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We explore the phase-space of homogeneous and anisotropic spacetimes within symmetric teleparallel
fðQÞ gravity. Specifically, we consider the Kantowski-Sachs and locally rotational Bianchi III geometries
to describe the physical space. By analyzing the phase-space, we reconstruct the cosmological history
dictated by fðQÞ gravity and comment about the theory’s viability. Our findings suggest that the free
parameters of the connection must be constrained to eliminate nonlinear terms in the field equations.
Consequently, new stationary points emerge, rendering the theory cosmologically viable. We identify the
existence of anisotropic accelerated universes, which may correspond to the preinflationary epoch.
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I. INTRODUCTION

Even though the flat Friedmann-Lemaître-Robertson-
Walker (FLRW) Λ cold dark matter (ΛCDM) model passes
most of the observational tests with flying colors, recent
cosmological data suggest a tension between early and
late Universe measurements of the expansion rate, i.e. the
Hubble parameter. Specifically, cosmic microwave back-
ground (CMB) data from Planck collaboration in their
2018 release1 [1], propagated to today using flat ΛCDM
suggest a value of the Hubble parameter at H0 ¼ 67.4�
0.5 km=s=Mpc. On the other hand, Cepheid variable stars
are used as standard candles to measure the distances of
galaxies with the distance ladder method, inferring a value
of H0 ¼ 74� 1.4 km=s=Mpc (see SH0ES [2]). The stat-
istical significance between these two measurements is at
5σ. In addition, a nontrivial tension is related to the

amplitude of density fluctuations at low redshifts when
compared to the one predicted by CMB. The amplitude of
these fluctuations, also known as linear matter perturba-
tions, is often defined by the value of the linear matter
overdensity field in spheres with a radius 8h−1Mpc.
This value is called σ8. The parameter S8 is defined as
σ8ðΩm=0.3Þα, where Ωm is the fractional energy density of
nonrelativistic matter and α is selected to minimize the
correlation between S8 and Ωm. Several weak lensing
surveys such as DES [3], HSC [4], and Heymans et al.
[5], have measured S8, but they have encountered different
levels of disagreement with the value inferred from mea-
surements by the Planck satellite. Cosmic shear data tend
to recover slightly lower values of S8 than the CMB. The
Kilo-Degree Survey collaboration (KiDS) has reported the
most significant disagreement so far with a significance of
around 3σ [5–9]. These are only some of the issues that the
concordance cosmological model needs to address.
A possible alternative to solve these tensions is to

consider extensions beyond ΛCDM; see Ref. [10] for a
review. However, incomprehension between the SNIa
absolute magnitude and the Cepheid-based distance ladder
instead of an exotic late- or early-time physics could be the
reason for the tensions [11].
Because of the above, even though inflation is widely

considered to be the most plausible explanation for the
homogeneity and isotropy of the observable Universe,
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among others, most of the studies base their analysis on the
fact that the Universe should be flat FLRW and, based on
that, they study the evolution of perturbations. However, it
could be the case that inflation does occur, but the Universe
evolves toward homogeneity and isotropy starting from a
more complicated metric. There have been attempts to
consider an entirely arbitrary metric, meaning both inho-
mogeneous and anisotropic [12]; however, the calculations
become cumbersome. In this paper, we focus on homo-
geneous and anisotropic cosmology to extract analytical
information. This class of geometries [13] exhibits exciting
cosmological features in the inflationary and postinfla-
tionary epochs [14]. Nine spatially homogeneous, but
generally anisotropic, Bianchi exist based on the real
three-dimensional Lie algebra classification. In these space-
times, three-dimensional hypersurfaces are defined by the
orbits of three isometries. An essential characteristic of the
Bianchi models is that the physical variables depend only
on time, which means that the field equations are a system
of ordinary differential equations [15,16]. In recent years,
the class of anisotropic geometries has gained much interest
because of anisotropic anomalies in the CMB and large-
scale structure (LSS) data. The origin of asymmetry and
other measures of statistical anisotropy on the large scales
of the Universe is a long-standing open question in cosmo-
logy. “Planck legacy” temperature anisotropy data [17]
show strong evidence of violating the cosmological prin-
ciple in its isotropic aspect [18,19].
The family of spatially homogeneous Bianchi cosmol-

ogies includes as subclasses many important gravitational
models, such as the mixmaster Universe or the isotropic
FLRW spacetimes [20–23]. As expected, the latter comes
as a limit of Bianchi models where the anisotropy vanishes.
Indeed, the flat, the open, and the closed FLRW geometries
are related to the Bianchi I, V and IX spacetimes respec-
tively [24]. In general, the Bianchi spacetimes are defined
by three scale factors [23]; however, the locally rotational
spacetimes (LRS) admit an extra fourth isometry, and the
LRS Bianchi line elements admit two independent scale
factors. It is interesting to mention that the LRS Bianchi IX
spacetime is related to the Kantowski-Sachs geometry [25].
Symmetric teleparallel general relativity (STGR) [26,27]

is a geometric theory of gravity, equivalent to general
relativity. The theory is described by a metric tensor gμνðxλÞ
and a symmetric flat connection Γκ

λνðxλÞ, different from
that of the Levi-Civita connection. It is assumed that the
connection Γκ

λνðxλÞ admits the same symmetries with the
metric tensor gμνðxλÞ and the corresponding Riemann
tensor is assumed to have zero components (flat connec-
tion). Since the connection is considered to be symmetric, it
means that its torsion also vanishes. The nonmetricity
tensor plays an important role in symmetric teleparallel
geometries, since it is the fundamental geometric object
used to define the gravitational action integral [27] and thus
describe gravitational interactions.

To explain the observed cosmic acceleration [28–31] in
the context of symmetric teleparallel theory in a natural
way, it has been proposed the employ of nonlinear terms
of the nonmetricity scalar, Q, in the gravitational action,
leading to the symmetric teleparallel fðQÞ-theory [32,33].
The same approach has been considered before in the case
of fðRÞ [34] and fðTÞ theories of gravity [35], where the
Ricci scalar R of the Levi-Civita connection and the torsion
scalar T of the teleparallel connection [36] are considered
to define the gravitational theory. For a comprehensive
review on teleparallel theories of gravity see Ref. [37]. The
novelty of the fðXÞ-theories [38,39], where X is a geo-
metric scalar, is that new terms which are introduced in the
modified field equations drive the dynamics to describe the
expansion of the universe in a geometric way, without
the addition of any exotic form of matter/energy [40].
Preliminary cosmological studies in fðQÞ-theory have

shown that it is a potential geometric dark energy candi-
date which can challenge the concordance model in cosmo-
logy [41–43]. Numerous studies show that fðQÞ-theory
can reproduce various cosmological scenarios [44–47];
in [48], the authors determined the criteria for the existence
of scaling cosmological solutions; the detailed phase-
space analysis was presented in [49] and it indicates that
fðQÞ-theory can be used to describe not only late-time but
also early-time acceleration phases of the Universe. Similar
results are presented in [50]. The Hamiltonian analysis
of fðQÞ-theory was studied in [51–53], while quantum
cosmology was investigated in [54,55]. For extensions of
fðQÞ-theory we refer the reader to [56–59] and other
cosmological applications are discussed in [60–62] and
references therein. A recent review on the topic is [63].
Because the connection in fðQÞ-theory is flat and

symmetric, it comes naturally that there exists a coordinate
system where all the components of the connection can
vanish; as a result, the covariant derivatives are reduced to
partial derivatives. This characteristic coordinate system is
known as the coincident gauge [33].
Different connections, in general, affect the dynamics in

a given nonlinear fðQÞ-theory. Consider for example the
case of a spatially flat FLRW metric expressed in a certain
coordinate system (Cartesian or spherical). It is found that
there exist three distinct choices of connections which share
the symmetries of the spacetime [64,65]. One of them is
dynamically irrelevant, i.e. its components can vanish
through a pure time transformation. The other two, on
the other hand, involve functions of time which are to be
calculated by solving the relative equations of motion for
the connection for a given fðQÞ theory. Thus, if one uses
one of the latter two connections, additional degrees of
freedom are introduced. We will see this happening also in
the Kantowski-Sachs/Bianchi type III model which we
discuss here, where we shall introduce additional scalar
degrees of freedom to incorporate the dynamics owed to the
connection [33,66,67]. Although the coincident gauge
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can always be recovered for a given geometry, it cannot
always be used blindly, when a specific assumption for the
spacetime metric has been made. See for instance the
discussion in [68].
The structure of the paper is as follows. In Sec. II

we briefly discuss the basic properties and definitions of
symmetric teleparallel general relativity and of the sym-
metric teleparallel fðQÞ-theory of gravity. We discuss
previous results for the spatially flat and isotropic universe
in Sec. III. Homogeneous and isotropic locally rotational
spacetimes with nonzero spatial curvature in symmetric
teleparallel fðQÞ-theory are introduced in Sec. IV. We give
emphasis in the Kantowski-Sachs and Bianchi III geom-
etries and we present the gravitational field equations in the
case of vacuum for a nonlinear function fðQÞ. Section V
includes the main results of this analysis where we present a
detailed analysis of the phase-space for the anisotropic
cosmological model. From our analysis it follows that for
specific values of the free parameters which define the
connection the theory can provide the limit of general
relativity (GR) and there exist a plethora of asymptotic
solutions which can describe anisotropic inflationary sol-
utions. However, in the generic case of the connection these
solutions are lost. Thus the cosmological viability of the
theory constraints the free parameters of the connection as
it follows from the analysis of the asymptotics. Finally, in
Sec. VI we discuss our results.

II. SYMMETRIC TELEPARALLEL GEOMETRY
AND GRAVITY

In teleparallel theories, parallelism at a distance is
achieved by the vanishing of the curvature of the con-
nection, i.e. Rα

μβν ¼ 0, which makes the connection
become integrable and thus it can be expressed as

Γα
μν ¼ ðΛ−1Þαλ∂μΛλ

ν; ð1Þ

where Λ∈GLð4;RÞ. In addition, symmetric means that
the torsion of the connection vanishes, i.e. Tα

μν ¼
2Γα½μν� ¼ 0, in which case Λ can be written as Λα

β ¼
∂βξ

α, with ξα being an arbitrary coordinate system. This
leads to the symmetric teleparallel connection that can be
expressed as

Γα
μν ¼

∂xα

∂ξλ
∂μ∂νξ

λ: ð2Þ

Since ξα is arbitrary, we can always find a coordinate
system in which the connection vanishes by performing a
diffeomorphism; this is called the coincident gauge.
Notice that, the theory of gravity could be perfectly

formulated just by the metric tensor, gμν, with the kinetic
term in the action being ∂αgμν. However, this would not
have the same symmetries as general relativity (GR); it

would violate diffeomorphism (Diff) invariance. In order to
resolve that, we can employ the above ξ’s as Stückelberg
fields and the Diff symmetry will be restored.
According to the above, the only nontrivial geometric

object in a symmetric teleparallel geometry is the non-
metricity tensor, expressed as

Qαμν ¼ ∂αgμν − Γλ
αμgλν − Γλ

ανgλμ

¼ ∂αgμν − 2
∂xσ

∂ξλ
∂α∂ðμξλgνÞσ: ð3Þ

This object transforms clearly covariantly and thus any
theory formulated with it will be automatically Diff
invariant.

A. Symmetric teleparallel equivalent
of general relativity

By defining the two independent traces Qμ ¼ Qμν
ν and

Q̃ν
μν, the nonmetricity scalar is defined as

Q ¼ QαμνPαμν; ð4Þ

where

Pα
μν ¼ −

1

4
Qα

μν þ
1

2
QðμανÞ þ

1

4
gμνðQα − Q̃αÞ − 1

4
δαðμQνÞ;

ð5Þ

with δαμ being the 4-dimensional Kronecker delta and the
brackets denote symmetrization 2AðμνÞ ¼ Aμν þ Aνμ.
As mentioned above, the curvature of the symmetric

teleparallel connection (2) is zero. However, the curvature
calculated from the Levi-Civita connection, R̊ α

μβν, is not.
The relation between the nonmetricity scalar Q and the
Ricci scalar R̊ is given by

R̊ ¼ Qþ ∇̊αðQα − Q̃αÞ: ð6Þ

By taking the functional integral of the above, the last term
will act as a boundary term and thus contribute nothing at
the dynamics of the theory. This means that GR and STGR
are two dynamically equivalent theories since

SGR ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
R̊ ∼ SSTGR ¼

Z
d4x

ffiffiffiffiffiffi
−g

p
Q: ð7Þ

What is more, any prediction of GR should be predicted by
STGR as well and any solution in GR should have an
analog solution in STGR. The only thing that changes is the
geometric interpretation of gravitational interactions.
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B. f ðQÞ theory
In the same spirit as with fðR̊Þ theories, we can gene-

ralize the nonmetricity scalar (4) with a general function of
it, so that the new action will read

SfðQÞ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
fðQÞ: ð8Þ

Since the action contains nonlinear terms inQ, not only the
two theories are no longer equivalent, but also solutions,
like the nonflat FLRW one, which worked fine in the
coincident gauge STGR, are no longer solutions in fðQÞ.
So in this case, we have both the metric and the

connection (2) as fundamental variables. Varying the action
(8) with respect to the metric, we get

2ffiffiffiffiffiffi−gp ∇λ

� ffiffiffiffiffiffi
−g

p
f0ðQÞPλ

μν

�
−
1

2
fðQÞgμν

þ f0ðQÞ�PμρσQν
ρσ − 2QρσμPρσ

ν

� ¼ 0; ð9Þ

where the prime denotes differentiation with respect to
the argument, i.e. f0ðQÞ ¼ f;Q. Respectively, varying the
action with respect to the connection2 we get

∇μ∇νð
ffiffiffiffiffiffi
−g

p
f0ðQÞPμν

σÞ ¼ 0: ð10Þ

In the coincident gauge, the latter is satisfied identically.

III. FLAT FLRW COSMOLOGY IN f ðQÞ GRAVITY

Consider a homogeneous and isotropic flat FLRWmetric
of the form

ds2 ¼ −NðtÞ2dt2 þ aðtÞ2�dr2 þ r2ðdθ2 þ sin2 θdϕ2Þ�;
ð11Þ

with N being the lapse function and a the scale factor. By
forcing the symmetries of this metric, i.e. three rotations
and three translations, to an arbitrary connection, we find
that the connection depends on five unknown functions (out
of 64 independent components). Once we impose the sym-
metric teleparallel constraints, i.e. vanishing curvature and
torsion of the connection, we end up with three unknown
functions fC1; C2; C3g and three constrain equations

C1C3 − C2
3 − Ċ3 ¼ 0; ð12Þ

C1C2 − C2C3 þ Ċ2 ¼ 0; ð13Þ

C2C3 ¼ 0: ð14Þ

Because of the last of the above, we have three cases
(i) Case I: C2 ¼ 0 ¼ C3 where Γt

tt ¼ γ.
(ii) Case II: C2 ¼ 0 and C3 ≠ 0 where Γt

tt ¼ γ þ γ̇
γ

and Γr
tr ¼ Γr

rt ¼ Γθ
tθ ¼ Γθ

θt ¼ Γϕ
tϕ ¼ Γϕ

ϕt ¼ γ.
(iii) Case III: C2 ≠ 0 and C3 ¼ 0 where Γt

tt ¼ − γ̇
γ and

Γt
rr ¼ γ, Γt

θθ ¼ γr2, Γt
ϕϕ ¼ γr2sin2θ.

The rest of the components of the connection are the
same as the Levi-Civita one for the three-dimensional flat
space, i.e.

Γr
θθ ¼ −r; Γr

ϕϕ ¼ −rsin2θ; Γθ
ϕϕ ¼ − sinθ cosθ;

Γϕ
θϕ ¼ Γϕ

ϕθ ¼ cotθ; Γθ
rθ ¼ Γθ

θr ¼ Γϕ
rϕ ¼ Γϕ

ϕr ¼ r−1:

ð15Þ

Summarizing, a connection which is spatially flat, homo-
geneous, isotropic, torsionless and with no curvature can be
parametrized in the above three distinct ways, which could
lead to interesting phenomenology in cosmology.

IV. KANTOWSKI-SACHS AND BIANCHI III
GEOMETRY

We proceed our study by considering the anisotropic
cosmological models with line element

ds2 ¼ −NðtÞ2dt2 þ a2ðtÞ�e2bðtÞdx2
þ e−bðtÞðdy2 þ S2ðyÞdz2Þ�; ð16Þ

with SðyÞ ¼ sin y or SðyÞ ¼ sinh y.
For SðyÞ ¼ sin y the line element (16) describes the

Kantowski-Sachs space, while for SðyÞ ¼ sinh y the line
element (16) corresponds to the locally rotational (LRS)
Bianchi III geometry. The scale factor aðtÞ describes the
size of the universe; that is, the volume of the three-
dimensional space is defined as V ¼ a3. Moreover, bðtÞ is
the anisotropic parameter.
Indeed, spacetime (16) admits a four-dimensional Lie

algebra consisted by the vector fields

ξ1 ¼ ∂z; ξ2 ¼ cos z∂y −
S0ðyÞ
SðyÞ sin z∂z

ξ3 ¼ sin z∂y þ
S0ðyÞ
SðyÞ cos z∂z and ξ4 ¼ ∂x:

In this study we consider the symmetric and flat
connection Γμ

κν with nonzero components [67]

2Obviously, instead of the connection Γα
μν, one could vary the

action with respect to the arbitrary ξ’s; the equations of motion
would be the same.
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Γt
tt ¼ −

1

γ2
½γ̇2 þ c1γ1ð2 − c2γ1Þ þ k�; Γt

tx ¼ c1ð1 − c2γ1Þ; Γt
xx ¼ c1c2γ2;

Γt
yy ¼ γ2; Γt

zz ¼ γ2SðyÞ2; Γx
tt ¼

1

γ22
½γ1ðkþ c1γ1Þðc2γ1 − 1Þ − γ2γ̇1�

Γx
tx ¼ −

c2γ1
γ2

ðkþ c1γ1Þ; Γx
xx ¼ c1 þ c2kþ c1c2γ1; Γx

yy ¼ γ1; Γx
zz ¼ γ1SðyÞ2;

Γy
ty ¼ Γz

tz ¼ −
kþ c1γ1

γ2
; Γy

xy ¼ Γz
xz ¼ c1; Γy

zz ¼ −SðyÞS0ðyÞ; Γz
yz ¼

S0ðyÞ
SðyÞ ; ð17Þ

with γ1 ¼ − 1
c2
− k

c1
. This choice for the γ1 is needed in order to eliminate the nondiagonal term produced in the field

equations [67]. This value of γ1 is selected in order the nondiagonal terms of the field equations to be zero. If we do not
make this choice, then the resulting field equations imply that either fðQÞ is linear (theory equivalent to general relativity)
or thatQ ¼ const. (theory equivalent to general relativity plus a cosmological constant). Hence, the choice for γ1 is unique if
we want to study a modification of General Relativity with an actual effect on the dynamics. The field equations for
arbitrary γ1 are presented in the Appendix.
Furthermore, the k in the previous relations is a constant given by k ¼ −S00ðyÞ=SðyÞ and it can be equal to þ1 or −1.
For the latter connection and the line element (16) the nonmetricity scalar is derived to be

Q¼ −6H2 þ 2
k
a2

eb þ 3

2

ḃ2

N2
−
6kH
γ2N

þ eb

a2
ð2þ c1c2e−3bÞ

�
HNγ2 þ γ̇2 þ

γ2Ṅ
N

�
þ 2

eb

a2
ð1− c1c2e−3bÞγ2ḃ

þ 3ð2c1 þ c2kÞ2
4c1c2

H
Nγ2

−
ðc2k− 2c1Þ2
4c1c2N2γ2

�
Ṅ
N
þ γ̇2
γ2

�
; ð18Þ

in which H stands for H ¼ ȧ
Na.

Hence, the gravitational field equations in the vacuum are [67]
tt:

f0ðQÞ
�
3H2 þ k

a2
eb −

3

4

ḃ2

N2

�
þ 1

2
ðfðQÞ −Qf0ðQÞÞ þ Q̇

N
f00ðQÞ

�ðc2k − 2c1Þ2
8c1c2Nγ2

−
ebNγ2
a2

�
1þ c1c2

2
e−3b

��
¼ 0; ð19Þ

xx:

f0ðQÞ
�

b̈
N2

þ 3H
ḃ
N
−
ḃ Ṅ
N3

− 2
Ḣ
N

− 3H2 −
keb

a2
−
3

4

ḃ2

N2

�
−
1

2

�
fðQÞ −Qf0ðQÞ�

þ Q̇
N
f00ðQÞ

�ðc2k − 2c1Þ2
8c1c2Nγ2

þ ebNγ2
a2

�
1 −

c1c2
2

e−3b
�
þ ḃ
N
− 2H

�
¼ 0; ð20Þ

yy; zz:

f0ðQÞ
�

b̈
N2

þ 3H
ḃ
N
−
ḃ Ṅ
N3

þ 4
Ḣ
N

þ 6H2 þ 3

2

ḃ2

N2

�
þ �

fðQÞ −Qf0ðQÞ�

þ Q̇
N
f00ðQÞ

�
4H þ ḃ

N
−
ðc2k − 2c1Þ2
4c1c2Nγ2

−
c1c2e−2b

a2
Nγ2

�
¼ 0: ð21Þ

In order to write the field equations in a simpler form we introduce the scalar field ϕ ¼ f0ðQÞ, the potential function
VðϕÞ ¼ ðfðQÞ −Qf0ðQÞÞ, from where we can write the pointlike Lagrangian [66]

Lða; ȧ; b; ḃ;ϕ; ϕ̇;Ψ; Ψ̇Þ ¼ 1

N

�
3

2
a3ϕḃ2 − 6aϕȧ2 −

a3ðk− 2αÞ2Ψ̇ ϕ̇

4α

�
−N

�
ae−2bð2e3b þ βÞϕ̇

Ψ̇
− 2kaebϕ− a3VðϕÞ

�
; ð22Þ

with γ2 ¼ 1
Ψ̇, α ¼ c1

c2
and β ¼ c1c2.
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The field equations follow from the variation of the latter Lagrangian with respect to the dynamical variables
fN; a; b;ϕ;Ψg. Specifically, the gravitational field equations are (here and henceforth we impose N ¼ 1 for the lapse
function)

Ḣ ¼ 12aȧ ϕ̇þ6ϕȧ2 − 2kebϕ
12aϕ

þ að6αϕḃ2 þ ðk − 2αÞ2Ψ̇ð−ϕ̇Þ þ 4αVðϕÞÞ
16αϕ

−
ðβe−2b þ 2ebÞϕ̇

12aϕΨ̇
þ að6αϕḃ2 þ ðk − 2αÞ2Ψ̇ð−ϕ̇Þ þ 4αVðϕÞÞ

16αϕ
; ð23Þ

b̈ ¼ −
3ȧ ḃ
a

þ
2e−2b

	
ke3b þ ðβ−e3bÞϕ̇

ϕΨ̇



3a2

−
ḃ ϕ̇
ϕ

; ð24Þ

ϕ̈ ¼ ϕ̇ðȧð40αa2e2bðk − 2αÞ2ð2e3b þ βÞΨ̇2 − 3a4e4bðk − 2αÞ4Ψ̇4 þ 16α2ð2e3b þ βÞ2ÞÞ
aða2e2bðk − 2αÞ2Ψ̇2 − 4αð2e3b þ βÞÞ2

þ ϕ̇ð8αað6αa2e2bð2e3b þ βÞḃ2Ψ̇þ 4αe2bð2e3b þ βÞΨ̇ða2V 0ðϕÞ þ 2kebÞÞÞ
aða2e2bðk − 2αÞ2Ψ̇2 − 4αð2e3b þ βÞÞ2

þ ϕ̇ð8αaððe3b − βÞḃða2e2bðk − 2αÞ2Ψ̇2 þ 4αβ þ 8αe3bÞÞÞ
aða2e2bðk − 2αÞ2Ψ̇2 − 4αð2e3b þ βÞÞ2 þ ϕ̇ð−192α2ae2bȧ2ð2e3b þ βÞΨ̇Þ

aða2e2bðk − 2αÞ2Ψ̇2 − 4αð2e3b þ βÞÞ2 ; ð25Þ

Ψ̈ ¼ Ψ̇ð8αe3bðȧþ aðḃþ kΨ0ÞÞ þ ae2bΨ̇ð3aðk − 2αÞ2ȧ Ψ̇−24αȧ2 þ 2αa2ð3ḃ2 þ 2V 0ðϕÞÞÞÞ
4αað2e3b þ βÞ − a3e2bðk − 2αÞ2Ψ̇2

þ Ψ̇ð4αβðȧ − 2aḃÞÞ
4αað2e3b þ βÞ − a3e2bðk − 2αÞ2Ψ̇2

: ð26Þ

Additionally, the Friedmann equation reads

2kebϕ
a2

−
βe−2bϕ̇

a2Ψ̇
−
2ebϕ̇

a2Ψ̇
−
3

2
ϕḃ2 þ 6H2ϕþ k2Ψ̇ ϕ̇

4α

− kΨ̇ ϕ̇þαΨ̇ ϕ̇þVðϕÞ ¼ 0: ð27Þ

For simplicity, we kept the scale factor a in the field
equations, but in the computations, we write everything in

terms of the Hubble function, that is a ¼ e
R

Hdt. In the
following we consider the power-law potential VðϕÞ ¼
V0ϕ

λ, which correspond to a power-law fðQÞ function.

V. PHASE-SPACE ANALYSIS

In this section, we set k ¼ 2α in the pointlike Lagrangian
(22) and obtain a simplified version of system (23)–(26).
This choice corresponds to having γ1 ¼ 0 in the compo-
nents of the connection. The ensuing equations are

Ḣ ¼ −
αeb

3a2
þ βe−2bϕ̇

12a2ϕΨ̇
þ ebϕ̇

6a2ϕΨ̇
−
3

8
ḃ2

−
Hϕ̇

ϕ
−
3

2
H2 −

VðϕÞ
4ϕ

; ð28Þ

b̈¼ 4αeb

3a2
þ 1

3a2ϕΨ̇
ð2βe−2bϕ̇− 2ebϕ̇Þ− 3Hḃ−

ḃ ϕ̇
ϕ

; ð29Þ

ϕ̈¼ 1

2e3b þ β

�
3a2e2bḃ2Ψ̇ ϕ̇þ2a2e2bΨ̇ ϕ̇V 0ðϕÞ þ 2e3bḃ ϕ̇

�

−
1

2e3b þ β

�
12a2e2bH2Ψ̇ ϕ̇þ2βḃ ϕ̇

�

þ 1

2e3b þ β

�
2e3bHϕ̇þ βHϕ̇þ 8αe3bΨ̇ ϕ̇

�
; ð30Þ

Ψ̈ ¼ 1

2e3b þ β

�
3a2e2bḃ2Ψ̇2

2
þ a2e2bΨ̇2V 0ðϕÞ þ 2e3bḃ Ψ̇

�

−
1

2e3b þ β

�
6a2e2bH2Ψ̇2 þ 2βḃ Ψ̇

�

þ 1

2e3b þ β

�
2e3bHΨ̇þ βHΨ̇þ 4αe3bΨ̇2

�
: ð31Þ

In this case, the Friedmann equation becomes

4αebϕ
a2

−
βe−2bϕ̇

a2Ψ̇
−
2ebϕ̇

a2Ψ̇
−
3

2
ϕḃ2 þ 6H2ϕþ VðϕÞ ¼ 0:

ð32Þ
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At this point, we define the dimensionless variables

ΩR ¼ 2αeb−2
R

Hdt

3H2
; y2 ¼ VðϕÞ

6H2ϕ
; Σ2 ¼ ḃ2

4H2
;

ð33Þ

x ¼ ϕ̇

Hϕ
; Z ¼ H

Ψ̇
; w ¼ −

ð2e3b þ βÞϕ̇e−2ðbþ
R

HdtÞ

6H2ϕΨ̇
;

ð34Þ

and the new independent variable τ ¼ ln a, such that
x0 ¼ dx

dτ.

Using these variables, we can write the modified
Friedmann’s equation as

ΩR − Σ2 þ wþ y2 þ 1 ¼ 0; ð35Þ

and solve it for w to reduce the dimension of the dynamical
system, that is

w ¼ Σ2 − y2 − ΩR − 1: ð36Þ

The field equations are reduced to the following system
of first order differential equations

Ω0
R ¼ 2ΩRð2Σ2 þ Σþ xþ y2Þ; ð37Þ

y0 ¼ 1

2
yð4Σ2 þ λxþ xþ 2y2 þ 2Þ;

Σ0 ¼ Σ02ðΣþ 1Þ þ 3

2
ΩR

�
2 −

xZ
α

�
þ ðΣþ 2Þy2; ð38Þ

x0 ¼ x

�
xð2αðΣ2 þ λy2 − 1Þ þ ΩRð2αþ 3ΣZÞÞ

αð−Σ2 þ y2 þ ΩR þ 1Þ þ 2ðΣ − 1Þ2 þ y2
�
; ð39Þ

Z0 ¼ −
ΩRZð2αðΣ − 1Þ2 þ xð2αþ 3ΣZÞÞ

αð−Σ2 þ y2 þΩR þ 1Þ þ Zð2αðΣ − 1Þ3ðΣþ 1Þ − αy4Þ
αð−Σ2 þ y2 þ ΩRþ 1Þ

−
y2ZððΣ − 4ÞΣþ ðλþ 1Þxþ ΩR þ 3Þ

−Σ2 þ y2 þ ΩR þ 1
. ð40Þ

Each stationary point of the latter system describes an
asymptotic solution with deceleration parameter

q ¼ −1 −
Ḣ
H2

¼ 2Σ2 þ xþ y2: ð41Þ

The initial assumption that k ¼ 2α means that the
system, the critical points, and their stability depends only
on two parameters α and λ. Since k ¼ �1, this means that
α ¼ � 1

2
. The dynamical system has the following equilib-

rium points ðΩR; y;Σ; x; ZÞ:
(1) The family L1 ¼ ðΩRc; 0;−1;−1;−2αÞ, where

ΩRc ∈R is a free parameter. Hence, the asymptotic
solution is that of anisotropic or Kantowski-Sachs
or Bianchi III universe. On the surface ΩRc ¼ 0,
the Bianchi type I dynamics are recovered. The
value of the deceleration parameter is qðL1Þ ¼ 1,
this means that L1 defines a decelerated solution.
The eigenvalues are f0;−2; 2; 6; 5−λ

2
g. The family is

normally hyperbolic the stability is given by the
nonzero eigenvalues, L1 is a saddle. From (41)
we calculate HðtÞ ¼ 1

2t, that is, aðtÞ ¼ a0
ffiffi
t

p
and

ḃ2 ¼ 2
t2.

(2) The family L2 ¼ ðΩRc; 0; 1;−3;− 2α
3
Þ, where

ΩRc ∈R is a free parameter. The value of the
deceleration parameter is qðL2Þ ¼ 1, which means
it has the same physical properties with point L1.
The eigenvalues are f0;−6;−6; 6;− 3

2
ðλ − 1Þg, as

L1, L2 is a saddle.
(3) P1 ¼ ð− 2

3
; 0; 0; 0; 0Þ, with eigenvalues f−2; 2;

−1þ i
ffiffiffi
3

p
;−1 − i

ffiffiffi
3

p
; 1g. P1 is a saddle. The value

of the deceleration parameter is qðP1Þ ¼ 0. The
asymptotic solution is isotropic and with nonzero
spatially curvature. That is the limit of Milne
universe, since ḃ ¼ 0, aðtÞ ¼ a0t and ΩR ≠ 0. It
is a solution which provides the limit of GR in the
theory.
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(4) P2 ¼ ð2ð ffiffiffiffiffi
13

p
− 4Þ;0; 1

2
ð3− ffiffiffiffiffi

13
p Þ; 1

2
ð7 ffiffiffiffiffi

13
p

− 25Þ;0Þ. The eigenvalues are

(a) for α ¼ 1
2
, f3ð3 − ffiffiffiffiffi

13
p Þ; 3ð3 − ffiffiffiffiffi

13
p Þ; 1

2
ð9 − 3

ffiffiffiffiffi
13

p � i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
14ð37 ffiffiffiffiffi

13
p

− 133Þ
q

Þ; 1
4
ð7 ffiffiffiffiffi

13
p

λ − 25λ − 5
ffiffiffiffiffi
13

p þ 23Þg,
(b) for α ¼ − 1

2
, f3ð3 − ffiffiffiffiffi

13
p Þ; 3ð3 − ffiffiffiffiffi

13
p Þ; 1

2
ð9 − 3

ffiffiffiffiffi
13

p ∓ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
14ð37 ffiffiffiffiffi

13
p

− 133Þ
q

Þ; 1
4
ð7 ffiffiffiffiffi

13
p

λ − 25λ − 5
ffiffiffiffiffi
13

p þ 23Þg.
The point is an attractor for λ < 5

ffiffiffiffi
13

p
−23

7
ffiffiffiffi
13

p
−25

and a saddle in any other case, the stability does not change if α ¼ 1
2
or − 1

2
.

The value of the deceleration parameter is qðP2Þ ¼ 1
2
ð ffiffiffiffiffi

13
p

− 3Þ ≈ 0.3 > 0, this means that P2 describes a
decelerated solution. Those asymptotic solutions belong to an anisotropic Bianchi III universe because ΩRðP2Þ < 0.

(5) P3 ¼ ð−2ð4þ ffiffiffiffiffi
13

p Þ; 0; 1
2
ð3þ ffiffiffiffiffi

13
p Þ; 1

2
ð−25 − 7

ffiffiffiffiffi
13

p Þ; 0Þ, the eigenvalues are

(a) for α¼ 1
2
, f3ð3þ ffiffiffiffiffi

13
p Þ;3ð3þ ffiffiffiffiffi

13
p Þ; 1

2
ð9þ 3

ffiffiffiffiffi
13

p ∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
14ð133þ 37

ffiffiffiffiffi
13

p Þ
q

Þ; 1
4
ð−7 ffiffiffiffiffi

13
p

λ− 25λþ 5
ffiffiffiffiffi
13

p þ 23Þg,
(b) for α¼ − 1

2
, f3ð3þ ffiffiffiffiffi

13
p Þ;3ð3þ ffiffiffiffiffi

13
p Þ; 1

2
ð9þ 3

ffiffiffiffiffi
13

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
14ð133þ 37

ffiffiffiffiffi
13

p Þ
q

Þ; 1
4
ð−7 ffiffiffiffiffi

13
p

λ− 25λþ 5
ffiffiffiffiffi
13

p þ 23Þg.
The point is a saddle for λ < 23þ5

ffiffiffiffi
13

p
25þ7

ffiffiffiffi
13

p or λ > 23þ5
ffiffiffiffi
13

p
25þ7

ffiffiffiffi
13

p , the stability does not change if α ¼ 1
2
or − 1

2
. The value of the

deceleration parameter is qðP2Þ ¼ 1
2
ð−3 − ffiffiffiffiffi

13
p Þ ≈ −3.3 < −1, this means that P3 describes an accelerated

anisotropic universe with negative curvature, that is, a Bianchi III geometry.

(6) P4 ¼ ðΩR; y;Σ; x; zÞ ¼ ð6λþ6
5−7λ ;

ffiffi
6

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ20Þ−17

p
7λ−5 ;− 2ðλ−2Þ

7λ−5 ; 18
5−7λ ; 0Þ. This point exist for λ ≠ 5=7 and λ ≤ −10 − 3

ffiffiffiffiffi
13

p
or

λ ≥ 3
ffiffiffiffiffi
13

p
− 10. The eigenvalues are l1 ¼ − 12ðλ−2Þ

7λ−5 , l2 ¼ f1ðα; λÞ; l3 ¼ f2ðα; λÞ; l4 ¼ f3ðα; λÞ; l5 ¼ f4ðα; λÞ, where
fi are complicated expressions depending on the parameters. Setting α ¼ � 1

2
slightly changes the eigenvalues but

not the stability, see Fig. 1. The point is a saddle. The value of the deceleration parameter is qðP4Þ ¼ 2ðλ−2Þ
7λ−5 , P4

describes an accelerated solution for 5
7
< λ < 2 and a de Sitter solution for λ ¼ 1. In Fig. 2 we present some numerical

FIG. 1. Real part of the eigenvalues for point P4 for α ¼ � 1
2
and different ranges for λ where the point exists.
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solutions of system (37)–(40) for α ¼ � 1
2
and λ ¼ 1 for initial conditions (i.c.) near the points P2 and P3 with a

displacement of ε ¼ 1
1000

. Additionally, depicted as a red dotted line is the evolution of the deceleration parameter
evaluated at each solution.

(7) P5 ¼ ðΩR; y;Σ; x; zÞ ¼ ð6λþ6
5−7λ ;

ffiffi
6

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ20Þ−17

p
5−7λ ;− 2ðλ−2Þ

7λ−5 ; 18
5−7λ ; 0Þ. The difference with P4 is a minus sign in the y

coordinate, it exists for the same values of P4 as well. The stability is also the same (saddle) since they share
eigenvalues see Fig. 1 for reference. The value of the deceleration parameter is qðP5Þ ¼ 2ðλ−2Þ

7λ−5 , P5 describes an
accelerated solution for 5

7
< λ < 2 and a de Sitter solution for λ ¼ 1.

A. General case

For the general case with α arbitrary, we introduce the dimensionless variables

ΩR ¼ keb−2
R

Hdt

3H2
; y2 ¼ VðϕÞ

6H2ϕ
; Σ2 ¼ ḃ2

4H2
; x ¼ ϕ̇

Hϕ
; z ¼ Ψ̇

H
; w ¼ βϕ̇e−2b−2

R
Hdt

6H2ϕΨ̇
: ð42Þ

In these variables, the Friedmann equation reads

ðk − 2αÞ2xz
24α

−
xΩR

kz
− Σ2 − wþ y2 þ ΩR þ 1 ¼ 0: ð43Þ

This means that we can solve (43) for w to obtain the dynamical system

FIG. 2. Evolution of ΩR; y;Σ; x; Z evaluated at a numerical solutions of system (37)–(40) for α ¼ � 1
2
and λ ¼ 1 for initial conditions

(i.c.) near the points P2 and P3 with a displacement of ϵ ¼ 1
1000

. Also present as a red dotted line is the evolution of the deceleration
parameter q evaluated at these points.
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Ω0
R ¼ xΩRð12α − ðk − 2αÞ2zÞ

6α
þ 2ΩRð2Σ2 þ Σþ y2Þ; ð44Þ

y0 ¼ xyð6αðλþ 1Þ − ðk − 2αÞ2zÞ
12α

þ yð2Σ2 þ y2 þ 1Þ ð45Þ

Σ0 ¼ −
ðk − 2αÞ2ðΣ − 1Þxz

12α
−
3xΩR

kz
þ 2ðΣ − 1Þ2ðΣþ 1Þ þ ðΣþ 2Þy2 þ 3ΩR; ð46Þ

ð−Σ2 þ y2 þ ΩR þ 1Þz0 ¼ z
�
−2ðΣ − 1Þ3ðΣþ 1Þ þ 2ΩR

�ðΣ − 1Þ2 þ xÞ�þ z
�
y2
�ðΣ − 4ÞΣþ ðλþ 1Þx

þΩR þ 3
�þ y4

�
−
ðk − 2αÞ2

12α
xz2

�
−ðΣ − 1Þ2 þ y2 þ ΩR

�þ 6

k
ΣxΩR; ð47Þ

12αz
x

ð−Σ2 þ y2 þΩR þ 1Þ2x0 ¼ −ðk − 2αÞ2xz2�xðΣ2 þ λy2 þΩR − 1Þ�þ ðk − 2αÞ2xz2�ð−ðΣ − 6ÞΣþ y2 þΩR − 5Þ

× ð−Σ2 þ y2 þΩR þ 1Þ� − 6z
k

�ðk − 2αÞ2Σx2ΩR

�
− 6z

�
4αxð−Σ2 þ y2 þΩR þ 1Þ

× ðΣ2 þ λy2 þ ΩR − 1Þ� − 6z
k

�
2αk

�
2ðΣ − 1Þ2 þ y2

�ð−Σ2 þ y2 þΩR þ 1Þ2�

þ ðk − 2αÞ4
6α

ðΣ − 1Þx2z3 − 72αΣ
k

xΩRð−Σ2 þ y2 þ ΩR þ 1Þ; ð48Þ

where once more the prime means a total derivative with
respect the independent variable τ ¼ lnðaÞ.
The equilibrium points for the latter system are given by

the family ðΩR; y;Σ; x; zÞ ¼ ð0; 0;Σc;
24αðΣ2

c−1Þ
ðk−2αÞ2zc ; zcÞ where

Σc and zc ∈R are the parameters that define the family.
This family is a normally hyperbolic set of equilibrium
points and therefore it has two zero eigenvalues. We
observe that there are not any asymptotic solutions which
can describe anisotropic solutions with nonzero spatial
curvature, that is, the limit of GR is not recovered in
this case.
We conclude that the general case is not of physical

interest, thus we end the discussion here.

VI. CONCLUDING REMARKS

In this study we investigated the asymptotic dynamics
for the field equations in symmetric teleparallel fðQÞ-
theory for Kantowski-Sachs and Bianchi type III back-
ground geometries. The field equations of fðQÞ-theory are
of second-order where the geometrodynamical degrees of
freedom can be attributed to two scalar fields. By using
the scalar field description we were able to write a mini-
superspace Lagrangian. From the minisuperspace approach
we observed that, for specific values of some of the free
parameters of theory, some nonlinear terms in the field
equations are eliminated.
To understand the overall evolution of physical param-

eters in the solution space, we determined the stationary
points of the phase-space and investigated their stability
properties. Employing the Hubble normalization approach,

we transformed the field equations into a system of
algebraic-differential equations. Each stationary point of
this system corresponded to an asymptotic solution, whose
stability properties and physical characteristics we thor-
oughly examined.
We found that for the general form of the symmetric and

teleparallel connection provided by the theory, the field
equations admit asymptotic solutions describing dynamics
similar to that of the Bianchi type I geometry, without
recovering the limit of general relativity (GR). However,
for specific values of the free parameters, new stationary
points emerged, describing the limit of GR and potentially
representing anisotropic and accelerated solutions that
could describe the pre-inflationary epoch of the universe.
From the results of this work it follows that symmetric

teleparallel fðQÞ-theory can describe anisotropic solutions
with acceleration. However, we have considered a power-
law function for the fðQÞ-only and we have not found any
future attractor which can describe an accelerating uni-
verse. However, for a more general fðQÞ function, new
stationary points exist. Finally, we demonstrated how
the phase-space analysis can be utilized to constrain the
free parameters of the connection, in order to ensure the
viability of the theory.
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APPENDIX: FIELD EQUATIONS FOR ARBITRARY γ1

In this Appendix we present the general definition of the nonmetricity scalar Q and the gravitational field equations for
arbitrary γ1 with the lapse function N set to 1 for simplicity.
For the connection of our consideration the nonmetricity scalar reads

Q ¼ e−2bðc1c2ðγ2ðH − 2ḃÞ þ γ̇2Þ þ 2e3bðγ2ðḃþHÞ þ kþ γ̇2ÞÞ
a2

þ 3

2
ḃ2 −

3Hðc2γ1 þ 2Þðc1γ1 þ kÞ
γ2

−
γ̇1ð2c1c2γ1 þ 2c1 þ c2kÞ

γ2
þ ðc2γ1 þ 2Þγ̇2ðc1γ1 þ kÞ

γ22
− 6H2: ðA1Þ

Furthermore, the gravitational field equations are
tt:

0 ¼ γ2f0ðQÞð−3a2ḃ2 þ 12a2H2 þ 4kebÞ þ 2a2γ2ðfðQÞ −Qf0ðQÞÞ
4a2γ2

−
Q̇f00ðQÞða2ðc2γ1 þ 2Þðc1γ1 þ kÞ þ e−2bγ22ð2e3b þ c1c2ÞÞ

2a2γ2
ðA2Þ

tx:

0 ¼ Q̇f00ðQð2c1c2γ1 þ 2c1 þ c2kÞ ðA3Þ
xx:

0 ¼ −2a2e2bðfðQÞ −Qf0ðQÞÞ − e2bf0ðQÞð−12a2Hḃþ a2ð3ḃ2 − 4b̈Þ þ 8aðaḢ þ aH2Þ þ 4a2H2 þ 4kebÞ

þ 2Q̇f00ðQÞð−a2e2bð−2γ2ḃþ c1c2γ21 þ 2c1γ1 þ c2kγ1 þ 2kÞ − 4a2e2bHγ2 þ γ22ð2e3b − c1c2ÞÞ
γ2

ðA4Þ

yy; zz:

0 ¼ −
2Q̇f00ðQÞða2e2bðγ2ḃþ γ1ð2c1 þ c2kÞ þ c1c2γ21 þ 2kÞ þ 4a2e2bHγ2 − c1c2γ22Þ

γ2

− e2bf0ðQÞð6a2Hḃþ aðað2b̈þ 3ḃ2Þ þ 8ðaḢ þ aH2ÞÞ þ 4a2H2Þ þ 2a2e2bðfðQÞ −Qf0ðQÞÞ ðA5Þ

Finally, the equations of motion for the connection are

0 ¼ e−2bðγ2ð2ḃ Q̇ ðe3b − c1c2Þf00ðQÞ þ ð2e3b þ c1c2Þðfð3ÞðQÞQ̇2 þ Q̈f00ðQÞÞÞÞ
a2

þ e−2bðHγ2Q̇ð2e3b þ c1c2Þf00ðQÞ þ 2Q̇ γ̇2 ð2e3b þ c1c2Þf00ðQÞÞ
a2

þ ðc2γ1 þ 2Þðc1γ1 þ kÞðfð3ÞðQÞQ̇2 þ 3HQ̇f00ðQÞ þ Q̈f00ðQÞÞ
γ2

ðA6Þ

0 ¼ f00ðQÞð−Q̇ð3Hð2c1c2γ1 þ 2c1 þ c2kÞ þ 2c1c2γ̇1Þ − Q̈ð2c1c2γ1 þ 2c1 þ c2kÞÞ
− fð3ÞðQÞQ̇2ð2c1c2γ1 þ 2c1 þ c2kÞ ðA7Þ
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