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We analyze the near horizon structure of the extremal spacelike stretched black holes, exact solutions of
topologically massive gravity. We show that the algebra of the improved canonical generator is realized as a
single centrally extended Virasoro algebra. We obtain the entropy of the solution by using the Cardy
formula and compare the results with the corresponding nonextremal case.
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I. INTRODUCTION

Topologically massive gravity (TMG) is an extension of
general relativity with a cosmological constant by adding the
gravitational Chern-Simons term to the action [1]. For the
negative values of the cosmological constant, this theory
possesses interesting solutions, namely the maximally sym-
metric AdS3 solution, and the Bañados,Teitelboim, Zanneli
(BTZ) black hole [2]. While general relativity in three
dimensions (3D) is a topological theory, TMG is a dynami-
cal theory, it possesses a propagating degree of freedom, the
massive graviton [3]. However, these solutions are plagued
with serious issues. For the usual sign of the gravitational
coupling constant, the massive excitations around the AdS3
have negative energy, rendering such a ground state unstable.
Changing the sign of G gives the BTZ black hole negative
energy [4,5]. To solve this issue, it was proposed that instead,
a warped AdS3 vacuum should be used as a possible stable
ground state of the theory [6,7].
The warped AdS3 is a solution of TMG in which the sym-

metry group SLð2;RÞ×SLð2;RÞ is reduced to SLð2;RÞ×
Uð1Þ. Observing the AdS3 as a fibration of AdS2, the
warped solution is obtained by stretching or squashing
along timelike or spacelike fibers [8]. Eliminating the
possibilities of closed timelike curves, which were found
in the case of timelike warping [6], we focus on the
spacelike-stretched solutions. By using topological identi-
fications, a spacelike-stretched black hole solution can be
obtained from spacelike-stretched AdS3, in a similar
manner to how the BTZ black hole can be obtained from
the regular AdS3 spacetime. These black holes are the
subject of our investigation.
Namely, Anninos et al. [6] investigated the thermody-

namic properties of these solutions and posed a hypothesis
that they could be dual to a two-dimensional conformal
field theory on the boundary. The asymptotic symmetries of
warped AdS3 were investigated by Compère et al. in [9].

Using the canonical formalism as a natural way to inves-
tigate the asymptotic symmetries of a dynamical system,
Blagojević and Cvetković [10] confirmed the hypothesis
made by Anninos et al. and obtained the gravitational
entropy from the central charges of the canonical algebra of
asymptotic symmetry generators. This method is rooted in
the idea of defining the black hole entropy as a conserved
charge on the horizon [11,12]. The entropy was also
expressed in a simple way in terms of near-horizon
variables in the nonextremal case in [13]. However, this
method breaks down in the extremal case, since then the
Hawking temperature tends to zero, and the first law of
black hole mechanics is identically satisfied.
In this paper, we resolve this issue by calculating the

black hole entropy of an extremal black hole by inves-
tigating its near horizon limit. In analogy to Kerr/CFT
(conformal field theory) correspondence investigated in
[14], we obtain the near horizon geometry of an extremal
spacelike-stretched black hole and investigate its asymp-
totic symmetry structure using the first order canonical
formalism developed in [12]. After introducing a consistent
set of asymptotic boundary conditions, we obtain the
asymptotic symmetry group in the form of Virasoro algebra,
which is different from the nonextremal casewhere a product
of Kac-Moody and Virasoro algebra is obtained [10]. Using
the method developed in the seminal paper of Brown and
Henneaux [15], we then obtained the central charges of the
canonical algebra, from which we find the entropy using
the Cardy formula. The solution for the entropy is not
continuously related to the result of the nonextremal case;
however, this is a particular feature of the difference in
asymptotic algebra between the near horizon geometry of
the extremal solution and the usual nonextremal solution.
Thus, we have completed the investigation started in [12],
confirming that the first order canonical formalism can be
used to calculate the entropy even in the extremal case.
The paper is organized as follows. In Sec. II, we review

the Lagrangian formulation of TMG, written in the tetrad
formulation of Poincaré gauge theory, the field equations,*cbranislav@ipb.ac.rs, danilo.rakonjac@ipb.ac.rs
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and the basic variables of the theory. Further, we discuss the
form of the spacelike stretched black hole solution in the
extremal case, and using the appropriate limiting pro-
cedure, we obtain the near horizon solution which we
focus on in later sections. In Sec. III, we define the
consistent asymptotic conditions for the near horizon
metric, from which we obtain the corresponding asymptotic
conditions for the triad and connection. Inspection of sym-
metries that preserve these asymptotic conditions gives a
result that the asymptotic symmetry group is the 2D con-
formal group. This is different from the symmetry of the
nonextremal case, but this difference is indeed expected
[14,16]. In Sec. IV, we obtain the canonical realization of
the asymptotic symmetry group. Using the general formula
for improving the canonical generator, obtained in [12], we
find the conserved charge and the central charge algebra of
improved generators. The conserved and central charge are
then used in Cardy’s formula to obtain the result for the
entropy of an extremal spacelike-stretched black hole. In
Sec. V, this result is discussed and compared to already
established results given in [10].
The notational conventions used in the paper are the

following: the Latin indices denote the components with
respect to the local Lorentz frame, while the Greek indices
denote the components with respect to the coordinate
frame. The local Lorentz metric is taken with the signature
ηij ¼ diagðþ;−;−Þ. The totally antisymmetric Levi-Civita
symbol is normalized to ε012 ¼ 1.

II. EXTREMAL SPACELIKE STRETCHED
BLACK HOLES AND THEIR NEAR

HORIZON GEOMETRY

Topologically massive gravity with a cosmological
constant can be naturally recast in the formalism of the
Poincaré gauge theory of gravitation [17]. The fundamental
dynamical variables are the triad bi and the spin connection
ωij ¼ −ωji (1-forms), while their corresponding field
strengths are the torsion Ti and curvature Rij (2-forms).
In 3D spacetime, it is convenient to rewrite the connection
and curvature in terms of their duals, which are given by the
rule Aij ≔ −εijkAk where Aij is any antisymmetric second
tensor (in Lorentz indices). Thus, we obtain the dual
connection ωi and curvature Ri. In terms of these variables,
the field strengths are given by formulas Ti ¼ ∇bi ≔ dbi þ
εijkω

jbk and Ri ¼ dωi þ 1
2
εijkω

jωk. The wedge products
between forms are omitted for brevity.
The underlying geometric structure of the theory corre-

sponds to Riemann-Cartan geometry, with triad fields
relating to orthonormal coframe fields, g ¼ ηijbi ⊗ bj being
the metric and ωi being (the dual of) the Cartan connection,
while Ti and Ri correspond to Cartan torsion and curvature,
respectively. For Ti ¼ 0, the geometry reduces to standard
Riemannian geometry in three dimensions.

A. Lagrangian of TMG and field equations

The TMG Lagrangian is defined by

L ¼ 2abiRi −
Λ
3
εijkbibjbk þ

a
μ
LCSðωÞ þ λiTi; ð2:1Þ

where a ¼ 1
16πG, Λ < 0 is the cosmological constant, μ is

the graviton mass, LCSðωÞ ¼ ωidωi þ 1
3
εijkω

iωjωk is the
Chern-Simons Lagrangian, and λi is the Lagrange multi-
plier which ensures the validity of the torsion con-
straint Ti ¼ 0.
By varying the action S ¼ R

L with respect to bi, ωi, and
λi, we obtain the field equations. After using the third
equation Ti ¼ 0, we can write the first two equations as

2aRi − Λεijkbjbk þ
2a
μ
Ci ¼ 0; ð2:2aÞ

λi ¼
2a
μ
Li; ð2:2bÞ

where the Schouten 1-form Li is given by

Li ¼ ðRicÞi − 1

4
Rbi: ð2:3Þ

Here, the Ricci 1-form is given by ðRicÞi ¼ εijkhj┘Rk

while scalar curvature is R ¼ hi┘ðRicÞi. The Cotton
2-form is defined by Ci ¼ ∇Li ≔ dLi þ εijkω

jLk.
TMG possesses an interesting solution spacelike stretched

black hole. Let us now briefly discuss the basic features of
the aforementioned solution in the extremal case.

B. Extremal spacelike stretched black holes

The spacelike stretched black hole is a solution of TMG,
obtained as a discrete quotient of the spacelike stretched
vacuum [6]. The asymptotic behavior and black hole
thermodynamics were investigated in [10]. The existence
of asymptotic conformal symmetry was also discovered
and studied in this sector of TMG.
After introducing a more convenient notation for the

parameters

Λ ¼ −
a
l2

; ν ¼ μl
3
; ð2:4Þ

we construct the metric of the spacelike stretched black
hole following the procedure of [6]. We find that in
Schwarzschild-like coordinates ðt; r;φÞ it takes the form

ds2 ¼ N2dt2 −
dr2

B2
− K2ðdφþ NφdtÞ2; ð2:5aÞ

where we have
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N2 ¼ ðν2 þ 3Þðr − rþÞðr − r−Þ
4K2

; B2 ¼ 4N2K2

l2
;

ð2:5bÞ

K2 ¼ r
4

h
3ðν2 − 1Þrþ ðν2 þ 3Þðrþ þ r−Þ

− 4ν
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþr−ðν2 þ 3Þ

q i
; ð2:5cÞ

Nφ ¼ 2νr −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþr−ðν2 þ 3Þ

p
2K2

: ð2:5dÞ

The solution exists in the sector ν2 > 1, while r� are the
coordinates of the outer and inner horizon, respectively.
The extremal solution is defined by the condition

rþ ¼ r−, wherefrom we get

N2 ¼ ðν2 þ 3Þðr − rþÞ2
4K2

; B2 ¼ 4N2K2

l2
; ð2:6aÞ

K2 ¼ r
4

h
3ðν2 − 1Þrþ 2ðν2 þ 3Þrþ − 4νrþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p i
;

ð2:6bÞ

Nφ ¼ 2νr − rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p

2K2
: ð2:6cÞ

The specific feature of the extremal solution is the
possibility of construction of the near-horizon geometry.
The construction is achieved by performing the following
transformation of coordinates:

t ¼ t̃
εrþ

2Kþl
ν2 þ 3

; r ¼ rþð1þ εr̃Þ;

φ ¼ φ̃ −
2l

ν2 þ 3

t̃
εrþ

; ð2:7Þ

and performing the subsequent limit ε → ∞, where

Kþ ≔ KðrþÞ ¼
rþ
2

�
2ν −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p �
:

After applying the previous transformation, we find the
metric of the near-horizon extremal spacelike stretched
black hole:

ds2 ¼ l2

ν2 þ 3

�
r̃2dt̃2 −

dr̃2

r̃2

�
−
�
Kþdφ̃ −

2νl
ðν2 þ 3Þ r̃dt̃

�
2

:

ð2:8Þ

Triad fields, connection, and curvature. Since the metric
is given in a diagonal form, the orthonormal coframe can be
chosen straightforwardly:

b0 ¼ lffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p r̃dt̃; b1 ¼ lffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p dr̃
r̃
;

b2 ¼ Kþdφ̃ −
2νl

ðν2 þ 3Þ r̃dt̃: ð2:9Þ

The Levi-Civita connection is obtained from Cartan’s
structure equation dbi þ εijkω

jbk ¼ 0:

ω0 ¼ ν

l
b0; ω1 ¼ ν

l
b1; ω2 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p

l
b0 −

ν

l
b2:

ð2:10Þ

Finally, using the definition of curvature, we find curvature
2-forms

R0 ¼ −
ν2

l2
b1b2; R1 ¼ −

ν2

l2
b0b2;

R2 ¼ −
2ν2 − 3

l2
b0b1: ð2:11Þ

Then, the Ricci 1-form ðRicÞi ¼ εijkhj┘Rk is given by

ðRicÞ0 ¼ 3− ν2

l2
; ðRicÞ1 ¼ 3− ν2

l2
; ðRicÞ2 ¼ 2ν2

l2
:

ð2:12aÞ

Finally, the Cotton 2-form reads

C0 ¼
3ν

l3
ðν2 − 1Þb1b2; C1 ¼

3ν

l3
ðν2 − 1Þb2b0;

C2 ¼ −
6ν

l3
ðν2 − 1Þb0b1:

As expected the field equations are exactly satisfied.

III. ASYMPTOTIC CONDITIONS

After defining the near-horizon geometry of an extremal
spacelike stretched black hole, we proceed to formulate the
asymptotic boundary conditions in the near horizon region.
The transformation that we have performed to define the
near horizon geometry is not a simple coordinate trans-
formation, due to the limit which was taken at the end of
the procedure. Because of this limit, the transformation is
singular, and the resulting spacetime is not diffeomorphic
to the spacetime we had started with. A similar situation
was observed in [18]. Since the geometry is not asymp-
totically flat, it is not obvious which boundary conditions
are supposed to be imposed. In the case of three-
dimensional warped geometries, the asymptotic symmetries
were investigated in [9]. In general relativity, this result has
been obtained for different geometries [14,19]. Using these
approaches as a reference, we will look to obtain the con-
sistent asymptotic symmetries for the metric. Moreover, the
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asymptotic conditions of the triad fields are not precisely
governed by the asymptotic conditions imposed on the
metric, so a consistent choice of triad as well as near horizon
conformal symmetry that appears will be shown in this
section.
Metric asymptotics. We introduce the following set of

asymptotic boundary conditions for the metric at r̃ → ∞:

δgμν ¼

0
B@

O−2 O2 O0

O2 O4 O1

O0 O1 O0

1
CA: ð3:1Þ

Here we used the notationOn ≔ Oðr̃−nÞ. It can be observed
that these conditions slightly differ from the usual
assumption of boundary conditions containing first sub-
dominant terms to the metric. The result we have is closely
analogous to the result obtained in the 4D case in [14,18].
Triad fields. The corresponding asymptotic form for the

triad fields is

biμ ¼

0
B@

O−1 O3 O1

O1 b̄1r̃ þO3 O0

b̄2 t̃
fðφ̃Þ þO0 O3 b̄2φ̃fðφ̃Þ þO1

1
CA; ð3:2Þ

where the background triad fields are given by

b̄iμ ¼

0
BBB@

lffiffiffiffiffiffiffiffi
ν2þ3

p r̃ 0 0

0 lffiffiffiffiffiffiffiffi
ν2þ3

p 1
r̃ 0

− 2νl
ðν2þ3Þ r̃ 0 Kþ

1
CCCA ð3:3Þ

and fðφ̃Þ¼1þhðφ̃Þ is an arbitrary function, with hðφ̃Þ≪1.
Asymptotic symmetry. The asymptotic form of the metric

is preserved by asymptotic Killing vector ξμ of the
following general form:

ξ ¼ ðT − Ct̃þO3Þ∂t̃ þ
�
−r̃ðε0ðφ̃Þ þ CÞ þO1

�
∂r̃

þ �
εðφ̃Þ þO2

�
∂φ̃; ð3:4Þ

where T and C are arbitrary constants and εðφ̃Þ is an
arbitrary function of φ̃.
The subdominant terms in the expression correspond to

the trivial diffeomorphisms and can be disregarded.
Moreover, the transformations with ε ¼ 0 represent the
residual gauge transformations which give a trivial con-
tribution to the central charge, and are therefore not of
interest to us. We form an asymptotic symmetry group as a
quotient with respect to the residual transformations. What
remains is an asymptotic Killing vector which generates the
conformal group of the circle:

ξ ¼ −r̃ε0ðφ̃Þ∂r̃ þ εðφ̃Þ∂φ̃: ð3:5Þ

From the general algebra of Poincaré gauge theory (PG),
we find that the composition of asymptotic transformations
is of the form

½δ0ðε1Þ; δ0ðε2Þ� ¼ δ0ðε3Þ;
ε3 ¼ ε1ε

0
2 − ε2ε

0
1; ð3:6Þ

where 0 represents the derivative with respect to φ̃.
Rewritten in terms of the Fourier modes, ln ¼

δ0ðε ¼ einφ̃Þ, the algebra takes thd Virasoro form

½ln;lm� ¼ iðm − nÞlmþn: ð3:7Þ

The transformation law of triad fields under PG trans-
formations reads

δ0biμ ¼ −εijkbjμθk − ð∂μξρÞbiρ − ξρ∂ρbiμ; ð3:8Þ

where ξμ and θμ are parameters of local translations and
local Lorentz rotations. respectively. From the condition
that the asymptotic form of the triad is preserved under
these transformations, we find Lorentz parameters

θ0 ¼ O2; θ1 ¼ O1; θ2 ¼ O2: ð3:9Þ

The spin connection is Riemannian, so it can be expressed
in terms of the triads, and therefore its asymptotic form is
preserved under transformations (3.5).
In what follows, we shall use the canonical approach

to investigate the asymptotic symmetry and calculate the
central charge and entropy of the system.

IV. CONSERVED CHARGE, CENTRAL CHARGE,
AND ENTROPY

In calculating the central charge and conserved charge
on the horizon, we shall make use of the general formula
for variation of the canonical generator on the horizon,
developed in [12]:

δΓ¼
I
SH

δBðξÞ;

δBðξÞ≔ ðξ┘biÞδτi þ δbiðξ┘τiÞ þ ðξ⌟ωiÞδρi þ δωiðξ┘ρiÞ;
ð4:1Þ

where ρi ¼ ∂L
∂Ri and τi ¼ ∂L

∂Ti are the covariant momenta. The
covariant momenta are easily obtained from the Lagrangian:

τi ¼ λi ¼
2a
μ
Li; ρi ¼ 2abi þ

a
μ
ωi: ð4:2Þ
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The explicit form of covariant momenta is given by

τ0 ¼
að−2ν2 þ 3Þ

3νl
b0; ρ0 ¼

7a
3
b0;

τ1 ¼
að2ν2 − 3Þ

3νl
b1; ρ1 ¼ −

7a
3
b1;

τ2 ¼ −
að4ν2 − 3Þ

3νl
b2; ρ2 ¼

a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p

3ν
b0 −

5a
3
b2:

ð4:3Þ

A. Conserved charge

In this subsection we compute the conserved charge on
the horizon. It is obtained by using the exact Killing vector
ξ ¼ ∂φ̃ in the general formula [12]. The nonzero terms in
the variation of the surface term read

b2φ̃δτ2 ¼ δb2τ2φ̃ ¼ −
að4ν2 − 3Þð2ν −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p
Þ2

24νl
δ½r2þ�dφ̃;

ð4:4Þ

ω2
φ̃δρ2 ¼ δω2ρ2φ̃ ¼ 5aνð2ν −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p
Þ2

24l
δ½r2þ�dφ̃: ð4:5Þ

From the expression above, we find that the conserved
charge is

J ¼
I
SH

b2φ̃δτ2 þ δb2τ2φ̃ þ ω2
φ̃δρ2 þ δω2ρ2φ̃

¼ aπðν2 þ 3Þð2ν −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p
Þ2

6νl
r2þ: ð4:6Þ

B. Central charge

The central charge is obtained from the algebra of
improved canonical generators which has the following
form:

fG̃ðε1Þ; G̃ðε2Þg ¼ G̃ðε3Þ þ C; ð4:7Þ

where ε3 is defined by the composition rule, and C is the
central extension of the algebra.
We shall make use of the general result of Brown and

Henneaux [15] in order to simplify the algebra of canonical
generators to the following sequence of weak equalities:

fG̃ðε1Þ; G̃ðε2Þg ≈ δðε1ÞΓðε2Þ ≈ Γðε3Þ þ C: ð4:8Þ

Since the central charge is a constant functional, it can be
obtained by performing variations on the background
configuration. The application of the general formula gives

Γ ¼ aK2þ
ν2 þ 3

3νl

Z
2π

0

ðε1ε02 − ε2ε
0
1Þdφ̃ −

al
3ν

5ν2 þ 3

ν2 þ 3

×
Z

2π

0

ðε01ε002 − ε02ε
00
1Þdφ̃: ð4:9Þ

We can identify the second term as the central charge, while
the first term represents the surface termwith parameter ε3 ¼
ε1ε

0
2 − ε2ε

0
1. For computational details see the Appendix.

Thus we have obtained the central charge in the form

C ¼ −
al
3ν

5ν2 þ 3

ν2 þ 3

Z
2π

0

�
ε01ε

00
2 − ε02ε

00
1

�
dφ̃: ð4:10Þ

In terms of Fourier modes, the canonical algebra takes
the form

fLn; Lmg ¼ −iðn −mÞLmþn −
c
12

in3δn;−m: ð4:11Þ

In string theory normalization, we have

c ¼ 12 ·
4alπ
3ν

5ν2 þ 3

ν2 þ 3
: ð4:12Þ

Now the entropy is obtained using the Cardy formula

S ¼ 2π

ffiffiffiffiffiffiffiffi
cL0

6

r
¼ 4aπ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ν2 þ 3

p

3ν
ð2ν −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p
Þrþ: ð4:13Þ

V. DISCUSSION

As we can observe, the result obtained from the near-
horizon geometry differs from the extremal limit of the
entropy obtained in [10] by a constant multiplicative factor.
This discrepancy can be explained as follows. In [10], the
canonical realization of the asymptotic symmetry gives us a
canonical algebra of improved generators that is a semi-
direct product of Kac-Moody algebra and Virasoro algebra.
Via Sugawara [20] construction, the Virasoro algebra is
obtained from the Kac-Moody factor, giving a direct
product of two Virasoro algebras, corresponding to the
left- and right-moving sectors in the dual CFT. The near-
horizon limit of the extremal black hole, meanwhile, gives
only one Virasoro algebra as the canonical realization of
asymptotic symmetries. This is something that is expected
in near-horizon geometries [16]. Moreover, following
through the Sugawara procedure in [10], we see that the
algebra that we have obtained corresponds directly to the
right-moving sector of the nonextremal solution, while
the extremal limit of the entropy obtained for the non-
extremal solution shows a contribution only from the left-
moving sector, which came from the Kac-Moody algebra.
This difference in asymptotic symmetry manifests itself in
the resulting entropy in the extremal case being different
from taking the extremal limit of the nonextremal entropy
that was obtained before.
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APPENDIX: CALCULATION
OF THE CENTRAL CHARGE

As we mentioned in Sec. IV, the central charge is
obtained by calculating the variation of the boundary term
δðε1ÞΓðε2Þ on the background configuration, using the
asymptotic Killing vector given in (3.5).
We use the following nonvanishing interior products

with triad and connection:

ξ ⌟ b̄1 ¼ −
lffiffiffiffiffiffiffiffiffiffiffiffiffi

ν2 þ 3
p ε0ðφ̃Þ; ξ ⌟ b̄2 ¼ Kþεðφ̃Þ; ðA1Þ

ξ⌟ ω̄1 ¼−
νffiffiffiffiffiffiffiffiffiffiffiffi

ν2þ 3
p ε0ðφ̃Þ; ξ⌟ ω̄2 ¼−

ν

l
Kþεðφ̃Þ: ðA2Þ

Using these interior products, we derive the nonvanishing
interior products with the covariant momenta:

ξ ⌟ ρ1 ¼ −
7al

3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p ε0ðφ̃Þ; ðA3Þ

ξ ⌟ ρ2 ¼ 5a
3
Kþεðφ̃Þ; ðA4Þ

ξ ⌟ τ1 ¼ −
að−2ν2 þ 3Þ
3ν

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p ε0ðφ̃Þ; ðA5Þ

ξ ⌟ τ2 ¼ að4ν2 − 3Þ
3νl

Kþεðφ̃Þ: ðA6Þ

Nonvanishing components of the variation of the back-
ground triad field, defined on the boundary t̃ ¼ const,
r̃ → ∞ are given by

δ0b̄1 ¼ ε00ðφ̃Þ lffiffiffiffiffiffiffiffiffiffiffiffi
ν2þ 3

p dφ̃; δ0b̄2 ¼−ε0ðφ̃ÞKþd eφ: ðA7Þ

Using these results we can calculate the variation of
covariant momenta:

δ0τ
1 ¼ að−2ν2 þ 3Þ

3ν
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p ε00ðφ̃Þdφ̃;

δ0τ
2 ¼ −

a
3νl

ð4ν2 − 3ÞKþε0ðφ̃Þdφ̃; ðA8Þ

δ0ρ
1 ¼ 7al

3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 3

p ε00ðφ̃Þdφ̃; δ0ρ
2 ¼ −

5

3
aKþε0ðφ̃Þdφ̃:

ðA9Þ

Finally, the variation of the connection on the background
configuration is given by

δ0ω
1 ¼ νffiffiffiffiffiffiffiffiffiffiffiffiffi

ν2 þ 3
p ε00ðφ̃Þdφ̃; δ0ω

2 ¼ ν

l
ε0ðφ̃ÞKþdφ̃:

ðA10Þ

Summing all these contributions and integrating them
according to the formula (4.1), we find the boundary term
that is given in Sec. 4:

Γ ¼ aK2þ
ν2 þ 3

3νl

Z
2π

0

�
ε1ε

0
2 − ε2ε

0
1

�
dφ̃ −

al
3ν

5ν2 þ 3

ν2 þ 3

×
Z

2π

0

�
ε01ε

00
2 − ε02ε

00
1

�
dφ̃: ðA11Þ
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