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Near horizon symmetry of extremal spacelike-stretched black holes
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We analyze the near horizon structure of the extremal spacelike stretched black holes, exact solutions of
topologically massive gravity. We show that the algebra of the improved canonical generator is realized as a
single centrally extended Virasoro algebra. We obtain the entropy of the solution by using the Cardy
formula and compare the results with the corresponding nonextremal case.
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I. INTRODUCTION

Topologically massive gravity (TMG) is an extension of
general relativity with a cosmological constant by adding the
gravitational Chern-Simons term to the action [1]. For the
negative values of the cosmological constant, this theory
possesses interesting solutions, namely the maximally sym-
metric AdS; solution, and the Bafiados, Teitelboim, Zanneli
(BTZ) black hole [2]. While general relativity in three
dimensions (3D) is a topological theory, TMG is a dynami-
cal theory, it possesses a propagating degree of freedom, the
massive graviton [3]. However, these solutions are plagued
with serious issues. For the usual sign of the gravitational
coupling constant, the massive excitations around the AdS,
have negative energy, rendering such a ground state unstable.
Changing the sign of G gives the BTZ black hole negative
energy [4,5]. To solve this issue, it was proposed that instead,
a warped AdS; vacuum should be used as a possible stable
ground state of the theory [6,7].

The warped AdS; is a solution of TMG in which the sym-
metry group SL(2,R)xSL(2,R) is reduced to SL(2,R) x
U(1). Observing the AdS; as a fibration of AdS,, the
warped solution is obtained by stretching or squashing
along timelike or spacelike fibers [8]. Eliminating the
possibilities of closed timelike curves, which were found
in the case of timelike warping [6], we focus on the
spacelike-stretched solutions. By using topological identi-
fications, a spacelike-stretched black hole solution can be
obtained from spacelike-stretched AdS;, in a similar
manner to how the BTZ black hole can be obtained from
the regular AdS; spacetime. These black holes are the
subject of our investigation.

Namely, Anninos et al. [6] investigated the thermody-
namic properties of these solutions and posed a hypothesis
that they could be dual to a two-dimensional conformal
field theory on the boundary. The asymptotic symmetries of
warped AdS; were investigated by Compere et al. in [9].
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Using the canonical formalism as a natural way to inves-
tigate the asymptotic symmetries of a dynamical system,
Blagojevi¢ and Cvetkovi¢ [10] confirmed the hypothesis
made by Anninos et al. and obtained the gravitational
entropy from the central charges of the canonical algebra of
asymptotic symmetry generators. This method is rooted in
the idea of defining the black hole entropy as a conserved
charge on the horizon [11,12]. The entropy was also
expressed in a simple way in terms of near-horizon
variables in the nonextremal case in [13]. However, this
method breaks down in the extremal case, since then the
Hawking temperature tends to zero, and the first law of
black hole mechanics is identically satisfied.

In this paper, we resolve this issue by calculating the
black hole entropy of an extremal black hole by inves-
tigating its near horizon limit. In analogy to Kert/CFT
(conformal field theory) correspondence investigated in
[14], we obtain the near horizon geometry of an extremal
spacelike-stretched black hole and investigate its asymp-
totic symmetry structure using the first order canonical
formalism developed in [12]. After introducing a consistent
set of asymptotic boundary conditions, we obtain the
asymptotic symmetry group in the form of Virasoro algebra,
which is different from the nonextremal case where a product
of Kac-Moody and Virasoro algebra is obtained [10]. Using
the method developed in the seminal paper of Brown and
Henneaux [15], we then obtained the central charges of the
canonical algebra, from which we find the entropy using
the Cardy formula. The solution for the entropy is not
continuously related to the result of the nonextremal case;
however, this is a particular feature of the difference in
asymptotic algebra between the near horizon geometry of
the extremal solution and the usual nonextremal solution.
Thus, we have completed the investigation started in [12],
confirming that the first order canonical formalism can be
used to calculate the entropy even in the extremal case.

The paper is organized as follows. In Sec. II, we review
the Lagrangian formulation of TMG, written in the tetrad
formulation of Poincaré gauge theory, the field equations,
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and the basic variables of the theory. Further, we discuss the
form of the spacelike stretched black hole solution in the
extremal case, and using the appropriate limiting pro-
cedure, we obtain the near horizon solution which we
focus on in later sections. In Sec. III, we define the
consistent asymptotic conditions for the near horizon
metric, from which we obtain the corresponding asymptotic
conditions for the triad and connection. Inspection of sym-
metries that preserve these asymptotic conditions gives a
result that the asymptotic symmetry group is the 2D con-
formal group. This is different from the symmetry of the
nonextremal case, but this difference is indeed expected
[14,16]. In Sec. IV, we obtain the canonical realization of
the asymptotic symmetry group. Using the general formula
for improving the canonical generator, obtained in [12], we
find the conserved charge and the central charge algebra of
improved generators. The conserved and central charge are
then used in Cardy’s formula to obtain the result for the
entropy of an extremal spacelike-stretched black hole. In
Sec. V, this result is discussed and compared to already
established results given in [10].

The notational conventions used in the paper are the
following: the Latin indices denote the components with
respect to the local Lorentz frame, while the Greek indices
denote the components with respect to the coordinate
frame. The local Lorentz metric is taken with the signature
n;; = diag(+, —, —). The totally antisymmetric Levi-Civita
symbol is normalized to 12 = 1.

II. EXTREMAL SPACELIKE STRETCHED
BLACK HOLES AND THEIR NEAR
HORIZON GEOMETRY

Topologically massive gravity with a cosmological
constant can be naturally recast in the formalism of the
Poincaré gauge theory of gravitation [17]. The fundamental
dynamical variables are the triad b’ and the spin connection
'/ = —w/" (1-forms), while their corresponding field
strengths are the torsion 77 and curvature RY (2-forms).
In 3D spacetime, it is convenient to rewrite the connection
and curvature in terms of their duals, which are given by the
rule AV := —¢'/, A¥ where A" is any antisymmetric second
tensor (in Lorentz indices). Thus, we obtain the dual
connection @' and curvature R'. In terms of these variables,
the field strengths are given by formulas 77 = Vb' := db’ +
e o'k and R' = dw' + 3¢ o/ w*. The wedge products
between forms are omitted for brevity.

The underlying geometric structure of the theory corre-
sponds to Riemann-Cartan geometry, with triad fields
relating to orthonormal coframe fields, g = #;;b6' ® b’ being
the metric and @' being (the dual of) the Cartan connection,
while 77 and R’ correspond to Cartan torsion and curvature,
respectively. For T? = 0, the geometry reduces to standard
Riemannian geometry in three dimensions.

A. Lagrangian of TMG and field equations
The TMG Lagrangian is defined by

. A o a )
L = 2ab’R,» - g&'ijkblb]bk +/:LCS(CO> + /liTl, (21)

1
167G

the graviton mass, L¢g(w) = o'dw; +1e, 0’0/ w* is the
Chern-Simons Lagrangian, and /; is the Lagrange multi-
plier which ensures the validity of the torsion con-
straint 77 = 0.

By varying the action § = [ L with respect to b, », and
A, we obtain the field equations. After using the third
equation 7% = 0, we can write the first two equations as

where a = A < 0 is the cosmological constant, u is

. 2
2aR; — Aeyy /bt +=2C; = 0, (2.2a)

H

2
N==L, (2.2b)
where the Schouten 1-form L' is given by
. NV

L' = (Ric)' — ZRbl' (2.3)

Here, the Ricci 1-form is given by (Ric)’ = e7*h;1 R,
while scalar curvature is R = h;1 (Ric)’. The Cotton
2-form is defined by C' = VL' := dL' + ¢ 30/ L*.

TMG possesses an interesting solution spacelike stretched
black hole. Let us now briefly discuss the basic features of
the aforementioned solution in the extremal case.

B. Extremal spacelike stretched black holes

The spacelike stretched black hole is a solution of TMG,
obtained as a discrete quotient of the spacelike stretched
vacuum [6]. The asymptotic behavior and black hole
thermodynamics were investigated in [10]. The existence
of asymptotic conformal symmetry was also discovered
and studied in this sector of TMG.

After introducing a more convenient notation for the
parameters

a a3

72 V=3 (2.4)

we construct the metric of the spacelike stretched black
hole following the procedure of [6]. We find that in
Schwarzschild-like coordinates (¢, r, @) it takes the form

2
ds> = N*dt* - (;Lz - K*(dp + N,dt)*, (2.5a)

where we have
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N — W +3)(r—r)(r—r.) B :4N2K2
4K? ’ I
(2.5b)
K? = 2 [3(1/2 —Dr+ @A +3)(ry +r.)
—duy/ror_(V + 3)} . (2.5¢)
wr —\/ryr_(1* +3)
N, = 2+K2 . (2.5d)

The solution exists in the sector 2> > 1, while r, are the
coordinates of the outer and inner horizon, respectively.

The extremal solution is defined by the condition
r, = r_, wherefrom we get

(V*+3)(r—ry)? 4N2K?
N? = e . B*= et (2.6a)
K?* = 4—}; [3(1/2 —Dr+2(? +3)r, —dur V12 + 3},
(2.6b)
2ur — r+\/z7r’§
N, = e . (2.6¢)

The specific feature of the extremal solution is the
possibility of construction of the near-horizon geometry.
The construction is achieved by performing the following
transformation of coordinates:

i 2K,

:er+—y2—|—3’ r=r,(1+¢F),
20 7
—p-=_* 2.7
L R (2.7)

and performing the subsequent limit € — oo, where
K, =K(r) :% 20— V12 +3].

After applying the previous transformation, we find the
metric of the near-horizon extremal spacelike stretched
black hole:

2 5 di? A 2
Pdir—— | - | K.dp ————7di ) .
v2+3<r 72> < +34 (u2+3)r >

(2.8)

ds* =

Triad fields, connection, and curvature. Since the metric
is given in a diagonal form, the orthonormal coframe can be
chosen straightforwardly:

4 7 dr
b() - ?di, bl - o
V¥ +3 ViE+3 T
5 vl
b2 = K+d(p—mrdi (29)

The Levi-Civita connection is obtained from Cartan’s
structure equation db’ + ¢ ey b* = 0:

V2 +3

0o_Y,0 1Y 2 _ _ 0o_Yi.2
a)—fb, w L”b’ W 7 b fb'
(2.10)

Finally, using the definition of curvature, we find curvature
2-forms

RO__y_zble Rl :_V_ibObZ
4 ’ 4 ’
217 -3
R = — ”52 bOb!. (2.11)

Then, the Ricci 1-form (Ric)’ = ¢7*h, 1 R, is given by

. 312 . 312 . 20?
(Ric)? = o (Ric)! = o (Ric)? = o
(2.12a)

Finally, the Cotton 2-form reads

3 3
Co = 7?(% DB, €y = (- 1),
6
C —f%(ﬁ—l)b%‘.

As expected the field equations are exactly satisfied.

III. ASYMPTOTIC CONDITIONS

After defining the near-horizon geometry of an extremal
spacelike stretched black hole, we proceed to formulate the
asymptotic boundary conditions in the near horizon region.
The transformation that we have performed to define the
near horizon geometry is not a simple coordinate trans-
formation, due to the limit which was taken at the end of
the procedure. Because of this limit, the transformation is
singular, and the resulting spacetime is not diffeomorphic
to the spacetime we had started with. A similar situation
was observed in [18]. Since the geometry is not asymp-
totically flat, it is not obvious which boundary conditions
are supposed to be imposed. In the case of three-
dimensional warped geometries, the asymptotic symmetries
were investigated in [9]. In general relativity, this result has
been obtained for different geometries [14,19]. Using these
approaches as a reference, we will look to obtain the con-
sistent asymptotic symmetries for the metric. Moreover, the
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asymptotic conditions of the triad fields are not precisely
governed by the asymptotic conditions imposed on the
metric, so a consistent choice of triad as well as near horizon
conformal symmetry that appears will be shown in this
section.

Metric asymptotics. We introduce the following set of
asymptotic boundary conditions for the metric at 7 — oo:

O, 0O, O
89w =1\ O O O (3.1)
Oy 0O O

Here we used the notation O,, := O(7"). It can be observed
that these conditions slightly differ from the usual
assumption of boundary conditions containing first sub-
dominant terms to the metric. The result we have is closely
analogous to the result obtained in the 4D case in [14,18].

Triad fields. The corresponding asymptotic form for the
triad fields is

O, Os O,
b, = 0, b'; + Os Oo . (3.2)
h2. T ~
% + Oy 05 b, f(§) + O,
where the background triad fields are given by
L 0 0
243
hLi ¢ 1
Bo=| 0 gm0 (33)
Wl
- (L?+3) r 0 KJF

and f(@)=1+h(p) is an arbitrary function, with (@) < 1.

Asymptotic symmetry. The asymptotic form of the metric
is preserved by asymptotic Killing vector & of the
following general form:

E=(T—Ci+ 03)0; + (-F(€'(p) + C) + Oy)0;

+ (e(@) + 02)0,, (3.4)
where T and C are arbitrary constants and &(@) is an
arbitrary function of .

The subdominant terms in the expression correspond to
the trivial diffeomorphisms and can be disregarded.
Moreover, the transformations with ¢ = 0 represent the
residual gauge transformations which give a trivial con-
tribution to the central charge, and are therefore not of
interest to us. We form an asymptotic symmetry group as a
quotient with respect to the residual transformations. What
remains is an asymptotic Killing vector which generates the
conformal group of the circle:

&= =T ()05 + &(P)0,. (3.5)

From the general algebra of Poincaré gauge theory (PG),
we find that the composition of asymptotic transformations
is of the form

[60(€1), So(&2)] = o (e3),

&3 = €16) — &), (3.6)
where ' represents the derivative with respect to .
Rewritten in terms of the Fourier modes, ¢, =
8(e = e™?), the algebra takes thd Virasoro form
[l/ﬂn’fm] = i(m_n)frrwn' (37)

The transformation law of triad fields under PG trans-
formations reads

Sob', = —efjkbf,,ek —(0,&)b', = E0,b',,  (3.8)
where & and 6" are parameters of local translations and
local Lorentz rotations. respectively. From the condition

that the asymptotic form of the triad is preserved under
these transformations, we find Lorentz parameters

80 - 02, 91 = (91, 92 - (92. (39)

The spin connection is Riemannian, so it can be expressed
in terms of the triads, and therefore its asymptotic form is
preserved under transformations (3.5).

In what follows, we shall use the canonical approach
to investigate the asymptotic symmetry and calculate the
central charge and entropy of the system.

IV. CONSERVED CHARGE, CENTRAL CHARGE,
AND ENTROPY

In calculating the central charge and conserved charge
on the horizon, we shall make use of the general formula
for variation of the canonical generator on the horizon,
developed in [12]:

oT = J{H SB(&),

SB(&) = (&1 b")ot; + 6b'(E1 1) + (E 1) p; + b’ (€1 p;),
(4.1)

= 9L and 7; = 9L are the covariant momenta. The

covariant momenta are easily obtained from the Lagrangian:

where p;

pi=2ab;+ 2w, (42)
u
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The explicit form of covariant momenta is given by

a(-2v* + 3) Ta
— 7b0’ — —b()’
0 %% =3
a(2v* =3) | Ta
nn=—7,—0>b, p1=——<"b,
k174 3
a(4* -3) b2 avi? +3 b0 Sa b2
Th —— —— s = _——
2 %% =, 3
(4.3)

A. Conserved charge

In this subsection we compute the conserved charge on
the horizon. It is obtained by using the exact Killing vector
¢ = 0, in the general formula [12]. The nonzero terms in
the variation of the surface term read

a(4” = 3)(2v — V1?2 +3)? 5

b?;01) = 8b*1y5 = — a7 [ri)da,
(4.4)

S5av(2u — Vit +3)? ~
w?58py = 6w’ pay = ( ) s[rildp. (4.5)

24¢

From the expression above, we find that the conserved
charge is

J = fg b2,7,57.'2 + 5b2’[2¢ + a)2,7,5p2 + 5602p2,7,
H

2 2 2
:aﬂ'(l/ +3)2v -V +3) 2 (4.6)
6vf *

B. Central charge

The central charge is obtained from the algebra of
improved canonical generators which has the following
form:

{G(e1). Gles)} = G(ez) + C, (4.7)
where &5 is defined by the composition rule, and C is the
central extension of the algebra.

We shall make use of the general result of Brown and
Henneaux [15] in order to simplify the algebra of canonical
generators to the following sequence of weak equalities:

{G(e1), G(e2)} ~ 8(e1)T(e3) ~T(e3) + C. (4.8)
Since the central charge is a constant functional, it can be

obtained by performing variations on the background
configuration. The application of the general formula gives

V43 [ _af5ur+3
I'= aKiWA (e16) — €2))dp T3 213
2
X (€ €] — ehel)dp. (4.9)
0

We can identify the second term as the central charge, while

the first term represents the surface term with parameter e3 =

€€, — €,¢€|. For computational details see the Appendix.
Thus we have obtained the central charge in the form

al5u* +3

2n
C= _EWA (€& — hel) dip. (4.10)

In terms of Fourier modes, the canonical algebra takes
the form

(L, L} =—i(n—m)L,,, - % i3S, .. (4.11)
In string theory normalization, we have
datn50* +3

=12 ———. 4.12

¢ 3 243 (4.12)

Now the entropy is obtained using the Cardy formula

[cLy 4ar’V/50% +3
S=2x % = Cm:%—y—'—(Zu— V2 +3)r,. (4.13)
v

V. DISCUSSION

As we can observe, the result obtained from the near-
horizon geometry differs from the extremal limit of the
entropy obtained in [10] by a constant multiplicative factor.
This discrepancy can be explained as follows. In [10], the
canonical realization of the asymptotic symmetry gives us a
canonical algebra of improved generators that is a semi-
direct product of Kac-Moody algebra and Virasoro algebra.
Via Sugawara [20] construction, the Virasoro algebra is
obtained from the Kac-Moody factor, giving a direct
product of two Virasoro algebras, corresponding to the
left- and right-moving sectors in the dual CFT. The near-
horizon limit of the extremal black hole, meanwhile, gives
only one Virasoro algebra as the canonical realization of
asymptotic symmetries. This is something that is expected
in near-horizon geometries [16]. Moreover, following
through the Sugawara procedure in [10], we see that the
algebra that we have obtained corresponds directly to the
right-moving sector of the nonextremal solution, while
the extremal limit of the entropy obtained for the non-
extremal solution shows a contribution only from the left-
moving sector, which came from the Kac-Moody algebra.
This difference in asymptotic symmetry manifests itself in
the resulting entropy in the extremal case being different
from taking the extremal limit of the nonextremal entropy
that was obtained before.
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APPENDIX: CALCULATION
OF THE CENTRAL CHARGE

As we mentioned in Sec. IV, the central charge is
obtained by calculating the variation of the boundary term
5(e1)T(e,) on the background configuration, using the
asymptotic Killing vector given in (3.5).

We use the following nonvanishing interior products
with triad and connection:

_ ¢ _
Ll = = e 35(@), Eab =K, e(p), (Al
i _ Y 2 __V - A2
Ead \/me (@), Caa*= KK+e(qo). (A2)

Using these interior products, we derive the nonvanishing
interior products with the covariant momenta:

. 1:—l (@ A3

Ear? = 20K e(@), (Ad)

i _a(=2243) AS

S = s S (A3)
42 -3

$ar? = %Kﬁ(@). (A6)

Nonvanishing components of the variation of the back-
ground triad field, defined on the boundary 7 = const,
7 — oo are given by

- 4
dob' = €"(p) —==dp.

S0b* = —€ (K. do.
713 0 (P)K  do

(A7)

Using these results we can calculate the variation of
covariant momenta:

a(-2v* +3)
St = ———L€"(p)dp,
0 3V +3 (P)dp
a N
b7 = =5 (47 =K. ¢(p)dp.  (AS)
Tat

N 5 N
'(@)dp,  Syp* = —3aK. € (9)dp.

Sop' = ———
3V +3
(A9)

Finally, the variation of the connection on the background
configuration is given by

v

1 _ 1~ ~ 2 _K 1~ ~
600) _\/me ((p)d(pv 5060 —f€<(p)K+d(p

(A10)

Summing all these contributions and integrating them
according to the formula (4.1), we find the boundary term
that is given in Sec. 4:

V43 [ _af5ut+3
F:aKi 31/{ A (Slgé—gzga)d(p—ym
2
x/ (¢l — ehel)dip. (AL1)
0
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