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We present a formalism to study linear perturbations of bimetric gravity on any spherically symmetric
background, including dynamical spacetimes. The setup is based on the Gerlach-Sengupta formalism for
general relativity. Each of the two background metrics is written as a warped product between a two-
dimensional Lorentzian metric and the round metric of the two-sphere. The different perturbations are then
decomposed in terms of tensor spherical harmonics, which makes the two polarity (axial and polar) sectors
decouple. In addition, a covariant notation on the Lorentzian manifold is used so that all expressions are
valid for any coordinates. In this theory, there are seven physical propagating degrees of freedom, which, as
compared to the 2 degrees of freedom of general relativity, makes the dynamics much more intricate. In
particular, we discuss the amount of gauge and physical degrees of freedom for different polarities and
multipoles. Finally, as an interesting application, we analyze static nonbidiagonal backgrounds and derive

the corresponding perturbative equations.
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I. INTRODUCTION

Bimetric theory, as formulated in Refs. [1,2], is a
modified gravity theory that extends general relativity
(GR) by considering the existence of two coupled dynami-
cal metrics. In particular, the corresponding interaction
potential has a certain specific form in order to ensure the
absence of the Boulware-Deser ghost. In this context, it has
been shown that bimetric gravity is stable and well behaved
in certain regions of parameter space [3]. The relevance of
this theory lies in its potential to address cosmological
questions, such as the accelerated expansion of the
Universe and the nature of dark matter. In this sense, it
is known that viable cosmological solutions that fit the
expansion history of the accelerating Universe exist [4—7]
and that the massive spin-two field can play the role of dark
matter [8—11]. Moreover, constraints on the parameters of
the theory have been derived through observational [12-15]
and analytical [16] methods.

The stability and viability of black-hole solutions within
bimetric gravity have been widely addressed in the liter-
ature [17,18]. Static and spherically symmetric black-hole
solutions split into two different branches [19]. In the first
branch, a coordinate system exists in which the two metrics
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can be simultaneously diagonalized. These types of sol-
utions are known as bidiagonal solutions. However, this is
not possible in general, and therefore there exists a second
branch of nonbidiagonal solutions. For bidiagonal solu-
tions, the corresponding equations of motion cannot, in
general, be solved analytically. Nevertheless, some exact
black-hole solutions have been found in spherical sym-
metry [20,21], all of them corresponding to the standard
GR solutions (i.e., Schwarzschild, Schwarzschild-de Sitter,
and Schwarzschild-anti-de Sitter). In fact, using analytical
and numerical techniques, in Ref. [18] it was shown that,
within the bidiagonal ansatz, all black-hole solutions with
flat or de Sitter asymptotics correspond to GR solutions,
with both metrics being conformal (see also Ref. [22]).
This, together with the fact that it is known that bidiagonal
solutions where both metrics are Schwarzschild are
dynamically unstable [18,23-25], suggests that static and
spherically symmetric bidiagonal solutions cannot re-
present the end point of gravitational collapse [18]. In
contrast, with a nonbidiagonal ansatz, both metrics obey
the Einstein equations and thus correspond to standard GR
solutions [19]. However, the correspondence with black
holes in GR only holds at the background level, and it is
broken by perturbations. In particular, previous work [26]
proved the stability of a particular subclass of nonbidiag-
onal static black-hole solutions against generic linear
perturbations, although not for general nonbidiagonal
black holes.

© 2024 American Physical Society
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In this work, we present the equations for linear pertur-
bations around a completely general (including dynamical)
spherically symmetric background within bimetric theory.
To this end, we use the Gerlach-Sengupta formalism
[27-29], based on a 2 4 2 decomposition of the spacetime
separating the spherical symmetry orbits from a general two-
dimensional Lorentzian manifold. Making use of the tensor
spherical harmonics, this allows us to use a compact and
covariant description of the perturbative equations both on
the Lorentzian manifold and on the two-sphere, which is
valid for any coordinate choice. As noted, the formalism
describes the evolution of the perturbations on any spherical
static black-hole or star [30] backgrounds, but could also
be used in the dynamical case to study, for instance, the
stability during a spherically symmetric gravitational col-
lapse [31,32]. Here, as an interesting application, we
specialize the obtained equations to a general nonbidiagonal
background with a static physical metric. In this case, the
analytical form of the background can be solved up to a
function that satisfies a nonlinear partial differential equa-
tion [22,33]. In order to perform the computations of the
present paper, we have made extensive use of the different
packages of the xAct project [34] for Wolfram Mathematica,
and particularly of xpert [35].

The remainder of this paper is organized as follows. In
Sec. II we present the formulation of linear perturbations
of bimetric gravity. In Sec. III we take spherically
symmetric background spacetimes and introduce the
2+ 2 decomposition characteristic of the Gerlach-
Sengupta formalism. Then, in Sec. IV, we decompose
the metric perturbations in tensor spherical harmonics. In
Sec. V we discuss the gauge freedom of the theory, and
obtain the equations for the linear perturbations for any
two spherically symmetric background metrics, both for
the axial and the polar sectors. We specialize these
expressions to nonbidiagonal backgrounds in Sec. VI.
Finally, in Sec. VII, we review and discuss the main results
of the paper.

A. Notations and conventions

We assume the metric signature (—+++) and units with
the speed of light ¢ = 1. The symmetrization of indices is
denoted by round brackets and includes a factor of 1/2, that
is, T(ab) = %(Tab + Tba)'

II. LINEAR PERTURBATIONS
OF BIMETRIC GRAVITY

The bimetric gravity theory proposed by Hassan and
Rosen [36] is based on the existence of two dynamical and
nonlinearly interacting metrics, g,, and ]‘W, on the four-
dimensional spacetime manifold. The action is given by the
linear combination of the Einstein-Hilbert term for each
metric, complemented with a coupling term

M? . M? -
_ 7y 4. [~ f 4./
SHR —T/d X —QR(‘(]) +7/d X —fR(f>
4
_m2M527/d4x\/ _gZﬁnen(S)’
n=0

(2.1)

where R@ and R) are the Ricci scalars of the metrics I
and fﬂy, respectively. The coupling constants M, M, and
m have dimensions of mass, while the f, are dimension-
less. Finally, the e, are symmetric polynomials of scalar
combinations of the matrix [37]

gyu = \/ gﬂa}aw (22)
and are explicitly defined as [38,39]
e(S) =1, (2.3a)
el (S) = Tr[§], (2.3b)
er(S) = % (Te[S]2 - Tr[§Y)), (2.3¢)
es(S) = é(Tr[gP - 3Tr[S]Tr[S?] + 2Tr[SY), (2.3d)
es(S) = % (Tr[S]* — 6Tr[S]*Tr[S?] + 3Tr[S*?
+ 8Tr[S|Tr[S]? - 6Tr[S*]), (2.3e)

with Tr[S] = §#,. For a d x d matrix S, e, (S) = 0 for any
( N

n > dand e,(S) = det(S). Therefore, one could also write
e4(S) = det(S). By the relation

\/:Een (g) = \/_7}‘64—11 (g_l ) ’

it is straightforward to see that the bimetric action (2.1) is
invariant under the simultaneous replacements

(2.4)

Gof, PuoPan MyoMp m><om’M2/M% (25)

which means that both metrics are treated on the same
footing in the pure gravity theory. However, such a
symmetry is broken by matter fields, which typically are
only coupled to a single metric [40,41] (see also the review
[42]). Therefore, here we will also assume that matter
sources couple only to the metric g,,, and are described by
the corresponding stress-energy tensor 7 ,,. This leads to
the equations of motion
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~ . 1
G + mv) = 5T (2.6a)
9
2
G+ Vi) =0, (2.6b)

where G,(,gy) and G,S,f,) are the Einstein tensors of the
corresponding metrics, while a:= M /M, measures the
ratio between the gravitational couplings. The interaction

between the two metrics is encoded in the potential

1 3
V;n/ = EZ

ﬁz gﬂ/} ) (g) + gyﬂ(y(l))ﬂy(g)]’

i=0

(2.7a)
~ 3

VD =3 S 1 B (Y ™) + T (Y (57

i=0
(2.7b)

where the matrices Y ;) read as

(V@) = Y IHEa®). @8

k=0

In the following we will consider the effective stress-
energy tensors

2
0) 1 m- ()
19 = L —— V9 2.9
i 8xM2~ " 8z (2.9)
7) m )
i = =g (2.10)

so that the equations of motion (2.6) formally take the same
form as the Einstein equations,

G = 8n1), (2.11a)
G = 8utll). (2.11b)

Now, in order to perform a perturbative analysis of the
theory, we write

G = G + 1Y, (2.12a)

];w = f;w + h/(jl(/)y (212b)

where the metrics g, and f,, are exact solutions of the
equations (2.11) and will be referred to as the background.

In turn, h/(ﬂ,) and thJ encode the perturbations and will be
assumed to be small. That is, in order to obtain their

equations of motion, one simply substitutes the ansatz
(2.12) into (2.11), and regards any term quadratic in the
perturbations as negligible.

Let us define the operator A as providing the linear term in

1Y and h{}) of any object; for instance, £ = 1\ + A[1)].
In this way, the linear equations of motion for hffi) and h/%)
can be written as

A[GY] = 8xzA[1Y), (2.13a)

A[GY)] = 8zA[1). (2.13b)

The left-hand side are the perturbations of the Einstein tensor
of each metric, whose form is well known,

= hl(ly)a;va + hl(/g)a;ﬂa - hl(;i);aa - fiq)a;/w - hl(lz)R(g)

WYy~ nOPRY), (2.14)

2A[GY)]
= G (h(9>“ﬂ;a/; — hy

where the semicolon “;” denotes the covariant derivative

associated to g,,, and ng is its Ricci tensor. The perturba-

tion of the Einstein tensor of the metric ]‘W can be computed
analogously. Therefore, the nontrivial part of the present
computation will be to obtain the linear version of the
effective stress-energy tensors t,(,gy) and t,(f,j). In particular,
this requires us to compute the perturbation of the matrix S¥,.
By definition, we have

gﬂagau = g,ua}‘m/. (215)
Replacing the expansions (2.12) and §*, = $#,, + A[S#,]in
this expression, the term linear in perturbations yields

SLA[SY] + A[SSS = ¢hlh) — ¢ hY) P, (2.16)

which can be rewritten as

(S4:8%57, + 4,859 AlS"] = ¢hlh) — ¢*n%) 7 1 .
(2.17)

Hence, in order to obtain A[S’;] explicitly in terms of h;(i) and

hff;) , one would need to compute the inverse of the expression

in brackets above. Although this does not seem feasible for
generic backgrounds, on a spherically symmetric back-
ground the problem can be simplified by decomposing
A[S’;] in a basis of tensor spherical harmonics, as we will
show in Sec. IVB 1.

Before we move on to analyze perturbations around
specific backgrounds, let us comment on the gauge free-
dom and the number of propagating degrees of freedom. In
vacuum GR the only dynamical field is the metric, which,
being a rank-two symmetric tensor field, in principle
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encodes ten independent local degrees of freedom.
However, there are eight first-class constraints: four cor-
responding to the generators of diffeomorphisms (the so-
called Hamiltonian and diffeomorphism constraints), and
four more corresponding to the vanishing of the conjugate
momenta of lapse and shift. Each of these constraints
removes 1 degree of freedom (i.e., two phase-space
dimensions per spacetime point), which leaves a total of
2 propagating degrees of freedom, corresponding to two
independent polarizations for the graviton. Considering
two decoupled copies of GR, hence with two independent
groups of diffeomorphisms (each acting independently on a
single metric sector), both the number of degrees of
freedom and constraints would double, and one would
have four propagating degrees of freedom. However, when
the two metrics are coupled, a set of four first-class
constraints of the system is removed, due to the now
common diffeomorphism invariance. For generic choices
of the potential describing the interaction between the two
metrics, this would lead to eight propagating degrees of
freedom in total. In the Hassan-Rosen theory though, given
by the action (2.1), the coupling term is chosen in such a
way that there appears a couple of second-class constraints
[2,38,43] that remove one degree of freedom, the so-called
Boulware-Deser ghost, leaving 7 propagating degrees of
freedom [44-46].

III. SPHERICALLY SYMMETRIC BACKGROUND

Any four-dimensional spherically symmetric manifold is
given as a direct product M? x 8%, where M? is a two-
dimensional Lorentzian manifold and S? is the two-sphere.
The background metric tensors can then be written in
block-diagonal form,

guu(xl)dxﬂdxy = gAB(xD)dxAde + r?](xD)yab (xd)dxadxb’
(3.1)

Fu () A de = 5 (62)drAde® + 73 (207 (x)dxda”,
(3.2)
where Greek indices take values from O to 3, capital Latin

indices from O to 1, and lowercase Latin indices run from 2
to 3. The tensor

2

Yap(x?)dx?dx? = d6? + sin? Odg? (3.3)

is the unit metric on the two-sphere, while g, and f, 5 are

Lorentzian metrics in M?. With this decomposition, the

matrix $, defined by Eq. (2.2) is also diagonal by blocks

with §9 = ?5“,7. For future convenience, we define the
g

determinant of the block in the M? sector as D := det(S$*y)
and the ratio between the two area radii as @ = r/r,.

The nonvanishing components of the bimetric
equations (2.11) for any general spherically symmetric
spacetimes, which define our gravitational background,
read as

l_ ! - 0 i
G\ = <r2 + 300Dy 4 2V0v<’>D> alh

(i)

=200 005 + Vo) = 87zt%, (3.4)

y“bG@ ' _ ' o
> ab — _R(l) + 2U(Z)AU(1)A -+ ZVAU(I)A = 87TQi, (35)

T

where we have introduced the label i€ {g, f} to write

collectively the two metric sectors, with gffg = gup and

gg’;) = fap. In addition, we have defined the vector fields

(i) _ Oari
vy, = ,
T

(3.6)

and Q,; = C—;rf;,l on M?, while R(") stands for the Ricci

scalar of the corresponding two-dimensional metrics g, p

(9) ()
and f 4 5. We have also introduced V and V as the covariant

derivatives of the metrics g45 and f 45, respectively. This
notation will be used throughout the paper. Moreover, in
expressions with a label i, and wherever repeated capital
Latin indices appear, the ensuing contraction should be
understood as being performed with the corresponding
metric g%.

Finally, the components of the effective stress-energy
tensors on M? are explicitly given by

) = =" [(Bo + 20p, + 0 + (B + 20p; + 02B3)SE + (B + 20P3)D)gap

8z

— ((B1 + 20p, + @*f3 + (Br + 20p3)SL + p3D)6D — (B2 + 20p5 + 357:)SS

T
C QE D AB
+ B3SESD) 94 S 3)] + 871M§ ,
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2

10 = = o (@2 + 2085 + o+ (0P + 20, + 1) (S™

(@82 + 20p)) (S~
DRSS

8ra
— (B3 + 20p, + p1 +
— (@*fy + 2wp) + &*B1(S™

while the traces of the angular components read as

2

0, = =7 [(Fo +wpy) + (B + 0p)S'y +

2

Qf=-— 5 [(@*By + wps) +

dratw

where we have defined the contribution from the matter

a

sector as = uh
O = oy

IV. HARMONIC DECOMPOSITION

A. Tensor spherical harmonics

The usual scalar spherical harmonics Y} = Y7 (x“) are
defined as the eigenfunctions of the Laplacian operator
acting on scalars,

ab ym.

"o =11+ 1Y}, (4.1)

TRl

where is the covariant derivative associated with y,,,
while / and m are integers such that [ > |m|. These special
functions form a basis on the sphere, and thus any scalar
function F = F(x“) can be written as a linear combination

(4.2)

with certain complex constants F7'.

Making use of the metric y,;,, its covariant derivative,
and the antisymmetric tensor’ €45 0N S2, it is possible to
generalize this basis to tensors of any rank (see Ref. [47]
for more details). For instance, a basis for vectors on the
sphere is given by the two vectors Z}',:=d,Y}" and
Xm =¢, 7", which are irrotational and divergence-free,
respectively. Thus, any vector F,(x?) can be decomposed as

(4.3)

where F7" and F' are constants. In the theory under
consideration there are also rank-two tensors, for which
we will use the basis {Z}" . X7 ., Yar Y] €Y'}, With
2l =Yt (Hl)}’ame and X7',, =5 (X', + X7',.,)
being symmetric and trace-free.

'"The antisymmetric tensor e, is defined as e, = N
where y is the determinant of y,, and 7,, the antisymmetric
SymbOl with Noz = —N3p = 1.

DB + (0B + 2wp)D7") fa
N+ o?1 D)5,

+ @i (STES D) (S )%)]’ (3.8)
(B2 + @P3)D] + Qu, (3.9)
(@3 + wpy) (SN + (0*fy + 0f)D7'], (3.10)

The tensor harmonics have different polarity properties,
and they are divided into polar (or even) and axial (or odd)
polarities. In the case of scalar functions, only polar
components appear, and, in order to have a more uniform
notation, we will denote Z}" := Y". In this way, all the terms
multiplying a Z are polar, while those multiplying an X are
axial. It is a well-known result in GR that different
polarities decouple at the linear level, so long as the
background is spherically symmetric. This holds true also
in bimetric gravity, as explicitly shown below.

Finally, we note that different harmonics are defined for a
different range of values of /. More precisely, while scalar
harmonics are defined for / > 0, vector harmonics Z}*,, and
X]', are exactly vanishing for /=0, and thus only
contribute for /> 1, while tensor harmonics Z}",, and
X", are nonvanishing only for / > 2.

B. Decomposition of the perturbations into tensor
spherical harmonics
The components of the metric perturbations h,(fy> have

different tensorial rank in S?, which can be easily identified

in terms of their indices. Namely, h(; is a scalar, h(,l isa

vector, and hfl,z is a symmetric rank-two tensor. Therefore,

one needs to use a suitable basis, given by tensor spherical
harmonics of the appropriate rank, as explained above. In
this way, we introduce the following decompositions:

(4.4)

) 1
#3367 PRz KA

(4.6)
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for i€ {f.g}. For each set of labels ()1, m) with [ > 2
there are ten new independent functions: these are
encoded in a symmetric two-tensor H() 7 4> tWO vectors
{Hg@m, him 3, and three scalars {K) 7, G0 m p)m},
all of which only depend on coordinates of M?. From these,
seven are polar {HW 7 . HOm KO m G0 M and three
are axial {h()"  h() "} Note that for / = 0 we only have
the four polar components H" , . and K ), whereas, for
[ = 1, in addition to H) ", - and K 7", two polar compo-
nents H) 7, and two axial components 4", are also
present.

Similarly, linear perturbations of the effective stress-
energy tensors read as

0 1
AP ) =y S Tz, (4.7)
=0 m=-I
0 ) ! '
Aty ) (P, x9) = Z [TO7Z7, + 107 X7, ), (4.8)
=1 m—1
0 &) 1 o
Altg) (P xd):=> "N " TO 12y, 70
=0 m=-1
o !
+Z Z [Tz, + 197X, (4.9)

Note that, in the g sector, according to the definition of the
effective stress-energy tensors (2.9), besides the perturba-
tions of the bigravity interaction term V,(ﬁ,), the harmonic
components defined above also include the contribution of
the perturbations of the matter stress-energy tensor 7 ,,.
Hence, for future convenience, we also introduce the

following decompositions:

M-

AT 42,2 = 3

=0 m

Y2l (4.10)

-1

A[T 4] (xP, x?) = W74 Z]y + w4 X ), (4.11)

NgE
MN

N
Il
-

1 m

pm .2
‘Pl rgyabz;n

[]s
MN

A[T ) (xP x4 =

i

i
o

m=-1
l

+

[M]s

1=2 m=—I

[\S]

Finally, we will also need the decomposition into
spherical harmonics of the components of the perturbation
A[S")] of the matrix S,

0 !

A[SH) (P, xd) =N " sz, (4.13)
=0 m=-1
) 1

A[SA)P xd) = 0N [SpAzZy, 4 sy, (4.14)

1 0 I B 5
AISG| (P, x?) =y Y Y S BZY 4 5] XYL

(4.15)

) 1
+rey o> {S;"z;"d, + 8, Zm
(4.16)

Note that, in general, neither S nor its perturbations are
symmetric. This is why the harmonic coefficients S7"4 and
S5, and also 7" and 37, are in principle different, and
S’;" is in general nonvanishing. In the following, we
remove the harmonic labels / and m to make the notation
lighter.

1. The expression of A[S)] in terms
of metric perturbations

As explained in Sec. II, in order to obtain the perturbed
components of the matrix S in terms of the perturbations of
g and f, we need to solve Eq. (2.17). Projecting this
equation on the two-sphere, the scalar components of
A[S")] can be solved explicitly, and read as

|

S=5- (KY) — 0?K9) (4.17)
w
1

= 2—(G<f> - ?*GY), (4.18)

w

S=0, (4.19)
1 2

s =2~ (hY) — @?hl9)) (4.20)
w

However, this is no longer the case for the vector and tensor
harmonic components. In general, we have

= (Mg Py - o) (421)
St = (M) oo P -l (422)
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where (M~!)4; is the inverse of the matrix M} = &} + S%.
Note that such inverse is well defined because S*; cannot
have real negative eigenvalues [37]. Analogously, we
obtain

54 = (hy = g2 fpp)(MT1)E, (4.23)

Sy = (Hg) - Hg])gEDfDB)(M_1>€4’ (4.24)

whereas, for the two-tensor $%,, we can just write

(S%:6585, + SG5465)55 = ¢*C(HY) — H) gPF fup).
(4.25)

V. DYNAMICS OF LINEAR PERTURBATIONS
ON A GENERAL SPHERICALLY
SYMMETRIC BACKGROUND

A. Gauge and physical degrees of freedom

At linear level, the perturbative gauge freedom can be
parametrized in a vector field &, which defines the gauge
transformation of the perturbation A[T] of any background
tensor field T as

A[T] = AT + L.T. (5.1)
In this sense, for any vector field &, A[T] and A[T]
physically represent the same perturbation of 7. If we

perform the corresponding harmonic decomposition of the
vector field,

00 i
Gt =N B, Zdx
=0 m=-1
0 !
+Y D [Erzy, rExy Jdx. (5.2)
=1 m=-1

we observe that, for / > 1, there are three polar {Z]},E]"}
and one axial {&]'} gauge degrees of freedom, while, for
[ = 0, there are only two polar components encoded in Eg 4

Applying the above transformation to the metric pertur-

bations h,(,i),

R = hY) + Leg. (5.3)

it is straightforward to obtain the gauge transformation of
the different harmonic coefficients,

>0, (5.5a)
@) _ 1) e, 9
AY =g y5,-20V2+V,E I>1,  (5.5b)
_ , e L1
KD = k() 4 2p0Ag, — &, [>0, (5.5¢)
T
_ . 2
G =G + S &, [>2, (5.5d)
T
O ) _oplie Y
RO = n) —20Ve 1 Ve 121, (5.5¢)
RO =p0) 128 1»2, (5.5¢)

where the barred objects are the harmonic coefficients of

f_z,(f,z Note, in particular, that the transformation (5.5¢) is
defined for all > 0, but, for [ = 0, one should understand
2 = 0. For [ > 2 a standard choice in GR, where only one
metric is present, say g,,, is the Regge-Wheeler gauge,

which corresponds to I:Iﬁf) =0,G% =0, and 19 = 0. One
can also construct gauge-invariant variables associated to
this particular gauge [48]: these are defined by Eqs. (5.5)
with £=—h /2, E=~13G9 /2, and B, =—H{ + G| /2.
which are the components of the generator of the infini-
tesimal transformation from a generic gauge to the Regge-
Wheeler one. However, in the vacuum bimetric theory there
are twice as many perturbative variables as in GR, but the
same amount of gauge degrees of freedom. Therefore, it is
not possible to simultaneously choose the Regge-Wheeler
gauge for the perturbations of both metrics. In fact, since it
is not clear a priori what gauge might be the most
convenient one for the different applications of the for-
malism, we will refrain from imposing a specific gauge
choice at the outset, and we will present the equations of
motion for any generic gauge.

Concerning the number of physical propagating degrees
of freedom, one needs to take into account that, for / > 2,
there are 12 first-class constraints in the theory, which can
be classified in 3 four-vectors and thus contain 9 polar and

3 axial components. The two rank-two tensors h,(f;) and hffL)
have a total of 20 (14 polar and 6 axial) components. Each
first-class constraint removes 1 degree of freedom. In
addition, the pair of second-class constraints characteristic
of bimetric theory Kkills the scalar (Boulware-Deser) ghost,
which is polar. In this way, for / > 2, the theory contains 7
(4 polar and 3 axial) physical propagating degrees of
freedom.
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Lower values of [ need separate consideration. Since
tensor spherical harmonics are not defined for / = 1, the
above numbers differ, and, while the amount of first-class
constraints remains as for / > 2 (9 polar and 3 axial), there
are only 16 (12 polar and 4 axial) metric perturbations.
Therefore, for [ =1, there are 2 polar and 1 axial
propagating degrees of freedom. Finally, for / = 0, neither
tensor nor vector harmonics are defined, and there are no
axial degrees of freedom. In this case, the 6 polar first-
class constraints and a couple of second-class constraints
remove 7 degrees of freedom from the 8 possible, which
leaves just 1 propagating physical degree of freedom.

B. Perturbative equations of motion

As commented above, except for matter couplings,
the action of the theory is invariant under the trans-
formation (2.5). Making use of such a symmetry, it is
straightforward to obtain the quantities associated to one
metric from the quantities associated to the other. In this
perturbative setup, it is clear how to implement (2.5)
both for background objects and the harmonic coefficients
of metric perturbations h,(,'y) Concerning the interaction
terms, since (2.5) maps the matrix S to its inverse S™!, the
perturbations of S will be mapped to those of S~!. From

perturbing the relation $¥,(S71)¥, = &, one obtains

A[(ST]==(ST Y, ASFI(STY (5.6)

v

and from this expression one can read the harmonic
coefficients of A[(S7!)%] from those of A[S/].

In this section we will explicitly provide the equations of
motion for the perturbations of the metric g,,, whereas the
equations for the f sector can be readily obtained using the
symmetry (2.5) discussed above and removing matter
variables. More precisely, apart from obvious changes in
the labels g — f, in order to obtain the equations for the
perturbations of f,,, one should perform the changes

/))n _>/))4—n’ m2 - m2/a2’ SAB - (g_l)AB’

0,—0 (5.7)

9ag = faBs

w->w!, DD,

of background objects, while the harmonic coefficients of
A[S*,] must be changed as follows:

§% = = (ST e SD(ST) 5
1
SA _ S_l A SB,
- w( )5

§4 — —0S5(S™E,,

~ 1 -
§—-——3,
- -
1
S—- -5,
b a)z
§— =S (5.8)

In addition, since we are assuming matter coupled only to
the g sector, the perturbations of the matter stress-energy
tensor A[7,,] must be taken to be identically zero to
reproduce the equations for the f sector,

lPAB—>0,
Y -0,

lPA—)O,
li‘—>0,

ya =0,

y — 0. (5.9)

The rest of the section is divided in two subsections where
we analyze the axial (Sec. VB 1) and polar (Sec. VB 2)
sectors separately. We recall that the differential part of the
perturbative equations (2.13) corresponds to the usual first-
order perturbed Einstein tensor in spherical symmetry,
whereas bimetric effects are encoded in the linearized
effective stress-energy tensor.

1. Axial sector

For /=0, all axial tensor spherical harmonics are
identically zero, and the axial equations of motion are
trivial. For [ > 1, the axial part of the (Ab) component of

Eq. (2.13), that is the equation for A[GX,),], gives

U I N  F N P U B
VBV hy =V BV ghy —2(VBhy v +2(V g hy' Yo DB

D RO
—2h§;>v3u§;>—4h§;>v§;>v<'>3—2h§)( 5 —V}”)

=0)(1+2) (0 @ 19 i
_’_%(}l(l)yg)—EvAhO))216711/(4)7 (5.10)

where the potential Vgi) reads as

R T P [
VI = L 2 4 3ypon 4 D) 2+2 ).
- rs

1 1

(5.11)

The source term for the g sector is
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2
m
i = =16, W+ 200 +a’f +

+ @B + (B, + 20P3)Sh, + B3D)S". —

= [(B1 + @ps + (B + wp3)Sh), + B3D)5, —

[
[

= [(B1 + Py + (B + wp3)Sh, + B3D)G —

1 (9)
— - /A
+4(Qg Qm) A +8ﬂM§\I]A7

while the source tﬁ{ ) can be obtained directly applying the

rules (5.7)—(5.9) to the expression (5.12).

For [ = 1, the axial part of the equation for A[G( )] is not
defined, whereas for [ > 2, using the background equa-
tion (3.5), it reads as

() () (@)

2VAh ) — VAV, k0 N (R4
= 16z U ——h ) (5.13)
with
19 = 1(Qg - Q,)hY + m—2 [B1 + S + B3 Ds
4 16z
+ m\v, (5.14)
and 1) can be derived using (5.7)—(5.9).

Therefore, the evolution of the axial sector is completely
determined by Eqgs. (5.10) and (5.13). As commented in the
previous section, there is 1 gauge degree of freedom, which
one can fix. With the equations at hand, we can analyze
more explicitly the number of propagating degrees of
freedom in this sector. For [ = 1, there are four equations,
all of them contained in the relation (5.10). Making explicit
the second-order derivative terms and expanding in a
generic chart x* = (x°, x!), they can be combined to give,
schematically

—wd,0,h) =

mdyd; h\" (5.15a)

mdy0, 1)) — mdyoph!) = ..., (5.15b)
for i = {f, g}, where m stands for background terms, while
the dots encode first-order derivatives and terms with no
derivatives. Since there are no second-order time derivatives,
Egs. (5.15a) are constraint equations, while Egs. (5.15b) can
be understood as evolution equations for the two functions

hgf ) and h(lg ), However, the remaining axial gauge degree of

freedom kills one of those, for instance by choosing h<1f ) = 0,

(b1 + 20p, + 0*f3)S%; +

(B2 + 20p5) DR — [(B) + 208,

(B2 + 20p5 + B5S'F)SE + B3 SBE§EC]§CAhE3g>
(B + @ps + p3S)SG + B3SGHSA5¢
(Br + f3 + $3S)SG + $3SDS % gacs®}

(5.12)

|
which leaves one single propagating axial degree of freedom
for/ = 1.

Now, for [ > 2, in addition to the four equations (5.15),
one also has (5.13), with principal part

00y0yh') 4 md,0,h\) = (5.16)

These can be understood as two evolution equations for /()
and h\). There is the same amount of gauge freedom as for
[ =1, and thus one ends up with three propagating axial
degrees of freedom for [ > 2.

Nonetheless, it is highly nontrivial to obtain the corre-
sponding master variables that would obey unconstrained
hyperbolic equations and would thus encode complete
physical information on the problem. Following the pro-
cedure presented by Gerlach-Sengupta [27], one can define
the following scalar functions™:

o = 3 5By 2(r72h), (5.17)
so that, taking then the curl of Eq. (5.10), yields
() ()
VAV, 1) -y
[-1)([+2 o 1O
i ( )2( +2) FeABY (h(’)vg) _vAh(z)>
s asy (0 _ Qi)
:SﬂrlG VB tA —ThA s (518)
for [ > 1, where
v = # + 3004y, (5.19)

F

Since in GR there is only one copy of equation (5.18),

say for i = g, introducing the new matter invariant ¢, =

(9) Qf/],l

9 [27], one can use the remaining gauge freedom

’In fact, here we are using a rescaled variable since it leads to a
simpler form of the evolution eq%tlon The Varlable introduced
by Gerlach-Sengupta reads as Il /3 ri.
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to set 19 = 0 (for [ > 2). In this way, in GR this equation
is uncoupled to the rest of the metric perturbations, and thus
19 follows an unconstrained evolution equation, which,
for vacuum, reduces to the Regge-Wheeler equation [49].
However, in bimetric gravity there is not enough gauge
freedom to set both 49 to zero, and, in addition, the sources
t/(;) do not only correspond to matter perturbations, but
they are complicated functions [cf. Eq. (5. 12)] of the

metric perturbations. Therefore, the variables I1) defined
|

(1) . () . . () . N0 )
2 (VaH{) + V) - 2P+ gV )0+ 2V - o |

+ 6H\ pIPy(0C 4 4f ') ()C }

l

NEOE (OBNOR
+4) {6VCK(’)U( )€ 42V VKW —

T

with

2
15 = =1 128 + 40Py +20%;) +

= B:S"pSH)ST

405 HEE ~

l(l+ )[
(I-1)(1+

2) (K(i>

LR R .
- Z(VBVAK(’) F VK00 ¢ VBKOM;X)) = 16aTY),

2

(281 + 4wpy + 20°B5)ST +
- 2[(ﬁ1 + 20f, + @*f3 + (B + 20p3)S", + p3D)S, 6%,

2[(B1 + 2wp, + 0*f5 +

by (5.17) do not obey unconstrained master equations
uncoupled to other metric perturbations.

2. Polar sector

In this subsection, we provide the set of equations for the
polar perturbations of the g sector, while the equations
corresponding to the f sector can be obtained by applying
the rules (5.7)-(5.9). On the one hand, the equation for

A[G%] gives, for [ > 0,

(1+1)
r;

HYC

O o D a a
ViH|) + VaH =260 (VEHE + HE 00 )|

+1(142r I)G(i)ﬂ

(5.20)

(28, + 4wps)DIH A;
— (B2 + 2wp3 + p3S')SY,

(B2 +2wp5)S", + p3D)6':

— (B + 20p5 + 5SS + ﬁ3§ED§DC]gE(BSCA) +2[(1 + 20p, + @5

+ (2 + 20p3)S, + p3D) gap —

(B2 + 2wpP5 + p3S")85, — ﬂsSED)gE(BS%]SCC
2[((ﬁ2 + 260,33 + ﬁSS};)éDE - ﬁ3§%)gc(8§EA) + ﬂ39E(B§EA)§DC

- ﬂ395(3§g)§Ec

— (B2 + 20p5 + p3S)S% = B3SES) 9481SD + 41(B1 + 0fy + (B2 + 0f3)SC

+ $3D)gas — (B + 0fs + 35,6

- B3S%)9E5SS ]S} Rryys)

1
v P45 (5.21)

On the other hand, from the equation for A[GX}),], and for [ > 1, one obtains

(i)

. (i) . . OO
Ve, -Vl + HY 0 + VIV, HY)

R()

RO N |
—2Hy'VE) — 4HY 008 —2H") (T -V,

with

UINOI,
~ VEV,H|

(i)> _ gAK(i) _

RO U
~ 20 VPHY) + 2008V, HY

-1 2 .
%(H)VG =167V,  (5.22)
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T/(qg ) —

+ @73+ (B2 + 20P5)S, + p3D)5

—[(B1 + @f> + (P + wp3)S"), + p3D)55,

[
[

2
m
~lon {[Bo +2wph) + @B + (B1 + 2wp; + 0*p3)SE; +

(B> +20p3)DIHY — [(B) + 2P,

— (fr + 20p;5 + $35%)SG + ;S5 S5 )| SLHY)

— (B2 + ops + p3Sh,)SE, + B3SE, S5 1S5

—[(B1 + @py + (B, + 0p3)S") + p3D)6% —

(o + ofs + $3S)SG + $3S5S%9acSE}

1 ()
(0, -0,)HY P, 5.2
Finally, A[G")] gives, for [ > 2,
UGG Q) 20,
A 4 aVAHY — 2VAV, GO =22V ,Gp(0A = 167z<T<’> - F’TQ’GW), (5.24)
with
T<y>:1(Q -0 )r2G<9>+m2r‘2’[ﬂ + /o SA + B3D)S + —— W (5.25)
429 =m 167 1T ETA TS 8aM2 '
and, for [ > 0,
99 s, 954 ()8, (D DA (B M), (i)
—va +V V —2VAH ’UB +VBHA v 2H (VBUA +1}A UB )
RO) OO 0 -
+ ( ) )VAH( + VAV,LKD 42V, K04 = 167:(T<’> —91( ) (5.26)
where
2
~ m ~
T = _E{[ﬁl + oS% + B3DIS — (B2 + wfs + f3S')6% — $3SG)1SE-5%
1 -
+ [B1 + wpy + (B2 + wp5)S% + p3D]SY } + 1 (Q,— 0,)KY + W‘P. (5.27)
g

Again, the polar components of A [t,(/;)] can be derived using
(5.7)-(5.9).

The number of propagating degrees of freedom in this
sector can be analyzed following the same rationale as used
in the axial sector. However, the polar case is much more
involved, due to the greater number of equations and
variables. Concerning master equations, we would like
to note that the construction of a polar master variable for a
generic background is an open question even in GR, and
there are results only for certain specific backgrounds, like
the Zerilli variable for vacuum [50].

VI. STATIC BACKGROUNDS

Next, we proceed to apply the formalism developed in
previous sections to specific backgrounds of interest. In this
section we will assume that the background metric g, is

|

static, that is, it contains a hypersurface-orthogonal Killing
field d,. Since exact bidiagonal solutions have been shown
to lead to instabilities [18,23-25], such backgrounds will
not be treated. Here we will focus instead exclusively on
nonbidiagonal backgrounds, thus assuming that there does
not exist a chart such that the metrics f,, and g,, are both
diagonal. As it is well known [22,33], imposing a staticity
condition on g,, implies that f,, is also static, and has a
Killing vector field 07 = .9, that is collinear with d,. (Here
and in the following an overdot is used to denote a
derivative with respect to r.) We exhibit the general
equations of motion for perturbations around such a static
nonbidiagonal background in vacuo, obtained as a particu-
lar case of the equations derived in Sec. V. Finally, we
discuss the special case where the Killing vector fields of
both metrics coincide, that is for 7 = constant.
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A. Nonbidiagonal background metrics
with a static g,

Following Ref. [33], let us thus begin with the most
general nonbidiagonal ansatz with a static form for g,,:

Gudxtdx? = =U(r)de* + V(r)dr?

+ r?(d6? + sin” Odg?), (6.1)
fudxtdx” = —A(t, r)d® + B(t, r)dr?* + C(t, r)drdr
+ r}(t, r)(d6? + sin? 6dg?), (6.2)

where r is positive, C # 0, and the chart is valid for U # 0
and V # 0. Since g, is diagonal and independent of 7, its
Einstein tensor G(-")"D is also diagonal. Moreover, it follows
from the equations of motion (2.6a) (with 7, = 0) that

V{9, must also be diagonal on solutions. This implies the
following algebraic constraint:

VO & VO, o C(Ppy + 2rfory + f3rs) = 0. (6.3)

Since we are considering nonbidiagonal solutions with
C # 0, this equation translates into the condition r; = wr,
with @ a positive root of

B+ 2prw + fr0* = 0. (6.4)

Moreover, the Bianchi constraint V(9)# V,(ﬁ) = 0 implies

(B2 + ofp3)[(0 = S') (0 = §",) = §,§7] =0.  (6.5)
Thus, leaving aside the particular choice of parameters
(B, + @wp;) = 0, the combination of terms in square brack-
ets must vanish.” This leads us to the following relation in
terms of the metric functions:

C? = —4(B — 0*V)(A — 0*U). (6.6)
Note, in particular, that the reality of the metric restricts the
right-hand side of this expression to be strictly non-
negative.

Next, imposing (6.4) and (6.6), it can be shown that the
equations of motion (2.6a) for the background at hand boil
down to the Einstein equations,

G + m2A,g,, =0, (6.7)
with the effective cosmological constant A, :=f,+2wf, +
@’p, defined in terms of the parameters of the theory.

’If By + wf; = 0, the condition (6.4) implies #; + wp, = 0.
As we will see below, in this special case, the metrics decouple
even at linear level, reducing the perturbation equations to the
linearized Einstein equations.

Therefore, the standard Birkhoff theorem with cosmologi-
cal constant applies, and the solution for the metric
coefficients is

2
A
%ﬂ, (6.8)

1 . 2/19
U:V:Zg, with 29521—7—
which completely determines g,, as the Schwarzschild-
(anti)de Sitter metric, depending on the sign of A,.

Now, under the above assumptions, the equations of
motion for f,, (2.6b) are decoupled from g, , and they also
reduce to the Einstein equations,

(n  m

Gy + ?Aff,w =0, (6.9)
with the corresponding cosmological constant given by
Ag = ﬁ (B, + 2wps + @*B,). In addition, the metric func-
tions must also obey the nonbidiagonal condition (6.6). In
order to solve these equations, it is convenient to change to
new coordinates (7, rf), with T = T(t, r), where the metric
S becomes diagonal,

fﬂudx”dxl/ = —fTT(T, rf>dT2 + frjrf<T’ rj)drjzc

+ r%(d&2 + sin? Odg?). (6.10)
The solution of Eq. (6.9) in these new coordinates is once
again the diagonal form of the Schwarzschild-(anti)de
Sitter metric

1
fudxtdxt = =%,dT? + z—fdr}

+ r3(d6” + sin” 6dg?),  (6.11)

with X, =1 A e Y Transforming back to the

re 3a? rf :
original (z, r) coordinates, one finds the relations

A(I, r) = Zsz,
C(t,r) = 25,77,

B(t,r)=-X,T? + Z]?la)z,
(6.12)

which, upon substitution into Eq. (6.6), yield the following
partial differential equation for the unknown function

T="T(tr),
" <L_i> (ﬁ_w_z)
T, Zf)\Z, Zf

Here we have defined T := 0T /ot and T’ := 9T /dr. Note
that, in general, the function 7 will depend on both (¢, r). In
fact, for C to be nonvanishing, so as to ensure a non-
bidiagonal form of the metrics, neither T nor T’ can vanish.
In particular, this excludes the case where the two metrics
describe black holes with the same mass and cosmological

(6.13)
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constant, since that would imply X, =X, and thus,
following (6.13), T" = 0. Since (6.13) is a nonlinear partial
differential equation, there is no systematic procedure to
obtain its general solution 7 = T(z,r). In addition, the
reality conditions imply that the right-hand side of (6.13)
must be non-negative, which, in general, will impose
certain restrictions on 7" (or, if one had a general solution
at hand, on the corresponding integration constants).
Interestingly, in regions where XX, < 0, the right-hand
side of (6.13) is positive definite, and thus 7 is unrestricted
by this condition. Note also that, in terms of the function 7',
for this nonbidiagonal ansatz, the matrix S can be written in
the following compact form:

XA 1 30|7

S, = . (6.14a)
" Z(e+]T)
2+ 72 T, - 1%

g, AT oll)E, 2172 )
Zy(w +T))
=TT

S, =228, = L. (6.14¢)

Zy(w + |T1)

From these expressions, it is straightforward to conclude
that the matrix S will be real as long as 7T is real.

There is, however, one specific interesting case where
Eq. (6.13) can be solved. Namely, if one assumes that the
Killing vector field of both metrics coincide, and thus T is
constant, the equation can then be reduced to the quadrature,

T t+/d\/(‘ ‘)( w)
=c r — ==,
Zg Zf Zy Zf

with ¢ an integration constant. Owing to the reality conditions
discussed above, this integration constant is not completely
free in general, and it is constrained so that the argument of the
square root is positive, a condition that will depend on the
specific parameters (mass and cosmological constant) of the
black holes and on the range of r. Remarkably, the choice
c?> = @’ is the only one that reduces the argument of the
square root to a perfect square, and therefore it is valid for any
parameter of the black holes and any range of r. Furthermore,
we note that the background geometry considered in Ref. [26]
can be obtained as a particular case of our more general (6.15)
with ¢ = w and A, = Ay = 0.

At background level, the interaction between the two
metric sectors only manifests itself through the cosmologi-
cal constants Ag and Af, so that the two metrics are
effectively decoupled. Therefore, one could treat both
metrics as independent and take a different coordinate
frame for each, for instance, such that both are diagonal
lie., (¢,7) for g,, and (T, rs) for f,,]. In this sense, ¢ does
not have a physical impact on the background geometry,

(6.15)

and, in particular, no curvature invariant depends on c.
Hence, at the background level, this constant only appears
when one relates the two metrics. For instance, it affects the
relative tilt of the light-cones of g, and f,, (for an analysis
of the causal structure in the general case see Refs. [32,37]).
However, at a perturbative level the two sectors are indeed
coupled, and the constant ¢ appears in the equations of
motion in a nontrivial way.

B. Linear perturbations on a static
nonbidiagonal background

Here we compute the source terms in the equations of
motion for linear perturbations around nonbidiagonal static
backgrounds. The Killing vector field of g,, is 9,. Then,
under these conditions, f,, is also static, though its Killing
vector field d; generically does not coincide with d,, but is
instead defined in terms of the function 7 = T(r, r) that
solves Eq. (6.13).

For a general static nonbidiagonal spherically symmetric
ansatz, the expressions for the axial harmonic components
of the perturbed effective stress-energy tensor for the metric
G- Eqs. (5.12) and (5.14), imposing 7, = A[T ] =0,
take the form

2 ) _, 2,9\B
£ — <2Agh(g) _ (Bt opy)(hy” —0’hi)’)Q A>’

167 A 0’2, (|T| + w)
(6.16)
0= (4 h(g)+(ﬁ1+wﬁ2)(h(f)—wzh(g))(|T|—w) ’
167 g 20)2
(6.17)
where we have introduced the two-by-two matrix
T’ (- =TT
@A==< & Z> I ) (6.18)
-3 IT'E,  0’E, - T3,

At this point, it is clear that when the Killing vector fields of
both metrics coincide (and therefore 7 = ¢), the constant ¢
will appear explicitly in the equations of motion through
the source terms. Similarly, for the axial harmonic compo-

nents of A[t,%) ], we have
2 h(f)_ 29 QB
(fH__m (), (Brt+awpy)(hy’ - hy’)Q%
=2 (2nn) + P :
167a 0 Z,|T|(|T| + o)
(6.19)
2
=~ " (AR
1622\
W) — 29N (T -
20°|T|

124060-13



BRIZUELA, DE CESARE, and SOLER OFICIAL

PHYS. REV. D 109, 124060 (2024)

As for the polar components, Egs. (5.21), (5.23), (5.25), and (5.27), boil down to

2 () — 92K
9) m () _ (B1+ o) (KV) — K\ )Pyp
Tig=—o|AHz— . , 6.21
AB 8 < 9" AB (1)2(|T| + w) ( )
2 HY) 29\ QB
T 0’2, (T + o) ’ '
2,2 (f) T| )
(g — _mr o 1 B+ wp)(G - ?GY)(|
T o (AgG + oy , (6.23)
T len | 2w2 v v 7+ w ’ '
with the following two matrices:
TQ(Zf -Z,) ZfTT’
Pap = ZfTT' 'Tzzf—zaﬂzg ’ (6.25)
(R W
RAB .— % ' f (6.26)
-2 IT T3, - 0’%,
The corresponding source terms for the f sector read as
2 2K (9)
(f) m (B1 + wp) (KY) — > KO)P,p
Ty = AH! , 6.27
B g ( i+ 3\T|(|T|+co) (627)
2 21908
0 — " (on,HY LBt wﬁz)( — o Hp )Q%) ’ (6.28)
1670’ g|T|<IT| + )
_mwr? (b1 + 0pa)(GY) = @*GY)(|T| - w)
T(f) = AGY) — L2 : : 6.29
() l67a? ( ! 20°|T| (6.29)
T(f) m? f) + (ﬂl + wﬁZ) (K(f) zK(g))(|T| ) + (Hﬁ‘xjg — wsz(Agt)?)RBA (6 30)
=- — - - - . .
16za® |/ 20°|T| 7| + w

In the above expressions one can explicitly check that, as
commented previously, for the particular case 3, +wf, =0,
the metric sectors are decoupled also at the linear level.
Finally, we would like to remark that the case |7| = @
analyzed in Ref. [26] is, at first sight, a very particular
choice that considerably simplifies the source terms. Even
more, as shown in the mentioned reference, for this choice
both metrics can be conveniently written in the advanced
Eddington-Finkelstein form, simplifying even more the
expressions above.

VII. CONCLUSION

We have presented the equations to describe the evolu-
tion of linear perturbations of bimetric gravity on a

completely general spherically symmetric background
spacetime. In order to obtain a covariant setup, valid for
any coordinate choice, we have followed the formalism by
Gerlach-Sengupta. More precisely, we have performed a
2 42 decomposition of the manifold, so that the back-
ground metric is written as a warped product between a
two-dimensional metric on a Lorentzian manifold and the
metric of the two-sphere. Then we have decomposed all
perturbative variables in the natural basis given by tensor
spherical harmonics. This removes the dependence on the
angles from the different equations and defines two polarity
sectors (axial and polar), which evolve independently at the
linear level.

In the bimetric theory, there are two sets of equations for
linear perturbations, one set for each metric, that couple
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through effective stress-energy tensors determined by
the bimetric interaction potentials. That is, in addition to
the contribution of ordinary matter fields, each metric
sees the other effectively behaving as a source in the field
equations. Hence, the difference with respect to GR, where
the matter stress-energy tensor is independently prescribed
and matter perturbations are defined independently of the
geometry, lies in the fact that here one needs to obtain the
explicit expressions for the perturbed effective stress-
energy tensors in terms of the perturbations of the two
metrics. Such expressions are presented in Sec. V, and
represent one of the main results of this paper.

Owing to the fact that there are twice as many variables
as in GR, the dynamical content of the theory is much more
intricate and, instead of 2, there are 7 propagating degrees
of freedom. In particular, we have discussed the number of
propagating degrees of freedom for each polarity sector and
for each multipole / =0, / =1, and [ > 2. However, the
construction of explicit master equations to describe these
physical degrees of freedom in the general case is far from
trivial. In GR, for a general spherical background, only the
Gerlach-Sengupta master equation is known in the axial
sector, but there is no such result for the polar one. For the
bimetric theory, we have followed the construction by
Gerlach-Sengupta for the axial sector and shown that the
obstruction to obtain an unconstrained independent equa-
tion for the Gerlach-Sengupta master variable lies, on the
one hand, in the coupling between the perturbations of the
two metrics, and, on the other hand, in the fact that, unlike
in GR, there is not enough gauge freedom to remove certain
variables.

This formalism is valid for any spherically symmetric
background, which, in general, might be dynamical. Even so,
as an interesting application, in the last section we have
considered the case of a nonbidiagonal static background.
More precisely, we have assumed that one of the background
metrics (g,,) contains a hypersurface-orthogonal Killing
field, and that there is no chart where both metrics are
simultaneously diagonal. These assumptions imply that both
background geometries are solutions of the Einstein equa-
tions, and thus they correspond to the Schwarzschild-(anti)de
Sitter geometry with collinear Killing vector fields, while
deviations from GR become manifest at the perturbative
level. In addition to the two masses and the two cosmological
constants, the only freedom at the background level corre-
sponds to the norm of the Killing field of f,,, which is
encoded in the function T = T(¢, r) that obeys Eq. (6.13). It
is not possible to obtain the general analytic solution for this
equation, and thus we have left 7'(z, r) unspecified in the
evolution equations for the perturbations, so as to ensure that
our results are valid for any static nonbidiagonal solution and
are presented in a form suitable for future studies.
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