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We explicitly express the Minkowski vacuum of a massless scalar field in terms of the particle notion
associated with suitable spherical conformal killing fields. These fields are orthogonal to the light wave
fronts originating from a sphere with a radius of rH in flat spacetime: a bifurcate conformal killing horizon
that exhibits semiclassical features similar to those of black hole horizons and Cauchy horizons of
spherically symmetric black holes. Our result highlights the quantum aspects of this analogy and extends
the well-known decomposition of the Minkowski vacuum in terms of Rindler modes, which are associated
with the boost Killing field normal to a pair of null planes in Minkowski spacetime (the basis of the Unruh
effect). While some features of our result have been established by the theorems of Kay and Wald in the
1990s—on quantum field theory in stationary spacetimes with bifurcate Killing horizons—the added value
we provide here lies in the explicit expression of the vacuum.

DOI: 10.1103/PhysRevD.109.125012

I. INTRODUCTION

Light cones emanating from a sphere of radius rH in
Minkowski spacetime satisfy a set of laws that are the
analog of the thermodynamic laws satisfied by black
holes [1]. When tested with conformally invariantly
coupled scalar fields, this is a consequence of the fact that
the geometry and (conformal) symmetries of flat spacetime
coincide with the geometry and symmetries of certain
stationary black hole solutions [2]. In addition to satisfying
a version of the zeroth, first, second, and third laws of
black hole mechanics, it is shown that suitable accelerated
observers following the orbits of spherical conformal
Killing vector fields (for whom the light cones are con-
formal Killing horizons) perceive the Minkowski vacuum
as a thermal state with a (conformal) temperature T ¼
κ=ð2πÞwith κ a natural notion of surface gravity (we review
some of the details below). Even though the thermality of
the vacuum was derived explicitly in this work, it can be
seen as the consequence of a simple adaptation to con-
formal Killing bifurcate horizon of general theorems by
Wald and Kay [3]. While there is a vast literature devoted to
the restriction of the Minkowski vacuum to the domain of
dependence of a ball [4–8] (and generalizations to max-
imally symmetric spaces [9]), here we are interested in the
description of the Minkowski vacuum in the entire space-
time. In particular, it is the causal complement of the so-
called diamond that actually represents (in the sense of [1])
the region accessible to the (analog of the) outside sta-
tionary observers of a black hole. We will show that the

Minkowski vacuum can be decomposed in terms of modes
whose time evolution is adapted to conformal Killing
vector fields of flat spacetime that have the previously
mentioned light cones as horizons. Our result is the
generalization of Unruh’s [10] where, instead of uniformly
accelerated observers moving away from a plane wave that
defines their Rindler horizon, we have a family of suitable
radially accelerating observers moving away from a spheri-
cal wave front of radius rH at t ¼ 0. Instead of trying to
compute explicitly Bogoliubov coefficients via inner prod-
ucts and projections, we will use Unruh’s original tech-
nique consisting of characterizing positive frequency
modes by their analyticity properties in the complex plane
of complexified time.

II. THE SPHERICAL CONFORMAL KILLING
FIELDS OF INTEREST

We start from the Minkowski metric in spherical coor-
dinates

ds2 ¼ −dt2 þ dr2 þ r2dθ2 þ r2sin2ðθÞdφ2; ð1Þ
and then we introduce advanced and retarded time null
coordinates

v≡ tþ r;

u≡ t − r: ð2Þ
In terms of these, the spherical conformal Killing fields of
our interest are written as

ξa ¼ v2 − r2H
r20 − r2H

�
∂

∂v

�
a
þ u2 − r2H

r20 − r2H

�
∂

∂u

�
a
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which are completely characterized by two parameters r0
and rH. Its norm is given by

ξ · ξ ¼ −
ðv2 − r2HÞðu2 − r2HÞ

ðr20 − r2HÞ2
; ð4Þ

whose sign divides flat spacetime in six different regions
separated by a bifurcate conformal killing horizon where it

vanishes (at the light fronts u ¼ �rH and v ¼ �rH);
see Fig. 1. The interpretation of the free parameters is
the following: at t ¼ 0 the sphere of radius r0 is a sphere
where ξ · ξ ¼ −1, while the sphere of radius rH is the place
where the conformal Killing field vanishes (the bifurcating
sphere). We will assume that r0 > rH, so that the Killing is
normalized somewhere in the outside region of the black
hole analog in the sense of [1,2]. The vector field (4) is null
on the light cones defined by

u ¼ u� ¼ �rH; v ¼ v� ¼ �rH: ð5Þ

Hence the conformal Killing vector field (3) divides the
spacetime into six separate regions (see Fig. 2) which are
the analog of the regions one finds in the Penrose diagram
of nonextremal spherical black holes [1,2].
Positive frequency solutions of the massless Klein-

Gordon equation, defined with respect to the inertial time
t, can be used to construct the one-particle Hilbert spaceH
of the massless scalar field and then the associated Fock
spaceF containing all excitations in Minkowski spacetime.
Similarly, there is a natural construction of the Fock space
associated with any of the four regions where the conformal
Killing vector field (3) is timelike. Each arises from the
notion the positive frequency solutions with respect to the
conformal Killing time in each of these regions. In this
paper we will explicitly write the vacuum in F in terms of
several alternative expressions in terms of excitations in the
other Fock spaces F I, F II, F III, and F−III.
At the horizon, the conformal Killing field (3) satisfies

the equation

FIG. 1. Integral lines of the spherical conformal Killing
field (3). The vector field becomes null on the light wave fronts
emanating from a sphere of radius rH (by choice here at t ¼ 0).
These light fronts are bifurcate conformal Killing horizons with a
bifurcation surface given by the same sphere.

FIG. 2. The causal character of the spherical conformal Minkowski Killing vector field divides flat spacetime into six different regions.
The shaded regions correspond to those where the conformal Killing vector field is spacelike. Fock spaces can be constructed according
to the positive frequency notion associated with the Killing time in the four white regions where the vector field is timelike. We call such
Hilbert spaces F I, F II, F III, and F−III. The Fock space constructed from positive frequency solutions in inertial time will be called F .
Solutions of the massless Klein-Gordon equation in Minkowski spacetime can be fully characterized by their value on the portions
of null surfaces emphasized in red. This is the key for the different ways one can express the Minkowski vacuum presented
in Eqs. (56)–(59).
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∇aðξ · ξÞ ≙ −2κξa; ð6Þ

where

κ ≡ 2rH
r20 − r2H

ð7Þ

plays the role of the surface gravity in the analogy with the
black hole [1] and corresponds to the temperature notion
T ¼ κ=ð2πÞ appearing in the expression of the Minkowski
vacuum that we provide here.

III. MINKOWSKI MODES IN SPHERICAL
COORDINATES

In this section we characterize the positive frequency
solutions of the massless Klein-Gordon equation with
respect to inertial time t when written in spherical coor-
dinates. The choice of spherical coordinates is necessary for
the decomposition of these modes in terms of the modes
that are positive frequency with respect to the conformal
killing time of the conformal spherical Killing vector fields
introduced in what follows. In particular, the spherical
coordinates are adapted to the geometry of the light cones
(the conformal Killing horizons) that play a central role in
the decomposition of the Minkowski vacuum that we seek.
We start by writing the Minkowski metric in spherical

coordinates

ds2 ¼ −dt2 þ dr2 þ r2dθ2 þ r2sin2ðθÞdφ2; ð8Þ

and the conformally invariant Klein-Gordon equation
which, in the previous coordinates and on the flat back-
ground, becomes

0 ¼
�
□ −

1

6
R

�
ΦðxÞ

¼ 1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νÞΦðxÞ

¼
�
−

∂
2

∂t2
þ 1

r2
∂

∂r

�
r2

∂

∂r

�
þ 1

r2 sinðθÞ
∂

∂θ

�
sinðθÞ ∂

∂θ

�

þ 1

r2sin2ðθÞ
∂
2

∂φ2

�
ΦðxÞ: ð9Þ

Using the ansatz

ΦωlmðxÞ ¼ e−iωtYlmðθ;φÞRlðrÞ; ð10Þ

the Klein-Gordon equation reads

�
ω2 þ ∂

2

∂r2
þ 2

r
∂

∂r
−
lðlþ 1Þ

r2

�
RlðrÞ ¼ 0; ð11Þ

with two linearly independent solutions given by the
spherical Bessel functions jlðωrÞ and ylðωrÞ. Regularity

at the origin discards the ylðωrÞ. Thus, a basis of the
solutions of the Klein-Gordon equation in spherical coor-
dinates is given by

ΦωlmðxÞ ¼ e−iωtYlmðθ;φÞjlðωrÞ: ð12Þ

Such states are not normalizable in the one-particle Hilbert
space H. Nevertheless, it will be convenient to work with
them formally. Normalizable states peaked on the relevant
quantum numbers can be constructed as superpositions of
the previous states.

A. Minkowski-time positivity of frequency
as single-ray analyticity

Solutions of the massless Klein-Gordon equation are
completely characterized by their value on the union of the
future light cone u ¼ rH and the past light cone v ¼ rH
with u ≤ rH. In the surface u ¼ rH,

Φωlmðv; θ;φÞ ¼ Ylmðθ;φÞe−iωðvþrHÞ=2

× jl

�
ωðv − rHÞ

2

�
for v ≥ rH; ð13Þ

while for v ¼ rH,

Φωlmðu; θ;φÞ ¼ Ylmðθ;φÞe−iωðrHþuÞ=2

× jl

�
ωðrH − uÞ

2

�
for u ≤ rH: ð14Þ

A generator (light-ray) labeled by θ and φ in the past
section of the light cone corresponds to the one labeled by
θ ¼ π − θ and φ ¼ φþ π in a future section. Under such
an antipodal map in the sphere one has that

Ylmðπ − θ;φþ πÞ ¼ ð−1ÞlYlmðθ;φÞ; ð15Þ

which combined with the property of spherical Bessel
functions

jlð−xÞ ¼ ð−1ÞljlðxÞ ð16Þ

implies that on a single light-cone generator

Φωlmðv; rayÞ ¼ Araye−iωðvþrHÞ=2

× jl

�
ωðv − rHÞ

2

�
for v ≥ rH ð17Þ

and

Φωlmðu; rayÞ ¼ Araye−iωðrHþuÞ=2

× jl

�
ωðu − rHÞ

2

�
for u ≤ rH; ð18Þ
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where Aray ¼ Ylmðθ;φÞ ¼ ð−1ÞlYlmðπ − θ;φþ πÞ. It fol-
lows that such a solution, when restricted to a single
generator, can be written in terms of a single variable z∈R
which will correspond to either u or v depending on the
range. We have

Φωlmðz; rayÞ ¼ Araye−iωðzþrHÞ=2jl

�
ωðz − rHÞ

2

�
: ð19Þ

On a given generator, the previous solutions are given by
the product of two entire functions of the variable z [11]
(now promoted to a complex variable). Thus, the previous
positive frequency solution corresponds to an analytic
function when restricted to a single light-cone generator.
Since the previous function is analytic, it can only diverge
at infinity. Now, the asymptotic behavior of jl at infinity is
given by

jlðzÞ ≈
1

z
sin

�
z −

lπ
2

�
: ð20Þ

Hence,

Φωlmðz; rayÞ ≈
Aray

ωðz − rHÞ
e−iωðrHþzÞ=2

×
�
eiωðz−rHÞ=2þilπ=2 − e−iωðz−rHÞ=2−ilπ=2

�
¼ Aray

ωðz − rHÞ
�
e−iðωrH−lπ

2
Þ − e−

ilπ
2 e−iωz

�
: ð21Þ

From the previous equation we conclude that super-
positions of modes with ω > 0 correspond to analytic
functions of z that are bounded in the lower complex plane
[ℑðzÞ < 0]. Thus, positive frequency solutions of the
Klein-Gordon equations are characterized, on the union
of the light cones v ¼ rH and u ¼ rH when evaluated on a
single generator, by analytic functions of z bounded in the
lower complex plane.

IV. SPHERICAL CONFORMAL KILLING MODES

In this section we characterize positive frequency sol-
utions with respect to the conformal Killing time in the
different regions where the conformal Killing vector field
ξa defined in (3) is timelike (see Fig. 2). In each of these
regions one can define a Fock quantization using standard
methods.

A. Regions II, III, and -III

Let us consider the following coordinate transformation [1]:

t ¼ rH sinhðκτÞ
coshðκρÞ − coshðκτÞ ;

r ¼ −
rH sinhðκρÞ

coshðκρÞ − coshðκτÞ ; ð22Þ

with κ the surface gravity (7). In terms of null coordinates
the previous transformation takes the form

u ¼ t − r ¼ −rH coth

�
κũ
2

�
;

v ¼ tþ r ¼ −rH coth

�
κṽ
2

�
: ð23Þ

The previous coordinate transformation allows one to write
the Minkowski metric in Regions II, III, and −III as

ds2 ¼ Ω2
II

�
−dτ2 þ dρ2 þ κ−2 sinh2ðκρÞdS2�; ð24Þ

with

ΩII ¼
rHκ

coshðκρÞ − coshðκτÞ ; ð25Þ

where each of the regions is characterized by the range
of the coordinates that is best defined in terms of ũ
and ṽ. Region II is defined by ũ ≔ τ − ρ∈Rþ and ṽ≡
τ þ ρ∈R−, Region III is defined by ũ ≔ τ − ρ∈R− and
ṽ≡ τ þ ρ∈R−, Region –III is defined by ũ ≔ τ − ρ∈Rþ
and ṽ≡ τ þ ρ∈Rþ. We would like to characterize sol-
utions of the conformally invariant Klein-Gordon equation�

□ −
1

6
R

�
U ¼ 0 ð26Þ

when restricted to (suitable portions of) the boundary of
Regions II, III, or –III. Under a conformal transformation
gab → g0ab ¼ C2gab solutions of (26) defined in terms of gab
are mapped into solutions of the same equation in terms of
g0ab by the rule Φ → C−1Φ [12,13]. In the new coordinates
Eq. (26) reads

�
−∂2τ þ

1

κsinh2ðκρÞ
�
∂ρsinh2ðκρÞ∂ρ þ

κ2

sinðθÞ ∂θ
�
sinðθÞ∂θ

�

þ κ2

sin2ðθÞ ∂
2
φ

�
þ κ2

�
UðxÞ ¼ 0; ð27Þ

where we used that R ¼ −6κ2. Solutions are given by

UωlmðxÞ ¼ e−iωτ
Ql

ω�ðρÞ
sinhðκρÞYlmðθ;φÞ ð28Þ

with Ql
ω�ðρÞ satisfying the equation

�
∂
2
ρ þ ω2 −

lðlþ 1Þκ2
sinh2ðκρÞ

�
Ql

ω�ðρÞ ¼ 0: ð29Þ

A fact that is central in what follows is that the effective
potential −lðlþ 1Þκ2=sinh2ðκρÞ vanishes exponentially
as one approaches any of the internal null boundaries of
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Regions II, III, and –III so that solutions of the previous
equation are well approximated by free waves

UωlmðxÞ ≈
e−iωðτ�ρÞ

sinhðκρÞ Ylmðθ;φÞ; ð30Þ

which will lead to a simple plane wave functional depend-
ence when restricted to the null boundaries of the corre-
sponding regions. Explicitly, on the relevant boundaries of
the Regions II, III, and –III the solutions are either

ΦωlmðxÞ ¼ Ω−1
II Uωlm ¼ e−iωũ

r
Ylmðθ;φÞ ð31Þ

or

ΦωlmðxÞ ¼ Ω−1
II Uωlm ¼ e−iωṽ

r
Ylmðθ;φÞ; ð32Þ

depending on whether we focus on null boundaries of
constant v or u, respectively. In the previous equation we
have used (22) and (25) to obtain 1=r prefactors. Inverting
the relationship (23)1 we can express the solutions with a
definite frequency ω—as defined by the accelerated con-
formal observers—on the past boundary v ¼ rH of Region
II (its past horizon) as

ΦII
ωlmðxÞ ¼

1

rH − u
Ylmðθ;φÞe−i

ω
κ log
�
u−rH
uþrH

�
ð33Þ

for u ≤ −rH, while for the future horizon u ¼ −rH of
Region II

ΦII
ωlmðxÞ ¼

1

vþ rH
Ylmðθ;φÞe−i

ω
κ log
�
v−rH
vþrH

�
ð34Þ

for v ≥ rH. Similarly, for the boundary of Region –III,
v ¼ −rH, we have

Φ−III
ωlmðxÞ ¼

1

uþ rH
Ylmðθ;φÞe−i

ω
κ log
�
u−rH
uþrH

�
; ð35Þ

with u ≤ rH, while for the boundary of Region III, u ¼ rH,
we get

ΦIII
ωlmðxÞ ¼

1

v − rH
Ylmðθ;φÞe−i

ω
κ log
�
v−rH
vþrH

�
; ð36Þ

with v ≥ rH. Note that the functional form of the modes on
the null boundaries of interest is always the same while the
range and nature of the variables are different.

B. Region I

Modes in Region I can be described in a way similar to
what we have done in the previous section. Instead of (22)
one needs to consider the coordinate transformation

t ¼ rH sinhðκτÞ
coshðκρÞ þ coshðκτÞ ;

r ¼ rH sinhðκρÞ
coshðκρÞ þ coshðκτÞ : ð37Þ

With the new transformation the relation (23) is replaced by

v ¼ rH tanh

�
κṽ
2

�
;

u ¼ rH tanh

�
κũ
2

�
: ð38Þ

For ũ∈R and ṽ∈R the Minkowski metric in Region I
reads

ds2 ¼ Ω2
I

�
−dτ2 þ dρ2 þ κ−2 sinh2ðκρÞdS2�; ð39Þ

where

ΩI ¼
rHκ

coshðκρÞ þ coshðκτÞ : ð40Þ

It follows from the same arguments that the solutions of
Eq. (26) on the future null boundary of Region I, v ¼ rH,
are given by

ΦI
ωlmðxÞ ¼

1

r
Ylmðθ;φÞe−iωũ: ð41Þ

Using (38) we can express the modes as a function of
Minkowski retarded time2

ΦI
ωlmðxÞ ¼

1

rH − u
Ylmðθ;φÞe−

iω
κ log
�
rHþu
rH−u

�
: ð42Þ

Similarly, on the past null boundary of Region I, u ¼ −rH,
the modes are

1Explicitly we have

ũ ¼ 2κ−1 coth−1
�
−

u
rH

�
¼ κ−1 log

�
u − rH
uþ rH

�
;

ṽ ¼ 2κ−1 coth−1
�
−

v
rH

�
¼ κ−1 log

�
v − rH
vþ rH

�
:

2The inverse transformation being in this case

ũ ¼ 2κ−1 tanh−1
�
u
rH

�
¼ κ−1 log

�
uþ rH
rH − u

�
;

ṽ ¼ 2κ−1 tanh−1
�
v
rH

�
¼ κ−1 log

�
vþ rH
rH − v

�
:
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ΦI
ωlmðxÞ ¼

1

vþ rH
Ylmðθ;φÞe−

iω
κ log
�
rHþv
rH−v

�
: ð43Þ

All these solutions diverge at r ¼ 0 due to the vanishing
of the conformal factor at that singular point. This is a
pathology of the sharp “plane-wave-like” solutions; how-
ever, such a divergence cannot survive if we consider
suitably normalized wave packets satisfying the usual
reflecting boundary conditions at r ¼ 0.

V. PURIFICATION

The knowledge of the modes on the null boundaries of
the different Regions I, II, III, and –III in Fig. 2, as well as
their characterization in terms of frequencies with respect
to the conformal Killing time τ, is sufficient for writing an
explicit expression of the Minkowski vacuum in terms of
particle excitations in the Fock quantizations corresponding
to these various regions.

A. Vacuum entanglement between Regions I,
outgoing II, and III

To find the expression of the Minkowski vacuum in
terms of the product of states in F I ⊗ ðF out

II ⊕ F IIIÞ
associated with the Regions I, II (for outgoing modes
only), and III, respectively, we focus on the form of the

solution of the Klein-Gordon equation on the red null
boundaries on the panel on the left of Fig. 2. It is clear that
the value of solutions on these null surfaces fully determine
the solution everywhere. We can translate this statement in
terms of the relevant one-particle Hilbert spaces involved in
what follows. The one-particle Hilbert space HI is com-
pletely characterized by the value of the (normalizable)
positive frequency solutions with respect to the conformal
killing time in Region I when restricted to the future null
boundary of Region I. The one-particle Hilbert space Hout

II
of outgoing modes in Region II is completely characterized
by the value of the (normalizable) positive frequency
solutions with respect to the conformal killing time in
Region II when restricted to the past null boundary of
Region II. The one-particle Hilbert spaceHIII is completely
characterized by the value of the (normalizable) positive
frequency solutions with respect to the conformal Killing
field in Region III, when restricted to the past null boundary
of Region III. The one-particle Hilbert space of positive
frequency solutions with respect to inertial time t will be
denoted by H.
Now, we will construct a Minkowski inertial time

positive frequency solution by combining a definite (con-
formal time) frequency solution in Regions I, II, and III.
According to our previous analysis—recall Eqs. (33), (34),
and (42)—these are given by

fIIoutωlm ¼ ð−1ÞlYlmðθ;φÞ
rH − u

exp

�
−
iω
κ
log

�
u − rH
uþ rH

��
; u < −rH ðthe past horizon of IIÞ;

fIωlm ¼ ð−1ÞlYlmðθ;φÞ
rH − u

exp

�
iω
κ
log

�
rH − u
uþ rH

��
; − rH ≤ u ≤ rH ðthe future horizon of IÞ;

fIIIωlm ¼ Ylmðθ;φÞ
rH − v

exp

�
−
iω
κ
log

�
v − rH
vþ rH

��
; v > rH ðthe past horizon of IIIÞ; ð44Þ

where the ð−1Þl has been included to simplify the
expressions that follow when writing a positive frequency
solution in inertial Minkowski time (recall the need for
single-ray analyticity). Consequently, focusing on a single
generator of the light cone and using the variable z to
represent both u and v, we can write

fIIout=IIIω ¼ 1

rH − z
exp

�
−
iω
κ
log

�
z− rH
zþ rH

��
; jzj > rH;

fIω ¼ 1

rH − z
exp

�
iω
κ
log

�
rH − z
zþ rH

��
; jzj < rH:

ð45Þ

Forω > 0, these modes are positive frequency with respect to
the time notion associated with the conformal “observers”
time τ defined in Regions II/III and I, respectively. Let us
promote z to a complex variable and consider the function

FωðzÞ ¼
1

rH − z
exp

�
−
iω
κ
log

�
z − rH
zþ rH

��
: ð46Þ

This function is analytic everywhere with the exception
of the real interval ½−rH; rH� where it has a branch cut
and a pole at z ¼ rH (which corresponds to r ¼ 0). The
branch cut is present due to the infinite blueshift effect
approaching the null boundaries for the conformal
observers with conformal Killing time. The pole at
z ¼ rH is due to the vanishing of the conformal factor
at r ¼ 0; this pole is present in the wave solutions that
we use here for simplicity, and it disappears when con-
sidering a suitable basis of normalizable wave packets
with the customary reflecting boundary conditions at
the origin. Hence, restricting to the lower complex
plane, the previous function is analytic and bounded;
therefore, according to the analysis below Eq. (21),
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it is a positive-frequency mode with respect to inertial
time t. Indeed, this function can be seen as the restric-
tion of a positive frequency mode on the same compo-
nents of null boundaries where Eq. (44) is evaluated,
and hence fully determining a unique solution of the
Klein-Gordon equation.

Evaluating the previous solution near the real line from
below, namely at z ¼ u − iϵ, with u real and ϵ > 0, we see
that it coincides with fII=IIIω in the limit ϵ → 0 for juj > rH.
Now for −rH < u < rH the situation is more subtle due
to the presence of the branch cut when ϵ ¼ 0. Indeed,
we have

Fωðu − iϵÞ ¼ 1

rH − uþ iϵ
exp

�
−
iω
κ
log

�
u − rH − iϵ
uþ rH − iϵ

��

¼ 1

rH − uþ iϵ
exp

�
−
iω
κ
log

�
rH − u − iϵ
uþ rH − iϵ

e−iðπ−OðϵÞÞ
��

¼ 1

rH − uþ iϵ
e−

ðπ−OðϵÞÞω
κ exp

�
−
iω
κ
log

�
rH − u − iϵ
uþ rH − iϵ

��
⟶
ϵ→0

e−
πω
κ f̄Iω: ð47Þ

Thus, we have showed that

FωðuÞ ¼ fIIoutω þ fIIIω þ e−
πω
κ f̄Iω ð48Þ

is a positive frequency in Minkowski time. If instead of
working with the previous non-normalizable states we
build a basis of wave packets fω sharply peaked about
the frequency ω, then the following combination is also a
positive frequency in Minkowski time:

FωðuÞ ¼ fII−outω þ fIIIω þ e−
πω
κ f̄Iω: ð49Þ

We can repeat the procedure considering the function

F0
ωðzÞ ¼

1

rH − z
exp

�
iω
κ
log

�
rH − z
rH þ z

��
: ð50Þ

This function is analytic everywhere but in the real intervals
ð−∞;−rH� and ½rH;þ∞Þ and at the pole z ¼ rH. As
before, we evaluate F0

ω at z ¼ u − iϵ, with u real and
ϵ > 0. For −rH < u < rH it gives fIω in the limit ϵ → 0. For
u > rH we have

F0
ωðu − iϵÞ ¼ 1

rH − uþ iϵ
exp

�
iω
κ
log

�
rH − uþ iϵ
rH þ u − iϵ

��

¼ 1

rH − uþ iϵ
exp

�
iω
κ
log

�
u − rH þ iϵ
uþ rH − iϵ

eiðπ−OðϵÞÞ
��

¼ 1

rH − uþ iϵ
e−

ðπ−OðϵÞÞω
κ exp

�
iω
κ
log

�
u − rH þ iϵ
uþ rH − iϵ

��
⟶
ϵ→0

e−
πω
κ f̄IIIω : ð51Þ

The same result applies for u < −rH (with f̄II−outω instead of
f̄IIIω ). Thus, also the following linear combination is positive
frequency

F0
ωðuÞ ¼ fIω þ e−

πω
κ ðf̄IIoutω þ f̄IIIω Þ; ð52Þ

with the wave packet argument still being valid. Hence we
can compute the S-matrix S. By inspection

CFω ¼ fII−outω þ fIIIω ; CF0
ω ¼ fIω;

DFω ¼ e−
πω
κ f̄Iω; DF0

ω ¼ e−
πω
κ

�
f̄II−outω þ f̄IIIω

�
; ð53Þ

where C∶H → HI ⊗ ðHIIout ⊕ HIIIÞ is the map that gives
the positive conformal frequency part of an inertial
time positive frequency solution, and D∶H → H̄I ⊗
ðH̄IIout ⊕ H̄IIIÞ is the map that gives the negative conformal
frequency part of an inertial time positive frequency
solution. It follows from the previous equations that

DC−1
�
fII−outω þ fIIIω

� ¼ e−
πω
κ f̄Iω;

DC−1fIω ¼ e−
πω
κ

�
f̄IIoutω þ f̄IIIω

�
: ð54Þ

Since ffIωg and ffII−outω þ fIIIω g jointly span H2 ¼
HI ⊗ ðHII−out ⊕ HIIIÞ, the previous equation determines
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the fundamental two-particle state E ¼ DC−1 which can be written as

Eab ¼ 2
X
ω

e−
πω
κ fðaωIðfωIIout þ fωIIIÞbÞ: ð55Þ

A standard construction [12] leads to the expression of the state Sj0i (where j0i denotes the Minkowski vacuum), namely

Sj0iM ¼
Y
ωlm

 X∞
n¼0

e−
nπω
κ jn;ω;l; miI ⊗

�jn;ω;l; miII−out ⊕ jn;ω;l; miIII
�!

; ð56Þ

where jn;ωi are Fock space “basis” states with a definite
number of particles n in the conformal frequency mode ωi
in Region I, the outgoing modes of Region II, or all the
modes of Region III, respectively. This is our main result.
It clearly shows that the reduced density matrix obtained
from tracing j0ih0j over HI is thermal with temperature
T ¼ κ=ð2πÞ as in [1].

B. Other equivalent purifications

It is possible to rewrite Eq. (56) in different equivalent
forms. For instance, from the form of the conformal
invariant Klein-Gordon equation in the region where the
conformal Killing field is spacelike (the gray regions in
Fig. 2) it is easy to see that an ingoing positive frequency

solution in Region II corresponds to a positive frequency
solution in Region III (see Appendix). This allows for a
trivial identification between the Hilbert spaces F III and
F II−in, and the rewriting of Eq. (56) as

Uj0iM ¼
Y
ωlm

 X∞
n¼0

e−
nπω
κ jn;ω;l; miI ⊗ jn;ω;l; miII

!
:

ð57Þ

Similarly, one can write using the trivial isomorphism
between F−III and F II−out

Uj0iM ¼
Y
ωlm

 X∞
n¼0

e−
nπω
κ jn;ω;l; miI ⊗

�jn;ω;l; mi−III ⊕ jn;ω;l; miIII
�!

: ð58Þ

Finally, the time reverse of (56) also holds

Uj0iM ¼
Y
ωlm

 X∞
n¼0

e−
nπω
κ jn;ω;l; miI ⊗

�jn;ω;l; mi−III ⊕ jn;ω;l; miII−in
�!

: ð59Þ

In the extremal case κ ¼ 0, where Region I shrinks to a
point, one can show that the Minkowski vacuum coincides
with the vacuum of the conformal observers associated
with (3). The reason can be traced to the absence of a
branch cut in the relationship between the two notions of
retarded and advanced times (see appendix in [1]).

VI. CONFORMAL KILLING OBSERVERS
ARE UNIFORMLY ACCELERATING

An observer following one integral line of the conformal
Killing field has four velocity given by

ua ¼ ξaffiffiffiffiffiffiffiffiffiffiffiffi
−ξbξb

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − r2H
u2 − r2H

s �
∂

∂v

�
a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − r2H
v2 − r2H

s �
∂

∂u

�
a
:

ð60Þ
This four velocity describes radially accelerating obser-
vers with constant acceleration ab ≔ ua∇aub, i.e.,
ua∇aða · aÞ ¼ 0. The magnitude of the acceleration is
explicitly given by

jaj ¼ ffiffiffiffiffiffiffiffiffiffi
aμaμ

p ¼ κ
r
rH

1ffiffiffiffiffiffiffiffiffi
ξμξ

μ
p : ð61Þ
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Standard results in quantum field theory imply that such a
uniformly accelerating observer will sense a temperature
Tobs ¼ jaj=ð2πÞ, for instance, if sensed by an idealized
Unruh-DeWitt detector following such orbits. The temper-
ature measured differs from the conformal invariant
notion T ≡ κ=ð2πÞ—appearing in the purification of our
formulas—by the constant quantity r=ðrH

ffiffiffiffiffiffiffiffiffi
ξμξ

μ
p Þ. The

mismatch can be understood as follows: the temperature
in our purification formulas refers to a conformally invari-
ant property of the Minkowski vacuum of a conformally
invariant scalar field. Such a notion coincides with a
physical temperature only in the conformal geometry where
ξ is an actual Killing field [2]. In all other conformally
related geometries, physical thermometers break conformal
invariance, and additional geometric considerations are
needed in order to relate T and Tobs. One can be explicit
in the case of the Minkowski metric written as in Eq. (39)
whose Euclidean continuation obtained via the replacement
τ → −iτE is

ds2¼ Ω2
I ð−iτE; ρÞ

�
dτ2E þ dρ2 þ κ−2 sinh2ðκρÞdS2�; ð62Þ

with

ΩIð−iτE; ρÞ ¼
rHκ

coshðκρÞ þ cosðκτEÞ
: ð63Þ

The conformal invariant thermality of the Minkowski
vacuum—at the root of our purification formulas—resides
in the periodicity of the metric with period 2π=κ in
imaginary conformal Killing time τE. Regularity of the
conformal transformations implies that such periodicity
cannot be changed; hence, the conformal invariant char-
acter of T ≡ κ=ð2πÞ. Now the physical temperature Tobs
measured by a local Unruh-DeWitt device is sensitive to
the geometric periodicity in imaginary proper time. Such a
period depends on the conformal factor and can be
computed as follows:

I
τ
ds¼

Z
2π
κ

0

ΩIdτE ¼ 2π

κ

�
rH
r

ffiffiffiffiffiffiffiffiffi
ξμξ

μ
q �

¼ 2π

jaj : ð64Þ

Thus, even when a single observer following one single
orbit of the conformal killing field coincides with an Unruh
observer, the form of the Minkowski vacuum state for a
conformally invariant scalar field depends (as usual in
quantum field theory) on nonlocal features that preclude the
naive comparison when using pointlike probes.

VII. DISCUSSION

We have explicitly written the Minkowski vacuum in
terms of the particle modes defined by observers moving
along spherical conformal killing vector fields. These
observers represent accelerated observers moving radially
away from a sphere of radius rH and have causal horizons

(conformal Killing horizons), which are given by the light
surfaces emanating from that sphere at t ¼ 0. The formula
we derive is the analog of the one derived by Unruh in
terms of Rindler particle states associated with constantly
accelerated observers following the boost Killing vector
field. We have found the result by exploiting the analyticity
properties that define positive frequency solutions in
inertial time. A direct derivation using Bogoliubov coef-
ficients computed via the suitably defined Klein-Gordon
inner product may be available but does not seem to be the
most direct avenue to the final expressions (the use of the
characterization of modes in terms of null surfaces is
natural and simple using our techniques). A conformal
transformation maps Minkowski spacetime to a portion of
the Bertotti-Robinson spacetime [2], which describes in a
suitable approximation near-horizon physics of a near-
extremal black hole. It is potentially interesting to consider
using our result to analyze features of quantum field theory
on such backgrounds [14]. The massless scalar field
quantum theory has been chosen for simplicity. We expect
that our results should naturally generalize to any (free)
conformal invariant model of quantum fields.
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APPENDIX: SOLUTIONS OF THE KLEIN-
GORDON EQUATIONS ADAPTED TO THE
CONFORMAL KILLING FIELD IN THE
REGIONS WHERE IT IS SPACELIKE

In this section we briefly describe some key features of
the solutions of the Klein-Gordon equation in the gray
regions of Fig. 2 where the conformal Killing field is
spacelike. For concreteness we focus on the region to the
future of Region II, which we call Region V (the analysis is
basically the same in the other one). The coordinate
transformation of interest is given by

t ¼ rH cosh ðκτÞ
sinhðκτÞ þ sinhðκρÞ ; ðA1Þ

r ¼ rH cosh ðκρÞ
sinhðκτÞ þ sinhðκρÞ ; ðA2Þ
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with τ; ρ∈Rþ. The double null coordinates are given by

v ¼ tþ r ¼ rH coth

�
κṽ
2

�
; ðA3Þ

u ¼ t − r ¼ rH tanh

�
κũ
2

�
; ðA4Þ

with u∈R while v∈Rþ. In these coordinates, which only
cover Region V, the Minkowski metric reads

ds2 ¼ Ω2
Vðdτ2 − dρ2 þ κ−2 cosh2 ðκρÞdS2Þ; ðA5Þ

with conformal factor given by

ΩV ¼ rHκ
sinhðκτÞ þ sinhðκρÞ : ðA6Þ

The Klein-Gordon equation, ð□ − R
6
ÞU ¼ 0, in the con-

formal metric ds2=Ω2
V reads

�
−

1

cosh2ðκρÞ ∂ρðcosh
2ðκρÞ∂ρÞ þ ∂

2
τ þ

κ2

cosh2ðκρÞ

×
�

1

sin θ
∂θðsin θ∂θÞ þ

1

sin2θ
∂
2
φ

�
− κ2

�
U ¼ 0: ðA7Þ

With the ansatz

Uωlm ¼ e−iωτ
QωlðρÞ
coshðκρÞYlmðθ;φÞ; ðA8Þ

the Klein-Gordon equation reduces to

�
ω2 þ ∂

2

∂ρ2
þ lðlþ 1Þκ2

cosh2ðκρÞ
�
QωlðρÞ ¼ 0; ðA9Þ

which, on the boundary, reduces to the same wave equation
one finds in all the other regions. The consequence of this is
that there is a one-to-one correspondence between positive
frequency solutions in Region III and ingoing positive
frequency solutions in Region II. The same holds true
for solutions in Region –III and outgoing solutions in
Region II. The reason is that the quantum number ω is
conserved across the boundaries as the boundary character-
istic data coincide. This implies that one can have a trivial
identification between wave packets defining a basis of the
one-particle Hilbert spacesHIII andHin

II , as well as between
elements of a basis of H−III and Hout

II .
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