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Maximal hypersurfaces and aspects of volume of the Kerr family of black holes
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In Schwarzschild spacetime, Reinhart (1973) has shown the hypersurface rp = 3M /2 (the subscript
stands for “Reinhart”) to be a maximal hypersurface. This Reinhart radius rp plays a crucial role in
evaluating the interior volume of a black hole. In this article, we find such a maximal hypersurface for the
Kerr and Kerr-Newman black holes. We obtain the analytical expression for the Reinhart radius as a function
of the polar angle @ for a small a/M limit for both the Kerr and Kerr-Newman black holes. We obtain the
Reinhart radius using two independent methods: (a) the vanishing trace of the extrinsic curvature, and (b) the
variational method. We further use the Reinhart radius to obtain an analytical expression for the interior
volume of the Kerr and Kerr-Newman black hole in the small a/M limit and a generic charge Q. We define
V as the rate of change of the interior volume with respect to the ingoing null coordinate » and then study its
behavior under various scenarios, viz., particle accretion, the Penrose process, superradiance, and Hawking
radiation. We show that while under the Penrose process and superradiance, the parameter ) increases just as
the area of a black hole but under particle accretion, V can have variable signs depending on the kinematical
properties of the particle. We further probe into the behavior of } under Hawking radiation. These results
provide important and very interesting clues toward the possible existence of laws governing the volume of

black holes.
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I. INTRODUCTION

The recent astrophysical confirmation of the existence of
black holes in our universe has brought the study of black
holes and their properties to the forefront area of research.
There has been a phenomenal amount of progress in our
understanding of black holes over the past 50 years. The
thermodynamic properties of black holes are one of the
most intriguing aspects of a black hole. The entropy of a
black hole has been successfully tied to the area of the black
hole horizon. The black hole horizon is also shown to
radiate thermally via Hawking radiation.

The laws of black hole mechanics dictate that under all
classical processes (particle accretion, Penrose process, and
superradiance), the area of the black hole always increases.
The black hole loses its mass due to Hawking radiation and
in this case, the area of a black hole decreases. These are
now fairly well-understood phenomena. A relatively less
understood concept is the interior volume of a black hole.
This question has been addressed by various authors using
different approaches. Parikh [1] discusses the definition of
volume by constructing an invariant slice of the spacetime
inside the black hole horizon. Cveti¢ ef al. [2] have
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discussed the thermodynamical volume V/, inside a black
hole in the presence of a varying cosmological constant A.
More recently, Christodoulou and Rovelli [3] defined the
black hole volume by choosing a spacelike hypersurface in
the black hole interior. The spacelike hypersurface is
obtained by setting up a variational problem using which
one can obtain the hypersurface by maximizing the volume.
In this approach, the interior volume grows indefinitely as a
function of the advance time.

In the work of Christodoulou and Rovelli [3], surpris-
ingly, a crucial role is played by a spacelike hypersurface
given by rr = 3M /2 (the subscript stands for “Reinhart”),
where M is the Arnowitt-Deser-Misner (ADM) mass of the
Schwarzschild black hole. This hypersurface was first
discovered in 1973 by Reinhart [4]. He showed that the
surface rg = 3M /2 is a maximal hypersurface character-
ized by vanishing the trace of extrinsic curvature. This
Reinhart radius r lies in the interior of the Schwarzschild
black hole. It is shown in [3,5] that there is an intimate
connection between maximal hypersurfaces and the interior
volume of a black hole. It is proved in [3] that the interior
volume of a black hole has a maximum contribution from
the region near the Reinhart radius rp. Therefore, this region
provides an excellent approximation for the interior volume
of the black hole [3]. The volume of a Schwarzschild black
hole is equal to V = 3\/§7rM2v where v is the advance
time [3].

© 2024 American Physical Society
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The work along similar lines was extended to
the Reissner-Nordstrom black hole in the paper [6] using
the Reinhart radius of the Reissner-Nordstrom black
hole. The interior volume of the Bafiados-Teitelboim-
Zanelli black hole is done in [7]. The interior volume
and its evolution due to the collapse of matter in D
dimensions is done in [8]. The evolution of the interior
volume of a black hole due to Hawking radiation is
discussed in [5] where it is shown that the interior volume
continues to increase even though the rate of increase of the
volume decreases under Hawking radiation. A similar
conclusion for the Reissner-Nordstrom black hole is
reached in [6].

Extending the analysis to astrophysically relevant rotat-
ing black holes, the interior volume estimate for the Kerr
black hole is done in [9]. Extensive work on the volume
aspects of the Kerr-AdS black hole is done in [10]. In the
works of [9,10], they estimated the volume of the Kerr
black hole using the volume maximization technique,
where it assumes a hypersurface r = const and then finds
the radius r that maximizes the volume. As highlighted
in [10], the r = const hypersurface that was derived is not a
maximal hypersurface.

What is the equivalent of Reinhart radius rp = 3M/2
(maximal hypersurface) for Kerr spacetime? An analysis
toward obtaining the maximal hypersurface in Kerr space-
time was done by Duncan [11]. He argued that the maximal
hypersurface in the Kerr black hole is given by r(6) where 6
is the polar angle. Though the curve r(6) was not found,
Duncan evaluated an upper bound r,,,, and a lower bound
Fmin, Within which the maximal hypersurface can be
located. These bounds were used in studying aspects of
holographic complexity and volume [12].

The general expression for the maximal hypersurface in
Kerr spacetime thus remains elusive. In our article, we
obtain the exact expression for the Reinhart radius (maximal
hypersurface) in the Kerr and the Kerr-Newman black holes
for a small a/M limit and a generic charge Q. We solve
using two methods: the vanishing trace of extrinsic curva-
ture and the maximization of volume technique. We show
that the analytical expressions for the maximal hypersurface
for slowly rotating black holes are surprisingly simple and

given by rg(6) =34 — (1;‘57;}“9) for the Kerr black hole
and Eq. (82) for the Kerr-Newman black hole. Using the
expression for the Reinhart radius expressed as a function of
6, we can now estimate the volume for the Kerr spacetime.
We prove that for a slowly rotating Kerr black hole,

the volume expression can be shown to be VK =

3v3xM?v 16‘/' za*v. Similarly, the volume for the
Kerr-Newman black hole is shown in Eq. (96).

The analytical closed-form expression for the volumes of
Kerr and Kerr-Newman black holes lets one study the
behavior of the volume under various dynamical processes
concerning the black hole. We argue that since the volume

is a linearly increasing function of late time parameter v, the
rate of volume V is physically more relevant. We show that
under matter accretion, ) monotonically increases for both
the Kerr and the Kerr-Newman black holes. We study the
behavior of V under classical processes such as the Penrose
process and superradiance where the mass and angular
momentum of the black hole decrease. We show that the V
increases monotonically under both these processes. This
behavior is similar to the area of a black hole. This strongly
hints that the quantity defined by the rate of volume, V,
might be governed by underlying laws just as the area of a
black hole which monotonically increases under classical
processes. We show that V' decreases under Hawking
radiation for a Kerr black hole, indicating once again that
V copies the laws of the area of a black hole.

In Sec. II, we examine the Kerr black hole and establish
the metric element across various coordinate systems. In
Sec. III, we use the traceless extrinsic curvature method to
compute the Reinhart radius, which gives the location of
the maximal hypersurface inside the Kerr black hole. We
verify the expression for the Reinhart radius for the
Schwarzschild black hole by setting a = 0 and recalculat-
ing Duncan’s result [11] for r = const hypersurface. In
Sec. IV, we use the variational method to set up the Euler-
Lagrange equation to obtain the maximal hypersurface
inside the Kerr black hole. In Sec. V, we compute the
maximal interior volume of the Kerr black hole for the
small a/M limit. In Sec. VI, we review the Kerr-Newman
black hole and establish the metric element in different
coordinate systems. In Sec. VII, we use the traceless
extrinsic method curvature to compute the Reinhart radius
for the Kerr-Newman black hole. We verify the expression
for the Reinhart radius for the Reissner-Nordstrom black
hole by setting @ = 0 and r = const. In Sec. VIII, we use
the variational method to set up the Euler-Lagrange
equation to obtain the maximal hypersurface inside the
Kerr-Newman black hole. In Sec. IX, we calculate the
maximal interior volume of the Kerr-Newman black hole
for the small a/M limit and a generic charge Q. In Sec. X,
we give a clue about the volume law of black holes. In
Sec. X A, we discuss the variation in the volume rate under
the Penrose process; in Sec. X B, we discuss the variation in
the volume rate under particle accretion; in Sec. X C, we
discuss the variation in the volume rate under super-
radiance; and in Sec. X D, we discuss the variation in
the volume rate under Hawking radiation for the Kerr black
hole. In Sec. XI, we discuss the conclusion of the work. In
Appendixes A and B, we discuss the determinant of the
Kerr metric and solution of Eq. (28). In Appendix C, we
discuss the determinant of the Kerr-Newman metric.

II. THE KERR BLACK HOLE

In this section, we describe a few useful relations of Kerr
spacetime that will be used in the content that follows in the
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article. The Kerr metric in the Boyer-Lindquist coordinates
(t,r,0,¢) is defined as

dszz_(A—azzsinzﬁ)d2 4Mrasin? 9d d¢+ dr
p P
26+ Asin? 6d¢2

=g, d* + 29t¢dtd¢ + 9 dr? + gopd® + gppdd?, (1)

where the components of the metric (1) are defined as

(A — a®sin0) 2Mr p?
gtt:_izz_ 1_ 2 s grr:_’
p p A
5 Asin%0
Joo = P~ 9o = 5
P
2Mrasin*@
Ipr = Gip = —T, (2)

and the parameters A, p?, a, and A are defined as

A=r=2Mr+ a2,
a=J/Mc, A=

p? = r* + a*cos’0,
(r* + a*)* — Aa’sin®6. (3)
Here M and J are the spacetime’s ADM mass and angular

momentum in the axially symmetric Kerr metric. Now, the
determinant of the metric (1) is obtained as

g = det(9) = 91900919y — Gip) = —p*sin® 6. (4)
Defining the Kerr ingoing coordinates (v, 7,6, ¢) as

2 2
v:t—l—/r Za dr,

2+ a®

45=¢+/%dr,

= dr = dv— dr, d¢:d¢5—§dr, (5)

while the coordinates (v, r, 6, (/;) are well behaved on the
future horizon but singular on the past horizon. For
example, a straightforward computation reveals that after

a transformation to the Kerr ingoing coordinates
(v,r,0,¢), the metric (1) becomes

oM i
ds? <1 _ r) dv? + 2dvdr + p*d6? — 2asin® 0drdg
p?

4Mars1n 0 Asm 0

dvde + d¢*. (6)

These coordinates (v, r, 0, ¢~) produce an extension of the
Kerr metric across the future horizon. Now, we explore the
Reinhart radius (a location of the maximal hypersurface)
for the Kerr black hole in Sec. III.

III. REINHART RADIUS FOR THE KERR
BLACK HOLE

When one considers Schwarzschild spacetime, there is
an area radius given by rr = 3M /2 which we call the
Reinhart radius [4], with a special property. The hypersur-
face given by rp = 3M /2 is a maximal hypersurface. This
implies that the trace of extrinsic curvature vanishes. This
hypersurface has an interesting application in estimating
the interior volume of a black hole along the lines of the
formalism developed in [3]. The hypersurface that gen-
erates the maximum volume is shown to get its main
contribution near the radius rp = 3M/2. This lets one
obtain an excellent approximation for the interior volume
of the black hole. The Reinhart radius is similarly found for
the Banados-Teitelboim-Zanelli black hole and plays a
similar role in estimating the volume of the black hole [7].

The question we now ask is, what is the hypersurface in
the Kerr black hole? Duncan in [11] addressed the issue and
has numerically evaluated and shown the maximal hyper-
surface graphically for various rotation parameters a.
Though the analytical, closed-form expression for the
maximal hypersurface has been elusive, Duncan has
obtained a lower and upper bound where the maximal
hypersurface can be located in the Kerr black hole. Using
r = const hypersurfaces, he obtained the upper bound r,,,
and lower bound r;,, which we have shown in Eq. (26),
where the maximal hypersurface is located.

In this section, we obtain the exact analytical expressions
for the maximal hypersurface for a slowly rotating Kerr
black hole. We obtain the expression via two independent
methods. In this section, we obtain the expression for the
maximal hypersurface by calculating the trace of extrinsic
curvature of the hypersurface and setting it to zero. The
calculating trace of extrinsic curvature is equal to the
divergence of the normal vector to the hypersurface. It is
easy to see that the maximal hypersurface that is given by
rg =3M/2 for the Schwarzschild case will develop a
dependence on the polar angle . By symmetry consid-
erations, it cannot depend on azimuthal angle ¢ and is
time-independent. If we choose a section ¢ = const, the
intersection of the hypersurface with the ¢» = const is given
by a curve in (r,8) parametrized with 4, i.e., r = r(4) and
0 = 0(4). The hypersurface is obtained by revolving the
curve about the z axis. The components of the tangent
vector along a section of constant ¢ is

deo
r— 9:—
m=ar = ™

It is easy to see that the coordinate r varies monotonically as
a function of 6, where 0 < 0 < z/2. If we take A = 0 as a
parameter, then r(4) — r(@) and 6(1) - 6. Now, the
tangent vector components become
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dr do
T :%: r’g and TH dQ =1. (8)
Using the above, we can deduce the components of the
normal vector (contravariant) orthogonal to the above
tangent vector are found to be

T A
n=-—=—, n=——=—--2. 9)
Gr P

Upon normalization of Eq. (9) we obtain

N = \/grr

\/ +A. (10)

2+ geo(n

Hence, normalized components of the normal vector, i.e.,
N® = (N",N?), are defined as

n" A n? —ry
Nr:N:7’ N"—Nzi’. (11)
P r?6+A P r?9+A

The condition for the vanishing trace of extrinsic curvature
is the same as making the normal vector divergenceless,
which is written as

e =L 90 () ene) = ogonr) £ 2 J—gne) =
g™ ox or aa

9 < pZAsin9> 9 ( P21 5 sin 0
:>7 - _— -
o Py/ ry+A 90 P/ + A

0 (pAsm@) d (pr,gsin9> _o. (12)
o 4 A % ,/r?6+A

Substituting the values of p, A, g(4), N, and N? in Eq. (12), we obtain the following partial differential equation:

<s1n6'\/r + a*cos? O(r* + a> — 2Mr)
or

rﬂ+r +a?-2Mr

> 0 (r,g sin 0V/r* + a* cos® 9) 0

(13)

a0 \/r?g+r2+a2—2Mr

We note here that the function r,y (a function of € only) is to be determined from the above equation. After simplifying the

above equation, we obtain the following expression:

(”,29 + 712+ a® = 2Mr)[sin O{r(r* + a* = 2Mr) + 2(r —
+ 1 ga® sin” @ cos 0] — sin O(r? + a® cos® 0)[(r —

M)(r* +a?cos? )} —
M)(r* +a* = 2Mr) — r’yr o] = 0. (14)

(r gsin@ + r% cos 0)(r* + a* cos® 0)

After rearranging the expression in powers of r, Eq. (14) simplifies to the expression given below

(2sin@)r° — [TM sin @ + sin Or o + cos Or o]r* + [{a*(3 + cos® ) + 3(2M?* + r3))} sin @ + 2M (sin Or 4 + cos Or g)]r*
— [a*{(5+ 3 cos* Q)M sin O + (1 + cos* O)r gsin@ + 2cos’ Or g} + (4M sin @ + cos Or o) ry]r*
+ a?[sin0(r% + a*)(1 + cos? 0) + 2M(M + r p) sin @ cos” O]r — a*[r y(a* 4 r%) cos O cos 20

+ {2M7%) + (M + r g)a*} sinf cos? 6] = 0.

Now we can write Eq. (15) as follows:
air’ —ayr* + asr® —ayr* + asr —ag =0,  (16)

where the values of the coefficients a,, a,, a3, a4, as, and ag
are defined as

a, = 2sind, (17)

(15)
|
a, = TM sin0 + sinOr_ + cos Or g, (18)
ay = {a*(3 + cos? §) + 3(2M?* 4 r%)} sin 6
+2M(sinOr g + cosOr ), (19)
a, = a*[sin0{(5 + 3 cos’ O)M + (1 + cos’ O)r 4}
+2c0s® Or g + (4M sin 6 + cos Or g) 1%, (20)
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as = a*sinB[(r+ a*)(1+cos? 0) +2M (M + r ) cos* ),

(1)

ag = a*[r g(a* + r%) cos 6 cos 20

+{2M 1% + (M + r g)a*} sin@ cos® 6]. (22)

To check our analysis by comparing the results with the
Schwarzschild black hole, we set the angular momentum
per unit mass a =0 and r = const; therefore, we get
rg =1 =0. Now upon substituting these values in the
above equation, we get a; = 2sinf,a, = 7TM sin0, a3 =
6M?sin 0, a, = 0,as = 0, and a; = 0. Using these values
in Eq. (16), we obtain the algebraic equation given below

(2P = TMr* + 6M?r*)sinf = 0

=r=0, 2r2 = TMr + 6M? = 0. (23)

Solving the above remaining quadratic equation in Eq. (23),
we obtain the following result:

Hence, we have derived the results of the maximum and
minimum radii' of Duncan’s paper [11], which we have
shown in Eq. (26).

We now find the expression for the maximal hypersur-
face in the small a/M limit. A solution for all @ might not
be analytically feasible and might need numerical evalu-
ation. We first deduce the few features possessed by the
hypersurface that help in arriving at the solution. We note
that the hypersurface should remain unaltered when we
change the rotation parameter from a to —a, respecting
that the hypersurface should remain invariant under the
change of spin of the black hole from clockwise to

'We have recalculated the value of r at the boundaries, i.e.,
Fmax At @ =x/2 and ry;, at @ =0. We find that there is a
typographical error in Duncan’s expression of r;,. We have
shown the correct value of rpy, in Eq. (26). For the small a/M

. . . 2
limit, we get the expressions for 7y, =34 — 4 and
3M _ 4a>

2 3M
Tmin = 5"~ op-

The first root r = 0 is the singularity, the third root is the
event horizon, and the second root rr =3M/2 is the
Reinhart radius for the maximal hypersurface. The event
horizon is a null surface and the Reinhart radius is a
spacelike surface. Thus, our equations reproduce the results
known for Schwarzschild spacetime. Equation (24) exactly
matches with the Schwarzschild black hole where ry is the
Reinhart radius and r, is the event horizon of the black hole.

As a further check, we reproduce the upper and lower
bounds obtained by Duncan [11]. Following Duncan, we
set r = const in Eq. (14), we find the roots for § = 0 and
0 = n/2, and we get

(r* = 2Mr + a®)[2r3 = 3M7r* + a*(1 + cos* O)r
— Ma? cos? 6] = 0. (25)

The solution of the second-order equation in the small
brackets in Eq. (25) gives the horizons r of the Kerr black
hole, and solving the remaining third-order equation in the
square bracket in Eq. (25) at the boundaries 8 = 0 and
0 = n/2 gives the expression for ry;, and rg... These
expressions are given as follows:

3M
rmax(ezn'/Z):T 1+ 1-——= s

-1/3

W 1> 1+\/1+(;A"42—1)3 . (26)

|

counterclockwise. The hypersurface should have reflection
symmetry about & = z/2. This also implies that the slope
of the curve r(8) should vanish at @ = z/2. The slope of the
curve should similarly vanish at & = 0 and 6 = z. If we set
a = 0, we should obtain the hypersurface rp = 3M /2. We
now make an ansatz for the hypersurface based on the
above considerations. We suppose the general solution of
Eq. (16) as a function @ is defined by

(0) =2+ a24(0). (27)

where ry=dr/d0 =a’¢(0) and ry=d’r/dO* =

a*qg’ (9) We can neglect the terms with powers higher
than a® in the a/M limit. So, we get az = 0 and Eq. (16)
becomes

4 3 2

rlayr* —arr’ + asr* — ayr + as) = 0. (28)
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Substitute these values of r,rg,r 9, a;,a,,as, a4, and as
in Eq. (28), and we obtain the following differential
equation:

8 2
sinfg’ (0) + cos ¢ (0) —2sindg(0) = 9—Msin€ - 9—Msin3 0

(29)

We take the trial solution of the differential Eq. (29) as a
series given below,

9(0) = > c,sin"0, (30)
n=0

where c,s are undetermined constants. The above series
implies

(ce]

Jd0) = Z nc,, sin"~! @ cos 0,
n=0

g'(0) = [n(n—1)sin""10—n?sin"Glc,. (31)
n=0

Substitute the values of ¢(0),¢'(0), and ¢’(0) from
Egs. (30) and (31) into Eq. (29) and equate the constant
term, coefficients of sin@ and sin® @ on both sides, and
we get

7 1

T 70 =3y

o 70

Co =

n:—n
*ﬂcwl (n24).  (32)

cq = ki, Cnt1 = {W

We note that ¢, = k;, where k; is an arbitrary constant. We
note that a nonzero value of k; gives rise to an infinite
series that goes to infinity at @ = /2 since ¢, for large n
is the same as c,_;. The series therefore diverges. We
obtain a solution where we obtain a finite value at § = z/2
when k; = 0. So we set the undetermined coefficient to ¢,
to zero, thus obtaining a converging solution. Substituting
these coefficients from Eq. (32) into Eq. (30), we obtain a
simple form given by

4(0) = —ﬁ(m —sin0), (33)

Hence, from Eqgs. (27) and (33), we get

3M 3M  a*(14—sin0)
rR(H)EV(H):TJFGZQ(H):T—%iM’ (34)

where rg(0) is known as the Reinhart radius, which is the
general solution of Eq. (28). The Reinhart radius gives
the location of the maximal hypersurface that maximizes
the interior volume of the black hole. We rederive the
maximal hypersurface using another method, i.e., the
variational method, to find the maximal hypersurface in
the Kerr black hole, which we discuss in Sec. IV.

IV. A VARIATIONAL METHOD FOR ESTIMATING
THE MAXIMAL HYPERSURFACE
OF THE KERR BLACK HOLE

We now obtain the maximal hypersurface (34) via an
alternate method. This method is a generalization of the
technique used by Christodoulou and Rovelli in [3] to
estimate the hypersurface located in the interior of the
black hole that gives a maximum contribution to the
volume. They have considered the hypersurface of con-
stant area radius r = const and then estimated the r for
which there is maximal contribution. The maximization
procedure yields rp = 3M /2 as the radius that dictates the
interior volume of the black hole. Unsurprisingly, this
coincides with the maximal hypersurface found by
Reinhart [4]. The method is adopted in the work by
Bengtsson and Jakobsson [9] for the Kerr black hole
and [10] for the Kerr-AdS black hole. In [9,10], they
consider an r = const hypersurface in Kerr and Kerr-AdS
black holes, respectively. They maximize the volume with
respect to r and arrive at the interior volume of the Kerr
black hole. As highlighted in [10], the hypersurface r =
const is not a maximal hypersurface in the Kerr family of
black holes even though the hypersurface yields a good
estimate for the interior volume of a black hole. In this
section, we arrive at the maximal hypersurface using the
volume maximization method used in [3]. Instead of using
an r = const hypersurface, we choose a hypersurface with
r as an unknown function of polar angle 6; i.e., the
hypersurface is given by r — r(6) = 0. The maximization
method used in [9,10] yielded an algebraic equation when
they considered the r = const hypersurface. In our
approach since r(0) is an unknown function that needs
to be fixed via the maximization method, we hence obtain
a variational problem. Again the expressions are untract-
able for a general a/M, but we show that it is possible to
solve the problem in a closed form when we consider the
small a/M limit. This is therefore an alternate method of
obtaining the maximal hypersurface. The details of the
derivation are given below.

The line element of the induced metric on the hyper-
surface r — r(@) = 0 is (dr = r,y dO, where r,y= dr/d0)

124061-6
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oM
ds? — — (1 - 2’) dv? +2r pdvd + p*d6>
P

4Marsin?6 Asin?6

—2ar y4sin® 0dOdg — ——dvd$p +———d¢*
P p

= Guudv? + 29,9dvd0 + good0® +2g,;d0dp
+2g,5dvdd + g5 5;dd*. (35)

where the components of the metric (35) are defined as

2Mr 5
G = — 1—7 , 9v0 = Gov = T 9 9oo = P"
) Asin20
Goj = 940 = ~aTaSN0. gjp =" 3
2Mar .
Gog = 9o = — P sin20. (36)

The determinant of the metric (35) is defined as
g¥ = det(g,,) = —p*(r%) + A) sin® 6. (37)

The volume bounded by the hypersurface r — r(6) = 0 is

VE(v)= /V \/ —g®dvdodd =2zv / sinf/p?(r%+ A)do,
(38)

where the superscript “K” stands for Kerr. This can be
viewed as an extremization problem, and our goal is to find
the Euler-Lagrange equation. Substituting the values of p?

and A from Eq. (3) into Eq. (38), we get

L(r,rg,0) =sin0/p*(r%)+ A)

= sin@\/(r2 + a?cos?0)(r%y + r* —=2Mr + a?).
(39)

The Euler-Lagrange equation for the above Lagrangian is

d (oL oL

Rl et e ) 40

do (0@) or (40)
Now, substitute the expression for r(6) =3 + a?g(0) in

Eq. (40), apply the small a/M limit, keep the power up to
a2, and equate its coefficient to zero, and then we get

8 2
sin@g” (0) 4 cos0g () —2sinbg(0) = oM sinf — oM sin’ 6.

(41)

Equation (41) exactly matches with Eq. (29) whose
solution is given in Eq. (33).

V. VOLUME AND VOLUME RATE OF THE KERR
BLACK HOLE FOR A SMALL VALUE OF a/M

The interior volume of the Kerr black hole is maximal
when the area radius r is reached at the Reinhart radius r.
The expression of the Reinhart radius for the Kerr black
hole is given in Eq. (34). Therefore, at the radius r = rp,
the maximal volume of the Kerr black hole becomes

|
VE(v) :/ \/—g(3>d1}d9d¢§:2ﬂv/ﬂsin9\/pz(r?0+A)d9:2m}/ﬂsin9\/(rﬁ—I—azcoszb?)(r,zw—kr%—i—az—2MrR)d9.
v 0 0

(42)

Substitute the value of Reinhart radius ry from Eq. (34) into Eq. (42) and solve the integral for a small a/M limit, and we get

™ 3M 2(14 — sin%0)\ 2 4sin2(26 3M 2(14 — sin%0)\ 2
VE () = 210 / sing[{ <__w> +azcoszg}{&<>+<__w> e
0

2 36M

3M  a*(14 — sin%0) 1/2
_op (22 4T TS :
- )]

In the small a/M limit the above integral gives the maximal
volume of the Kerr black hole as

16\/37a* 16/37a*
VE(v) = 3\/§7TMZU—# = VS (p) —#,
(44)

1296 M 2 36M

(43)

where the superscript “Sch” stands for Schwarzschild.
From Eq. (44), we can see that the maximal volume of
the Kerr black hole is less than the maximal volume of the
Schwarzschild black hole. The above statement has an
intrinsic ambiguity since both volumes are proportional
linearly to the ingoing coordinate ». There is no way to
compare an ingoing coordinate » between two separate
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spacetimes. It is, therefore, more meaningful to define a rate
of volume as

. dV(v)

We can now compare the volume rate V) for Kerr and
Schwarzschild black holes. We note from Eq. (44) that
VK < VS for the same mass of the black hole. We see in
later sections that the quantity given by the volume rate V
has several interesting properties and its behavior is
possibly governed by laws in a manner similar to the area
of a black hole.

VI. THE KERR-NEWMAN BLACK HOLE

In this section, we describe a few useful relations of Kerr-
Newman spacetime that will be used in the content that
follows in the article. The Kerr-Newman metric in the
Boyer-Lindquist coordinates (¢, r, 6, ¢) is defined as

(Ap — a*sin®0) 2a(2Mr — Q?)sin® @

ds®> = — p dr* — p dtde
P o, Agsin?l
= g, dt* + 2g,pdtde + G dr? + gopd6* + 9(/)(/)61'4527
(46)

where the components of the metric (46) are defined as

(Ap —a*sin®0) p? 5
gtt:_p—zv grr:A_Qv 9oo =P~
Apsin?6 a(2Mr— QZ) sinZ0
Ipp = Qp—z, 9t = YGip = — P . (47)

and the parameters A, p?,a, and Ay are defined as

Ay = r* —2Mr+ a® + Q?,
a=J/Mc, Ay = (P +a*)? = Apa’sin®0.  (48)

p? = r* + a’cos’6,

The determinant of the metric (46) is obtained as

9 = det(g) = 9rr900(9udpp — G1y) = —p* sin® 0. (49)

The metric (46) in the Kerr ingoing coordinates (v, r, 8, ¢)
becomes

2Mr — Q?
ds? = — (1 . %Q) dv® + 2dvdr + p2d6>

P
- 2a(2Mr — Q*)sin’ 0 ~
—2asin? 0drdg — 22PMT 2Q IS0 1
p
A sin? @
+QTd¢7. (50)

Now we explore the Reinhart radius (a location of the
maximal hypersurface) for the Kerr-Newman black hole in
Sec. VIL

VII. REINHART RADIUS
FOR THE KERR-NEWMAN BLACK HOLE

In the case of the Reissner-Nordstrom black hole, the
location of the maximal hypersurface is denoted by rg,
which we call the Reinhart radius [3.4,8], and is given by
rg = (3M + \/9M? — 8(Q?)/4. The Reinhart radius rg is
used to maximize the interior volume of the Reissner-
Nordstrom black hole [6]. The question we ask is, what is
the Reinhart radius for the Kerr-Newman black hole? In this
section, we obtain the exact analytical expression for the
Reinhart radius of the Kerr-Newman black hole in the small
a/M limit and a generic charge Q. We obtained the Reinhart
radius using the traceless extrinsic curvature method. The
calculation of the trace of extrinsic curvature of the hyper-
surface is equal to the divergence of the normal vector to the
hypersurface. As we know, the Kerr-Newman black hole is
an axially symmetric black hole, so the Reinhart radius will
depend on the polar angle # and be independent of
azimuthal angle ¢. If we choose a section ¢ = const, the
intersection of the hypersurface with angle ¢ is given by a
curve (r,0) parametrized with A, ie., r=r(1) and
0 = 0(2). The hypersurface is obtained by revolving the
curve about the z axis. The components of the tangent
vector along a section of constant ¢ are defined as

dr , do
y 70 =

. =—. 51
di dA (1)
The coordinate r varies monotonically as a function of
where 0 < 6 < z/2. If we take 1 = 6 as a parameter, then
r(4) — r(@) and 6(1) — 6. Now, the tangent vector com-
ponents become

dr do
:%:r’g and Tg:%:1 (52)

Tr

Similarly, we can deduce the contravariant components of
the normal vector which are orthogonal to the above tangent
vector and are found to be
T A T" r
r=— =2 == (53
9rr P Yoo P

n
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Upon normalization of Eq. (53), we obtained

1
N = a0 + quln®F = [+ 8o (54)

Hence, normalized components of the normal vector, i.e., N* = (N”, Ne) are defined as

S

r A 6 _
R N S e (55)

N p,/r?g+AQ N pw/r,ze—l-AQ

Now we obtain the Reinhart radius r by calculating the trace of extrinsic curvature and equating it to zero. The condition for
the vanishing trace of extrinsic curvature is the same as making the normal vector divergenceless, which is written as

1 0 0 0
No — 9 (gone) =2 (Jgont) + 2 (gt =0
a /—_9(4) ox“ ( g ) or ( g + a0 g

o [ p*Aysind d p*rgsind d [ pAysind 0 [ prysiné

S

o p\/’,za+AQ %0 P\/’,z9+AQ o \/r,2€+AQ 9 \/r.29+AQ
Substituting the values of p, Ay, g™, N, and N? in Eq. (56), we get
0 [sinVr* +a’cos’0(r* +a> =2Mr+ Q%) d rosinOVr? + a® cos® 0 0 (57)

or \/ri)+r2+a2—2Mr+Q2 a0 \/ri,+r2+a2—2Mr+Q2

We note here that the function r,, (a function of 8 only) is to be determined from the above equation. After simplifying the
above equation, we obtain the following expression:

(ry+r*+a* =2Mr+ Q?)[sin0{r(r* + a* = 2Mr+ Q*) +2(r — M)(r* + a*cos?0) } — (r _psinf+ r%cos6)(r* + a*cos* 6)
+r ga®sin* @ cos )] —sin(r? + a® cos? 0)[(r— M) (r* + a*> = 2Mr + Q%) — r%yr 4] =0. (58)

After rearranging the expression in powers of r, Eq. (58) simplifies to the expression given below

(2sin6)r° — [TM sin@ +sinbr o+ cosOr g|r* + [{a*(3 4 cos? ) +3(2M* + 1) + Q?) } sinf+2M (sinOr g+ cosOr )|
—[@[{(5+3cos?0)M + (1 +cos*O)r o} sin@+2cos® Or o] + (4M sin@ + cosOr o) r3y + Q*{(SM +r o) sin0 + r ycosO}]r*
+ [} (2a* cos? 0+ a* + Q?) sinf + Q* sinf+ a?[sinO{ (a* (1 + cos? 0) + Q*(2+cos? ) +2M (M +r y) cos* 0}
+2Mr gcosOcos20]|r—a*[(a* + Q*){ (M +r ) cos? O+ r ycosOcos 20} + 1% (2M sinfcos? 6+ r g cos G cos 260)] = 0.

(59)
|
Now we can write Eq. (59) as follows: by = 2sin0, (61)
byrS — byr* 4 bard — byr® + bsr—bg =0, (60) by =TM sin0 + sinOr gy + cos Or g, (62)
by = {a*(3 + cos? 0) + 3(2M? + r* + Q*)} sin 6
where the values of the coefficients b, b,, b3, by, bs, and bg ) '
are defined as +2M(sinfr g + cosOr ). (63)
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by=a?[{(5+3cos?0)M + (1+cos?0)r _y}sinf+2cos>Or g
+ (4Msin@+cosOr g)r5y+ Q*{ (5M +r 4)sin6
+rgcosb}, (64)

bs = r}(2a* cos* 0 + a*> + Q%) sin0 4 Q*sin @
+ a*[sin 0{(a*(1 + cos? ) + Q*(2 + cos? 0)
+2M(M + r_g) cos*> O} + 2Mr gcos O cos20]  (65)

be = a*[(a* + Q*){(M + r_g) cos® @ + r 4 cos § cos 26}
+ r%(2M sin @ cos® 0 + r g cos 0 cos 20)). (66)

To check our analysis by comparing the results with the
Reissner-Nordstrom black hole, we set the angular momen-
tum per unit mass a = 0 and r = const; therefore, we get
rg =r g = 0. Now upon substituting these values in the
above equations, we get by = 2sin6, b, = TM sin6, b; =
(6M? +3Q?)sin@, b, = 50*M sinf, bs = Q*sinf, and
bs = 0. Now from Egq. (60), we get

rl2rt = TM P + (6M* +30%)r* = 50*Mr + Q*]sin6 = 0.
(67)
Equation (67) matches with the Reissner-Nordstrom black

hole [6]. Now solving the above remaining fourth-order
equation in Eq. (67), we obtained the following results:

1
r=20, r,%:z(?)Mi 9M? —80?),

ro=M+\/M? - Q. (68)

The first root, i.e., r = 0, is the singularity; the second and
third roots, i.e., r,%, are the outer and inner Reinhart radii;
and the fourth and fifth roots, i.e., r_, are the outer and inner
horizons of the black hole. The event horizon is a null
surface and the Reinhart radius is a spacelike surface. Thus,
Eq. (68) reproduces the results known for the Reissner-
Nordstrom black hole. Here, the outer Reinhart radius r}?,
which lies between the inner and outer horizons of the
Reissner-Nordstrom black hole, is used to construct the
maximal hypersurface.

We now find the expression of the Reinhart radius for the
Kerr-Newman black hole in the small /M limit and a
general charge Q. The solution for general a might not be
analytically feasible and might need a numerical solution.
We first estimate some properties of the hypersurface that
help us to reach the solution. The hypersurface should
remain unaltered when we change the rotation parameter
from a to —a. The process to calculate the Reinhart radius
of the Kerr-Newman black hole is the same as the Kerr
black hole, but the result will differ due to the presence of
charge Q. We suppose the general solution of Eq. (60) as a
function @ which is defined as

r(0) = —(3M + /OM? — 80Q?%) + a’g(6),  (69)

=

where ry=dr/d0 =a’¢(0) and ry=d*r/d0* =
a*q'"(0). We can neglect the terms with powers higher
than a? (limit of small a/M) and substitute the values
of r,ry,r g,b1,by,b3,by,bs, and bg in Eq. (60), and

we get

[27M* — 36M>Q? + 8Q* + M(9IM? — 80Q?%)/?] sin g () + 2TM* — 36M>Q?* + 8Q* + M(9IM? — 8Q?)3/?] cos Og (6)
—2[27M* — 22M>Q? + 160" + M(9M? — 100%)\/9IM? — 80?] sin Og(0) — [21M3 — 22M Q>
+ (TM? — 60%)\/OM? — 8Q? sin 0 — [3M3 — 2MQ* + (M? — 20?)\/IM? — 80?] sin @ cos 20 = 0

= [27M* - 36M>Q?* + 80* + M(9M?* — 80?)3/?|sin 4" (0) + [27M* — 36M>Q? + 80"
+ M(9M? — 802)3/2] cos ¢ (6) — 2[2TM* — 42M>Q? + 160* + M(9M? — 100%)\/9IM? — 8Q?] sin Oy(0)

= 8[3M3 = 3MQ? + (M? — Q*)\/OM? — 8Q¥ sin O — 2[3M3 — 2M Q2 + (M? — 20)\/9M? — 80Q?] sin® 0. (70)

Now, we can write Eq. (70) as follows:

2p

8 26
sinfg”(0) + cos 8¢ (0) — —sinfOg(0) = T sing — sin® 6,
a a a

(71)

where the parameters a, f5, y, and 6 depend on the black hole’s mass M and charge Q, which are defined as
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a =2TM* = 36M>Q* + 80* + M(9M* —80Q?)%%, (72)
B =2TM* — 42M> Q% + 16Q* + [M(9M? — 100Q?)

x \/OM? — 807, (73)

y =3M3 - 3MQ? + (M? — Q*)V/IM? — 80>, (74)
8 =3M3>-2MQ? + (M? —20%)\/9IM? — 8Q>. (75)

We take the trial solution of the differential Eq. (71) as a
series given below

= Z cp sin™ 0, (76)
n=0

where ¢,s are undetermined constants. The above series
implies

= Z ne, sin" ! @ cos 6,
q'(0) = Z[n(n —1)sin"' @ — n?sin" Glc,. (77)
n=0

Substitute the values of ¢(0),¢'(6), and ¢"(0) from
Egs. (76) and (77) into Eq. (71) and equate the constant
term, coefficients of sin@ and sin® @ on both sides, and
we get

{47/ 2a6 ] p 0
cCh=—|—-—— = —-—, CcC1 = s
B Gatppl M 1
0 q
C2:3a+/)7:M’ C3:0, C4:k2,
n—n+2
n+1 = [W] Cot (n24). (78)

As we know the parameters «, f3, y, and 6 depend on the
black hole’s mass M and charge Q, so the parameters p
and ¢g of Eq. (78), are also mass M and charge Q
dependent. These parameters p and g are defined as

567 — 1458(%)2 + 1212(%)4 - 320(%)6 n [189 —402(%)2 +244(%)4 - 32(%)6] 9 8(%)2

1458 - 4293(§)” +4374(8)* = 1700() + 160(8) " + {486 —1215(§)" +966(8)* —236(5)6} 9-8(%)"

3 —2(%)2 + [1

and ¢ =

—2(8)]o-o(6)

At Q=0, we get p=7/18, ¢yo =-=7/18M, q = 1/36,
and ¢, = 1/36M. These coefficients match with Eq. (32)
of the Kerr black hole. Now, we note that from Eq. (78),
¢4 = ky, where k, is an arbitrary constant. We note that a
nonzero value of k, gives rise to an infinite series that goes
to infinity at & = x/2 since ¢, for large n is the same as
c,—1- The series therefore diverges. We choose a solution
where we obtain a finite value at § = z/2 when k, = 0.
Therefore, we set the undetermined coefficient ¢, to zero,
thus obtaining a convergent solution. Substituting these
coefficients from Eq. (78) into Eq. (76), we obtain a
simple form of g(@) given by

o(0) =~ (p — gsin®0) (81)

108-150(§)" +40(8)* + [36—34(%)1 Jo-8(8

Hence, from Eqgs. (69) and (81), we get

ral0) = r(0) = 1 (3M + /oM ~8Q) + a%(0)
— LM+ VOMEZ807) L (p—gsinc0). (82

where rg(0) is known as the Reinhart radius, which is the
solution of Eq. (60). We now use another method, i.e.,
the variational method, to find the maximal hypersurface
in the Kerr-Newman black hole, which we discuss in
Sec. VIIL
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VIII. A VARIATIONAL METHOD FOR
ESTIMATING THE MAXIMAL HYPERSURFACE
OF THE KERR-NEWMAN BLACK HOLE

In this section, we use the variational approach to solve
the Euler-Lagrange equation to obtain the maximal hyper-
surface. As we know from the analysis of the Kerr black
hole, the Kerr-Newman black hole is an axially symmetric
black hole; therefore, no hypersurface with r = const is
maximal. Instead of using a r = const hypersurface, we
choose a hypersurface with r as an unknown function of 8
in the same way we had defined for the Kerr black hole, i.e.,
r—r(0) =0, so dr = rydf, where ry = dr/df. The line
element of the induced metric (50) on the hypersurface
r —r(0) = 0 becomes

2Mr — Q?

p
_ 2a(2Mr— Q?)sin20 .
~2ar sin’ 0ddg — 222MT o V070
p
A sin? 6
+—L—df?
p

= gy dV? + 2g,9dvd0 + gopd6® + 2g,;d0dp

+2g,4dvdd + g ;dd’. (83)

where the components of the metric (83) are defined as

2Mr— Q? 5
Gy = — 1——2 > 9vo = 900 =T 9, 900 =P~

p
- Apsin’0
Yog = 9o = —argsin"0, g5 = P
a@2Mr-0?)
9ud = 950 =~ p sin’6). (84)

The determinant of the metric (83) is defined as
g¥ =det(g,,) = —p*(r) + Ap) sin® @ (85)

The volume bounded by the hypersurface r — () = 0 is

VEN (p) = / —g®dvdodg
(v) LV ¢
:2ﬂv/sin01/p2(r?9+AQ)d9, (86)

where the superscript “KN’” stands for Kerr-Newman. This
can be viewed as an extremization problem and our goal is
to find the Euler-Lagrange equation. Substituting the values
of p* and A, from Eq. (48) into Eq. (86), we get

L(r.rg.0) =sin0y/p*(r},+ Ap) = Sing\/(r2 +a’cos’ 0)(r + r* = 2Mr + a@* + Q7). (87)

The Euler-Lagrange equation for the Lagrangian (87) is
defined as

d (oL oL
—(— ] —-——=—=0. 88
do <0r.9) or (88)

Now, we substitute the expression for r(6) =3 (3M +

VIM? —80?) + a*g(9) in Eq. (88), apply the small
a/M limit, keep the power up to the a® term, and equate
its coefficient to zero, and we get

sinfg”’(0) + cosOg () — % sinfg(0) = 8%l/sin 0— 2?fsin3 0,
(89)

where the parameters a, 5, y, and 6 are defined as

a=2TM* —36M?>Q? + 80Q* + M(9M? —8Q?)%2, (90)

p=2TM* — 42M>Q* + 160* + [M(9M? — 100?)

x \/OM? — 807, (91)

y =3M3 =3MQ* + (M? - 0*)\/OM? —8Q%,  (92)

5 =3M>-2MQ? + (M?> - 20°)\/9IM? —80Q>. (93)

Equation (89) is exactly matching with Eq. (71) whose
solution is given in Eq. (81). Now, we discuss the volume
and volume rate of the Kerr-Newman black hole in Sec. IX.

IX. VOLUME AND VOLUME RATE
OF THE KERR-NEWMAN BLACK HOLE
FOR A SMALL VALUE OF a/M

In this section, we calculate the maximal volume and
volume rate of the Kerr-Newman black hole for the small
a/M limit and a generic charge Q. The interior volume of
the Kerr-Newman black hole is maximal when the area
radius r is reached at the Reinhart radius rp. The expression
of the Reinhart radius for the Kerr-Newman black hole is
given in Eq. (82). Therefore at r = rp, the maximal volume
of the Kerr-Newman black hole is defined as
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VEN () = 270 /ﬂ sin@y/p?(r}) + Ap)dO = 2mv /ﬂ sin 9\/(’% + a*cos? 0)(ry g+ ry +a* —2Mrg + Q?)d6.  (94)
0 0

Substitute the value of Reinhart radius rp for the Kerr-Newman black hole from Eq. (82) into Eq. (94) and solve the integral

in a small a/M limit, and for a general charge Q, we get

VEN(4) = 20 / “ging|{COI20)
0 M?

1
( (3M + \/9M? — 80Q?) —

2
p gsin 9)) +a?

-2M G (3M + \/9M* - 80?) — GM (p- qsin29)> }{ G (3M + \/OM* - 80?) — %2 (p- qsin29)>2

1/2
+ azcosze}] de.

(95)

In the small a/M limit the above integral gives the maximal volume of the Kerr-Newman black hole as follows:

VEN (1) = 4o [11_6 (3 + W)Z{

— v [16a2 [QZM —%(3M + \/W){QZBP -2q) +
(3p —2¢)(3M + /IM? — 8Q?)? }]/6M{(3M+ \/m)z{_

1
8

(3M + /OME —3Q2)? H ]

_ L
6"

3M +VIM? —8Q?) -

3M+ VIM? —80?) H
T (6q —9p —2)(3M + \/9M? — 8Q?) + M?
>+ % (3M + /9IM? - 80Q?)

(96)

The values of p and ¢ are defined in Egs. (79) and (80). Now, we can also define Eq. (96) as follows:

VEN (y) = VRN () = 7o [16a2 [QZM - % (3M + \/OM* — 8Q2){Q2(3p ~2¢) +%(6q —9p —2)(3M + \/9M? —80?)

+ M +%(3p —2¢)(3M + \/WVH /6M{(3M+ \/m)z{—gz

3M+\/9M2 80?%) HW]

where the superscript “RN” stands for Reissner-Nordstrom.
From the above equation, we can see that the maximal
volume of the Kerr-Newman black hole is less than the
Reissner-Nordstrom black hole. Similar to the discussion
for the Kerr spacetime, we can define the volume rate for
the Kerr-Newman black hole, given by Eq. (45). We can
now compare the volume rate ) for the Kerr-Newman and
Reissner-Nordstrom black holes. We note from Eq. (97)
that VKV < VRN for the same mass M and charge Q of the
black hole.

+%(3M +VIM? - 80?)

97)

X. CLUES TOWARD THE POSSIBLE EXISTENCE
OF LAWS GOVERNING THE VOLUME
OF THE BLACK HOLES

In the previous sections, we derived the expression for
the maximal interior volume of the Kerr (42) and Kerr-
Newman black holes (96). We note that the interior volume
of the black holes was a linear function of ingoing
coordinate » that monotonically increases with ». The
quantity concerning volume that displays more appropri-
ately to study the behavior of volume is the volume rate
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as discussed in Eq. (45). We now study the behavior of V
under various changes to the black hole. This study was
first done in [5], where they examined what happens to the
volume of a black hole under Hawking radiation for a
Schwarzschild black hole. They showed that the volume
monotonically increases even under Hawking radiation.
While this is true, we observe that in their paper, if we
instead study the volume rate V, it can be inferred that the V
does indeed decrease under Hawking radiation. This is
similar to the behavior of the area of the black hole since it
is well known that the area of the black holes increases
under particle accretion, the Penrose process, and super-
radiance but decreases under Hawking radiation. In this
section, we show how the V of the Kerr black hole behaves
under these processes.

A. Variation in the volume rate of the Kerr black hole
under the Penrose process

As we know, the Penrose process decreases the black
hole’s mass and angular momentum by an amount equal to
(negative of) the energy and angular momentum of the
infalling particle into the black hole [13—15]. The decrease
in the angular momentum is more than the decrease in the
mass, and the changes in the mass (6M < 0) and the
angular momentum (8J < 0) are related as

(6M — Qy6J) > 0, (98)

where Qp is the angular velocity of the event horizon,
which is defined as

o a J/M
Pk’ oM oM/ ME = 2/ MP
where r,_is the event horizon of the Kerr black hole. In the

small angular momentum limit / << M, the above equation
becomes

Qy

(99)

a J

==~ —. 100
ri+a® 4MP (100)

Qy

The maximal volume of the Kerr black hole is defined as

1 2
VK(v) = 3\/§ﬂsz—@. (101)

The variation in the volume rate is defined as

. aVK(v) 32J2 32J
K — = M+ oM — =567 |
8V 5[ ~ } m/?[(é +3 3)5 5 254

(102)

In the small angular momentum limit J < M, the above
equation becomes

. 1
SVK = 6V/3zM [5M - —6151] . (103)

27 M3

From Egs. (100) and (103), the variation in the volume rate
becomes

SVK = 6V3zM [(5M - Qy6]) - ;—;QHSJ] . (104)

As we know, the change in the area 6A of the Kerr black
hole is defined as

0A = 8x

s (M = Qb))
N

(105)

In the Penrose process 6A > 0 where (6M — QyéJ) > 0
and 8J < 0, therefore, from Eq. (104), we get
sVE > 0. (106)

This shows that the variation in the volume rate always
increases under the Penrose process.

B. Variation in the volume rate of the Kerr black hole
under superradiance

As discovered by Penrose and Floyd [16], it is possible
to extract energy and angular momentum from the rotating
black holes. In the superradiance, there is net energy that
gets radiated to infinity when a scalar field propagates in
the Kerr geometry. The energy flux dE/dt and the amount
of angular momentum dJ/dt [14] (we note that ¢ is the
Boyer-Lindquist time coordinate) that is falling into the
horizon is defined as

dE dJ
EIC@(UJ—’”QH), E:Clm(w_mQH),

(107)
where C is a constant and @ and m are the frequency and
angular momentum of the wave around the black hole spin
axis. The complete descriptions of C|, w, and m are given
in [14]. Now, from Eq. (107), we get

dE dJ
—QH— = Cl(a)—mQH)z > 0

= 108
dt dt (108)

As we know, the change in the black hole’s mass is
equivalent to rotational energy, i.e., dM = dE, so from
Eq. (105), we can write the change in the black hole area as

dA = 8= (109)

_a (E_qg ),
VM -2 \dt dt)"

From Egs. (108) and (109), we get
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This seemingly agrees with the known fact that the area of
the event horizon increases during any classical process.
Similarly from Eq. (104), we can write the variation in the
volume rate as follows:

dA = 8z Ci(w—mQy)*dt > 0. (110)

K - -

As we know, the energy and angular momentum radiate
from the black hole, so dE/dt < 0 and dJ/dt < 0; there-
fore, from Eqgs. (108) and (111), we get

dvk > 0. (112)
This shows that the variation in the volume rate always
increases under the superradiance phenomenon.

C. Variation in the volume rate of the Kerr black hole
under an infalling particle

Suppose a particle starts from a far faraway region and
falls inside the event horizon of the Kerr black hole. The
ingoing particle has positive energy and can have the
angular momentum of either sign. But we know that under
particle accretion, the area of the black hole increases. So
we require that

oM — QpéJ > 0. (113)
Unlike the Penrose process and superradiance, oM > 0. If
oJ is also positive, this implies there is an upper limit for
6J; otherwise, there will be a violation of the area increase
law. If we now examine the volume rate relation,

37

SVK = 6\3zM (6M — QyélT) — E-QH‘SJ . (114)

Now the term inside the brackets (M — Qy6J) is propor-
tional to A and is always positive. Now if 6J < 0, itis easy
to see that 8V is positive definite. If 8/ is positive, then we
see that the 6A term contributes a positive term while the 6/
term contributes negatively. There could therefore be a 6/
that can outweigh the positive contribution from the §A
term, making the volume rate ) negative. So it is possible to
throw a particle with a large enough speed, with the same
sense of rotation as the Kerr black hole, to make the volume
rate decrease.

D. Variation in the volume rate of the Kerr black hole
under Hawking radiation

During Hawking radiation, the area law is violated and
the surface area of a black hole is expected to decrease
(VA <0 and hence oM — QyoJ < 0). Moreover, the

discussion in [13], indicates that the black hole loses
angular momentum faster than it loses mass. So we expect
that oJ is negative for the case of Hawking radiation. The
relation

. 7
SVK = 6\/3aM | (M — Qy67) — ;—7QH5] (115)

gives that M — Qp6J is negative but the term — g—;QHcSJ is
positive since o/ in Hawking radiation is shown to be
negative [13]. So based on our study using small J
approximation, the outcome of §) can be of either sign.
This is by no means conclusive but the study is left for
future considerations.

XI. CONCLUSIONS AND DISCUSSION

In this article, we have obtained the closed-form expres-
sions for the maximal hypersurface located between the
inner and outer horizons of the Kerr and Kerr-Newman
black holes for the small @/M limit as shown in Egs. (34)
and (82). This hypersurface is the generalization of the
maximal hypersurface in Schwarzschild spacetime found
by Reinhart in 1973 [4], to the Kerr family of black holes.
Analogous to the volume of Schwarzschild spacetime, the
maximal hypersurfaces found for the Kerr black holes can
be used to estimate the interior volume of the Kerr family of
black holes. Using the closed-form expressions for the
maximal hypersurfaces, we have evaluated the closed-form
expressions for the interior volume of the Kerr and Kerr-
Newman black holes in the small a/M limit as shown in
Egs. (44) and (96).

The volume for the Kerr black hole is estimated in terms
of the ADM mass M and angular momentum per unit mass
a (and a generic charge Q for the Kerr-Newman black
hole). The closed-form expression makes it convenient to
study the behavior of the volume of the black hole under
various processes such as absorption of a particle, the
Penrose process, superradiance, and Hawking radiation
using the variation of M and a in each process. An
interesting question naturally arises. What happens to the
volume of a black hole if the mass and angular momentum
change due to these various processes? Interestingly, the
quantity that is sensitive to the processes is not the volume
(which generally displays an increasing trend) but the rate
of change of volume V) with respect to the ingoing null
coordinate v. It is shown for the case of the Kerr black hole
that under the Penrose process, the quantity ) monoton-
ically increases. During superradiance, too, the quantity
shows an increasing trend. It is shown in the article that if
the black hole absorbs a particle, depending on the sign and
angular momentum of the particle, } can be negative or
positive. A similar study of the behavior of volume change
due to Hawking radiation is inconclusive regarding the
trend of V.
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We note that the study is done in the small /M limit.
What is the behavior of VV when we relax the assumption
and consider a more general a/M? This may be possible
using a numerical study and is left for future considerations.
Do the same trends continue in generic situations? The
analysis of variation of V can be explored in a more generic
case involving charge Q. The trends of V for the Kerr-
Newman black hole are more subtle and are left for future
considerations.

What is the significance of 1? The area of the black hole
is intimately connected to the entropy of the black hole. The
fact is that ) has a definite behavioral trend under various
processes. Is this indicative of the possibility of associating
Y with a thermodynamic interpretation? The behavior of V

hints toward the possible existence of laws concerning the
volume of black holes. A thorough investigation, involving
both analytical and numerical, might be needed to answer
these questions and is left for future consideration.
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APPENDIX A: DETERMINANT OF THE KERR METRIC

The Kerr metric in the Boyer-Lindquist coordinates (7, 7,0, ¢) is defined as

(A — a®sin? 0) J2 2Mrasin® @

ds? = —
s P

= gud?* + grpdidg + gy dpdt + g,,dr* + goed6* + gypdd?*,

where the components of the metric (A1) are defined as

(A — a’sin’0) p?
gll:_—27 grr:X’
P
and the parameters A, p2, a, and A are defined as

A=r*=2Mr+d?, p? = r* + a’cos?0,

Asin? 0

2
(dtdp + dpdr) + ”K art P+ d?

(A1)

Asin?6 2Mrasin®6
9pp = 5 9pt = Grp = _T (A2)
a=J/Mc, A = (r? + d®)? — Aa’sin?0). (A3)

From Eqs. (A2) and (A3), we can write the metric components g, and gy, as

(A — a®sin’0) (r* = 2Mr + a* — a*sin0)

(r? —2Mr + a*cos®0) _ (p* —2Mr) (1 2Mr>
_— =-(1-%),

g = — = — = =
! P P P p? p
Asin?0  [(r2 + a®)? = (r? = 2Mr + a®)a*sin’0)sin?0  [(r? + a®)? — (r* + a?)a’sin?0 + 2M ra’sin’0]sin’0
9pp = — 5 = ) = )
p p p
_ (P2 + a®){r? + azcoszg} + 2Mra*sin6)sin’6 IS 2Mra22sin26' 20, (Ad)
p p

Equation (A1) can be written in the matrix form as

94 G G0 Gip
9re Yrr 9r0  Grp
9or  Y9or Yoo  YGoyp
9ot Gpr  9go  YGp¢

9x 0 0 i
0 ¢, 0 O

0 0 Yoo 0
94 O 0 9yyp Axd
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The determinant of matrix (A5) is

2Mra®sin?0\ . AM?r?a®sin*0
g( ) = = 9rrY900 [Qngqsqs 9,¢ = pz [ (1 - —) <r2 +a*+ T) sin?@ — T}
ol 2M 20 2M 4M*r*a’sin*0  AM?r*a’sin0
:% <r2+a ra*sin )s 20+ (P + ) zrsinzé?—f— ra;sm B rcism ]
I p p p
T 2M 2Mr 20 2M
= % —<r2 +a? ra’sin® ) in?0 + (r* 4+ a*) —- p 26’} Al SXI { (r? +a?) +_p2r [—a%sin?0 + r? + az]]
o 2M 4 2Mr 4
£ —(rr +a*) + 2r [r? + a’cos?d] | sin?0 = P —(r* + a®) + —— x p?|sin’0 = _P % Asin?0 = —p*sin?6.
A | P A p? A

(A6)

APPENDIX B: SOLUTION OF EQ. (28) FOR THE SMALL a/M LIMIT

Let us calculate the terms r, 7%, 73, and r* in a small a/M regime using the binomial expansion, as follows:

ro) =[5 v aa0)] = (5 ) [1+ea0 (55)]. - ror= e = () 1+ 2e00)(5;) |

o =5+ ea0] = (5) [+3eao) (5)] o =S veo] = (5) [i+acao (5]
®)

Now, the parameters a,, a,, as, a4, ds, and ag can be approximated in the small a/M limit and keep the powers up to a’
terms, where we get

a, = 2sin, a, =TM sin@ + sinOr 4 + cosOr g = TM sin 0 + a*[sin 0g" (0) + cos Og' (0)],
as = [a*(3 + cos? 0) + 3(2M? + r%)| sin 0 + 2M (sin Or g + cos Or y) = a*[(3 + 4 cos® §) sin O + 2M {sin Og” (0)
+ cos g (0)}] + 6M? sin 6,
ay = a*[M(5 4 3 cos® 0) sin@ + (1 + cos? 0)(sinOr o+ cos Or ) + 2 cos® Or g| 4 (4M sin 6§ + cos Or g) 1,
= [M(5 + 3 cos? 0) sin O]a®
as = a*sin0[(r}) + a*)(1 + cos? §) + 2M(M + r 4) cos? 6] = [2M? sin 6 cos® O]a?,
ag = a*[r g(a* + r%) cos O cos 20 + {2Mr%) + (M + r y)a*} sin@ cos* 0] = 0. (B2)

Now, multiplying a,, a,, as, and a4 with *, 3, >, and r, we get

M 4 M M 4 M 3
a;r* =2sinf x M +4g 3 a*| =2sinf x M + |8¢9(0) sin @ x M a?,
2 2 2 2
3MN3 3M\2 3IMN3
a,r’ =TM x <T) sin@ + {21M sin @ x (T) g(0) + <T> (sinfg" (6) + cos 6@(9))} a®

27M?3 sin @ <3M 2
—+

2 5 —) [(3 + cos?8) sin @ + 2M{sin 8¢" () + cos O¢' (0)}] + 18M? sin Og(0)]a>,

asr- =
3 2

3M?
asr = {T (5 + 3cos?d) sin 9] a’. (B3)

124061-17



MAURYA, GUTTI, and NIGAM PHYS. REV. D 109, 124061 (2024)

Now, substitute the values of a;r*, a,r*, azr?, a,r, and as into Eq. (28) and equate the coefficients of a® to zero, we get

M)\ 3 M\ 2 M\ 3 M)\ 2
J'(0) [— (37) sin@ + (%) X 2M sine} +4(0) {— (%) cos O + (%) x 2M COSQ:|
3 2
+9(0) [8sin9x <3TM> —21M x (37M> sin9+18M3}

3M\ 2 3IM?
+ KT) (3 + cos?0) — <T) (5 + 3cos20) + 2M200s29] sind = 0

2

9 9 9 M
= §M3 sin g’ (0) + §M3 cos 0g (0) — ZMS sin 0g(0) — o [(3 + cos?0) sin@] = 0

8 2
= sinfg”(0) + cos g’ (0) — 2sinOg(0) = oM sin@ — oM sin®@). (B4)

APPENDIX C: DETERMINANT OF THE KERR-NEWMANN METRIC

The Kerr-Newman metric in the Boyer-Lindquist coordinates (7, r, 0, ¢) is defined as

A, — a’sin’ 6 2 2Mr — Q?)sin® 6 A, sin? 0
g — 8o m @ SO0) o P g g - CCMZ QIS0 i dgar) + 225 4
p Ag p
= 9ud?* + g, dr* + good®® + gyydtdp + gy depdt + gypdd?, (C1)
where the components of the metric (C1) are defined as
(A — a’sin®0) p? Apsin’@ a(2Mr — Q?)sin?0
gy =——2— Jrr =7 G0=P""  Gpp= L Gy =G =~ ( 5 ) (C2)

p 0 p p

and the parameters A, p?.a, and Ay are defined as
Ap=r=2Mr+a*>+Q*=A+ Q% a=J/Mc, p*=r’+a*cos’d, Ay=(r*+a*)*—Aya’sin’g. (C3)

The components g, and g,, of the metric (C1) can be written as

(Mg =asin’d) (PP =2Mr4a*—a*sin*d + Q%) (7 +dPcos’d —2Mr + Q%) _(1 _2Mr - Q2>
G = P2 = P2 - 7 = 7 ’
_ Agsin®0  [(P 4+ a?)? — Apa’sin®0]sin®0  [(r? + a*)? — (r* — 2Mr + a* + Q?)a’sin®0)sin’0
999 = P 2 = P2
(P 4+ aP) {4 a* — a’sin?0} + (2Mr — Q*)a’sin*0sin’0  [(r? + a?)p? + (2Mr — O?)a’sin*6]sin’0
— e = P2
= |rr+a+ (Mr - Qj)azsinze sin’). (C4)
p

Equation (C1) can be written in the matrix form as

9w G 9o Gy 9r 0 0 7
Gy = Grt Grr 9ro gr(,b - 0 Grr 0 0 (CS)
" 9or  Yor Yoo Yoy 0 0 g O

gt 9pr 90 9ob ) 40 9ot 0 0 99¢ ) 4sa

The determinant of matrix (C5) is
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99 = 9,9001909pp — 9]

2

2 _02 02\ 22 2 02\ 2cind
_p_sz{_(l_(ZMr Q)>x<r2+a2+(2Mr 0%)a 31n9>sin29_a(2Mr 4Q)sm&}

A
0 P P
_plsin®g [_ <r2 i (2Mr - QZ)a2s1n29> N (r* +a*)(2Mr — Q?) N a’(2Mr— Q*)’sin*0 _ a*(2Mr — Q*)*sin*¢
A P2 2 o o
4'29 My — 2 2 2 _ 2'29 4'29 Mr— 2
_ _psm 2+ a? _( r—0 )(r +a”—a’sm ) _ _psm (rz +a2) _( r—0 ) [r2 +a200529]
AQ p2 AQ p2
4.3 29 2Mr— 2 4.3 29 4.3 29
e [(rz ra) M C) e )sz] = LT @ —oMr+ QY = PO T x A g = —ptsin®0. (C6)
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