1 & 82G k
— = ——, 44
N2~ 3772 (44)
together with the continuity equation
ap = =3a(p + p). (45)

For barotropic fluids the equation of state is such that the
pressure depends only on the density and the continuity
equation implies that the density is a given function of the
scale factor p(a).

In order to compare both dynamical equations (42) and
(44) on equal footing it is necessary to introduce a fiducial
volume Vs with respect to the line element dX7 (see
footnote 3). This factor naturally appears multiplying both
p and 1/G when considering the Hamiltonian for FLRW
dynamics. In this comparison we then see that the small-
twist regime of the U(N)-invariant two-vertex model
describes a FLRW cosmology. The cosmological param-
eters and energy density are determined by the parameters
7, k, and the function f that define the two-vertex model:
The gravitational constant is given by G = 3yVs/(8x), the
spatial curvature by k =k, and the matter content is a
barotropic fluid with density p = f/Vs and pressure deter-
mined by the continuity equation p = —(a’f)'/(3Vza?),
the prime denoting derivative with respect to a.

As a simple example, the two-vertex model with

flay=> f,a= (46)

describes a cosmology filled with a number of perfect fluids
with equations of state

Pn = WnPhns w, = an/3 - L (47)

As we saw in Sec. IVC, ¢ = & can be interpreted as
extrinsic curvature given by

£ = —2det(¢'Klo)) = LUK, KE. (48)
The extrinsic curvature of the spatial slices of a FLRW

universe is proportional to the spatial metric ¢, i.e.
K. = qupa/(Na). This implies that & = Za/(aN),

i.e. that it is independent of the edge i in agreement with
the U(N)-invariance, which can be written as

_at
= Na
Therefore, Freidel and Speziale’s interpretation of the twist
angle in terms of the extrinsic curvature [24] finds here an
explicit realization which allows in addition to interpret y

[and hence G/(f*Vs)] as the inverse of the fundamental
length scale in the two-vertex model

(49)

£ =paly, (50)

as can be directly seen by comparing Eq. (49) and
¢ = —pn,/(2a) = pa/(Ny).

C. LQC effective dynamics

In the previous section we have shown that the two-
vertex dynamics describes an FLRW spacetime filled with
perfect barotropic fluids in the lowest order in the twist
angle, that is, in the low-curvature regime. This has allowed
us to write the gravitational constant, the spatial curvature,
and the matter density in terms of the parameters y and «
and the function f that characterize the two-vertex model.

In the old dynamics of LQC for a universe with a free
scalar field and vanishing spatial curvature, the semi-
classical states (i.e. Gaussian coherent states sharply
peaked at the classical FLRW trajectories in the low-
curvature regime) follow the effective Friedmann’s equa-
tion, as can be derived from [35]

1 &> 8zG a’p
——=—0pl1-——), 51
N?a? 3 p( p*) G

to lowest order in the Gaussian spread of the semiclassical
state, where p is the energy density of the scalar field,
Py = (87GB*A/3)7!, and A is the (constant) area gap. The
maximum value of the energy density (reached at the
bounce) is P = v/23 /0. Where po = pl,_.

Comparing Eq. (39) with x =0 (as corresponds to
vanishing spatial curvature) and (51) we observe that the
U(N)-symmetric two-vertex model describes the old effec-
tive dynamics of LQC with an area gap A = 1/(2y)? and a
minimum fiducial length uy = VA = 1/(2y).

D. Towards LQC improved dynamics

The U(N)-symmetric two-vertex model describes the old
effective dynamics of LQC. Nevertheless, we can try to
implement the improved dynamics [36] in a similar way to
that of LQC by suitably modifying the model.

To do so, let us go back to the relation (23) imposed by
the U(N) symmetry on the spinors. Note that, in the U(N)
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sector, the Poisson structure (3) for the spinors determines
the Poisson bracket between the twist angle ¢ and the total
area A, so that they are canonically conjugate variables.
To introduce the improved dynamics, we need to change
this structure so that ¢ and A are no longer canonically
conjugate. One way of doing this is to change the Poisson
bracket to {¢, 2\/K} = 1, while keeping the Hamiltonian
(35). Another equivalent option, which is the one we will use
in the following, is to introduce a new variable ¢ = ¢/v/A
canonically conjugate to A, so that {¢,A} = 1. Then, the
U(N) relation (23) now becomes

;) = e VA2|7,). (52)

The spinor Poisson structure that leads to this modification
is no longer (3), so this modified model is not a direct
consequence of the two-vertex model but of a suitably
modified one, whose structure is beyond the scope of this
paper. The Hamiltonian in terms of these new canonical
variables ¢ and A is

H =2MA[y(~1 + cos(VA})) + g(A)],  (53)

where we have set « =0 as before for comparison
with LQC.

If we now follow steps analogous to those of Sec. V C,
then we obtain

1 a? p?

g =1/ [1 —Mf(“)]’ (54)

where now f(a) = 2873g(a*/p).

On the other hand, the improved dynamics formalism
introduces in the holonomies a nonconstant minimum
fiducial length i = v/A/a. The resulting effective LQC
equation is [37]

1 a2

831G p
mz—Tf’(l‘p—*)' 33)

Therefore, now the maximum energy density (reached
at the bounce) is precisely p, and, thus, independent of
the initial energy density p,. We see that the modified
U(N)-symmetric two-vertex dynamics (54) provides the
effective improved dynamics (55) with energy density
p = f/Vs, gravitational constant G = 3yVs/(8x) and area
gap A = f/(4y*). Consequently, the i of the LQC
improved dynamics can be written in terms of the modified
two-vertex parameters as i = VA/a = \/B/(2ya).

As we have already mentioned, this result is a conse-
quence of an ad hoc modification of the two-vertex model

(very much in the same way as the improved dynamics is
introduced in LQC). Nevertheless, this modification is
useful to further understand the underlying physics behind
the imposition of the improved dynamics in LQC and its
relation with full LQG.

VI. CONCLUSIONS

The two-vertex graph has proved to be a useful model
within LQG in order to implement dynamics and to study
the emergence of an interesting cosmological behavior,
at least in a symmetry-reduced sector [14—18]. Therefore,
this model provides an excellent arena to explore the main
open problems of the theory. On the other hand, the
spinorial formalism introduced in [19] gives us a conven-
ient mathematical formulation of the kinematic Hilbert
space of LQG.

We have made use of the spinorial formalism applied to
the two-vertex model in order to analytically study the
evolution of the classical volume. This formalism provides
normal vectors to the faces of the closed polyhedra (the
conditions for the Minkowski theorem are constraints)
associated with each of the vertices. Nevertheless, there
is no known analytical formula to compute the volume
of a general polyhedron (with N > 4 faces) in terms of the
normal vectors that generate it. Instead, we have used
geometric quadrupoles [27] in order to construct an
approximation of the volume that reproduces the quali-
tative behavior of the volume [17]. We have calculated
the equation of motion for this approximation, finding
that degenerate polyhedra—with all the faces parallel
to each other—have null volume forever, i.e. zero-
volume singularities are decoupled from the rest of
configurations.

The U(N)-symmetric sector of the two-vertex model
contains just one degree of freedom corresponding to the
twist angle and the total area of the polyhedra, which are
canonically conjugate. We have found that the approxima-
tion to the volume in terms of quadrupoles is proportional
to the exact volume for the case of the tetrahedron (N = 4).
It is left for future work to check whether this behavior
is true for any other number of faces. Comparing the
evolution of the quadrupole approximation to the volume
and the total area in the U(N)-symmetric sector, we have
found that they precisely follow the evolution one expects
from a homogeneous and isotropic evolution. This relation
is yet another argument for the use of the quadrupole
approximation of the volume and for the interpretation of
the two-vertex model as a cosmological model [at least in
the U(N)-reduced sector].

We have shown that a generalization of the two-vertex
Hamiltonian constraint (that preserves the symmetries of
the model) consisting of the addition of a function of the
area, effectively takes into account matter content in the
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form of arbitrary barotropic perfect fluids. In particular,
we have shown that there is a direct relation between the
equation of state and the specific function of the area
introduced in the two-vertex Hamiltonian.

Finally, we have proved that the two-vertex model is
indeed an LQG truncation that effectively describes LQC
with arbitrary barotropic perfect fluids. The LQC flavor
that derives directly from the two-vertex model is the old
dynamics. However, a suitable modification of the Poisson
bracket structure so that the twist angle is canonically
conjugate to the square root of the area (and not the area
itself) leads to the LQC improved dynamics.
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