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Recent gravitational wave (GW) observations have enabled us to look beyond the standard paradigm of
gravitational physics, namely general relativity (GR). Along with the mass and the angular momentum,
which typical astrophysical black holes (BHs) are endowed with, theories beyond GR generically induce
charge to these BHs. Notably, for BHs carrying the extra charge hair, we expect the BH absorption effects
to modify accordingly and alter the tidal heating terms. Hence, the inclusion of the corrections in the GW
waveform model, arising from the BH charge, allows us to test the consistency of the observed binaries
with Kerr BHs in GR. We compute the explicit dependence of the binary inspiral phase on the charge
parameter arising from the tidal heating effect and study the measurability of the same from GW
observations of binary mergers. Specifically, we employ the TaylorF2 waveform model, which accurately
models the inspiral evolution of an aligned-spin binary merger, and Bayesian analysis-based GW data
inference to measure the charge parameter for a selected set of detected binaries. We also present a detailed
simulation study to investigate the possibility of measuring the charge parameter from binaries with
different masses, spins and source locations. The analysis of selected GW events from the third GW
transient catalog shows that the charge parameter constraints are poor from the observed signals with the
current sensitivity. In contrast, the simulation studies indicate that the spinning binaries with significant
mass asymmetry provide the best constraints on the BH charge parameter. Finally, we study the prospects
of measuring the BH charge parameter from a future GW detector with improved sensitivity.
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I. INTRODUCTION

After finishing the three successful observing runs, the
ground-based gravitational wave (GW) detectors confirmed
the detections ofmore than ninety compact binary coalescing
events [1–9]. Then, the first part of the fourth observation run
concluded by reporting around eighty GWevents and details
are available in the public alert system [10]. From the
detection and further dedicated analysis, it is evident that
the signals consist of three types of merger events; (a) binary
black holes (BHs), (b) binary neutron stars (NSs), and
(c) BH-NS systems [11–14]. Even though the observed
signals are consistent with these compact objects being
described by either BHs or NSs within the framework of
general relativity (GR) and show no clear evidence of the
presence of physics beyond the standard paradigm [15–18],
however, given the statistical uncertainties in these measure-
ments, there is still ample room for alternate theories of
gravity and exotic compact objects [19,20].
Despite the monumental success of GR in all the

observational tests so far [18,21], the prime reasons to

look for alternatives of GR are threefold; (a) Einstein’s
equations predict singularities, where the theory itself
breaks down, (b) solutions of Einstein’s equations involve
Cauchy horizon, leading to uncertain future for the classical
theory, (c) consistency with observations require postulat-
ing the existence of yet undetected dark matter and exotic
dark energy. Besides, there are other important issues
related to the energy scale at which gravity dominates,
as this scale is much above the energy scales associated
with the other fundamental interactions. This leads to the
well-known hierarchy problem, where the stabilization of
the Higgs mass requires an exorbitant fine-tuning of the
order of one part in 1015. The models involving extra spatial
dimensions are among several alternatives to get around
this fine-tuning problem. In this work, we explore the
implications of the existence of an extra spatial dimension
on the inspiral regime of the binary BH merger events
detected by the LIGO-Virgo-KAGRA Collaboration. The
presence of this extra spatial dimension modifies the
gravitational field equations on the four-dimensional space-
time (known as the brane), as the projection of the five-
dimensional (known as the bulk) Einstein’s equations inherit
additional contributions from the bulk. Consequently, the
BHs on the brane are characterized by an additional hair,
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other than the mass and the spin. This hair is identical in
appearance to that of the Maxwell charge but differs by an
overall sign, which becomes a distinctive signature of the
existence of extra spatial dimensions [22–25]. It is worth
pointingout that a similar contribution, albeitwith anopposite
sign, appears in the context of Einstein-Maxwell theories,
scalar coupled Maxwell theories [26–29] and also in fðTÞ
theories of gravity [30,31]. The presence of the extra charge in
the BH solution can induce differences in the evolution of a
compact binary system, making their GW signatures utterly
different from that of the Kerr BH. Specifically, by focusing
on the inspiral dynamics of the binary, we study the
significance of the charge hair on the tidal heating effects
present in the GW waveform measured at infinity.
Tidal heating is an absorption effect, which arises due to

the absorption of external GWs by compact objects in a
binary, leading to time evolution of the mass and angular
momentum of the compact objects, leaving observational
imprints [32–45]. The existence of the charge hair will
modify the absorption of GWs by the BHs on the brane,
which will reflect in the orbital evolution of the binary in
the inspiral phase. Following this, we propose a novel test
to measure the charge parameter from the observed inspiral
evolution of the binary coalescence events and demonstrate
the measurability over a set of simulated binary signals.
The inspiral measurements of the BH charge provide a
unique test of the nature of compact binary because for
astrophysical BHs, the net electric charge is expected to be
zero, or even if there is a small electric charge present, that
gets shielded away quickly [46–48]. Therefore, the exist-
ence of a charge hair, along with its overall sign, is a
characteristic of the presence of an extra spatial dimension.
There have been several previous attempts in the

literature to look for the existence of such a charge in
various observations involving BHs. These include; (a) the
shadow of M87* and SgrA* as observed by the Event
Horizon Telescope Collaboration [49–51], (b) the x-ray
luminosity from the accretion disc of quasars [52–55], and
(c) the GW observations from binary coalescence [56–62].
Intriguingly, the observations involving BH shadow and
accretion disc around quasars mildly favour the existence
of a negative charge compared to the Kerr scenario in GR.
The ringdown signal, on the other hand, provides little
information, and both GR and extra dimensions remain
viable alternatives. In Ref. [63], the BH ringdown wave-
form has been obtained by numerically solving the per-
turbation equations for the braneworld BH and determining
the associated quasinormal modes [63] with the explicit BH
charge dependence. Subsequently, this analysis has been
extended in [64], and constraints on the charge parameter
have been derived from the events observed through the
first three observing runs of advanced LIGO and Virgo
detectors. In a different perspective, [65] demonstrated yet
another method to constrain the charge parameter by
looking into the GW microlensing signature of the charged

lens. It is also possible through anti–de Sitter/conformal
field theory correspondence to argue that horizons for BHs
on the brane must be reflective [66,67]; however, in this
work, we will stick to the classical BH picture, returning to
the reflective nature of horizon in future work. To sum-
marize, we focus on the inspiral dynamics of the binary and
study the distinctive features in the BH absorption spectra
due to the presence of the charge parameter arising from the
existence of an extra spatial dimension considering stellar
mass binary BH mergers.
The detection and parameter inference necessitate

employing waveform models based on GR that accurately
predict the binary evolution, including various physical
effects of binary BHs in GR. One must validate these GW
waveform models to regimes inaccessible to GR and its
predictions to look for beyond-GR effects in the GW data.
However, the theory-agnostic tests of GR are routinely
employed to check the consistency of GRwith the observed
data where generic parametric deviations are introduced in
the GW waveform model without assuming any specific
modified gravity models [15–18]. Suppose GR is the
correct theory of gravity; in this case, the measurement
uncertainties on the parametric deviation coefficients will
be consistent with GR prediction, and any departure will
lead to further elaborate analyses. In the ideal scenario, one
may start with an alternate gravity model, compute the GW
waveform model for a merging binary in that particular
theory, and use it for the analysis. Despite multiple efforts,
such a complete model has yet to be available. In the middle
ground, one can combine the orbital evolution information
from GR, calculate additional contributions from beyond
GR effects and estimate the GWwaveform model. Analysis
employing such a modified waveform model will provide a
consistency check with the observed data and GR pre-
dictions. In this study, we focus on such a scenario.
To do so, we calculate the BH absorption effects of a

braneworld BH and modify the post-Newtonian inspiral
phase by appropriately adding the tidal charge contributions.
We keep the charge parameter as a free parameter and
measure it from the data. Before discussing the real GW
analysis, we demonstrate the method by simulating a set of
binaries with various masses, spins and locations. The
simulations indicate that it is possible to measure the charge
parameter for spinning binaries with mass asymmetry if we
consider current-ground-basedGWdetectorswith their plus-
era (O5) sensitivity [68]. Further, we describe the method’s
applicability for inspiral-dominated GW events detected
through the first three observing runs of LIGO-Virgo
detectors. For completeness we will discuss both the scenar-
ios involving positive as well as negative charged hairs.
The paper is organized as follows. We give a brief outline

of our geometrical setup in Sec. II, and then discuss the
waveform model, a short description of the Bayesian
analysis and a note on the details of binary simulations
in Sec. III. The results from simulated binary signals are
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presented in Sec. IV, while our bounds from the GW signals
of the detected binary merger events have been presented in
Sec. V. Finally, we conclude by summarizing our findings
and listing future plans in Sec. VI.

II. BACKGROUND GEOMETRY WITH CHARGE:
IMPLICATIONS FOR TIDAL HEATING

In this section, we present the background geometry of a
braneworld BH, with the charge term, and also discuss the
implications of this on the tidal heating phenomenon. In the
braneworld scenario, the higher dimensional spacetime
(bulk) satisfies Einstein’s equations, while the gravitational
field equations on the embedded four-dimensional hyper-
surface (brane), on which the standard model fields live
become

ð4ÞGμν þ Eμν ¼ 0: ð1Þ

Here, ð4ÞGμν is the four-dimensional Einstein tensor on the
brane hypersurface, Eμν ≡ ð5ÞWABCDeAμnBeCν nD is the pro-
jection of the five-dimensional Weyl tensor ð5ÞWABCD on
the brane hypersurface, where eAμ are the projectors and nB

is the normal vector to the brane hypersurface. Owing to
the symmetries of the Weyl tensor, it follows that Eμ

μ ¼ 0,
and Bianchi identity demands ∇μE

μ
ν ¼ 0. Both of these

properties are akin to the energy-momentum tensor of the
electromagnetic field, except for an overall sign. This is
because the energy-momentum tensor sits on the right-
hand side of Einstein’s equation, acting as the source
of gravity, while the Weyl tensor Eμν sits on the left-hand
side, which mimics a source with energy-momentum tensor
−Eμν. Thus, braneworld BH depicts vacuum spacetime but
resembles Kerr-Newman spacetime with an overall neg-
ative sign in front of the charge term. Therefore, the
spacetime geometry of a rotating braneworld BH takes
the form,

ds2 ¼ −
Δ
Σ
ðdt − asin2θdϕÞ2 þ Σ

�
dr2

Δ
þ dθ2

�

þ sin2θ
Σ

½adt − ðr2 þ a2Þdϕ�2: ð2Þ

The above metric depicts a rotating BH with mass M,
angular momentum J ¼ aM and braneworld charge QBH.
The metric functions appearing in the above line element
involve two unknown functions Δ and Σ, defined as Δ≡
r2 þ a2 − 2Mr −QBH and Σ≡ r2 þ a2 cos2 θ. Note that,
for the case of Kerr-Newman BH, the parameter QBH can
be identified with the negative of the square of the electric
chargeQ of the BH, such thatQBHjKN ¼ −Q2. The rotating

braneworld BH inherits two horizons, located at r� ¼
M �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2 þQBH

p
obtained by solving the equation

Δ ¼ 0. Intriguingly, even if a > M, for nonzero values of

QBH, the outer horizon rþ exists, in stark contrast to that of
the Kerr-Newman BH.
Gravitational perturbation of the background geometry,

depicting a rotating BH spacetime on the brane, can be
described by Newman-Penrose scalars Ψ0 and Ψ4. Since
our interest is in the physics of the horizon, namely in
determining the GW flux going down the horizon, we will
work with the Newman-Penrose scalar Ψ0. In general, for
the Kerr-Newman-like spacetimes, the angular and the
radial parts of the Newman-Penrose scalars cannot be
separated. However, in the present context, perturbation
of the source term Eμν is directly proportional to the ratio of
the bulk and the brane curvature length scales, which can be
ignored for all practical purposes. Therefore, the Weyl
scalarΨ0, describing gravitational perturbation of a rotating
braneworld BH, can be expressed as

Ψ0 ¼
Z

dω
X∞
l¼0

Xl
m¼−l

2SlmðθÞRlmðrÞe−iωteimϕ; ð3Þ

where the angular part 2SlmðθÞ satisfies the following
differential equation:

1

sin θ
d
dθ

�
sin θ

d2Slm
dθ

�
þ
�
ðaω cos θÞ2 − 4aω cos θ þ 2

þ 2Alm −
ðmþ 2 cos θÞ2
1 − cos2θ

�
2Slm ¼ 0; ð4Þ

which coincides with the equation satisfied by the spin-
weighted spherical harmonics. Here 2Alm is the separation
constant between the radial and the angular parts. The
radial function RlmðrÞ, on the other hand, satisfies the
following differential equation [69]:

1

Δ2

d
dr

�
Δ3

dRlm

dr

�

þ
�
K2 − 4iðr −MÞK

Δ
þ 4i

dK
dr

− λ

�
Rlm ¼ 0; ð5Þ

where, K ≡ ðr2 þ a2Þω − am and λ ¼ 2Alm þ ðaωÞ2 −
2amω, is related to the separation constant 2Alm appearing
in the angular part 2Slm.
Consider now a binary system involving two braneworld

BHs, characterized by masses M1 and M2, angular
momentum J1 and J2, as well as charge parameter QBH.
In the context of braneworld BH, the charge QBH depends
on the length of the extra dimension, and hence is an
invariant quantity for all BHs. While for positive values of
QBH, we assume identical values of the charge for both the
BHs in the binary, possibly due to some overall equilib-
rium. During the inspiral of this binary system around one
another, each of these BHs will absorb a part of the emitted
GW radiation in the center of the mass frame, leading to a
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rate of change of mass M, angular momentum J, and area
A. This is known as tidal heating. In order to determine the
above rate of changes of BH parameters for the first BH, we
must solve the radial equation near the horizon rþ1 and
impose purely ingoing boundary conditions at the horizon.
This fixes one arbitrary constant appearing in the solution
of the Teukolsky equation. In order to fix the other, we need
to work in a regime where M1 ≪ r ≪ b, with b being a
typical distance between the binary BHs, and one imposes
the following boundary condition:

Ψ0 ¼ 8π

ffiffiffi
6

p
M2

5b3
X2
m¼−2

2Y2mðθ;ϕÞ2Y�
2mðθ0;ϕ0Þ: ð6Þ

To determine the tidal heating associated with the second
BH, we simply have to interchange M1 ↔ M2, and
J1 ↔ J2, respectively. With the above boundary condition,
one can uniquely solve for the Weyl scalar Ψ0 and trans-
form the same to the Hartle-Hawking frame, thereby
determining the rate of change of area in terms of jΨ0j2.
The corresponding rate of change of mass can be derived
using the laws of BH mechanics, which relates the rate of
change of mass and angular momentum to the rate of
change of area, yielding [70],

dM1

dt
¼

�
dE
dt

�
N

�
M1

M

�
3 v5

4

�
−χ1ðL̂orb · Ĵ1Þ

þ 2
v3

M

�
rþ1 þ

QBH

2M1

���
1þ 3χ21

þQBH

M2
1

�
2þ 3χ21 þ

QBH

M2
1

��
; ð7Þ

where ðdE=dtÞN ¼ ð32=5Þη2v10 is the energy loss due to
GWs arising from the quadrupole approximation. Further,
we have defined M ≡M1 þM2 and η≡ ðM1M2=M2Þ,
while the relative velocity of the binary BH system is
given by v ¼ ffiffiffiffiffiffiffiffiffiffi

M=b
p

. A similar expression can be derived
for ðdM2=dtÞ, by simply the M1 ↔ M2 exchange. Thus,
the rate of change of mass, in comparison to the quad-
rupolar rate of change of energy, depends on post-
Newtonian (PN) terms of two distinct orders, at 2.5 PN
(or, equivalently v5),

Að5Þ
i ≡

�
Mi

M

�
3

χiðL̂orb · ĴiÞ
�
1þ 3χ2i

þ qBH
�
M2

M2
i

��
2þ 3χ2i þ qBH

�
M2

M2
i

���
; ð8Þ

and at 4 PN (or, equivalently v8),

Að8Þ
i ≡

�
Mi

M

�
4
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2i þ qBH

�
M2

M2
i

�s

þ qBH

2

�
M2

M2
i

���
1þ 3χ2i þ qBH

�
M2

M2
i

�

×

�
2þ 3χ2i þ qBH

�
M2

M2
i

���
: ð9Þ

Here we have defined, qBH ≡ ðQBH=M2Þ, χi ¼ ai=Mi and
i ¼ f1; 2g. Thus, the rate of change of mass for the ith
component of the binary BH system can be expressed as

dMi

dt
¼

�
dE
dt

�
N

�
−Að5Þ

i
v5

4
þ Að8Þ

i
v8

2

�
: ð10Þ

Therefore, the total flux going into the horizon of the
braneworld BH becomes

FBH ¼
X
i

�
dMi
dt

�
¼

�
dE
dt

�
N

�
−Ψ5

v5

4
þ Ψ8

v8

2

�
: ð11Þ

Here, we have defined, Ψ5 ≡P
i A

ð5Þ
i and Ψ8 ≡P

i A
8
i , for

notational convenience. As we will demonstrate, these two
quantities will be central to the phase evolution in the
presence of tidal heating.
At this outset, let us discuss previous bounds on the tidal

charge parameter qBH and the implications of such bounds
on the size of the extra dimension [71]. In the context
of GW observations, based on the ringdown part of the
signal, [62–64] provides bounds on the tidal charge
parameter. The 90% confidence contours, for the majority
of GW observations, extended beyond qBH ¼ �0.5.
Besides, the lensing of GWs can also constrain the tidal
charge qBH, but again for the braneworld models the
constraints are weak qBH ≤ −0.9, while for electromagnetic
theories the constraints are better qBH ≤ 0.5 [65]. From
electromagnetic observations as well, e.g., the measure-
ment of BH shadow constrains the tidal charge as qBH ¼
−0.1þ0.6

−0.5 [72,73]. These suggest that the constraints on the
charge parameter, irrespective of its origin, are weak and
are the prime motivation to choose the prior within the
range qBH ∈ ð−1; 1Þ. Further note that, in the braneworld
scenario, the brane is obtained by embedding the four-
dimensional spacetime within a five-dimensional bulk.
Therefore, the charge qBH gets naturally connected to χ,
the size of the extra dimension. For example, the following
bound: qBH ≤ −0.5, translates into ðχ=lÞ≲ 0.63 [71],
where l depicts the ratio of the five-dimensional and the
four-dimensional gravitational constants.
Having determined the effect of the charge term in the

spacetime metric, arising from extra spatial dimension, on
the perturbation equation governing the gravitational per-
turbation of the brane. The corresponding fluxes through
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the horizons of the braneworld BHs orbiting each other get
corrected at 2.5 PN and 4 PN levels due to the charge term.
Given the above modification to the horizon flux, we wish
to determine the corresponding modifications to the GW
phase in the next section.

III. DETAILS OF THE WAVEFORM MODEL
AND PARAMETER ESTIMATION

In this section, we will present detailed discussion
regarding the waveform modeling for braneworld BH,
with special emphasis on the effect of charge inherited
from extra spatial dimension. Then we proceed to the
parameter estimation details.

A. Waveform model

The GW waveform model from a coalescing compact
binary signal in the frequency domain can be schematically
represented as

h̃ðfÞ ¼ CAðfÞeifψ testðfÞþδψðfÞg; ð12Þ

where C is an overall constant,AðfÞ is the amplitude of the
GW, ψ testðfÞ is the phase of the GW in the test-particle
approximation [74,75], and δψðfÞ is the contribution to the
phase due to finite-size effects of the binary BH system. In
the inspiral regime, the amplitude of the GW follows from
the relation AðfÞ ∼D−1

L M5=6
c f−7=6 at leading order, where

DL is the luminosity distance between the observer and the
source of the GW, with Mc ¼ ðM1M2Þ3=5ðM1 þM2Þ−1=5
being the chirp mass of the binary. The frequency-
independent factor C carries information about the source
location and orientation of the source with respect to the
detector, through the antenna pattern functions. For a
compact binary signal, the GW phase plays a crucial role
in detecting and analysing the signal. Hence, it is important
to model them with the maximum available accuracy. In
our case, the first term, ψ testðfÞ, accounts for the point-
particle contributions, whereas δψðfÞ represents the extra
phase contributions that arise due to tidal heating, or, the
BH absorption effect. Among these terms, ψ testðfÞ is taken
to be accurate up to 3.5 PN [76], and δψðfÞ has contri-
butions at 2.5 PN, 3.5 PN, and 4 PN orders. Altogether,
these phase contributions accurately model the binary
dynamics to the respective PN orders of aligned spin
braneworld BHs in a binary system.
The explicit expression for the phase δψðfÞ, due to

tidal heating, can be obtained using the phase formula
of [37,77], and then using the flux through the horizon due
to tidal heating, derived in Eq. (11). The final expression
reads (for a detailed derivation, see the Appendix),

δψ ¼ 3

128η
v−5½ψ2.5PNv5 þ ψ3.5PNv7 þ ψ4PNv8�; ð13Þ

where v is the relative velocity between the inspiraling
braneworld BHs, acting as the PN parameter representing
the PN order at which each coefficient would appear. So we
have the tidal heating contributing at three post-Newtonian
orders, 2.5PN (v5), 3.5PN (v7), and 4PN (v8) with the
explicit dependence to the binary parameters as (for a
derivation, see the Appendix),

ψ2.5PN ¼ −
10

9
Ψ5ð3 log vþ 1Þ; ð14Þ

ψ3.5PN ¼ −
5

168
Ψ5ð952ηþ 995Þ; ð15Þ

ψ4PN ¼ −
20

9
ð3 log v − 1Þ½Ψ5ðFSO þ 4πÞ þ Ψ8�: ð16Þ

HereFSO is the spin-orbit coupling term [see Eq. (5) in [77]].
The quantities Ψ5 and Ψ8 depend on the characteristic
parameters associated with the BH spacetime through the
relations defined below Eq. (11). Notice that the binary
dynamics are also influenced by each other’s gravitational
field, and we neglect these tidal-induced deformation effects
in the phase. This is justifiable in the current scenario as the
tidal deformations is a higher post-Newtonian effect (it starts
appearing at the five post-Newtonian order) with a lesser
contribution compared to BH absorption effect [78].
Inwhat follows, we have incorporated thesemodifications

to the TaylorF2 waveform model in LALSuite [79]. TaylorF2 is an
inspiral-only model for an aligned-spin binary, where the
component spin-angular momenta are either aligned or
antialigned to the orbital angular momentum axis. Further,
we analyze binaries of various kinds employing this wave-
form model after making necessary changes to the DYNESTY

sampler implemented in Bilby [80]. We truncate the wave-
form model before the plunge to avoid any unmodeled
effects appearing from the postinspiral frequency region. The
truncation frequency in each case is the corresponding
innermost stable circular frequency of a Kerr BH [81],
and the estimate is based on calculating the final mass and
spin of the remnant BH; hence, the angular frequency
considering a circular equatorial orbit around the Kerr
BH, given the component masses and spins.

B. Overview of Bayesian analysis

In the GW data analysis, we start with the data d, which
contains both noise and signal. Here, noise is a random
process while the signal is modeled following a particular
hypothesis H and is a function of the complete set of binary
parameters θ. The initial prior probability distribution,
pðθjHÞ, restricts the range of θ. If we assume that the
noise is Gaussian wide-sense stationary, the likelihood
function takes the form,

pðdjH; θÞ ∝ exp

�
− ðd − hjd − hÞ

2

�
; ð17Þ

PROBING BLACK HOLE CHARGE FROM THE BINARY BLACK … PHYS. REV. D 109, 124047 (2024)

124047-5



where d and h are the frequency domain data and signal,
respectively. Once we estimate the likelihood function and
the prior distribution on each parameter is known, Baye’s
theorem provides the posterior probability distribution on
each parameter as follows:

pðθjH; dÞ ¼ pðθjHÞpðdjH; θÞ
pðdjHÞ : ð18Þ

In addition, the Bayesian evidence pðdjHÞ is a measure of
how much the data supports the hypothesis, H, and is
obtained by marginalizing the likelihood over the full prior
volume,

Z ¼ pðdjHÞ ¼
Z

pðθjHÞpðdjθ;HÞdθ: ð19Þ

For the usual analyses, we assume GR accurately models
the signal, and we estimate the GR evidence ZGR. On the
other hand, to check the consistency of the predictions from
BHs beyond GR with the data, we include the waveform
model described in Sec. III A introducing a free parameter,
namely the charge qBH and obtain, ZnGR, the evidence for
non-GR signature in the data. The ratio between ZnGR and
ZGR provides the Bayes factor comparing the non-GR
hypothesis over the GR hypothesis. That is,

BnGR
GR ¼ ZnGR

ZGR
: ð20Þ

If the data is consistent with GR, the one-dimensional
marginalized posterior on qBH, which is defined as

pðqBHjHnGR; dÞ ¼
Z

pðθ; qBHjHnGR; dÞdθ; ð21Þ

will peak at zero (the GR value) and the Bayes factor BnGR
GR

will be less than zero. All of these computations require
evaluating the noise-weighted inner product, which has first
appeared in Eq. (17) and is of the form,

ðajbÞ ¼ 4Re
Z

fhigh

flow

a�ðfÞ × bðfÞ
SnðfÞ df: ð22Þ

As evident, the inner product depends on the detector
characteristics through the noise power spectral density
Sn(f) and the lower cutoff frequency flow. In our case, we
fix flow to be 10 Hz and the upper cutoff frequency fhigh
will vary according to the masses and spins of the binary
system. To perform the posterior evaluation, we will be
choosing the power spectral density corresponding to the
plus era sensitivity (O5) for the LIGO detector [68].
To visualize the effect of the extra phase term on the

binary phasing and hence the GW waveform model, we
show the mismatch between the two models in Fig. 1; one

includes the effect of the charge parameter h̃nGRðfÞ
ðqBH ≠ 0Þ, while the other depicts a waveform model
representing a binaryBH inGR h̃GRðfÞ ðqBH ¼ 0Þ, such that

1 −M ¼ 1 − ðh̃nGRðfÞ; h̃GRðfÞÞ; ð23Þ

where the noise-weighted inner product is defined in Eq. (22).
As Fig. 1 depicts, the mismatch between the two waveform
models increases as we increase the qBH value for both the
mass ratios, q ¼ ðM1=M2Þ ¼ 1, 3, and spins (0.7, 0.7),
(0.7, 0.1). The binary total mass is fixed to be 20M⊙ and
qBH value is chosen from ½−1; 1�. The mismatch for binaries
with large spin and mass asymmetries is larger, indicating a
better distinguishability from their Kerr BH counterparts.

C. Details of simulation

The simulations are motivated by the findings of mis-
match studies, and we subdivide these studies into different
sets focusing on the masses, spins, signal-to-noise ratios
(SNRs) and the ability to identify a non-GR signature if
present. To show the effect of component spins, we choose
ðχ1; χ2Þ ¼ ð0.7; 0.6Þ; ð0.7; 0.1Þ; ð0.5; 0.3Þ and (0.2,0.1),
where χ1 and χ2 are the dimensionless spins of the BHs,
assumed to be aligned to the orbital angular momentum
axis of the binary. Further, we consider four mass ratios,
q≡ ðM1=M2Þ ¼ 1, 2, 3, 4 to examine the effect of mass
ratio on the qBH estimate. For all these cases, the total mass
is fixed to 32M⊙ and the binary is fixed at a particular
location to generate a signal-to-noise ratio of 120 in the
detector. Moreover, we show posteriors on qBH by choosing
signal-to-noises 40 and 80 along with 120 by varying the
luminosity distance to quantify the measurability at different

FIG. 1. The mismatch between the GW waveform models
corresponding to a charged BH and Kerr BH as a function of the
charge parameter qBH for different binary configurations. The
binary total mass is fixed to be 20M⊙, with two different mass
ratios q ¼ ðM1=M2Þ ¼ 1, 3 and dimensionless spins ðχ1; χ2Þ
taken to be (0.7, 0.7) and (0.7, 0.1), respectively.
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signal strengths. Moreover, the detectability of the tidal
parameter is detailed by simulating injections with different
values of qBH ranging from −0.7 to 0.7.
A uniform prior range between [−1, 1] is assumed for the

charge parameter for the entire analysis. Prior for the
component masses are also taken uniformly between
½5; 80�M⊙ whereas for component spins uniform from
[0, 0.99]. We fixed the luminosity distance, sky location
(right ascension and declination), polarization angle, the
inclination to the source fixed to the injected value while
performing the parameter estimation analysis and verified
that the qBH posteriors are unaffected by this choice. While
creating simulated injections, the luminosity distance has
been altered according to the signal-to-noise ratio require-
ment. However, the right ascension, declination, and
polarization angle are chosen to be 0, and the inclination
to the source is fixed at 0.5 rad.
It is worth mentioning that a full waveform model

including inspiral-merger-ringdown regimes and spin-pre-
cession effects would be the best for our analysis. However,
no such model is known in the context of braneworld and
employing the TaylorF2 waveform model is sufficient for our
purpose. First of all, we have truncated the likelihood
evaluation at the last stable circular frequency to ensure the
validity of the PN approximation and to avoid any syste-
matic that arises due to the presence of unmodeled physics
contributing from the postinspiral regime. Moreover, the
absorption effects start to appear at 2.5 PN for spinning
binaries, which is relatively lower than other effects, such
as tidal deformation (a 5 PN effect). Therefore, the analysis
demonstrated here is largely waveform independent and
can easily be extended to more generic waveform models
by simply adding the phase corrections due to tidal heating
appropriately. The only nontrivial part of the above analysis
corresponds to the determination of the innermost stable
circular orbit frequency, for which we have used the current
fits available for Kerr BHs, even for simulations with
qBH ≠ 0. In the ideal case, one may use an upper cut-off
frequency expression that includes the qBH effect, but that is
currently unavailable. Also, as emphasized above, since the
test applies to inspiral-dominated signals, a slight change in
the upper cutoff frequency of the analysis will most likely
leave the findings unaltered.

IV. CONSTRAINTS FROM SIMULATED
BINARY SIGNALS

We generate a set of simulated binary signals (injections)
in zero noise to study the measurability of the charge
parameter qBH, including binaries of different spins, mass
ratios, and signal strengths or signal-to-noise ratios.
Furthermore, a set of simulations is investigated, keeping
nonzero values for qBH to quantify the detectability if
present in the data. The analysis assumes that both the BHs
in the binary spins are aligned/antialigned to the orbital
angular momentum axis.

Figure 2, shows the posterior probability distribution on
qBH for a binary of total mass 32M⊙ and mass ratio
q ¼ ðM1=M2Þ ¼ 3. Each curve corresponds to different
spin configurations, namely (0.7, 0.6), (0.7, 0.1), (0.5, 0.3),
and (0.2, 0.1). Source locations of all these binaries are
chosen such that the signal-to-noise ratio is 120. The black
dotted line represents the GR value (qBH ¼ 0), and the
dashed lines show the 90% bounds on qBH for each case. It
is evident from the green and orange curves of Fig. 2 that
the estimates are better when the spins are high, especially
when the primary BH is largely spinning. The qBH estimate
worsens as the spin magnitudes decrease. Especially, the
negative prior side is not well constrained when the spin of
the secondary BH is low.1

To study the effect of mass ratio on the estimates of the
charge, we choose three mass ratios, q ¼ ðM1=M2Þ ¼ 1, 2,
3, 4 as shown in Fig. 3. As expected from the mismatch
studies, the estimates are better as we move to larger mass
ratios. Whereas equal mass binary provides the least
interesting constrain on qBH. The total mass is fixed to
32M⊙ and dimensionless aligned-spin magnitudes to (0.7,
0.6) and the luminosity distance and sky localization are
chosen such that the signal-to-noise ratio is 120. As evident

FIG. 2. Posteriors on the charge parameter qBH from simulated
binary signals of total mass 32M⊙ and mass ratio q ¼
ðM1=M2Þ ¼ 3 with spins (0.7, 0.6), (0.7, 0.1), (0.5, 0.3) and
(0.2, 0.1). The luminosity distance to the source is chosen such
that the binary generates a signal-to-noise ratio of 120 in the
detector band.

1For the braneworld scenario, it is expected that the tidal
charge will have the same value for both the inspiraling BHs,
since the origin of the charge is from higher dimension. On the
other hand, in the case of electromagnetically charged BHs,
unless both the BHs have some common origin, it is unlikely that
they will have the same electromagnetic charge. We have done
the subsequent analysis in such a case as well. However, since the
number of parameters have increased, the posteriors become
quite uninformative at this stage, and hence have not been
described here.
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from Fig. 3, the 90% credible interval bound on the qBH

parameter is estimated to be 0.59 for mass ratio of q ¼ 3,
and the bound on qBH is 0.4, when we consider mass ratio
to be q ¼ 4. Therefore, the bound on qBH is stronger for the
q ¼ 4 case (blue curve) than the q ¼ 3 case (green curve).
This is because, the phase contributions for equal mass
ratio are smaller than that of asymmetric mass-ratio cases,
leading to better estimates. This is consistent with earlier
findings regarding BH absorption effects, See for example
[45]. What is also interesting here is the slight shift in the
peak of the posterior from the GR value, which is zero, with
a median value of −0.13 for q ¼ 3 and 0.12 for q ¼ 4 case.
This shift is arising because of the correlation between the
charge parameter and the other intrinsic parameters of
the binary (especially, we see that this effect is larger as the
mass asymmetry of the binary increases). This implies that
highly spinning binaries with large asymmetry in the mass
ratio is the best candidate for detecting the existence of the
charge parameter.
Finally, we have performed a detailed analyses on binary

BH simulations by injecting different qBH values, namely
qBH ¼ �0.7;�0.5;�0.3;�0.1. For demonstration, we fix
the binary mass to be 32M⊙, the mass ratio to be 3, and
source location and orientation in such a way that the signal
produces a signal-to-noise ratio of 120 in the advanced
LIGO detector. Figure 4 shows the probability distribution
on the charge parameter qBH for various cases. The vertical
dotted lines in Fig. 4 denote the initial injected values of
qBH, while the central black line is the qBH estimate,
assuming the true value to be zero, i.e., the GR value. From
Fig. 4, it is clear that the qBH probability distribution
function shows distinct features and can be distinguished
from its GR value for jqBHj > 0.3. For smaller values of the
charge, e.g., for jqBHj ∼ 0.1, the probability distributions
are indistinguishable between positive and negative values

of qBH and also with the GR value. Figure 4 also indi-
cates that the probability distribution functions are well-
separated for all the positive injections of qBH ≳ 0.3 and
hence are distinguishable. While for the negative injections,
though the distribution functions are different from GR
value, they are indistinguishable among themselves. In
other words, it is impossible to distinguish the probability
distribution function for qBH ¼ −0.5 and qBH ¼ −0.7.
Thus positive values of the charge parameter, namely those
associated with extra dimensions are easier to distinguish,
compared to the negative injections, associated with the
electromagnetic origin. We would like to point out that
there is an asymmetry between the probability distribution
functions with positive and negative values of the injected
tidal charge parameter. This happens because the phase

FIG. 3. Posteriors on the charge parameter from simulated
binary signals of total mass 32M⊙ and spins (0.7, 0.6) with
various mass ratios q ¼ ðM1=M2Þ ¼ 1, 2, 3, 4. The signal-to-
noise ratio of the signal is fixed to be 120.

FIG. 4. Posteriors on the tidal charge parameter to demonstrate
the detectability of the existence of the charge parameter qBH

from the data. We choose a simulated signal from a binary BH of
total mass 32M⊙ and mass ratio q ¼ ðM1=M2Þ ¼ 3 with spins
(0.7, 0.6). The positive values of the injected charge parameter
is presented in the top figure, while the negative values of the
charge parameter have been presented at the bottom. The
injections are marked with dotted lines and assumes a signal-
to-noise ratio of 120.
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change due to tidal heating depends on qBH as well as on
ðqBHÞ2 [see Eqs. (8) and (9) for explicit expressions], and
hence qBH → −qBH is not a symmetry.
For completeness, We have also studied the effect of

the signal-to-noise ratio on the estimation of the charge
parameter, and the resulting posteriors have been plotted in
Fig. 5. To demonstrate the improvement in measuring the
charge parameter with respect to the signal strength, we
have considered four different signal-to-noise ratios, 260,
130, 80, and 40, adjusting the distance to the source
accordingly. Following our earlier conclusion, we have
assumed a binary BH with asymmetric mass ratio (q ¼ 3)
and high spins (χ1 ¼ 0.7 and χ2 ¼ 0.6), so that the charge
parameter can be better estimated. As Fig. 5 demonstrates,
unless we have a high signal-to-noise ratio ∼200, all
possible values of qBH are allowed, while for high sig-
nal-to-noise ratio, the distribution functions start to rule out
larger values of qBH. This gives the following three criteria
for observing the existence of the charge parameter:
(a) asymmetric mass ratio—more asymmetric the mass
ratio, the better the chance of detection; (b) higher spins—
higher is the spin of the binary BHs, better is the chance of
observing them in future GW observations; and (c) higher
signal-to-noise ratio enhances the detection probability.
With this input, we now discuss their implications for the
third GW transient catalog [82] and future detectors.

V. IMPLICATIONS FOR THE THIRD
GW TRANSIENT CATALOG
AND FUTURE DETECTORS

The GW detection from the advanced LIGO-Virgo
detectors contains binary events of various types in terms

of masses, spins, location, orientation and nature of the
compact object. The test mentioned above for charged BHs
suits the inspiral-dominated binaries with nonzero spins
and mass asymmetry; for instance, GW190412 [83]-like
sources, which is one of the most asymmetric binary
systems with ∼30M⊙ primary BH and ∼3M⊙ companion
(see Table II of [83] for more details). Besides, the
GW190412 is an inspiral-dominated event with evidence
of nonzero spins, making it ideal to test the validity of the
above claims against real data.
For this purpose, we employ the nonprecessing GW

waveform model TaylorF2 with the chirp mass Mc, effective
spin parameter χeff, tidal charge qBH and the luminosity
distance as free parameters, and truncate the analysis at
210 Hz. The result of such an analysis is an estimation of
the qBH parameter, which reads 0.050.77−0.86 within the 90%
credible interval with respect to the mean value, 0.05. Even
though a nonzero and positive mean value is a tantalizing
indication of the existence of an extra spatial dimension, the
errors are very large. In particular, the GR value is well
within the 90% credible interval, and so are plenty of
positive and negative values, reducing the robustness of the
claim. We have also estimated the Bayes factor logBnGR

GR
supporting the non-GR hypothesis over the GR hypothesis
as logeBnGR

GR ¼ −6.43. Therefore, the results look promis-
ing, while the error bar needs to be further reduced.
Additionally, in the GW190412 analysis, we further

notice that the inclusion of qBH introduces significant shifts
in the intrinsic parameters of the binary, such as masses and
spins.2 In Fig. 6, we show the posteriors on the chirp mass
(a combination of binary masses which is well estimated
from the inspiral signal), the effective spin parameter
(found to be the best representative of the aligned-spin
effects of the binary) and the luminosity distance to the
source. As Fig. 6 demonstrates, the intrinsic binary param-
eters are significantly affected by the presence of qBH,
while the extrinsic parameter remains unaltered. In par-
ticular, the percentage change in the chirp mass and the
effective spin parameter becomes ðΔMc=McÞ ∼ 4.9% and
ðδχeff=χeffÞ ∼ 66.7%. Therefore, our results indicate that
parameters beyond GR theories are highly entangled with
other intrinsic parameters of the problem, particularly the
spin. This makes the detection of any non-GR effect
significantly challenging.
We finally discuss the constraints on the charge qBH from

future GW detectors, such as Einstein Telescope and
Cosmic Explorer. For this purpose we have performed
the parameter analysis on simulated binaries with 200 and
400 as the signal-to-noise ratios, respectively and compare

FIG. 5. Posteriors on the charge parameter have been presented
for different signal-to-noise ratios, to demonstrate the effect of the
same on the detectability of the charge parameter. We consider a
binary system with masses ð24; 8ÞM⊙ and spins (0.7, 0.6). Four
different signal-to-noise ratio values are considered, namely,
SNR ¼ 260, 130, 80, 40.

2We reiterate once again that we have not assumed the mass
and spin parameters to be those obtained by fitting the GR
template to the GW data. Rather, we have kept both of them,
along with the luminosity distance, as free parameters and
estimated along with the tidal charge qBH.
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the constraints on qBH with lower signal-to-noise ratio
simulations. The corresponding posteriors on qBH, consid-
ering a simulated binary BH signal with total mass 32M⊙,
and spins (0.7,0.6) are shown in Fig. 7 for two possible
injected values of the charge parameter, qBHinj ¼ �0.3. As is
evident from Fig. 7, a signal-to-noise ratio of 200 and 400
significantly improves the detectability of the charge
parameter. In particular, for signal-to-noise ratio of 400
and positive injected value of qBH (i.e., for qBH ¼ 0.3), GR
can be ruled out with more than 90% confidence. While for
negative qBH, the GR remains within the 90% confidence
interval. In summary, high signal-to-noise ratio is essential
for detecting the charge parameter and ruling out GR
with confidence, which requires next generation of GW
detectors.

VI. SUMMARY

We have proposed the tidal heating phenomenon in the
inspiral regime of a binary BH system to be a benchmark in
distinguishing binaries composed of BHs with charge from
Kerr BHs using their GW signatures. For this purpose, we
have started with the GWwaveform model for a binary BH,
parametrized in terms of an extra parameter; namely, the
charge, qBH. The origin for this charge can be from extra
dimensions, in which case the charge is positive, or from
scenarios involving simple electromagnetic interaction, in
which case qBH takes negative values. To demonstrate the
measurability and detectability of the existence of such a
hair from the GW observations, we have considered
simulated binary BH signals of varying masses, spins
and signal strength. The findings of this simulation study

FIG. 6. Posteriors on the chirp mass (a best measured component mass combination), effective spin parameter (a best measured
aligned spin-spin component) and luminosity distance of the GW190412 event [83] have been presented, with the GR analysis and also
by including the charge parameter qBH. The upper cutoff frequency is calculated for providing the maximum probable values of mass-
spin posteriors obtained from the GR analysis. As evident inclusion of charge affects the intrinsic parameters, the mass and the spin,
significantly.

FIG. 7. The probability distribution functions of the charge parameter qBH have been presented for a binary of fixed total mass 32M⊙,
mass ratio q ¼ 3 and spins (0.7, 0.6) considering four different signal-to-noise ratios 400, 200, 100, and 50. The plot on the left shows
the distribution function for the charge with a positive injected value of qBH (qBH ¼ 0.3), while the one on the right shows the
distribution function for negative injected values of qBH (qBH ¼ −0.3) as indicated by the black dotted lines.
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suggest that if the BHs are highly spinning and mass
asymmetric, we will be able to perform such a distinguish-
ability test with the advanced LIGO sensitivity since the
mismatch significantly increases. Moreover, if the charge
parameter is present and its value is significant, e.g., greater
than �0.3, we can detect its presence and distinguish it
from GR with advanced sensitivity. Even though the
current detectors are not yet sensitive enough for this
test, we show that a GW190412-like event would be an
ideal candidate for testing the existence of charged hair.
Interestingly, the posteriors from the GW190412 event
report a positive median value of the charge, consistent with
the existence of an extra dimension, however, the error bars
are huge, rendering any conclusive statement. Moreover,
the Bayes factor supporting the GR hypothesis, on the
other hand, was found to be loge6.43, which is not a large
number. This suggests that tidal heating provides an avenue
to test theories beyond GR.
Besides providing simulated GW waveforms with the

charge parameter and testing their distinguishability from
pure GR waveforms, we have also provided a forecast
analysis for the observability of the charge parameter in
future GWobservations. We have shown that increasing the
signal-to-noise ratio considerably improves the estimation
of the charge parameter and enhances its detectability. In
particular, the future detector sensitivity, with a signal-
to-noise ratio of 400, can significantly constrain the charge
parameter. Moreover, as we have demonstrated that the
tests involving charged hair of BHs will better suit more
asymmetric binaries such as those in intermediate and
extreme mass-ratio inspirals, the future space-based GW
detectors, namely DECIGO and LISA can also play a vital
role in looking for the existence of nontrivial charged hair.
The adaptation of the analysis presented here, in the context
of the GW detectors DECIGO and LISA, will be explored
in the future.
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APPENDIX: GW PHASE DUE
TO TIDAL HEATING

The phase of the GW, as a function of velocity can be
given by [90]

ψðvÞ ¼ −2
Z

v
dvðv3 − v3Þ ðdEorb=dvÞ

F∞ðvÞ þ FHðvÞ
; ðA1Þ

where, Eorb is the orbital energy of the binary BH system,
F∞ is the GW flux at infinity and FH is the GW flux
through the BH horizon. Since we are interested in the
contribution from the tidal heating alone, the following
PN expansion of the orbital energy suffices for our purpose
[see Eq. (3.8) of [91]]

EorbðvÞ ¼ −
η

2
v2

�
1 −

9þ η

12
v2

�
; ðA2Þ

such that

dEorb

dv
¼ −ηv

�
1 −

9þ η

6
v2

�
: ðA3Þ

Similarly, for the GW flux through infinity, the following
PN expansion suffices for our purpose [34],

F∞ðvÞ ¼
32

5
η2v10

�
1 −

�
1247

336
þ 35

12
η

�
v2

þ ð4π þ FSO

�
v3

�
; ðA4Þ

while the GW flux through the horizon yields,

FHðvÞ ¼
32

5
η2v10

�
−
Ψ5

4
v5 þ Ψ8

2
v8

�
: ðA5Þ

Therefore, the contribution of tidal heating from the
ð1=FluxÞ term in the phase integral, presented in
Eq. (A1), yields,

1

F∞ þ FH
¼ 5

32η2
1
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�
Ψ5

4
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12
η

�
Ψ5

2
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−
�
Ψ8

2
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2
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�
v8

�
: ðA6Þ

Therefore, the contribution of tidal heating to the phase of
the GW becomes,
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ψTHðvÞ ¼
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This expression has been used in the main text for computing δψ and identifying the 2.5 PN, 3.5 PN, and 4 PN terms in the
phase factor due to tidal heating.
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