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On-shell derivation of the soft effective action in Abelian gauge theories
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We derive the soft effective action in (d + 2)-dimensional Abelian gauge theories from the on-shell
action obeying Neumann boundary conditions at timelike and null infinity and Dirichlet boundary
conditions at spatial infinity. This allows us to identify the on-shell degrees of freedom on the boundary
with the soft modes living on the celestial sphere. Following the work of Donnelly and Wall, this suggests
that we can interpret soft modes as entanglement edge modes on the celestial sphere and study
entanglement properties of soft modes in Abelian gauge theories.
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I. INTRODUCTION

The infrared (IR) sector of quantum field theories (QFTs)
has recently enjoyed much attention, primarily due to the
seminal work of Strominger [1,2], which showed that
Weinberg’s leading soft graviton theorem [3] is the Ward
identity for the Bondi-van der Burg-Metzner-Sachs (BMS)
supertranslation symmetry [4,5]. This relationship between
soft theorems and the so-called asymptotic symmetries is
now understood to be a universal feature of all gauge and
gravitational theories in asymptotically flat spacetimes (see
Refs. [6-8] for a review). For example, the leading soft
photon or soft gluon theorems in gauge theories [3,9] are the
Ward identity for large gauge symmetries [10-20], and the
subleading soft graviton theorem in gravitational theories
[21] is the Ward identity for BMS superrotations [22,23].

A particularly important consequence of these sym-
metries is that gauge and gravitational theories do not
have a unique vacuum state. Rather, they have infinitely
many vacua, all related via action by the asymptotic
symmetry charge. In other words, the asymptotic symmetry
is spontaneously broken by the choice of vacuum state.!

"The vacuum degeneracy being discussed here is not the one
associated with the #-angle in gauge theories, which is related to
gauge transformations that are constant on the boundary but are
topologically nontrivial (i.e., they have a nonzero winding
number). We are interested in degeneracy due to gauge trans-
formations that are nonconstant on the boundary but are topo-
logically trivial.
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The Goldstone mode 6(x) associated with this spontaneous
breaking lives on the celestial sphere S$¢, the codimension-
two boundary of the spacetime (the bulk spacetime dimen-
sion is d + 2). The symplectic conjugate of the Goldstone
mode is the so-called soft photon operator ¢(x), which
inserts a soft (low energy) photon in a scattering ampli-
tude [18]. Together, the fields 6, ¢ constitute the low energy
sector of the theory. They live on a codimension-two
boundary of the spacetime and, in this sense, are the
boundary or edge modes of Abelian gauge theories.

The effective dynamics of the edge modes are described
by a codimension-two action which was constructed in [24]
(similar actions in various other forms have previously
appeared in [25-29] as well, though they all exclusively
work in four spacetime dimensions). The so-called soft
effective action reproduces all universal soft features of
Abelian gauge theories, namely Weinberg’s leading soft
photon theorem [3] and the IR factorization of scattering
amplitudes (IR divergences in four dimensions) [30]. More
precisely, given a gauge theory with IR cutoff u, and
denoting the energy scale separating the soft modes from
the hard ones as A, scattering amplitudes take the form

o ¢(xm)ol e On>/4

= (T () T(xn)e N0 - Oy)y, (11)

where (- - ) denotes a scattering amplitude evaluated with
IR cutoff E, O, are the hard insertions (energy above the
scale A), ¢(x;) are the soft photon insertion (with energy
below A but above ), J(x;) are related to the leading
Weinberg soft factor, and I'(u, A) is the contribution from
virtual soft photons. Thus, we see the amplitude factorizes
into a “hard amplitude” and a soft factor that receives
contributions from virtual soft photons and external soft
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photons. When u and A are small compared to all the other
energy scales in the amplitude, the soft factor is universal
and can be reproduced by a path integral of the form

/ (A [00)e—S B p(x) - ()
= j(xl) e j(xm)e_r[”'/\]’

where the effective action Seg[¢p, 8] for the soft or edge
modes is given by (see Sec. I C for details)

(1.2)

d?x
s¢ (2m)?

L dd0(x) (0,¢(x) — 0,T (%)),

Seff[¢1 9] =a (aa¢(x))2

2Cu s

(1.3)

where S? is the celestial sphere. Interestingly, this action is
neither real nor local (the tilde superscript denotes the shadow
transform (2.26), which is a nonlocal integral transform). It
was constructed in [24] using the asymptotic symmetries of
the theory (in this case, large gauge transformations) and relied
heavily on effective field theory techniques. Therefore, it is
interesting to ask whether the action (1.3) involving soft modes
can be derived directly from the bulk action, whose on-shell
degrees of freedom are the edge modes.

Edge modes in gauge theories were introduced to the
study of entanglement entropy by Donnelly [31]. It is
known from [32] that the entanglement entropy of Maxwell
theory in d + 2 dimensions is equal to that of d scalar fields
plus an additional contact term, whose physical signifi-
cance was not clear. In [33,34], Donnelly and Wall showed
that this contact term is physical and is, in fact, the
contribution of edge modes to the entanglement entropy.
They further showed that the effective action for the edge
modes could be obtained by evaluating the Maxwell action
on-shell with “magnetic conductor boundary conditions.”
These “entanglement edge modes” also live on a codi-
mension-two boundary of the spacetime (specifically, on
the entangling surface), and given their remarkable sim-
ilarity to the “soft edge modes” on the celestial sphere
appearing in (1.3), it is reasonable to expect that they are in
fact related (for example, see Ref. [35]). In this paper, we
prove that this is indeed the case by showing that the soft
contribution to the on-shell action of Abelian gauge
theories is exactly equal to the soft effective action (1.3).
There are, however, two crucial ways in which our setup
differs from that of Donnelly and Wall in [33,34].

First, as was remarked previously, Donnelly and Wall
imposed magnetic conductor boundary conditions, which
fixes B =0 and E |, so that the effective action for the
entanglement edge modes is a function of E | > On the other

*The entanglement entropy of the entanglement edge modes is
then determined by evaluating the path integral over the modes E | .

hand, the soft degrees of freedom that we are interested in
live on a cut of asymptotic null infinity Z%, so we will
instead impose Neumann boundary conditions, which
allows nontrivial radiation flux through the boundary.
This requires us to add extra boundary terms similar to
Gibbons-Hawking-York (GHY) terms in general relativity
to the Maxwell action, so that

1 1
S[A,(I)]:SM[A,CI)]+—2/A/\*F——2 A Ax F,
>+

e e Jx-

(1.4)

where S, is the bulk action (including matter fields @),
and T*=7% Uit are the nonspacelike boundaries.
Second, the edge mode contribution to the entanglement
entropy studied in [33,34] is an ultraviolet (UV) effect,
which arises from degrees of freedom living close to the
entangling surface and is dealt with in the usual way
through renormalization. However, in our analysis, since
the surface of interest lives on the asymprotic boundary of
spacetime, we have to deal with additional IR divergences
(at least in four dimensions). Therefore, we must be more
careful about how to evaluate the bulk part of the action
(1.4) on-shell, and appropriately determine the ie prescrip-
tion in the Lorentzian path integral.3 Our goal is to show
that once these subtleties are dealt with, the relation
between the soft contribution to the on-shell action and
the soft effective action is given by

S[A’ CI)] |soft+0n—shell = iSeff [¢’ 9} ’ (1 5)
where the extra factor of i is present due to the fact that
S[A, ®@] is a Lorentzian action whereas S is Euclidean
(1.2). This is the main result of our work.

Because the entanglement edge modes that are studied
by Donnelly and Wall [33,34], albeit using different
boundary conditions, are precisely the on-shell modes
living on a codimension-two boundary, our result (1.5)
solidifies the connection between the entanglement edge
modes and the soft modes obtained from a symplectic
analysis [18,19]. This is perhaps not entirely surprising, as
it is natural in many regards to identify the soft modes with
entanglement edge modes, both of which live on codi-
mension-two surfaces. Nevertheless, we view the novel
feature in our analysis to be the determination of precisely
which boundary conditions allow us to establish an
equivalence between the two types of boundary modes.

Relating soft and entanglement edge modes in gauge
theory lays the foundation for doing the same in gravity.
Gravitational edge modes enter into the study of subregions
in gravity, where they help answer the question: What are

3This was not an issue for Donnelly and Wall in [33,34], as
their entanglement entropy calculation was done in Euclidean
signature.
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the degrees of freedom associated with a subregion in
gravity? We therefore anticipate that applying our approach
to gravity may connect soft modes in gravity to entangle-
ment edge modes and, in turn, to objects utilized to
diagnose entanglement, such as the modular Hamiltonian
proposed in [36]. For instance, by determining the appro-
priate GHY boundary terms needed such that the soft limit
of the on-shell action reproduces the soft effective action in
gravity, we may conclude that the corresponding boundary
conditions for the gravitational edge modes are a “natural”
choice. We leave such directions for future work.

This paper is organized as follows. We will introduce the
preliminaries involving soft theorems and soft factorization
of amplitudes in Sec. II. In Sec. III, we will perform the
computation that establishes the equivalence between the
on-shell action capturing the edge mode degrees of freedom
and the soft effective action. We summarize our results in
Sec. IV. In Appendix A, we prove a technical identity that
relates the matter current to its shadow transform, which is
instrumental in showing the equivalence between the two
actions. In Appendix B, we also take into account massive
matter particles that may be present in the theory.

II. PRELIMINARIES

We begin by establishing the necessary prerequisites. In
Sec. I A, we introduce the notation and conventions used
throughout this paper. We will be following those given in
Appendix A of both [17,19], where more details can be
found. In Sec. II B, we present a brief review of soft
factorization in scattering amplitudes and introduce the soft
effective action derived in [24].

A. Notations and conventions

Position space coordinates: Our theory lives in (d + 2)-
dimensional Minkowski spacetime, M = R!4+!and for
computational simplicity we will work in flat null coor-
dinates x* = (u, x“, r), where u, r €R and x* € R?. These
are related to Cartesian coordinates X* by

1+x*  1-x°
~A _ a
q (x)_( 2 s X7, 2 )’

1 1
A_[Z e —_
n <2,0, 2).

Note that §*(x) and n* are null and n-g(x) = -1 It
follows the Minkowski line element in flat null coordinates
is given by

X4 = rg*(x) + un?,

(2.1)

ds? = nupdXAdX8 = —dudr + r?5,,dxdx?.  (2.2)
We will throughout this paper use lowercase Greek letters
U, v, ... to denote flat null coordinates and capital Latin
letters A, B, ... to denote Cartesian coordinates. Lowercase
Latin indices denote the transverse directions along the

celestial sphere S? and are raised and lowered by the
Cartesian metric 8.

The null boundaries Z* are located at r — +co while
keeping (u, x) fixed, and their topology is given by R x S¢.
The past (future) boundary of Z+ (Z7) is located at u = —oo
(4 = 4o0) and is denoted by Z* (Z7). The point labeled by
coordinate x“ on ZV is antipodal to the point with the same
coordinate value on Z~.* In these coordinates, the integration
of forms on M, Z* and Z= are given by (we follow the
conventions outlined in Appendix A of [19])

1
/ Cd+2:_§/du/dr/ dx|r|?(* Cyy2).
M R R s
1

/ Can =3 / du [ dhe( Tim |0k Capn)"),
T+ R NG

r—+oo

1
[ om st e
I* 2 Jsa

(2.3)
U—Foo r->=+oo
where C), denotes a p-form.
Momentum space coordinates: An off-shell momentum
is parametrized by

4 = w(g* (x) + kn?), (2.4)

where £ = —kw”. The off-shell integration measure is

dit2y 1 dx dx
TRV IRl de|o| ! —, (25
/M<2n>d+2 4n/w>ﬂ wll /Sd@ﬂ)d Azﬂ’ (25)

where to deal with IR divergences, all momentum space
integrals are performed with a cutoff x, which is taken to be
much smaller than all other scales in the problem. Similarly,
we use the following parametrization for on-shell momenta:

m2

ph = w[éA(x) + (E) nA], p?=-m? (2.6

The properties and advantages of using the flat null coor-
dinates for position and momenta were further expounded in
Appendix A of [17].

Scattering amplitudes: Given an IR cutoff y, an n-point
scattering amplitude can be written as a time-ordered
vacuum correlation function, such that

"

where we denoted’

“The antipodal point on S can be defined by embedding
S? < R4+ which maps x )?(x), where X - X = 1. On R4+,
the antipodal map is given by X —X.

>This definition for O, is the one implemented by the LSZ
reduction formula (see Sec. 4.3 of [18]).
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Or =0(0) [0} (0 (xi)) =

+ 0(—wy) [Of (@4 q(xi)) " =

OF (@)

Of (—axg(xy))"]. (2.8)
Here, (w) is the Heaviside step function, the £ superscript
corresponds to either the outgoing (+) or incoming (—)
mode, and OF ((’),fT) is the annihilation (creation) operator
for the kth particle. Furthermore, we denote the operator
that inserts a photon with momentum ¢* = wg*(x) and
polarization a by O, (w, x). The corresponding polarization
vector is given by

= (xav 52’ _xa>' (29)

B. Soft factorization

1. Real soft photons

Weinberg’s leading soft photon theorem [3] states that a
scattering amplitude with m photons, each with momentum
q; and polarization a;, and n hard particles, each with
momentum p, and U(1) charge Q; € Z, factorizes in the
leading soft limit (¢% < p? for all i and k) as®

Am+n£§)ym nv Eﬁ( zn:Q pk 8 >

S\ = e q,—le

(2.10)

where the superscript on R signifies this is the leading
soft factor. To recast this into a cleaner form, we will utilize
the notation introduced in the previous subsection. First, we
define the soft photon operator

No(x) = N (x)=Ng (%),

(2.11)

%% (hm + hm)(a)(’) (w,x)) =

w—0"

where N7 (x) are the Hermitian out and in soft photon
operators [18],7

lim 1co(?f(coc}(x))

Ni(x) =
4 (X) w—0" e

= NEf(x)". (2.12)

Note that the factor of  is needed to cancel the simple pole
in the soft factor at ¢; = 0 so that the soft limit is well-
defined. Using this, (2.10) can be written as [24]

°In Abelian gauge theories, the soft limit can be taken either
consecutively or simultaneously without any ambiguity. This is
no longer the case for non- Abehan gauge theories.

"In (2.12), we have used 6(0) = 3- This choice is not arbitrary
and is rather precisely what we get if we use the LSZ
representation of the operators defined in (2.8) and then take
the limit in (2.11) (see Sec. of 4.3 of [18]).

<Na1(x1> Na,,,( m)Ol "'On>;4
(xl) \7 (xm)<01 e On>w (213)
where
Tu0)=0,3 Qulnlpe- 40| =0T (). (2.14)
k=1

From (2.13) and (2.14), it is clear that when inserted into an
S-matrix element, N,(x) satisfies the constraint

a[tzlvl)] (X) =0= Na<x) = aa¢(x)'

(2.15)
A more careful derivation of this constraint by demanding
the invertibility of the symplectic form was given in [18].

2. Virtual soft photons

Scattering amplitudes in four-dimensional gauge theo-
ries formally vanish due to IR divergences. In the pertur-
bative expansion, these arise from diagrams involving
exchanges of virtual photons. Each diagram is separately
divergent, but the infinite sum exponentiates, and the full
amplitude vanishes. Introducing an IR cutoff u to regulate
the divergences, one finds that an n-point amplitude has the
form (see Chap. 13 of [37] for details)

A, = e TWwMNA (2.16)
where I'(u, A) captures the IR divergences, A is the energy
scale demarcating the soft from the hard modes, i.e., y <«

A < |pY| for all k, and A, is an IR finite amplitude. In
Abelian gauge theories, the explicit form of I" can be easily
worked out to be®

F(,Ll, Z Qka’
25
x/ a2 Pi Pr
w (2r)72 (¢ —ie)(py- ¢ —ie)(py - € +ie)

(2.17)

where the integration limits above denote integration over
the regime u < |w| < A The explicit form of I' was
determined in [24] to be’

The ie prescription is a bit different when k = k’, in which
case py - ¢ + ie is replaced with Pi- ¢ — ie.

Actually, I' also has an imaginary part that was calculated
in [24], but the soft effective action constructed there (and the one
we discuss here) does not address this piece. Hence, we will also
only focus on the real part here, and leave the imaginary part of I
to be discussed in future work.
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_ dx 2 _e -3
F—a/gd(zﬂ)d(Ja(x)), a_&r/ﬂ do @', (2.18)

We can then write (2.16) as

d?x

(OO, =ew|-a [ 37

(2.19)

Note from (2.18) that @ — oo as we remove the IR cutoff by
taking 4 — 0 in four dimensions (d = 2), from which we
find that A, — 0. On the other hand, there are no IR
divergences in dimensions greater than four (d > 2) since a
remains finite as 4 — 0, and so amplitudes A, are not
automatically vanishing as y — 0.

C. Soft effective action

Celestial holography postulates that scattering amplitudes
in d + 2 dimensions are correlation functions in a putative
holographic conformal field theory in d dimensions. While
there have been a few attempts at constructing explicit
examples of flat holography [38—40], these are only applicable
to a very special class of four-dimensional theories. A small
step toward a formulation of flat holography in general
dimensions was taken in [24], which used effective field theory
techniques to construct a d-dimensional action that partially
reproduces the soft factorization described in the previous
section (see also the related works [16,25-29.41,42]).
Essentially, the analysis in [24] began with the path integral
definition of a generic scattering amplitude with m soft particles
and n hard particles, given by

<N1"'Nmol"'0n>

u

- / (dgleSUIN, () - Non(@)O1(9) - On().  (220)

u

where the subscript ¢ indicates the path integral is over all fields
@ with || > p. We can now separate ¢ into a hard piece ¢,
and a soft piece ¢,, which respectively have support in the
momentum range |w| > A and p < |@| < A. By definition,
the soft operators depend only on the soft fields, so that
N; = N,;(p,), whereas the hard operators factorize as
Ow(@) = Ui(p,)Ox(@y) [18]. Substituting these results into
the soft theorem (2.10) and recalling (2.16), we recover the soft
factorization

q;—0 ~

Apin=seTwn) 7 0A, (2.21)

m-+n

Ay = (0,05 = / (a5 @10, (g)) - Oulgn)

(2.22)

S0P (01O,

and

e—F(ﬂqA>y,(3) =(Ny---N,U;---U,),

= / [do,JeSnl®: Ny (¢5) - --
u

e Un((ps)’

N, (p,)Uy(oy)

(2.23)

where Sq.q[¢;] is the effective action for the soft modes. This
can be constructed by integrating out the hard modes explicitly.
However, given the universal IR features that this action is
supposed to reproduce, we expect Sq.q[¢;] to be universal in
any Abelian gauge theory. Motivated by this, the authors
of [24] used general effective field theory ideas to construct the
action.

The relevant soft fields in gauge theories are the
soft photon operators N7 (x), defined in (2.12), and the
Goldstone mode for large gauge transformations'®
C.(x)=A,l7+(x) = 0,0(x), O(x)~0(x)+2r. (2.24)
Substituting (2.17) into (2.22), it was shown in [24] that the
effective action for the soft modes is given by

dy
Senlth 0] = I N

sd (27[)d

dxC* (X)N,(x),

2ot o (2.25)

where C,(x) is the shadow transform of C,(x). For a vector
field of scaling dimension A, this is defined by

& (x) = Tap(x=y)
Cw= [ oy o),
XaXp

Top(x) = 6, — 27952 (2.26)
X

Notice that up to a normalization constant, the shadow
transform is its inverse:

‘:/a(x) = CA,1Va(x),

#(A=1)(d=A= M- A)r(A-9)
car= T(A+ DI(d—A+1) - (227)

In our case of interest, C,(x) has scaling dimension A = 1,
and its shadow transform is evaluated first using (2.26) for
generic A and then taking the limit A — 1.

"Note that the gauge field satisfies an antipodal matching
condition A, |7+ = A,|7-, so (2.24) could also have been defined
onZ7.
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Lastly, the operators U, are given by

U(0) = exp {iQk / Ax0(x) Ky (2o xis %) |,z = 2K
Sd

|a’k

(2.28)

where we have used the momentum parametrization (2.6),
and C, is the bulk-to-boundary propagator in Euclidean
AdS,.,, given by

r(A) { z
2T(A =4 [(x—y)

A
Ka(z,xy) = 2+Z2} . (2:29)

The total product of the operators U, can be written in a
nicer form as

e_Sinl[a] = U1 <9) e Un(e)

= exp [z/ d?x0(x) Z QkICd(zk,xk;x)]
s =1

= exp {— d’xC*(x) T, (x)} , (2.30)

C11.Js?

where we recall 7 ,(x) is the soft factor defined in (2.14),
and in the last equality we used the property

0T (%),

(2.31)

1 1
O y(zps x5 x) =
kz:]: WKa 2k xi5 %) 2en

which was derived in [24], as well as the shadow identity

dxC(x) T ,(x) = [ d%C%(x)T,(x).
Sd Sd

(2.32)

The full soft effective action is then

Seff[¢’ 9] = Ssoft[¢’ 9] =+ Sint[e}
d?x
= [ V)

i

dxC(x)(Ny(x) = T o(x)). (2.33)

201,1 s

III. SOFT ON-SHELL ACTION — SOFT
EFFECTIVE ACTION

In this section, we show that the soft effective action
(2.33) can be obtained by evaluating the bulk gauge theory
action on-shell given a specific choice of boundary con-
ditions, and then extracting the contribution from the soft
modes. Consider a generic model describing an Abelian
gauge field coupled to charged matter, which is described
by a Lagrangian of the form

1
M 2e

where L, is the rest of the Lagrangian and includes all the
matter field contributions and any potential higher deriva-
tive terms in the Lagrangian. Generically, it is a polynomial
function of the arguments

Ly= LM(aAl T 'aA,,FABvD(A, o 'DAn)q)i)v

DAq)i = 6A - iQiAAq)i, (32)
where D, ---D, ) denotes n symmetrized covariant
derivatives.'' In particular, we are interested in the leading
order contribution of the soft gauge field modes to the on-
shell action, which would arise from the lowest derivative
terms in the action. Now, after integrating out the matter
fields, what remains at the lowest derivative order is a term
of the form A,J*, where J, is a background conserved
current that is determined from the boundary conditions
used for the charged matter fields. To summarize, as far as
the contribution of the soft modes is concerned, we can
restrict ourselves to a simple model described by the action

S[A] = /M <—%F Ak F+ (—=1)9A A% J>

e

1 1
+= | AAXF——
62 pond 62 >-

AAXF, (3.3)

where * = 7* U i*. A model of this type was considered
in [43-45], where it was indeed shown to reproduce all the
IR effects described earlier in Sec. II B.

Let us begin by focusing on the boundary terms in (3.3),
which are required so that the variational principle imposes
the relevant boundary conditions for our model. To see this,
note that the variation of the action has the form

5S[A]=—iz/ SA A (dx F—(=1)%e % J)
e” Jm

1 1
+— [ AAxS6F—— | Anx6F
.

e” Jx 2
1

—— [ SAAXF.
e 0

e” Jy-
(3.4)
The first term in (3.4) gives us Maxwell’s equations12

dx F=(=1)%xJ = AF(X) =e*Jg(X). (3.5)
Furthermore, the variational principle holds only if the
terms in the second line of (3.4) vanishes, which requires us

""The commutator of covariant derivatives simplifies to the
field strength, in that [D4, Dg|®' = —iQ;F,z®'. Thus, without
loss of generality, it suffices to consider symmetrized derivatives.

Notice that (3.5) also implies current conservation, since
acting on both sides by d yields d x J = 0, or 0*J, = 0.
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to impose Neumann boundary conditions on X* and
Dirichlet boundary conditions on iV, so that

SAl0 =0, 1,6F|s= =0, (3.6)
where 1, is the interior product with respect to the normal
vector n4, ie., (1,F), = nPFg,.

Before continuing, we note that for the calculations
presented in this section, we did not need to know the
precise form of the background current J, (aside from the
fact that it is conserved). However, to match the results here
to those of Secs. II B and II C, we will need the current to be
the one corresponding to n charged point-particles (this is
the relevant choice for the scattering problem), so that

n

A
p -
JAX) = _Zg(ﬂkXO)Wkap—ﬁ(s(dH) (X—
k

P
—0x0>, (3.7)
k=1

Pk

where 7, = +1 distinguishes outgoing (+) particles from
incoming (—) ones. "

A. Solutions to Maxwell’s equations

Since we aim to evaluate the action on-shell, we start
by discussing solutions to (3.5). We work in axial null
gauge, given by14

nA,(X) =0. (3.8)
To solve (3.5), we decompose the gauge field into the
pieces
Ax(X) = A4 (X) + 0,0(X),

0(X)~0(X)+27,  (3.9)

where 6(X) captures the Goldstone mode for large gauge

transformations, and A, (X) is the part of the gauge field
that admits a Fourier transform, namely

dd+2/

As(X) = e/Mieif'XAA(f).

22)77 (3.10)

Similarly, we consider the Fourier transform the current,
given by

d+2
JA(X):/Md fe’f'XJA(f), AIN() =0, (3.11)

(27[)d+2

PNotice that (3.7) assumes that the scattering takes place at a
single point X4 = 0. This is of course not true for a generic
scattering process, but since we are only interested in the leading
soft (IR) behavior of the current, the actual details of the
scattering process are not relevant, and (3.7) is a reasonable
ap&rpximation.

Notice that A, = n*A,, so the axial null gauge (3.8) is the
same as imposing A,, = 0, which was previously called temporal
gauge in [18,19].

where the second equality is due to current conservation
J,(X) = 0. Substituting the Fourier modes into (3.5), we
obtain

P2ANC) = C4lBAR(C) = —ed4(€).  (3.12)

To solve this, we will find it convenient to expand the gauge
field and current using the basis of vectors {n*, #4, £4(¢)}
on RY¥*+1 where the polarization vectors &3 (#) are defined
in (2.9) [with x“ related to #4 via (2.4)] and satisfy the
properties

"A*‘?Q('/ﬂ) = KASI;‘(f) =0, WABfﬁ‘(f)fE(f) = Oups
eq(¢) = ea(=¢) = e4(0)". (3.13)

Expanding the gauge field and current in this basis, we find

Ap(€) = naL(¢) + 4 (£)A(2),

N ny ;
16 = (2= )0+ ee), (G

where the coefficients are fixed by imposing the gauge
condition (3.8) and current conservation ¢4J4(¢) = 0.
Substituting this result into (3.12), we obtain

J, (%) N
L(t) = e——%5, PA(C) = —ed (7). 3.15
() =it (6) ==l (0). (315)
The second equation above solves to
n I e‘]a(f)
Aa(f) = 2ﬂ@aad(f)5(£2) —T, (316)

where the first term O?4(#) is the homogeneous (radiative)
solution, and the second term is the Coulombic solution.
We would now like to substitute this result into (3.10) to
determine the gauge field in position space. However, to
evaluate this Fourier integral, the pole at #?> = 0 in the
second term of (3.16) has to be regulated by an ie
prescription. Depending on how this is done, the corre-
sponding radiative solution is incoming or outgoing. More
precisely, we have

eJ.(£)

A (€) =220, (£)5(¢7) ~ =5
—( Fie) +|P

(3.17)

where, as before, the £ superscript corresponds to the
outgoing (+) and incoming (—) radiative modes, respec-

tively. Furthermore, depending on the sign of #° = :I:|?|,
the operator OF (#) reduces to a creation or an annihilation
operator in the quantum theory, and we have the identi-
fication
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OHI?1.7) = 05(F),  Oi(-[Z].-7)=0x(?)".
(3.18)
Finally, we remark that using the identity
L _ P ! i75(x) (3.19)
x+ie = \x T 1motx), )

where P is the Cauchy principal value, a useful conse-
quence of (3.17) is

1,(6) =2 0()(0F () - O;(f))} 8(£%) =0, (3.20)
e
where © is the sign function.
B. On-shell action
Having constructed the solutions, we now turn to the on-

shell action. First, using the decomposition (3.9), the action
(3.3) can be recast into the form

S[A] = /M (—LF Ak E 4 (=1)9A A% J)

1 ~ 1
L[ owr-k [ anr
e JI+t e Jz;
1 A ~ 1 A A d
+= | ArkF—— | ArxF+(=1)* [ 0xJ
e” Jz+ e Jz- i°
1 N
——2/ 6’(d*F—(—1)"ez*J)
e >t
1

+?L_9(d*l:“—(—l)d62*f)- (3.21)

The terms in the last line are proportional to the equations of
motion (3.5) and therefore vanish on-shell. Furthermore, all
the terms in the second line vanish on-shell as well. To see
why, first note that there is no charge flux through i°, so the
last term in the second line vanishes. Second, using (2.3), the
first two terms in the second line can be written as

A Ax :——/du/ d?x lim |r|A,0,A".

o2 r—+oo

e p>=d

(3.22)

Following [19], we now decompose the gauge field into
radiative and Colulombic modes, so that

"We remark that although (3.22) only includes the contribu-
tion from Z*, we are allowed to drop the contribution from i*.
This is because in the absence of massive particles, the gauge
field vanishes on i*, while in the presence of massive particles,
the gauge field only receives a Coulombic contribution on i* (see
Appendix B), which falls off too quickly to contribute to (3.22).

A, = A+ AT (3.23)
where the radiative piece (R) is the homogeneous solution to
Maxwell’s equations, and the Coulombic piece (C) is the
inhomogeneous solution. The+ superscript indicates
whether we are taking an advanced Green’s function (+)
or retarded Green’s function (—). The falloff conditions for
these pieces obey [19]

AR = O(A )+ O(r ), AFE =0,

ARE = O + O(r =), AT = O(r=).
(3.24)

Given these falloff conditions, it is clear from the integrand in
(3.22) that only the radiative part of the gauge field
contributes to the integral, as the Coulombic modes fall
off too quickly as |r| — oo. It follows we have

~

— A Nk
e pod

. 1 i

F=-— / du [ dxAZo,A**, (3.25)
e JrR s

where

A (u,x) = lim |r[7'AE (u, 1, x).

r—+oo

(3.26)

As flf only involves the radiative modes, it admits a mode
expansion, which is given on-shell in [19] to be

Af(u,x) = i%/m dw wt™!
2(27)2* Jo

ind

x [OF(wg(x))e 4% +cc].  (3.27)

Substituting this into (3.25), we obtain

- 8(2n d+2/du/§ddd / dode/ v o's

iznd _iou—rind

% [OF(wi(x) e 575 + c.c][O0=(o/g(x)) 47 ~c.c ]

i d_ d
—W/dedx\/o da)da)/a)z ]a)’z
/ du[O (03 (x)) 04 (0 g (x)) e~ 5
R

—0. (3.28)

—c.c.]

This proves the claim that all the terms in the second line of
(3.21) vanish.

Thus, we see that on-shell, the only terms that survive in
(3.21) are those in the first line, i.e.,
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1 . N o
S{A”on—shell = / (_2—2F Ak F + (-1)dA Ak J)
M e

(3.29)

In the rest of this subsection, we will demonstrate that with
a suitable contour deformation, the bulk integral in (3.29) in
the soft and on-shell limit becomes [see Eq. (3.40)]

1 . . .
/ <——2F Ax F+ (=1)7A Ax J>
M 2e

soft+on-shell ddx
. N 2’
o [ G (V)

(3.30)

and the boundary integrals in (3.29) in the on-shell limit
becomes [see Eq. (3.51)]16

1 ~ 1 ~
-— 9*F——2/ 0 F
e Jr+ e JI:

on-shell 1
é [

Al (XN () = T(x). (331)

2¢y Js

where C,(x) was defined in (2.24). Substituting (3.30) and
(3.31) into (3.29), we see that the soft limit of the on-shell
action (with a suitable contour deformation) is given by

ddx

S[A]lsofwon-shell - iOl/ W (Na (x))2

§d
1

+
261’1 sd

dxC(x) (Ny(x) = T (%))
(3.32)

Comparing with the soft effective action (2.33), we see that

S[A] |soft+on-shell = iSeff[‘ﬁv 9} (333)
This is the main result of our paper, and it proves our claim
that the soft limit of on-shell degrees of freedom localized
on the celestial sphere, i.e., the soft limit of edge modes, are
precisely the soft and Goldstone modes parametrizing the
low-energy Hilbert space of the gauge theory. To under-
stand the factor of i, note that from (2.23), the path integral
involves e~ On the other hand, if we had chosen
instead to insert the on-shell action into the path integral, it
would involve e*SMlloswen implying (3.33) is indeed correct.
In the next two subsubsections, we will derive both (3.30)
and (3.31), which were necessary to prove the main
result (3.33).

16Only the soft modes are nonvanishing on ZZ, so we do not
need to take a soft limit.

1. Bulk term

We start with the first term in (3.29), which in momen-
tum space can be written as

Sl = [ S| -3 (@A)- A0

—|-A(O)]P) - A(¢) -J(—f)] (3.34)

To render the Lorentzian path integral finite, we need to
deform the contour of integration over Z. A simple way to
do this is to replace > — > — ie above. Applying this
deformation and then evaluating the action on-shell by
utilizing the solutions constructed in Sec. IIT A, we find

Sunlillowa =5 [ S 1
bulk on-shell — 2 M (2ﬂ)d+2 1/02 —ie

Gl TN O ACED

Next, using the identity (3.19) and (3.20), we can rewrite
the action as

N d*2¢ [in
S hell = ——— | =68(£%)|0f (¢) — Oz (¢)?
il = [ 5 sats |3 9103 )= O3 (€

& (PUJLOP) _Val0)
+E< & _(n-f>2>]' 1330

For the soft effective action, we only keep the first term
above, as this is the term that is responsible for the real part
of the IR divergence r.” Extracting the soft contribution
here, we find

Sbulk [A} |on»shell+soft
in [A dit2g

-2 W&(ﬂ)w;(}f) - O;(2)]%.

(3.37)

Using (2.5), this can be rewritten as

A i -1 dx e
Sbulk [A] |0n—shell+soft = @ dow - (271_)(1 |Oa (wq(x))
u
O; (g

()% (3.38)

We now recall that 4 and A are much smaller than any other
scale in the problem, so using (2.12), we can write

"The imaginary part of I' is related to the second term of
(3.36), and as mentioned previously was ignored in [24]. Since
our goal in this paper is to reproduce the results of [24], we will
ignore the second term in (3.36) for now, and hope to return to it
in future work.
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O (w(x)) — S N(x). (3.39)
w
which implies
A ) d?x
Soutk [A][on-shell--sofc = i /de(Na(x))z’ (3.40)

where N, is defined in (2.11) and « in (2.18). This proves
our claim (3.30).

2. Boundary terms

We now turn to the boundary terms in (3.29), which are

A 1 PO | A
dey[A,e]:—ez/I+9*F—ez/Ie*F. (341)

Using (2.3), we can write the terms in coordinate
notation as

1 A2 A
— [ O0xF=— ddxH(x)( lim lim \r|dFu,(u,r,x)),
62 I$ 62 sd U—>F oo r->+coo

(3.42)

where we have used the matching condition on the gauge
field 6|7+ = 6|7~ (see Footnote 10). To evaluate (3.42)
explicitly, we decompose the field strength into radiative
and Coulombic parts, so that

Fu,(u, rx) = Ff,i(u, r,x)+ Ff,i(u, r,Xx).

(3.43)

From [19], we have for Abelian gauge theories the on-shell
identity

2
( lim lim |r|dF{f,i(u,r,x)) =+ RNE(x). (3.44)

U—F oo r->=+co Cl1
Furthermore, Maxwell’s equations imply [46]

20u( lim |r|dﬁ5,i(u,r,x)) = e2JE(u, x),

r—+oo

JE(u, x) = lirin |7|4d (u, r,x). (3.45)
r—x oo
Integrating this differential equation in u, we obtain

(lim lim |r|df75,i(u,r,x)>

U—Foo r—>=+oo

2
=75 st + (m )

(3.46)

In the absence of massive particles (the contribution from
massive particles is discussed in Appendix B), the second
term above vanishes from the falloff condition (3.24).
Assuming this and substituting (3.44) and (3.46) into
(3.42), we get

1 A 1 -
—2/ 0* F =+ d?x0(x)0“NE (x)
e Jr €11 Js?

F [ dx0(x) / du JE(u,x)
S R

1 -
=F d?xC(x)NE(x)
2C1’1 sd

F ddx9(x)/du JiE(u, x),
s¢ R

(3.47)

where in the second equality we integrated by parts in the
first term and then used the shadow identity (2.32).
Substituting this into (3.41), it follows that

1
2Cl.] Sd

+ [ dixot) A du(J; (u,x) = J; (u, x)),

§d

Sbay [A,0] = d?xC4(x)N,(x)

(3.48)

where we used the definition (2.11). To further simplify this
expression, we use the following identity, which we prove
in Appendix A,

0T o(x).

A du(J (1, ) = T (1, x)) = (3.49)

2C1,1

where

w—0" w—0"

T a(x) E% ( lim + lim )a)e’j} (x) /M d*2X el X ], (X),
(3.50)

and importantly reduces precisely to our earlier definition
of J, in (2.14) when the spacetime current J,(X) is the
point-particle current (3.7). Using (3.49), we can rewrite
(3.48) as

dey [A7 9] ddXCa (x) (Na (x) - ja (x))v

N 2¢1 Jst (3:51)

which proves (3.31).

IV. SUMMARY

We have in this paper shown that the soft effective action
(1.3) can be derived from a general action for an Abelian
gauge theory (1.4), taken on-shell in the soft limit, and this
result is summarized in (1.5). Importantly, our analysis fixes
the type of boundary conditions necessary to derive the soft
effective action. In particular, the soft modes are not the
entanglement edge modes studied by Donnelly and Wall in
[33,34], which analyzed edge modes of Maxwell theory with
magnetic conductor boundary conditions imposed. Rather,
they are the edge modes for gauge theory with Neumann
boundary conditions at timelike and null infinity and
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Dirichlet boundary conditions at spatial infinity. It would be
very interesting to explore the entanglement properties of soft
modes by viewing them as entanglement edge modes and
following, in spirit, the analysis of Donnelly and Wall. We
will leave such explorations for future work.

Furthermore, now that the connection between soft modes
and edge modes has been established in Abelian gauge
theories, there are natural extensions of our analysis to both
non-Abelian gauge theories and gravity. By beginning with
the action in non-Abelian gauge theory or gravity with
suitable boundary terms added to impose Neumann boun-
dary condition on ¥, we can derive the on-shell action. By
then taking the soft limit, it would be interesting to confirm
that we get precisely the soft effective action for non-Abelian
gauge theory and gravity given in [24,27].

Indeed, it would be most interesting to study the IR
sector of gravity, which is expected to have similar behavior
as the IR sector of Abelian gauge theories at leading order
in small energies. In particular, we would like to determine
what are the appropriate GHY boundary terms to add to the
Einstein-Hilbert action such that in the soft and on-shell
limit it becomes the gravitational soft effective action. This
should allow us to appropriately identify soft modes with
entanglement edge modes in gravity and gain insight into
the modular Hamiltonian. The modular Hamiltonian has
been an object of study in connection to quantum fluctua-
tions in spacetime subregions [36,47,48], and we expect
this will open the possibility of utilizing soft or edge modes
to study subregion spacetime fluctuations. These, and many
other exciting connections between soft modes and entan-
glement, are current avenues under exploration.
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APPENDIX A: RELATING CURRENT
TO ITS SHADOW

In this appendix, we will prove the identity (3.49). Given
a conserved current J,(X), we want to compute the soft
limit of its Fourier transform, which we defined symmet-
rically to be [see Eq. (3.50)]

w—0"  ©—0

Talx)= <11m + lim )we‘;‘ (x)//\/ldd+2Xei“"7(")‘XJA(X).

(A1)

We now compute using flat null coordinates

o 1
d9t2xei@d()X 1, (X :—/du/dr
/. A = o
|rl¢ |d
dd ——u——r@ )(x—y)?
<,

x J 4 (u " ,y> (A2)

where we recall ® is the sign function. Denoting

Ti(wy) = Tim [r|Ta(u, 7, ), (A3)

we have

Jau(x) = 2<hm + hm

wew) [ dr [ du

w—0" (1}—)0
g ddyze—lé—’u——rG)(w)(x >JZ(M,y)
i o
I I )a 7 (1)© / d / d
+2(m£5a+ i )20t [ o | an

[ dtysessoweal iy, (ad)

where we used (A3) and the fact the @ — 0F limit for J,
corresponds to the large r limit. We can now perform the r
integral directly, where we have to regulate using the ie
prescription:

/0 i O H0(o)] e—%r®<w>[<x—y>-2+z®<g>e1 0 2{2@(@)
% 30(0)[(x=y)* +iO(w)e]|,—  (x—y)" +iO(w)e
—r®(w)[(x—y)*—i®(w)e r=o0 :
/ dr e-rO@(x—-i0(@)d e ol y)2 e __ 212@(“?) _ (AS)
50(0)[(x —y)* — i®(w)e|,—o (x—y)* —i®(w)e

It follows
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1 (. y) Ja(u.y)
~(1 li du [ dy - 4
Jalx) = 2 (wirg * wl—{g- / . /gd { (x — y —i®(w)e (x—v)* +iB(w)e
o) [ ou [ ddyp( ;) Ui ) = I5)) (46)
R s (x =)
where in the last equality, we used the definition of the principal value
1 1 1 1

Pl——| == . A7
(&) =2 le=retoor=s 7

Now, recalling the on-shell momentum parametrization via flat null coordinates given in (2.6) with m = 0, we evaluate

0" (X)T5 (1, y) = x,(J5 (u.y) = Ty (u. ) + T (w1, ), (A8)
where J5. (u, y) labels the a-component of J in Cartesian coordinates; we use this notation to distinguish it from the a-

component of J& in flat null coordinates, which we denote as usual by J. To rewrite the right-hand-side of (A8) in terms of

flat null components J,(u,y), we perform the coordinate change

1
Julu.r.y) =5 Uo(u.r.y) = Japi (. r.y))

It immediately follows that

1

:;]a(u,r,y) (A10)

‘]X“(u’r’y) _2ya‘]u(”vr?y)'
Multiplying both sides of the above equations by |r|¢ and
taking » — 400, we have

T () = 5 (U () = T (0.9))
Jxa(u,y) = £I5(u,y) = 2905 (u,y), (Al1)
where we defined
Jo(uy) = lim [ r,y).  (A12)

Substituting (A11) into (A8), we obtain
J

aafjva(x)_zaa d?z M/ ddy
Sd

[(x - Z) 2
+0¢ / dd Lap(x
[(x—z2)?
Let us first focus on the second line. We compute
Zap(x—2)
d ab d
e

st () /d (z—

Ja(u’r’y) = rya(‘]()(u’r’y)

—Jap1(u,r,y)) + rdxe(u, r,y). (A9)

0,9 (x)Jx (. y) = 2(x4 = yo )i (. y) £ J5 (u,y). (A13)

Substituting this into (A6), we obtain

Tuw) =2 [ iy e / du(Jt (u.y) - J7(.3))

sd

+/ ddy
st (x=

where we have implicitly dropped the principal value
notation P for simplicity.

We now want to take the shadow transform of (A14) and
then take the divergence. Observing the fact 7,(x) has
scaling dimension 1, we compute

o [ ) + I3 ),

(A14)

Xa=Va £
d (Z— /duJ (u,y) = J; (u,y))

)/dedy(z_

(Ja (u,y) +J5(u,y)). (A15)
o [ dut ) + 3(w.)
/dud“ (i (u,y+x) + T (u,y + x)), (A16)
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where we set 7 — z + x and y — y + x in the integral and then pulled in the derivative 0¢. By current conservation, we have
0JE(u, x) = 0."® Therefore, only the term involving J;* on the right-hand side of (A15) survives, and we have

097 4(x) = 20¢

dd
Sd
Using the fact
27 (x)
00" In(x?) = Eat (A18)
we can further simplify (A17) to obtain
1 —~
/ du(J;f (u,x) = J; (u,x)) = T.(x), (A19)
R 2¢q

which is precisely (3.49).

APPENDIX B: MASSIVE PARTICLES

In Sec. Il B 2, we proved that the identity (3.51) holds in
the absence of massive particles. To be precise, we ignored
the second term in (3.46). In this appendix, we show that
including that term allows us to account for massive particles
in the soft effective action. First, we use the fact that in the far
future, the only source for the gauge field is the Liénard-
|

ab(x_z)
e T |
d_ /ded /duaadbln(z—l—x—y)ﬂ(]ﬂu,y)—J;(u,y)).

23 | Al ) = Ja(uy)

(A17)

|

Wiechert field strength generated by the massive particles
(generalized to arbitrary dimensions) so that given a set of
massive partlcles with momenta p4 and U(1) charge Q,, the
field strength is"

A ezmko PiaXp — PreXa
FSB(X) = g a(nkXO) 2 2v2 l(d+]) 5
kmassive d [(pk X) +ka }2
(B1)
where Q,; = % is the volume of the unit S9, @ the

Heaviside function, 7, is positive (negative) for outgoing
(incoming) particles, and the sum is only over massive
particles. The superscript C indicates that this is the
Coulombic solution (recall that there is no radiation for
the gauge field through i*). Using (2.6) and moving to flat
null coordinates, we find

mZ
: @ 20mdg, (1 +2) + )] [uay = raog ((x = 2 + 21 |
Fur(u,r,x) = 5 Z Qk m2\ 12 l(d+;) (B2)
kmassive - d {w% [u + r((x —x)? + w—§)} - 4urm%}2
k
Using this, as well as the Legendre duplication formula
1
F(z)F(z + 2> = 21722\/71(2z), (B3)
the second term in (3.46) evaluates to
. . A m
ugrfwrg;anr|dF Au,rx) = _?k;werKd(szk’ x), 2 :|60—ll:’ (B4)

M=+

where /C, is the bulk-to-boundary propagator (2.29). Substituting this result into (3.42), we find that the contribution of

massive particles to the boundary action (3.41) is

"®This can be proved by taking the large r limit of 0*J,(X) = 0 and using the fact that J, (u, x)

= O(r|~%) [17].

We determined this by covariantizing the four-dimensional Liénard-Wiechert field strength (for instance, see Chap. 14 of [49]) and
then generalizing to all dimensions. The prefactor is fixed by requiring that Maxwell’s equations are satisfied for the point-particle

current (3.7) (away from X° = 0).
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Sbdy [A70]|massive = /Sd ddx(g(x) Z Oa(zi, X153 x) = —

k massive

ddxéva (x) jznassive (x) , (BS)

2C1,1 s

where [JM51Ve g the soft factor involving only massive particles, and in the last equality we have used the properties (2.31)
and (2.32). Adding this to (3.51), we reproduce exactly the massive contribution to (3.31).
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