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We investigate black holes and gravitational perturbations when both the scalar Gauss-Bonnet and
dynamical Chern-Simons gravity sectors coexist in addition to the Einstein-Hilbert term, and both sectors
are coupled to a single canonically normalized scalar field. The presence of the scalar Gauss-Bonnet gravity
sector allows the scalar field to possess a nonvanishing background solution, resulting in additional
couplings between odd and even-type gravitational perturbations arising from the dynamical Chern-Simons
gravity sector. We illustrate the impact of these even-odd gravitational couplings in gravitational
perturbations around a static spherically symmetric black hole. Although the couplings between the
odd and even-type gravitational perturbations are known to appear in purely tensorial gravity theories with
higher-curvature corrections, we demonstrate it in scalar-tensor theories.
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I. INTRODUCTION

Since the first detection of gravitational waves (GWs)
from a black hole binary merger by the LIGO/Virgo
experiment [1,2], numerous GWevents have been observed
by interferometers. GWs emitted from binary black holes
contain valuable information in the strong-gravity regime
and provide an opportunity to test theories of gravity. The
observed waveforms closely match those predicted by
general relativity (GR) [1]. Future precise observations
could detect deviations from general relativity through
gravitational waves (GWs) if physics beyond general
relativity exists. During the ringdown phase of a black
hole merger, GWs are computed as perturbations around
the final remnant black hole. Quasinormal modes (QNMs)
represent the characteristic frequencies of perturbations
around a black hole, and the GWs during the ringdown
phase are described by a superposition of QNMs (for
reviews [3–9]).
General relativity (GR) faces several challenges of the

late-time acceleration [10,11], the formation of black hole
singularities [12–14], and the quantization of gravity at
both low- and high-energy scales. These strongly suggest
that the theory of gravity should be modified from general
relativity. In most cases, the modification of gravity
involves adding extra degrees of freedom to the metric.
In fact, the simplest modification is to introduce a

nonminimal coupling of the metric to a scalar field, i.e.,
a scalar-tensor theory. As a typical example, we focus both
on the scalar Gauss-Bonnet (sGB) gravity [15–18] and the
dynamical Chern-Simons (dCS) gravity [19–21]. Both
theories of gravity are known as low-energy theories of
string theory [16,22–25]. The sGB gravity sector breaks the
four-dimensional topological invariance of the Gauss-
Bonnet term by coupling the dynamical scalar field,
whereas the dCS gravity sector has a parity-violating
coupling between the scalar field and the Pontryagin term.1

The dCS gravity should be regarded as a low-energy effec-
tive field theory because of the presence of ghost modes
around a static spherically symmetric black hole [29] and
any spacetime [30]. The black hole solutions and QNMs
have been studied in the sGB gravity [31–40] and the dCS
gravity [31,41–46], respectively, where the deviations from
the GR case can be expressed as a series of small couplings.
Recently, in the context of the effective field theory (EFT),
corrections to black hole solutions and QNMs with small
EFT couplings have been studied [47–57].
In this paper, we study black holes and gravitational

perturbations when both the sGB and dCS gravity sectors

1We note that the sGB gravity is a healthy classical theory
included in the Horndeski theory which is the most general theory
with the second-order equations of motion [26–28].
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coexist, and both sectors are coupled to a single scalar field.
The presence of the sGB gravity sector allows the scalar
field to have a background value, leading to additional new
couplings between the odd and even-type gravitational
perturbations appearing through the dCS gravity sector. We
illustrate the impact of the even-odd gravitational couplings
in the perturbations around the static spherically symmetric
black hole solutions. While the couplings between the
odd- and even-type gravitational perturbations are known
to appear in purely tensorial gravity theories with higher-
curvature corrections [48,50,54,58], we demonstrate it in
scalar-tensor theories.
The paper is structured as follows. In Sec. II, we introduce

a system in which the scalar Gauss-Bonnet gravity sector
and the dynamical Chern-Simons gravity sector coexist. We
then construct static spherically symmetric black hole
solutions. In Sec. III, we present the master equations for
gravitational perturbations around the static spherically
symmetric black hole solutions. In Sec. IV, we analyze
the quasinormal frequency for each mode. In Sec. V, we
discuss slowly rotating black hole solutions without the Z2

symmetry. In Sec. VI, we discuss the tidal response due to
the even-odd gravitational couplings. Finally, we summarize
our results in Sec. VII. We use the natural unit, c ¼ ℏ ¼ 1.

II. EQUATIONS OF MOTION AND STATIC
SPHERICALLY SYMMETRIC BLACK HOLE

SOLUTIONS

A. Scalar Gauss-Bonnet and dynamical
Chern-Simons system

We consider gravity theories with both the sGB sector
[15–18] and dCS sector [19–21] in four dimensions,2

L ¼ M2
Pl

2
R −

1

2
ð∂ϕÞ2 − 1

2
m2ϕ2 þ b1

Λ
ϕ
�
R2 − 4RμνRμν

þ Rμν
ρσRρσ

μν

�þ b2
Λ
ϕR̃μν

ρσRνμ
ρσ; ð1Þ

where MPl is the Planck mass, Λ is the cutoff scale, b1 and
b2 are constants, R̃μν

ρσ ¼ εμναβRαβρσ, εμνρσ ¼ ϵμνρσ=
ffiffiffiffiffiffi−gp

,
and ϵμνρσ is an antisymmetric symbol with ϵ0123 ¼ 1. The
first three terms represent the free part of the fields, while
the fourth and fifth terms represent the sGB coupling and
the dCS coupling, respectively. A similar setup has been
investigated in cosmology [60]. In this paper, we consider
the weak couplings of a single scalar field and curvatures of
spacetime. The equations of motion and their solutions can
be obtained by considering the zeroth-order solutions and
the corrections written as a series of small coupling terms.
The zeroth-order solutions are determined by the free

part, and according to the no-hair theorem [61,62], these
solutions coincide with the vacuum solution of GR and
exhibit Ricci flatness. We consider leading relevant scalar-
tensor couplings in black holes. Using conformal trans-
formations, the quadratic derivative terms with the scalar
field and curvatures, such as ϕR, can be transformed into
canonical free parts and higher-order self-couplings for the
fields. At the next order of derivative terms, terms such as
ϕR2 and ϕR2

μν vanish in the equations of motion due to the
Ricci flatness. The leading-order scalar-tensor couplings
are the “linear” sGB and dCS couplings as depicted in
Eq. (1). In the context of the EFT extension of GR with a
single scalar field around black holes, the sGB and dCS
couplings in Eq. (1) are also leading operators [63].3 The
equation of motion for ϕ is given by

ð□ −m2Þϕ ¼ −
b1
Λ
�
R2 − 4RμνRμν þ Rμν

ρσRμν
ρσ
�

−
b2
Λ
R̃μν

ρσRνμ
ρσ: ð2Þ

Varying the action with respect to the metric gμν, we also
obtain the equations of motion for the metric,

M2
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�
□ϕ
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−
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∇ρϕε

ρσ
αðμ∇αRνÞσ þ
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∇ρ∇σϕR̃ρðμνÞσ

�
: ð3Þ

Hereafter, for simplicity, we consider a massless scalar field.

B. Static spherically symmetric black hole solutions

Let us consider static spherically symmetric black hole
solutions. The Ansatz for the static spherically symmetric
metric and the scalar field is as follows:

ds2 ¼ ḡμνdxμdxν

¼ −AðrÞdt2 þ 1

BðrÞ dr
2 þ r2

�
dθ2 þ sin θ2dφ2

�
; ð4Þ

2We use the notation of the sGB coupling in Ref. [59] while
that of the dCS coupling is different from Ref. [42] by the
numerical factor 8.

3As shown later, the non-GR effect in the QNMs of the black
holes in Eq. (1) emerges at Oð1=Λ2Þ. While the ϕ2 coupling to
the quadratic curvature term ϕ2R2

μνρσ=Λ2 affects the scalar QNM
spectra at Oð1=Λ2Þ, such terms do not have an impact on the
gravitational QNM spectra at the same order. In this paper, we
focus primarily on the gravitational QNMs to demonstrate the
gravitational mixing effect in scalar-tensor theories. Therefore,
for simplicity, we do not consider these terms.
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ϕ ¼ ϕ̄ðrÞ: ð5Þ

The sGB and dCS couplings affect the solutions as
corrections. The zeroth-order solutions are given by the
GR ones, i.e., the Schwarzschild metric. The corrections
are characterized by the dimensionless small parameter,

ϵ ≔
1

ΛMPlr2g
; ð6Þ

where rg is the Schwarzschild radius. As discussed below,
the leading correction to the scalar field is of the order of
OðϵÞ whereas the correction to the metric is of the order of
Oðϵ2Þ. In the following section, the equations of motion are
solved up to Oðϵ2Þ to derive the corrections to the GR
solutions.
Due to the no-hair theorem in GR [61,62], there is no

scalar field configuration and no modification to the
Schwarzschild metric at Oðϵ0Þ.4 We set the metric and
scalar field to

AðrÞ ¼ 1 −
rg
r
þ ϵa1stðrÞ þ ϵ2a2ndðrÞ; ð7Þ

BðrÞ ¼ 1 −
rg
r
þ ϵb1stðrÞ þ ϵ2b2ndðrÞ; ð8Þ

ϕ̄ðrÞ ¼ ϵπ1stðrÞ þ ϵ2π2ndðrÞ: ð9Þ

Substituting this Ansatz into the equations of motion,
Eqs. (2) and (3), and solving perturbatively in ϵ, one can
determine the unknown functions, a, b, and π. Its structure
is as follows. At the lowest order, the equations of motion
are automatically satisfied since they are solutions of GR.
At first order, the correction of the scalar field π1st is
sourced by the GR solution on the right-hand side of Eq. (2)
while those for the metric, a1st and b1st, are not sourced by
the right-hand side of Eq. (3) due to the vanishing scalar
field in GR. On the other hand, at second order, the correc-
tion of the scalar field π2nd is not sourced by the right-hand
side of Eq. (2) due to the absence of first-order solutions for
the metric while the corrections for the metric, a2nd and
b2nd, are sourced by the right-hand side of Eq. (3). The
unknown functions are determined analytically,

a1stðrÞ ¼ b1stðrÞ ¼ 0; ð10Þ

π1stðrÞ
MPl

¼ 4b1
rg
r

�
1þ rg

2r
þ r2g
3r2

�
; ð11Þ

a2ndðrÞ ¼
4b21
3

r3g
r3

�
1þ 13rg

r
þ 33r2g
10r2

þ 12r3g
5r3

−
5r4g
r4

�
; ð12Þ

b2ndðrÞ ¼ 8b21
r2g
r2

�
1þ rg

2r
þ 13r2g

3r2
þ r3g
4r3

þ r4g
5r4

−
23r5g
6r5

�
;

ð13Þ

π2ndðrÞ ¼ 0: ð14Þ

We have required that the solutions are regular at r ¼ rg.
Under parity transformation, the static spherically sym-
metric metric and scalar field have even parity. Therefore,
the dCS term that breaks parity symmetry does not
affect the static spherically symmetric solutions, which is
exactly the reason why these background solutions depend
only on b1. Our result aligns with this symmetry argument
and reproduces the previous results in the weak coupling
regime [31,32]. Due to the corrections in the metric, the
horizon scale deviates from the Schwarzschild radius.
From the condition AðrHÞ ¼ Oðϵ3Þ, the horizon radius
rH becomes

rH ¼ rg

�
1 − ϵ2b21

98

5

�
: ð15Þ

The thermodynamics are studied in the context of black
holes in the Horndeski theory [64].5

III. GRAVITATIONAL PERTURBATIONS

In this section, we study gravitational perturbations
around the static spherically symmetric background sol-
utions ḡμν and ϕ̄ in Eqs. (4) and (5) with Eqs. (7)–(14). The
perturbed scalar field is given by

ϕðt; r; θÞ ¼ ϕ̄ðrÞ þ e−iωtΠðrÞYl0ðθÞ: ð16Þ

The time evolution is assumed to be characterized by the
factor e−iωt, while the angular dependence is represented by
the spherical harmonics Yl0 with the azimuthal number
m ¼ 0.6 We mainly focus on l ≥ 2 modes. The metric
perturbation can be decomposed by parity symmetry in the
case of GR. At zeroth order in ϵ, the theory is GR, and then
we can take the standard Regge-Wheeler gauge [65] for the
metric perturbations. The first-order corrections are sourced
by the GR solution. So, higher-order corrections are also

4The massless scalar field can be constant as the lowest-order
solution, but such a solution makes no additional contribution to
the higher-order equations of motion. In this paper, ϕ̄ ¼ const
brunch is not considered.

5For fixed ϵ, b1, and M, the black hole solution in our setup is
uniquely determined. This implies that the solution is thermo-
dynamically stable, which is consistent with the results in Sec. IV
where the quasinormal modes correspond to damped oscillations.

6Because of the spherical symmetry, it is enough to consider
the m ¼ 0 case. Other spherical harmonics with m ≠ 0 can be
obtained by acting the ladder operators constructed from the
generator of the spherical symmetry.
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determined by the GR solution. We still use the background
metric and the standard metric perturbations with the
Regge-Wheeler gauge,

gμν ¼ ḡμν þ h−μν þ hþμν; ð17Þ

h−μνdxμdxν ¼ 2e−iωt sin θ∂θYl0dϕðh0dtþ h1drÞ; ð18Þ

hþμνdxμdxν ¼ e−iωtYl0

�
AH0dt2 þ 2H1dtdrþ

H2

B
dr2

þ r2K
�
dθ2 þ sin2θdϕ2

��
; ð19Þ

where h0, h1, H0, H1, H2, and K are functions of r. The
odd (−) mode components h0, h1 and the even (þ) mode
components H0, H1, H2, and K are not independent, but
related through the equations of motion. In our setup, the
metric perturbations have two helicity-2 modes.

A. Master equations

To derive the master equations for the scalar field, odd
and even-type gravitational modes, we substitute Eqs. (16)
and (17) into the equations of motion, Eqs. (2) and (3), and
expand the equations up toOðΠÞ,OðhμνÞ, andOðϵ2Þ. At the
lowest order, ϵ ¼ 0, the master equations are decoupled and
given by the single master variables as in the case of GR,

Ψs ¼ rΠ
MPl

; ð20Þ

Ψ− ¼
�
1 −

rg
r

�
ih1
rω

; ð21Þ

Ψþ ¼ 1

λr − 3rg

�
−r2K þ

�
1 −

rg
r

�
irH1

ω

�
; ð22Þ

where λ ¼ l2 þ l − 2. The master equations are given by

FGRðrÞ
d
dr

�
FGRðrÞ

dΨi

dr

�
þ 	

ω2 − FGRðrÞVi
GR



Ψi ¼ 0; ði ¼ s;−;þÞ; ð23Þ

where FGRðrÞ ¼ 1 − rg=r, and

Vs
GR ¼ ðλþ 2Þrþ rg

r3
; ð24Þ

V−
GR ¼ ðλþ 2Þr − 3rg

r3
; ð25Þ

Vþ
GR ¼ 1

ðλrþ 3rgÞ2r3
	
9r3g þ 9λr2grþ 3λ2rgr2

þ λ2ðλþ 2Þr3
: ð26Þ

The equations for the odd and even gravitational modes
are called the Regge-Wheeler and Zerilli equations [65,66].
At OðϵÞ, the scalar-odd mode and scalar-even mode
couplings can appear on the right-hand side in the equations
of motion, Eqs. (2) and (3). At Oðϵ2Þ, the kinetic terms and
potential terms are modified due to modification of the
background metric. As in the case of the background
solutions, there is no mixing among the scalar field and
metric perturbations at second order. However, new cou-
plings can appear between the odd and even gravitational
modes because the source terms from the dCS coupling do
not vanish thanks to the background value of the scalar
field. The resultant master equations are given by

FðrÞ d
dr

�
FðrÞ dΨ

dr

�
þ 	

ω2ðI þ Δc2Þ − FðrÞ

× ðVGR þ VcorrectionÞ


Ψ ¼ 0; ð27Þ

where FðrÞ ≔ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞBðrÞp

, and

Ψ ¼

0
B@

Ψ̃s

Ψ̃−

Ψ̃þ

1
CA; ð28Þ

Δc2 ¼ ϵ2FðrÞ

0
B@

Δc2s 0 0

0 Δc2− 0

0 0 Δc2þ

1
CA; ð29Þ

VGR ¼

0
B@

Vs
GR 0 0

0 V−
GR 0

0 0 Vþ
GR

1
CA; ð30Þ

Vcorrection ¼ ϵ

0
B@

0 Vs−
1st Vsþ

1st

Vs−
1st 0 0

Vsþ
1st 0 0

1
CA

þ ϵ2

0
B@

Vs
2nd 0 0

0 V−
2nd V−þ

2nd

0 V−þ
2nd Vþ

2nd

1
CA: ð31Þ

The explicit forms of Ψ, Δc2 and Vcorrection are written in
Appendix A. Since Δc2 vanishes at the horizon, the
propagation speed of each mode coincides with the speed
of light. This implies that information inside the horizon
cannot propagate outside of the horizon. The nondiagonal
components of the potential matrix in Eq. (31) represent the
mode mixing. We note that the scalar-odd and scalar-even
coupling terms atOðϵ2Þ in Eq. (31) vanish because the next
leading terms appear at Oðϵ3Þ. Considering both sGB and
dCS couplings, new terms, V−þ

2nd, can appear in the master
equations. In particular, the even-odd gravitational cou-
plings have been known to be a generic feature of purely
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tensorial gravity theories with higher-curvature corrections
[48,50,54,58]. We find that this is characteristic not only in
purely tensorial gravity theories but also when both the sGB
term and the dCS term are present. In the context of cosmo-
logy, it has been known that the even-odd gravitational
couplings can appear in a similar system where both sGB
and dCS gravity sectors coexist [60].
The new even-odd gravitational couplings are of the

order of ϵ2 in Eq. (31) while the scalar-odd and scalar-even
couplings are of the order of ϵ1. At first glance, the latter
couplings lead the observables. However, the effect of
the new couplings and that of the scalar couplings give the
same order contributions to the QNMs. With the new even-
odd gravitational couplings, our model has new features in
slowly rotating solutions and the tidal response sourced by
an external gravitational object.

IV. QUASINORMAL MODES

QNMs are the characteristic oscillation modes of per-
turbations around black holes. The quasinormal frequen-
cies are defined by the solutions of ω in the master
equations imposing the purely ingoing condition at the
horizon and the purely outgoing condition at infinity.7 The
Leaver method [71] is used to calculate the quasinormal
frequencies. This calculation method is briefly presented
for both decoupled and coupled systems. In the decoupled
system, the master equation is described by a single master
variable Ψ,

fðrÞ d
dr

�
fðrÞ dΨ

dr

�
þ fω2 − fðrÞVðrÞgΨ ¼ 0; ð32Þ

where VðrÞ is a potential term, and fðrÞ ¼ 1 − rH=r. The
wave function Ψ can be factorized by a series of f,

Ψ ¼ e−iωr�f−2iωrH
X∞
j¼0

ajfj; ð33Þ

where dr=dr� ¼ f. The wave function Ψ of this form
satisfies the QNM boundary condition at the horizon thanks
to the prefactor e−iωr�f−2iωrH. Substituting this Ansatz into
the master equation (34) yields the recursion relation for the
coefficients aj. For a given a0, the higher-order coefficients
ajðj ¼ 1; 2;…Þ can be determined by the recursion rela-
tion8 in the form aj ¼ GjðωÞa0, where GjðωÞ is a function
in j and ω. If the wave function (33) satisfies the QNM

boundary condition at infinity f ¼ 1, then the sum of the
series

P∞
j¼0 aj should converge. Such a solution can be

derived approximately by imposing aj ¼ 0 for sufficiently
large j. Thus, we need to solve GjðωÞ ¼ 0 for sufficiently
large j, and the quasinormal frequencies are given by those
solutions [71]. In GR, for l ¼ 2 and the fundamental
modes, the quasinormal frequency for the scalar field is
ð0.96728774 − 0.19359239iÞ=ð2MÞ [7] where M is the
black hole mass, and for the odd and even gravitational
modes, it is ð0.74734337 − 0.17792463iÞ=ð2MÞ [7,72]. In
the case of non-GR gravity theories, if the master equation
is expressed as a perturbation from the GR case, the quasi-
normal frequencies can be obtained as small deviations
from the GR values [48–52,54–56,73–77].
In a coupled system, the master equations have non-

diagonal parts of the potential matrix9

fðrÞ d
dr

�
fðrÞ dΨ

dr

�
þ 	

ω2I − fðrÞVðrÞ
Ψ ¼ 0; ð34Þ

where Ψ is a multicomponent wave function, V is a
potential matrix, and I is a unit matrix. The Ansatz of
the wave function which satisfies the QNM boundary
condition at the horizon is generalized to

Ψ ¼ e−iωr�f−2iωrH
X∞
j¼0

ajfj; ð35Þ

where the coefficient aj are also multicomponents.
Substituting this Ansatz into the master equations also
yields recursion relations for aj. Using the recursion
relations, we can write aj in the form aj ¼ MjðωÞ a0,
whereMjðωÞ is a matrix of functions of j and ω. The QNM
boundary condition at the spatial infinity corresponds to the
convergence of the sum of the series in Eq. (35) at infinity
f ¼ 1. This implies that the limit of aj vanishes as j → ∞.
The approximate solution is expressed as aj ¼ MjðωÞ
a0 ¼ 0 for sufficiently large j. Requiring the existence
of the solution with a0 ≠ 0, the relation

detMjðωÞ ¼ 0; ð36Þ

should be satisfied for sufficiently large j, and the QNMs
are approximately determined by this condition. Let us
discuss the quasinormal frequencies of our system (27). For
simplicity, we focus on l ¼ 2 and the fundamental modes.
We expand the frequency ω around the lowest order as

ω ¼ Ωi
Sch

2M
þ ϵ2δωiði ¼ s; gravÞ; ð37Þ

7In the context of initial value problems, QNMs are defined
as poles in Green’s function and they correspond to the purely
ingoing condition at the horizon and the purely outgoing
condition at infinity for massless fields in asymptotically flat
black holes [4,5,7,8,67–70].

8Since the boundary condition at the horizon has already been
imposed, the first term a0 determines the solution of the master
equation.

9Changing the master variable, the master equations (27) can
be written in the form of Eq. (34) (see Appendix A in [73]).
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whereΩi
Schði¼ s;gravÞ are the dimensionless Schwarzschild

quasinormal frequencies normalized by the Schwarzschild
radius for the scalar field, the odd and even gravitational
modes.10 For the fundamental modes, the values of Ωi

Sch are
given by Ωs

Sch ¼ 0.96728774 − 0.19359239i and Ωgrav
Sch ¼

0.74734337 − 0.17792463i. Substituting these Ansätze into
Eq. (36) in our system and expanding them with respect to ϵ,
we obtain the equations determining δωi.
For the scalar field-led QNMs, i.e., the case of

ω ¼ Ωs
Sch=ð2MÞ þ ϵ2δωs, Eq. (36) becomes

F0ðΩs
SchÞ þ ϵ2

	
F2;0ðΩs

SchÞ þF2;1ðΩs
SchÞδωs


þOðϵ4Þ ¼ 0;

ð38Þ

where F0, F2;0, and F2;1 are functions of Ωs
Sch. The lowest-

order valueΩs
Sch is determined by the equation F0 ¼ 0. The

second order Oðϵ2Þ expression of Eq. (38) determines the
value of δωs. We note that the term F2;1 is the derivative
of F0 with respect to the frequency, and the term F2;0 is
affected by the correction terms Vs

2nd and Vs�
1st in Eq. (31).

The QNM correction δωs is given by

ð2MÞδωs ¼ b21ð45.225150þ 4.2484788iÞ
þ b22ð148.38628þ 20.29223iÞ: ð39Þ

Its limit of b2 ¼ 0 corresponds to the QNM in sGB
gravity,11 while that of b1 ¼ 0 corresponds to the QNM
in dCS gravity [74].
The corrections to the lowest-order values of the odd

and even gravitational modes are determined by the self-
couplings of those modes V−

2nd and Vþ
2nd, and the even-odd

gravitation coupling V−þ
2nd. Equation (36) is given by

F̃0

�
Ωgrav

Sch

�þ ϵ2
	
F̃2;0

�
Ωgrav

Sch

�þ F̃2;1

�
Ωgrav

Sch

�
δωgrav


þ ϵ4
	
F̃4;0

�
Ωgrav

Sch

�þ F̃4;1

�
Ωgrav

Sch

�
δωgravþ F̃4;2

�
Ωgrav

Sch

�
δω2

grav


þOðϵ6Þ¼ 0:

ð40Þ

The terms F̃0, F̃2;0, F̃2;1, F̃4;0, F̃4;1, F̃4;2 are functions of
Ωgrav

Sch . We solve the above equation order-by-order in ϵ. The
lowest-order quasinormal frequency of the gravitational
modes Ωgrav

Sch is determined by F̃0 ¼ 0. Since the spectra of
even and odd gravitational modes are degenerate at the
lowest order, the terms F̃2;0 and F2;1, which are propor-
tional to the first derivative of F̃0, also vanish. Thus, the

QNM correction δωgrav is determined from Eq. (40) with
Oðϵ4Þ. We note that the term F̃4;2 is the second derivative
of 2F̃0 with respect to the frequency, and the terms F̃4;0,
F̃4;1 are affected by the correction terms V�

2nd, V
−þ
2nd, and

Vs�
1st in Eq. (31). The QNM correction δωgrav has two

branches

ð2MÞδωI
grav ¼ ð−5.3012524þ 2.1911460iÞb21 − ð31.506265þ 16.076674iÞb22

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð75.825646þ 47.759196iÞb41 þ ð532.00613þ 469.85929iÞb21b22 þ ð734.18529þ 1013.0319iÞb42

q
;

ð41Þ

ð2MÞδωII
grav ¼ −ð5.3012524þ 2.1911460iÞb21 − ð31.506265þ 16.076674iÞb22

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð75.825646þ 47.759196iÞb41 þ ð532.00613þ 469.85929iÞb21b22 þ ð734.18529þ 1013.0319iÞb42

q
:

ð42Þ

The existence of the two branches implies that the
degeneracy of QNM spectra is broken at this order. The
b21b

2
2 term in the square root includes the effect of the new

even-odd couplings V−þ
2nd and the scalar-gravity couplings

Vs�
1st. Note that similar spectral features can be seen in the

matrix toy models of Eq. (B10) in Appendix B. One can
take the limits of the dCS and sGB gravity in Eqs. (41)

10Practically, we first calculate δω̄i with ω ¼ Ωi
Sch=rH þ ϵ2δω̄i,

and then we can obtain δωi in Eq. (37) as δωi ¼ δω̄i −
δRHδΩi

Sch=ð2MÞ, where rH ¼ 2Mð1þ ϵ2δRHÞ.

11In Ref. [32], the authors investigate the GB term coupled
with the exponential sector αeϕ, where α is a coupling constant.
In this case, an effective mass term appears in the scalar field
equation. This mass term also modifies the QNMs of the scalar
field at the order OðαÞ.
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and (42) by setting b1 ¼ 0 and b2 ¼ 0, respectively.12 In
Fig. 1, we plot the dependence of δωI

grav and δωII
grav on b1

and b2, where we introduce b1 ¼ B sin θ, b2 ¼ B cos θ,
δΩI

grav ≔ ð2MÞδωI
grav=B2, and δΩII

grav ≔ ð2MÞδωII
grav=B2.

The limits of θ ¼ 0 and θ ¼ π=2 represent the cases of
the dCS and sGB gravity, respectively. From Fig. 1, for a
fixed value of B, the decaying rates of both branches, i.e.,
−Im½δωI

grav� and −Im½δωII
grav�, decrease as θ increases.

V. ROTATING BLACK HOLE SOLUTIONS
WITHOUT Z2 SYMMETRY

In this section, we study the slowly rotating black holes
up to the first order of the spin parameter. We demonstrate
that the parity-violating term in the dCS sector with the
nonvanishing background value of the scalar field ϕ̄
leads to the Z2 violating rotating black holes. For this
purpose, we consider the l ¼ 1 time-independent pertur-
bations around the static spherically symmetric black hole
solutions (for example, see [48]). We note that l ≥ 2 time-
independent perturbations vanish at the first order of the
spin parameter. The Ansatz of the l ¼ 1 time-independent
perturbations is given by

ϕ ¼ ϕ̄þ δϕðrÞ cos θ; gμν ¼ ḡμν þ δgμν; ð47Þ

where the background solutions ϕ̄ and ḡμν are given by
Eqs. (4) and (5) with Eqs. (7)–(14), and the form of δgμν is
given by

δgμνdxμdxν ¼ −2h0sin2θdtdφþ cos θ

�
AH0dt2

þ 2H1dtdrþ
H2

B
dr2

�
: ð48Þ

We expand the perturbed quantities δϕ, h0, H1, and H2 as

δϕðrÞ ¼ δϕ0th þ ϵδϕ1st þ ϵ2δϕ2nd; ð49Þ

h0ðrÞ ¼ h0th0 þ ϵh1st0 þ ϵ2h2nd0 ; ð50Þ

H1ðrÞ ¼ H0th
1 þ ϵH1st

1 þ ϵ2H2nd
1 ; ð51Þ

H2ðrÞ ¼ H0th
2 þ ϵH1st

2 þ ϵ2H2nd
2 : ð52Þ

Solving the equations of motion (2) and (3) with the Ansatz
(47)–(52) perturbatively, we obtain slowly rotating black
hole solutions. The lowest-order solution Oðϵ0Þ corre-
sponds to the slowly rotating Kerr black hole up to the
first order of the spin parameter χ

FIG. 1. The dependence of δωI
grav and δωII

grav on b1 and b2. Introducing b1 ¼ B sin θ and b2 ¼ B cos θ, we plot the values of the real
and imaginary parts of δΩI

grav ≔ ð2MÞδωI
grav=B2 and δΩII

grav ≔ ð2MÞδωII
grav=B2. The dCS limit (b1 ¼ 0) corresponds to θ ¼ 0 and the

sGB limit (b2 ¼ 0) corresponds to θ ¼ π=2. Since δωI
grav and δωII

grav are functions of b21 and b22, we have only to consider the
range 0 ≤ θ ≤ π=2.

12In the limit of the dCS gravity (b1 ¼ 0), the QNM frequencies are given by

odd mode∶ ð2MÞδωII
grav ¼ −b22ð63.012530þ 32.153348iÞ; ð43Þ

even mode∶ ð2MÞδωI
grav ¼ 0; ð44Þ

while in the limit of the sGB gravity (b2 ¼ 0), those are given by

odd mode∶ ð2MÞδωI
grav ¼ b21ð3.7937608þ 0.43442445iÞ; ð45Þ

even mode∶ ð2MÞδωII
grav ¼ −b21ð14.396266þ 4.8167164iÞ: ð46Þ

We confirmed that these values are consistent with the values for the weakly coupled regime in [32,74]. We note that the odd mode
corresponds to δωII

grav for b1 ¼ 0 but δωI
grav for b2 ¼ 0, and vice versa for the even mode. This kind of branch exchange can be seen in the

spectra of the matrix toy models in Eqs. (B12) and (B13) of Appendix B.
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δϕ0th ¼ 0; ð53Þ

h0th0 ¼ rg
r
χ; ð54Þ

H0th
1 ¼ 0; ð55Þ

H0th
2 ¼ 0: ð56Þ

The higher-order components up to OðχÞ are determined as

δϕ1st ¼ MPlb2χ
rgð10rrg þ 9r2g þ 10r2Þ

r4
; δϕ2nd ¼ 0; ð57Þ

h1st0 ¼ 0; ð58Þ

h2nd0 ¼ −b21χ
2r3gð140r3rg þ 45r2r2g þ 36rr3g − 50r4g þ 18r4Þ

15r7
− b22χ

r4gð240rrg þ 189r2g þ 280r2Þ
7r6

; ð59Þ

H1st
0 ¼ 0; H2nd

0 ¼ χ
4b1b2rgð176r4rg þ 243r3r2g þ 44r2r3g − 57rr4g − 144r5g þ 88r5Þ

7r7
; ð60Þ

H1st
1 ¼ 0; H2nd

1 ¼ 0; ð61Þ

H1st
2 ¼ 0; H2nd

2 ¼ χ
4b1b2ð388r4r2g þ 477r3r3g − 204r2r4g − 507rr5g − 768r6g þ 264r5rgÞ

7r7
: ð62Þ

The corresponding nonvanishing slowly rotating components of the perturbed metric are given by

δgtt ¼ ϵ2χb1b2 cos θ

�
1 −

rg
r

�
4ð176r4r2g þ 243r3r3g þ 44r2r4g − 57rr5g − 144r6g þ 88r5rgÞ

7r7
; ð63Þ

δgrr ¼ ϵ2χ
b1b2 cos θ

1 − rg
r

4ð388r4r2g þ 477r3r3g − 204r2r4g − 507rr5g − 768r6g þ 264r5rgÞ
7r7

; ð64Þ

δgtϕ ¼ −
rg
r
χsin2θ þ b21ϵ

2χsin2θ
2r3gð140r3rg þ 45r2r2g þ 36rr3g − 50r4g þ 18r4Þ

15r7

þ b22ϵ
2χsin2θ

r4gð240rrg þ 189r2g þ 280r2Þ
7r6

: ð65Þ

Note again that Oðϵ0Þ term in Eq. (65) represents the slowly rotating Kerr solution. These slowly rotating solutions violate
the Z2 symmetry θ → π − θ through the cos θ terms in (63) and (64). This kind of Z2 violation can be seen in the purely
tensorial gravity theories with higher-curvature corrections [48,49] and parity-violating modified gravity [78,79].

VI. MODE MIXING IN TIDAL RESPONSE

Another effect of the new even-odd gravitational couplings is the tidal response from an external gravitational source.
The tidal response of a black hole is described by the ratio of growing and decaying modes to the static solution of the
master equation, which is regular at the horizon. This ratio is called the tidal Love number [80–83] and is useful to test
gravity theories [84]. For simplicity, we focus on the l ¼ 2 perturbations. In the Schwarzschild limit ϵ ¼ 0, the l ¼ 2 static
solutions of Eq. (27) with the regularity at the horizon are given by

Ψ̃s
Sch ¼ Cs

�
6
r3

r3H
− 6

r2

r2H
þ r
rH

�
; ð66Þ
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Ψ̃−
Sch ¼ C− r3

r3H
; ð67Þ

Ψ̃þ
Sch ¼

Cþ

4þ 3rH=r

�
−4

r3

r3H
− 6

r2

r2H
þ 3

�
; ð68Þ

where Cs and C� are integration constants, corresponding
to the strength of the external tidal fields. The absence of
decaying modes in the far region in Eqs. (66)–(68) implies

vanishing Love numbers around Schwarzschild black holes
[81]. To determine the non-GR effect, we expand the static
solutions of Eq. (27) as

Ψ̃i ¼ Ψ̃i
Sch þ ϵΨ̃i

1stðrÞ þ ϵ2Ψ̃i
2ndðrÞ ði ¼ s;−;þÞ: ð69Þ

Solving Eq. (27) with the Ansatz in Eq. (69), we obtain the
forms of Ψ̃i

1st and Ψ̃i
2nd. The explicit forms are shown in

Appendix C. The new even-odd couplings yield

Ψ̃−
2ndjr→∞ ¼ −b1b2Cþ

�
−
1728

7
−
440

7

rH
r
þ 6ð129024ζð3Þ− 154199Þ

35

r2H
r2

�
− b1b2Cþ

�
1536

7

r2H
r2

þ 1280

7

r3H
r3

�
ln

�
r
rH

�
; ð70Þ

Ψ̃þ
2ndjr→∞ ¼ b1b2C−

�
−
1728

7
þ 208

7

rH
r
þ 6ð129024ζð3Þ − 154439Þ

35

r2H
r2

�
þ b1b2C−

�
1536

7

r2H
r2

þ 512

7

r3H
r3

�
ln

�
r
rH

�
; ð71Þ

where ζð3Þ is the Riemann zeta function ζðnÞ with n ¼ 3.
This result shows that an even parity external tidal field Cþ

induces an odd-parity gravitational response in Ψ̃−
2nd, and

vice versa for the odd parity external tidal field C−, as seen
in [48]. However, due to the presence of the logarithmic
terms in Eqs. (70) and (71), it is not obvious how to define
the tidal Love number.13 Nevertheless, the tidal response
through the even-odd gravitational couplings can be sug-
gested. The origin of the number ζð3Þ in Eqs. (70) and (71)
is the regularity condition at the horizon, so the asymptotic
forms of Ψ̃−

2nd and Ψ̃þ
2nd probably contain information

about the horizon. This suggests that Ψ̃−
2nd and Ψ̃þ

2nd contain
decaying modes, i.e., the nonvanishing tidal responses,
because purely growing modes, which are determined only
from the behavior around the asymptotic region r → ∞, are
not expected to contain information about the horizon.

VII. SUMMARY AND DISCUSSION

In this paper, we investigate the effect of new even-odd
gravitational couplings in the case where both the sGB
gravity sector and the dCS gravity sector coexist. In the
weak coupling regime, the effect of the new couplings
appears as a correction to the GR solution. Through the
sGB gravity sector, the scalar field acquires a background
value in static spherically symmetric black hole solutions,
and as a result, the metric also deviates from the
Schwarzschild solution while the dCS gravity sector does
not affect it due to parity symmetry. The master equations

for gravitational perturbations around a static spherically
symmetric solution are coupled among the scalar field and
the odd and even gravitational modes of metric perturba-
tions. In particular, new even-odd gravitational couplings
appear in the master equations.
To estimate the effect of the new couplings, the quasi-

normal frequencies around static spherically symmetric
black holes, slowly rotating black holes, and tidal responses
sourced by external gravitational objects were examined.
The tensor-led quasinormal frequencies are quantitatively
affected by the new couplings because the explicit expres-
sions contain the square root forms given in Eqs. (41)
and (42). The appearance of the square root form is a
specific feature of the eigenvalue problem when the lowest-
order spectra are degenerate. Thanks to the new even-odd
couplings, the slowly rotating solution breaks the Z2

symmetry between the northern and southern hemispheres.
The static solution of the gravitational modes exhibits
logarithmic terms due to the mediation of scalar fields.
Because of the presence of these logarithmic terms, the
tidal Love number cannot be well-defined. However,
characteristic terms appear in the solutions after imposing
regularity at the horizon, which suggests that the tidal
response is induced by the new even-odd gravitational
couplings.
Finally, we discuss the generality of even-odd gravita-

tional couplings in scalar-tensor theories. If we assume that
the scalar field ϕ has a background value ϕ̄, the dCS gravity
sector in the Lagrangian behaves as

b2
Λ
ϕR̃μν

ρσRνμ
ρσ ∼

b2
Λ
ϕ̄∂2h−∂2hþ; ð72Þ

where h� are the odd and even-type gravitational pertur-
bations, respectively. This demonstrates the existence
of the even-odd gravitational couplings when ϕ̄ ≠ 0.

13Note that the logarithmic terms appear in the worldline
EFT of a black hole [85–90] even in GR, modified gravity
theories [91], and gravitational EFTs [88,92–94]. In the world-
line EFT, it is argued that these logarithmic terms can be canceled
out by taking into account ultraviolet physics in concrete models,
and the tidal Love number becomes well-defined [87].
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This structure is common in scalar-tensor theories with a
single scalar field coupled to a parity-violating term other
than the Pontryagin term. While the even-odd gravitational
couplings have already appeared in higher-curvature grav-
ity theories [48,50,54,58], such couplings generically arise
in scalar-tensor theories with parity-violating terms. The
analysis of even-odd gravitational couplings in the general
setting is left for future work [63].
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APPENDIX A: EXPLICIT FORMS OF MASTER
VARIABLES, DEVIATIONS OF SOUND SPEED,

AND POTENTIALS

In Eqs. (27)–(31), the coupled master equations of the
scalar, odd, and even gravitational modes are derived. Due
to the couplings, the master variables are mixed with other
modes at higher orders in ϵ. The relations of the master
variables in the coupled master equation (27) and those in
Eqs. (20)–(22) are given by

Ψ̃s ¼ 2
ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 2Þp Ψs − b1ϵ

(
2

ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 2Þp ðλþ 3Þr4ðλrþ 3rgÞ

�
λ2ðλþ 2Þr5 þ 3λðλþ 2Þr4rg þ 6ðλþ 3Þr3r2g

− 6ðλþ 3Þr5g
�
Ψþ −

4
ffiffiffi
2

p
rgðr3 − r3gÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 2Þp

r3
dΨþ

dr

)
− b21ϵ

2

(
16

ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 2Þp ðλþ 3Þ2r6ðλrþ 3rgÞ

�
λ2ðλþ 2Þr7 þ 3λðλþ 2Þr6rg

þ ðλ2 þ 9λþ 18Þr5r2g þ ð2λ3 þ 11λ2 þ 18λþ 9Þr4r3g þ ð16λ2 þ 87λþ 117Þr3r4g − 2λðλþ 3Þr2r5g

þ 2ðλþ 3Þ2ð3λ − 1Þrr6g þ 4ðλþ 3Þ2r7g
�
Ψs −

32
ffiffiffi
2

p
rgðr3 − r3gÞðλr3 þ 3r2rg þ 2ðλþ 3Þr3gÞffiffiffi

λ
p ffiffiffiffiffiffiffiffiffiffiffi

λþ 2
p ðλþ 3Þr5ðλrþ 3rgÞ

dΨs

dr

)
; ðA1Þ

Ψ̃− ¼ 2Ψ− þ b21ϵ
2
4b21r

2
g

�
30r5 þ 260r4rg þ 135r3r2g þ 24r2r3g − 582rr4g þ 280r5g

�
15r6ðr − rgÞ

Ψ−

− b1b2ϵ2
�
4r3gð−60λr4 − 45ðλþ 8Þr3rg − 3ð16λþ 45Þr2r2g þ 4

�
25λ − 36Þrr3g þ 480r4g

�
15r6ðλrþ 3rgÞ

Ψþ

þ 16r3g
�
r3 − r3g

�
r5

dΨþ

dr

�
; ðA2Þ

Ψ̃þ ¼ Ψþ þ b1ϵ
8ðλr3 þ 3r2rg þ 2ðλþ 3Þr3gÞ

ðλþ 3Þr2ðλrþ 3rgÞ
Ψs þ b21ϵ

2

�
12

10935ðλþ 3Þ2r6ðλrþ 3rgÞ2
�
−20λ2ð2λ7 þ 9λ6 þ 27λ4 þ 243λ3

þ 1458λþ 4374Þr7rg − 7290λ3ðλþ 2Þr8 − 90λðλðλðλð2λ4 þ 9λ3 þ 27λþ 243Þ − 162Þ − 486Þ þ 1458Þr6r2g
− 60λðλðλð2λ4 þ 9λ3 þ 27λþ 81Þ − 1701Þ − 4374Þr5r3g þ 45ðλþ 3Þ2ðλðλðλð2λ − 3Þ þ 243Þ þ 1188Þ þ 486Þr4r4g
− 54ðλþ 3Þðλðλðλð2λ − 159Þ − 1710Þ − 6345Þ − 5670Þr3r5g þ 81ðλþ 3Þðλðλð92λþ 951Þ þ 3240Þ þ 5265Þr2r6g
− 972ðλþ 3Þ2ð41λ − 90Þrr7g − 138510ðλþ 3Þ2r8g

�
Ψþ þ 16λ2ðλþ 3Þð2λ − 3Þððλ − 3Þλþ 9Þ

2187
ln

�
λrþ 3rg

r

�
Ψþ

þ 16rgðr3 − r3gÞðλr3 þ 3r2rg þ 2ðλþ 3Þr3gÞ
ðλþ 3Þr5ðλrþ 3rgÞ

dΨþ

dr

�

þ b1b2ϵ2
�
16r3gð60λr4 þ 15ðλþ 24Þr3rg þ 3ð4λþ 15Þr2r2g − 4ð35λ − 9Þrr3g − 600r4gÞ

15r6ðλrþ 3rgÞ
Ψ−

þ 64r3gðr − rgÞðr2 þ rrg þ r2gÞ
r5

dΨ−

dr

�
; ðA3Þ
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where we remind λ ¼ l2 þ l − 2. When the scalar field is allowed to have a background value, the propagation speed of
each mode and the potential terms through the couplings are modified. The deviations of the sound speed of propagation
modes in Eq. (29) are given by

Δc2s ¼ −
32b21r

2
gðrþ 2rgÞ

ðλþ 3Þr3 ; ðA4Þ

Δc2− ¼ −
32b21r

3
gð2r2 þ 3rrg þ 4r2gÞ

r5
; ðA5Þ

Δc2þ ¼ −
32b21r

3
gf2λ2r4 þ 3λðλþ 6Þr3rg þ 2ðλþ 5Þð2λþ 3Þr2r2g þ ð34λþ 45Þrr3g þ 60r4gg

r5ðλrþ 3rgÞ2
: ðA6Þ

The potential term can be decomposed in ϵ order as seen in Eqs. (30) and (31). At the lowest order, they are given in
Eqs. (24)–(26). At first order, the scalar-odd and scalar-even couplings lead to the nondiagonal part of the potential
in Eq. (26),

Vs−
1st ¼

24
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2λðλþ 2Þp

b2r3g
r5

; ðA7Þ

Vsþ
1st ¼ −

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2λðλþ 2Þp

b1r3gð3λ2r2 þ 13λrrg þ 15r2gÞ
r5ðλrþ 3rgÞ2

: ðA8Þ

At the second order, the correction terms in Eq. (31) are given by

Vs
2nd ¼

1152b22ðλþ 2Þr6g
r8

þ 2b21r
2
g

15ðλþ 3Þr9ðλrþ 3rgÞ2
	
−30λ2ðλ2 þ 3λþ 8Þr7 þ 40λð17λ3 þ 28λ2 − 21λ − 36Þr6rg

− 15ð7λ4 − 321λ3 − 468λ2 þ 174λþ 144Þr5r2g − 6ð16λ4 þ 245λ3 − 2239λ2 − 1440λþ 450Þr4r3g
þ 3ð690λ4 − 458λ3 − 8723λ2 þ 8013λ − 1530Þr3r4g þ 8ð2635λ3 þ 2661λ2 − 16083λþ 3267Þr2r5g
þ 6ð12305λ2 þ 26823λ − 30276Þrr6g þ 86580ðλþ 3Þr7g



; ðA9Þ

V−
2nd ¼ −

2b21r
2
g

15r9
	
30ðλ − 4Þr5 þ 20ð38λ − 221Þr4rg þ 15ð15λþ 146Þr3r2g þ 216ðλ − 3Þr2r3g

− 6ð205λ − 5286Þrr4g − 31140r5g


; ðA10Þ

Vþ
2nd ¼ −

2b21rg
15ðλþ 3Þr9ðλrþ 3rgÞ4

	
240λ4ðλþ 2Þr10 þ 30λ3ðλ3 − λ2 þ 24λþ 48Þr9rg

þ 20λ3ð74λ3 þ 415λ2 þ 687λþ 72Þr8r2g þ 15λ2ð15λ4 þ 863λ3 þ 3646λ2 þ 5244λþ 612Þr7r3g
þ 12λð18λ5 þ 245λ4 þ 3943λ3 þ 9630λ2 þ 6300λþ 1620Þr6r4g − 6ð205λ6 þ 2417λ5 þ 4188λ4

− 17979λ3 − 26190λ2 þ 24705λ − 2430Þr5r5g − 12ð85λ5 þ 4987λ4 þ 13893λ3 − 11079λ2

− 21735λþ 18225Þr4r6g þ 27ð560λ4 þ 3484λ3 þ 4717λ2 þ 975λþ 9180Þr3r7g − 72ð1240λ3
− 3963λ2 − 22734λþ 945Þr2r8g − 162ð3225λ2 þ 5671λ − 12012Þrr9g − 604260ðλþ 3Þr10g



; ðA11Þ

V−þ
2nd ¼

16b1b2r3g
5ðλþ 3Þr9ðλrþ 3rgÞ2

	
30λ2ðλ2 þ 14λþ 36Þr6 þ 10λð−17λ2 þ 87λþ 468Þr5rg

− 30ð40λ2 þ 69λ − 180Þr4r2g − 21ð90λ3 þ 271λ2 þ 78λþ 225Þr3r3g
þ 2ð1000λ3 − 1838λ2 − 14541λ − 81Þr2r4g þ 294ð35λ2 þ 62λ − 129Þrr5g þ 13440ðλþ 3Þr6g



: ðA12Þ
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The master variables are related to the original perturbed scalar field in Eq. (16) and the metric perturbations in Eq. (17) as

rΠ
MPl

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 2Þp
2

ffiffiffi
2

p Ψ̃s þ b1ϵ

�
λ2ðλþ 2Þr5 þ 3λðλþ 2Þr4rg þ 6ðλþ 3Þr3r2g − 6ðλþ 3Þr5g

ðλþ 3Þr4ðλrþ 3rgÞ
Ψ̃þ − 2rg

�
1 −

r3g
r3

�
dΨ̃þ

dr

�

þ b21ϵ
2

2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 2Þp

r2g
ðλþ 3Þr6ðλrþ 3rgÞ

	
λr5 þ ðλþ 3Þr4rg þ ð4λþ 3Þr3r2g − 2ðλ − 3Þr2r3g þ 2ð3λ2 þ 8λ − 3Þrr4g

þ 16ðλþ 3Þr5g


Ψ̃þ; ðA13Þ

h0 ¼
r − rg
2r

�
Ψ̃− þ r

dΨ̃−

dr

�
þ b21ϵ

2

�
r2gð30r5 þ 980r4rg − 465r3r2g þ 84r2r3g − 4122rr4g þ 3640r5gÞ

15r7
Ψ̃−

þ r2gð30r5 þ 260r4rg þ 15r3r2g þ 24r2r3g − 582rr4g þ 400r5gÞ
15r6

dΨ̃−

dr

�

þ b1b2ϵ2
�
4r3g
15r7

�
r − rg

ðλrþ 3rgÞ2
�
360λ2r5 þ 45λð3λþ 44Þr4rg þ 6ð22λ2 þ 75λþ 360Þr3r2g

þ ð−1220λ2 þ 432λþ 135Þr2r3g − 12ð580λ − 9Þrr4g − 9360r5g
�

− 60r4ðr2 þ rrg þ r2gÞ
�
ω2 −

ðr − rgÞðλ2ðλþ 2Þr3 þ 3λ2r2rg þ 9λrr2g þ 9r3gÞ
r4ðλrþ 3rgÞ2

��
Ψ̃þ

þ 4r3gðr − rgÞ
15r6ðλrþ 3rgÞ



120λr4 þ 15ðλþ 12Þr3rg þ 3ð4λþ 15Þr2r2g − 4ð50λ − 9Þrr3g − 420r4g

� dΨ̃þ

dr

�
; ðA14Þ

h1 ¼ −
ir2ω

2ðr − rgÞ
Ψ̃− þ b21ϵ

2
ir2gω

15r4ðr − rgÞ2
�
30r5 þ 260r4rg þ 135r3r2g þ 24r2r3g − 582rr4g þ 280r5g

�
Ψ̃−

þ b1b2ϵ2
�

4ir3gω

15r4ðr − rgÞðλrþ 3rgÞ


60λr4 þ 45ðλþ 8Þr3rg þ 3ð16λþ 45Þr2r2g − 4ð25λ − 36Þrr3g − 480r4g

�
Ψ̃þ

−
16ir3gωðr2 þ rrg þ r2gÞ

r3
dΨ̃þ

dr

�
; ðA15Þ

H0 ¼
�
λ2ðλþ 2Þr3 þ 3λ2r2rg þ 9λrr2g þ 9r3g

2r2ðλrþ 3rgÞ2
−

r2ω2

r − rg

�
Ψ̃− −

3λrrg − 2λr2 þ 3r2g
2λr2 þ 6rrg

dΨ̃−

dr

þ b1ϵ

�
2

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 2Þp

r2ω2

ðλþ 3Þðr − rgÞ
Ψ̃s −

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 2Þp

ðλþ 3Þr4ðλrþ 3rgÞ2
��
λ2ðλþ 2Þr5 þ λð7λþ 12Þr4rg

þ 3ð5λþ 6Þr3r2g þ ð4λ3 þ 12λ2 þ 9Þr2r3g þ 14λðλþ 3Þrr4g þ 12ðλþ 3Þr5gÞΨ̃s

þ rð2λ2r5 − ðλ − 12Þλr4rg − 6ðλ − 3Þr3r2g − 9r2r3g − 2λðλþ 3Þrr4g − 6ðλþ 3Þr5g
� dΨ̃s

dr

��

þ b21ϵ
2

�
−

rg
5ðλþ 3Þr8ðλrþ 3rgÞ4



80λ4ðλþ 2Þr10 − 40λ3ð2λ2 − 3λ − 12Þr9rg

þ 10λ3ð16λ3 þ 99λ2 þ 141λ − 60Þr8r2g − 20λ2ðλ4 − 33λ3 − 178λ2 − 306λþ 36Þr7r3g
− 5λ2ð4λ4 þ 71λ3 − 75λ2 þ 24λþ 756Þr6r4g − 4λð25λ5 þ 423λ4 þ 1316λ3 − 1089λ2

− 3375λþ 4050Þr5r5g þ 2ð235λ5 − 1295λ4 − 5817λ3 þ 11889λ2 þ 32535λ − 1215Þr4r6g
þ 24ð110λ4 þ 754λ3 þ 1602λ2 þ 1845λþ 2565Þr3r7g þ 3ð−3580λ3 þ 144λ2 þ 36027λþ 10125Þr2r8g
− 108ð415λ2 þ 1127λ − 354Þrr9g − 35370ðλþ 3Þr10g

�
Ψ̃þ
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þ 2r3gω2

15r4ðr − rgÞ2ðλrþ 3rgÞ2


10λ2r6 þ 10λð19λþ 66Þr5rg þ 3ð11λ2 þ 180λþ 270Þr4r2g

þ 6ð4λ2 þ 33λþ 165Þr3r3g þ ð−110λ2 − 816λþ 297Þr2r4g þ 12ð25λ − 132Þrr5g þ 810r6g
�
Ψ̃þ

�

þ b1b2ϵ2
�
−

4r3g
15r8ðλrþ 3rgÞ2



60ðλ − 16Þλ2r6 þ 15λðλ2 þ 118λ − 144Þr5rg þ 3λð4λ2 þ 63λþ 1740Þr4r2g

þ ð−140λ3 þ 3116λ2 þ 855λþ 3240Þr3r3g þ 3ð−1700λ2 þ 2796λþ 405Þr2r4g

− 36ð460λ − 33Þrr5g − 10980r6g
�
Ψ̃− −

8r3gω2ð−120r3 þ 15r2rg þ 18rr2g þ 230r3gÞ
15r4ðr − rgÞ

Ψ̃−

þ
�
−

4r3g
15r7ðλrþ 3rgÞ

�
60ðλ − 4Þλr5 þ 450λr4rg þ 3ð13λþ 60Þr3r2g þ ð−60λ2 þ 464λþ 135Þr2r3g

þ 12ð12 − 55λÞrr4g − 300r5g
�þ 32r3gω2ðr2 þ rrg þ r2gÞ

r3

�
dΨ̃−

dr

�
; ðA16Þ

H1 ¼
iωð−2λr2 þ 3λrrg þ 3r2gÞ

2ðr − rgÞðλrþ 3rgÞ
Ψ̃þ − irω

dΨ̃þ

dr
þ b1ϵ

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2λðλþ 2Þp

ω

ðλþ 3Þr2ðr − rgÞðλrþ 3rgÞ
�


2λr4 − ðλ − 6Þr3rg − 3r2r2g

− 2ðλþ 3Þr4g
�
Ψ̃þ þ 2r3ðr − rgÞðλrþ 3rgÞ

dΨ̃þ

dr

�
þ b21ϵ

2

�
irgω

15ðλþ 3Þr6ðr − rgÞ2ðλrþ 3rgÞ3


120λ3ðλþ 2Þr10

− 120λ2ðλ2 − 2λ − 6Þr9rg þ 30λ2ð47λ2 þ 131λþ 6Þr8r2g − 10λð290λ3 þ 297λ2 − 1701λ − 162Þr7r3g
þ 15λð67λ3 − 949λ2 − 3552λ − 522Þr6r4g − 3ð964λ4 þ 681λ3 þ 1377λ2 þ 27540λþ 13770Þr5r5g
þ ð5990λ4 þ 9696λ3 − 14643λ2 þ 22437λ − 21060Þr4r6g þ 3ð−920λ4 þ 5466λ3 þ 32964λ2 þ 26343λþ 4455Þr3r7g
− 6ð2170λ3 þ 8211λ2 − 5643λ − 32238Þr2r8g − 90ð38λ2 þ 981λþ 2601Þrr9g þ 25920ðλþ 3Þr10g

�
Ψ̃þ

−
32ir4gω3ðr2 þ rrg þ r2gÞ
r2ðr − rgÞðλrþ 3rgÞ

Ψ̃þ þ 8ir4gω

r5ðλrþ 3rgÞ2

ðλ − 2Þλr4 þ ðλ2 þ 2λ − 12Þr3rg þ ðλ2 þ 2λ − 3Þr2r2g

þ ð10λ − 3Þrr3g þ 27r4g
� dΨ̃þ

dr

�
þ b1b2ϵ2

�
−

4ir3gω

15r6ðr − rgÞðλrþ 3rgÞ


−120ðλ − 6Þλr5 − 30ð23λ − 48Þr4rg

þ 3ð7λ − 120Þr3r2g þ ð120λ2 − 2684λþ 45Þr2r3g þ 12ð215λ − 567Þrr4g þ 5520r5g
�
Ψ̃−

−
32ir3gω3ðr2 þ rrg þ r2gÞ

r2ðr − rgÞ
Ψ̃− −

8ir4gωð75r2 þ 78rrg − 10r2gÞ
15r5

dΨ̃−

dr

�
; ðA17Þ

H2 ¼
�
λ2ðλþ 2Þr3 þ 3λ2r2rg þ 9λrr2g þ 9r3g

2r2ðλrþ 3rgÞ2
−

r2ω2

r − rg

�
Ψ̃þ −

−2λr2 þ 3λrrg þ 3r2g
2λr2 þ 6rrg

dΨ̃þ

dr

þ b1ϵ

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2λðλþ 2Þp

r2ω2

ðλþ 3Þðr − rgÞ
Ψ̃s −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2λðλþ 2Þp

ðλþ 3Þr4ðλrþ 3rgÞ2
��
λ2ðλþ 2Þr5 þ λð7λþ 12Þr4rg

þ 3ð5λþ 6Þr3r2g þ ð8λ3 þ 24λ2 þ 9Þr2r3g þ 38λðλþ 3Þrr4g þ 48ðλþ 3Þr5g
�
Ψ̃s

þ r
�
2λ2r5 − ðλ − 12Þλr4rg − 6ðλ − 3Þr3r2g − 9r2r3g − 2λðλþ 3Þrr4g − 6ðλþ 3Þr5g

� dΨ̃s

dr

��

þ b21ϵ
2

�
−

rg
5ðλþ 3Þr8ðλrþ 3rgÞ4



80λ4ðλþ 2Þr10 − 40λ3ð2λ2 − 3λ − 12Þr9rg

þ 10λ3ð40λ3 þ 195λ2 þ 237λ − 60Þr8r2g þ 20λ2ð3λ4 þ 173λ3 þ 610λ2 þ 594λ − 36Þr7r3g
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þ 15λ2ð4λ4 þ 51λ3 þ 969λ2 þ 2200λþ 324Þr6r4g − 4λð105λ5 þ 643λ4 þ 296λ3 − 11169λ2 − 22815λþ 4050Þr5r5g
− 2ð1205λ5 þ 6095λ4 þ 2937λ3 − 45369λ2 − 90855λþ 1215Þr4r6g − 24ð390λ4 þ 686λ3 − 2232λ2 − 4275λ − 5805Þr3r7g
þ 3ð−14620λ3 − 29376λ2 þ 48987λþ 16605Þr2r8g − 108ð935λ2 þ 2627λ − 534Þrr9g − 74250ðλþ 3Þr10g

�
Ψ̃þ

þ 2r3gω2

15r4ðr − rgÞ2ðλrþ 3rgÞ2


490λ2r6 þ 10ð354 − 5λÞλr5rg þ 3ð11λ2 − 300λþ 1710Þr4r2g

− 6ð196λ2 − 33λþ 195Þr3r3g þ ð850λ2 − 8016λþ 297Þr2r4g þ 12ð505λ − 1032Þrr5g þ 9450r6g
�
Ψ̃þ

−
rg

5ðλþ 3Þr7ðλrþ 3rgÞ3


40λ3ðλþ 2Þr9 − 40λ2ðλ2 − λ − 6Þr8rg þ 10λ2ð47λ2 þ 123λ − 42Þr7r2g

− 10λð88λ3 þ 29λ2 − 675λþ 54Þr6r3g − 5λð19λ3 þ 1303λ2 þ 3180λ − 1530Þr5r4g
− ð1052λ4 þ 3935λ3 þ 16587λ2 þ 42120λ − 810Þr4r5g þ ð1470λ4 − 1310λ3 − 19287λ2 − 17541λ − 33480Þr3r6g

þ ð9950λ3 þ 21762λ2 − 26199λ − 5805Þr2r7g þ 6ð3565λ2 þ 10377λ − 954Þrr8g þ 15030ðλþ 3Þr9g
� dΨ̃þ

dr

þ 32r4gω2ðr2 þ rrg þ r2gÞ
r3ðλrþ 3rgÞ

dΨ̃þ

dr

�
þ b1b2ϵ2

�
4r3g

15r8ðλrþ 3rgÞ2


180λ2ðλþ 8Þr6 þ 15λð7λ2 − 54λþ 336Þr5rg

þ 36ð580λ − 363Þrr5g þ 3ð36λ3 þ 137λ2 − 1980λþ 1440Þr4r2g − ð340λ3 þ 3716λ2 þ 495λþ 7560Þr3r3g

þ 3ð1220λ2 − 5076λ − 765Þr2r4g þ 23940r6g
�
Ψ̃− −

8r3gω2ð120r3 þ 135r2rg þ 138rr2g − 250r3gÞ
15r4ðr − rgÞ

Ψ̃−

−
4r3g

15r7ðλrþ 3rgÞ


60ðλ − 12Þλr5 þ 30ð31λ − 48Þr4rg þ 3ð53λþ 540Þr3r2g þ 12ð342 − 175λÞrr4g:

þ ð−60λ2 þ 1784λþ 495Þr2r3g − 4620r5g
� dΨ̃−

dr
þ 32r3gω2ðr2 þ rrg þ r2gÞ

r3
dΨ̃−

dr

�
: ðA18Þ

APPENDIX B: PERTURBATIVE EIGENVALUES
OF SYMMETRIC MATRIX

In this section, we study the eigenvalues of symmetric
matrices that are diagonal at the lowest order but have
nondiagonal components perturbatively. Since the charac-
teristics of the perturbative spectrum of eigenvalues of
symmetric matrices are similar to those of the spectrum of
quasinormal frequencies of black holes, this study is useful
for understanding the results of Sec. IV.

1. 2 × 2 case: Nondegenerate

We consider a toy model in which there are two
components with a mixing term characterized by a small
parameter δ,

M ¼
�
1 0

0 2

�
þ
�
0 δ

δ 0

�
; ðB1Þ

and the spectra are not degenerate at the lowest order.
For simplicity, let the lowest-order eigenvalues be 1 and 2
because this choice does not lose the essence of the
argument. This model mimics the spectral problems of a
coupled system of a single scalar mode and a single

gravitational mode. The eigenvalues λ are determined by
the characteristic equation

Det½M − λI� ¼ 0; ðB2Þ

where I is the unit matrix, and this equation for Eq. (B1)
becomes

ð1 − λÞð2 − λÞ − δ2 ¼ 0: ðB3Þ

Substituting λ ¼ 1þ Δλ into Eq. (B3), we obtain −Δλ −
δ2 ¼ 0 at OðΔλÞ. Thus, the corresponding eigenvalue is
λ ¼ 1 − δ2 þOðδ3Þ. On the other hand, substituting λ ¼
2þ Δλ into Eq. (B3), we obtainΔλ − δ2 ¼ 0 atOðΔλÞ, and
the corresponding eigenvalue becomes λ¼ 2þ δ2 þOðδ3Þ.
For symmetric matrices which are not degenerate at the
lowest order, we can see that the correction of the
eigenvalue appears at Oðδ2Þ.

2. 2 × 2 case: Degenerate

We consider a matrix whose spectra are degenerate at the
lowest order,
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M ¼
�
2 0

0 2

�
þ
�
0 δ

δ 0

�
; ðB4Þ

where we assume the lowest order eigenvalues to be 2 for
simplicity. This model mimics the spectral problems of a
coupled system between even and odd gravitational modes.
The characteristic equation (B2) for the matrix (B4)
becomes

ð2 − λÞ2 − δ2 ¼ 0: ðB5Þ

Substituting λ ¼ 2þ Δλ into Eq. (B5), we obtain
ðΔλÞ2 − δ2 ¼ 0. This implies that the eigenvalues are
λ ¼ 2� δ. For symmetric matrices that are degenerate at
the lowest order, the correction of the eigenvalue appears at
OðδÞ. This is because the leading-correction term of Δλ in
the characteristic equation is OððΔλÞ2Þ if the lowest-order
spectra are degenerate.

3. 3 × 3 case

Let us consider the eigenvalues of a 3 × 3 symmetric
matrix, with a spectral feature similar to the coupled system
among scalar, even, and odd gravitational modes calculated
in Sec. IV. We set a matrix M as

M ¼

0
B@

1 0 0

0 2 0

0 0 2

1
CAþ

0
B@

vsϵ2 b2ϵ b1ϵ

b2ϵ v−ϵ2 b3ϵ2

b1ϵ b3ϵ2 vþϵ2

1
CA; ðB6Þ

where ϵ is a small parameter, and the coefficients in front of
ϵ and ϵ2 are constants. As shown below, this choice of the
correction terms results in Oðϵ2Þ corrections to the eigen-
values of the matrix.
Substituting λ ¼ 1þ f1ϵ2 þOðϵ3Þ into the character-

istic equation (B2) for the matrix (B6), we obtain

ðvs − b21 − b22 − f1Þϵ2 þOðϵ4Þ ¼ 0: ðB7Þ

Thus, the corresponding eigenvalue up to Oðϵ2Þ is

λ ¼ 1þ ðvs − b21 − b22Þϵ2: ðB8Þ

Similar to the case of a 2 × 2 matrix with nondegenerate
spectra at the lowest order, squared terms of the non-
diagonal components appear in the leading correction term
in Eq. (B8).
On the other hand, substituting λ ¼ 2þ f2ϵ2 þOðϵ3Þ

into the characteristic equation (B2) for the matrix (B6), we
obtain

	
2b1b2b3 þ b23 − b21v− − b22vþ þ ðb21 þ b22Þf2
− ðf2 − v−Þðf2 − vþÞ



ϵ4 þOðϵ6Þ ¼ 0: ðB9Þ

Solving this equation at Oðϵ4Þ, the corresponding eigen-
values up to Oðϵ2Þ are determined as

λ ¼ λI;II ¼ 2þ ϵ2

2

�
v− þ vþ þ b21 þ b22

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv− − vþ þ b22 − b21Þ2 þ 4ðb1b2 þ b3Þ2

q �
:

ðB10Þ

Due to the degeneracy at the lowest order, the spectra are
expressed in a complicated form. If b3 ∝ b1b2 and v� ∝ b21,
the form of Eq. (B10) is similar to the tensor-led quar-
inormal frequencies in Eqs. (41) and (42).
As an interesting limit, we study the case with b1b2 þ

b3 ¼ 0 in Eq. (B10). In that case, the square root in
Eq. (B10) becomes

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
v− − vþ þ b22 − b21

�
2

q
¼ ð−1Þp�v− − vþ þ b22 − b21

�
;

ðB11Þ

where p ¼ 0 for Re½v− − vþ þ b22 − b21� > 0 and p ¼ 1 for
Re½v− − vþ þ b22 − b21� < 0. In that case, the eigenvalues
become

λI ¼ 2þ ϵ2ðv− þ b22Þ; λII ¼ 2þ ϵ2ðvþ þ b21Þ; for p ¼ 0; ðB12Þ

λI ¼ 2þ ϵ2ðvþ þ b21Þ; λII ¼ 2þ ϵ2ðv− þ b22Þ; for p ¼ 1: ðB13Þ

If p takes different values when b1 ¼ 0 and when b2 ¼ 0

while keeping the condition b1b2 þ b3 ¼ 0, the branches of
Eqs. (B12) and (B13) exchange for b1 ¼ 0 and b2 ¼ 0

cases. This phenomenon can be seen in the QNM spectra
for our setup.

APPENDIX C: STATIC SOLUTIONS AS TIDAL
RESPONSE FOR l= 2

In Sec. VI, we discussed the tidal response from the new
even-odd couplings. In this section, we present explicit
forms of the static solutions with the regularity condition at
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the horizon for l ¼ 2, ω ¼ 0 in the master equations (27). To obtain perturbative solutions in ϵ, we expand the solutions
around the lowest-order solutions up to Oðϵ2Þ as Eq. (69). The lowest-order solutions Ψ̃s

Sch, Ψ̃−
Sch, and Ψ̃þ

Sch are given by
Eqs. (66)–(68), which corresponds to the Schwarzschild case. We derive the correction terms by solving Eq. (27) with the
Ansatz in Eq. (69).

1. Scalar field-led case

First, we consider solutions led by the scalar external tidal field. The lowest-order growing solution for the scalar
field (66) is given by

Ψ̃s
Sch ¼ Cs

�
6
r3

r3H
− 6

r2

r2H
þ r
rH

�
: ðC1Þ

Through the scalar-odd coupling Vs−
1st and scalar-even coupling V

sþ
1st and the self-scalar coupling V

s
2nd in Eq. (31), the higher-

order solutions are given by

Ψ̃s
1st ¼ 0; ðC2Þ

Ψ̃−
1st ¼ −

1ffiffiffi
3

p
rr3H

2b2Cs

�
144r4Li2

�
1 −

r
rH

�
þ 12rHð6r2rH þ 12r3 þ 4rr2H þ 3r3HÞ ln

�
rH
r

�

þ 72r4ln2
�

r
rH

�
− 36r2r2H − 144r3rH þ 24π2r4 þ 128rr3H − 117r4H

�
; ðC3Þ

Ψ̃þ
1st ¼

1ffiffiffi
3

p
rr3Hð4rþ 3rHÞ

4b1Cs

�
−144ð−3r2r3H þ 6r4rH þ 4r5ÞLi2

�
1 −

r
rH

�
þ 1008r3r2H

þ 24r2 ln

�
r
rH

��
2rHð12r2 þ 24rrH þ 13r2HÞ − 3ð6r2rH þ 4r3 − 3r3HÞ ln

�
r
rH

��
ðC4Þ

þ8ð53þ 9π2Þr2r3H − 144ðπ2 − 4Þr4rH − 96π2r5 − 282rr4H þ 15r5H

�
; ðC5Þ

Ψ̃s
2nd ¼ Xs−led

s ; ðC6Þ

Ψ̃−
2nd ¼ 0; ðC7Þ

Ψ̃þ
2nd ¼ 0; ðC8Þ

where Li2 is the second polylogarithm function

Li2ðxÞ ≔ −
Z

1

0

dt
lnð1 − txÞ

t
; ðC9Þ

and ζðnÞ is the Riemann zeta function. The function Xs−led
s is defined as the solution of the master equation for Ψ̃ð2Þ

s with the
regularity at the horizon. Although it is difficult to write an explicit form of the functionXs−led

s , we can discuss its asymptotic
behavior at spatial infinity. In the asymptotic region, the nonvanishing solutions behave as

Ψ̃−
1stjr→∞ ¼ −b2Cs

�
96

ffiffiffi
3

p
−
72

ffiffiffi
3

p
rH

r
þ 96

ffiffiffi
3

p
r2H

25r2
þ 8r3Hffiffiffi

3
p

r3
þ 96

ffiffiffi
3

p
r4H

49r4

�

− b2Cs

�
96

ffiffiffi
3

p
r2H

5r2
þ 16

ffiffiffi
3

p
r3H

r3
þ 96

ffiffiffi
3

p
r4H

7r4

�
ln

�
r
rH

�
; ðC10Þ
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Ψ̃þ
1stjr→∞ ¼ b1Cs

�
48

ffiffiffi
3

p
−
30

ffiffiffi
3

p
rH

r
þ 1891

ffiffiffi
3

p
r2H

50r2
−
17531r3H
200

ffiffiffi
3

p
r3

þ 744619
ffiffiffi
3

p
r4H

39200r4

�

þ b1Cs

�
−
192

ffiffiffi
3

p
r2H

5r2
−
64

ffiffiffi
3

p
r3H

5r3
−
1044

ffiffiffi
3

p
r4H

35r4

�
ln

�
r
rH

�
; ðC11Þ

Ψ̃s
2ndjr→∞ ¼ b21C

s

�
−
588r2

5r2H
þ 2092r

35rH
−
2248

7
þ 2064rH

7r
þ 4r2Hð322560ζð3Þ − 372959Þ

175r2
þ � � �

�

þ b21C
s

�
−
576r2H
7r2

−
864r3H
7r3

þ � � �
�
ln

�
r
rH

�

þ b22C
s

�
16r2Hð8640ζð3Þ − 13451Þ

75r2
þ 8r3Hð8640ζð3Þ − 6251Þ

25r3
þ � � �

�

þ b22C
s

�
−
1152r5H
5r5

−
1792r6H
5r6

þ � � �
�
ln

�
r
rH

�
: ðC12Þ

2. Odd-led case

Let us consider solutions led by the odd parity external tidal field. The lowest-order growing odd solution is given
by Eq. (67)

Ψ̃−
Sch ¼ C− r3

r3H
: ðC13Þ

Through the scalar-odd couplings Vs−
1st, the first-order solutions are modified as

Ψ̃s
1st ¼ 16

ffiffiffi
3

p
b2C− r

r3H

�
6ð6r2 − 6rrH þ r2HÞLi2

�
1 −

r
rH

�
þ 3ð6r2 − 6rrH þ r2HÞln2

�
r
rH

�

þ 6π2r2 − 6ð6þ π2ÞrrH þ 18rHð2r − rHÞ ln
�
rH
r

�
þ ð27þ π2Þr2H

�
; ðC14Þ

Ψ̃−
1st ¼ 0; ðC15Þ

Ψ̃þ
1st ¼ 0: ðC16Þ

At second order, through the self-odd coupling V−
2nd and the even-odd gravitational coupling V−þ

2nd in Eq. (31), the second-
order solutions are

Ψ̃s
2nd ¼ 0; ðC17Þ

Ψ̃−
2nd ¼ Xodd−led

− ; ðC18Þ

Ψ̃þ
2nd ¼ Xodd−ledþ ; ðC19Þ

where the functions Xodd−led
− and Xodd−ledþ are defined as the solutions of the master equations for Ψ̃−

2nd and Ψ̃þ
2nd with the

regularity at the horizon. In the asymptotic region, nonvanishing solutions behave as

Ψ̃s
1stjr→∞ ¼ −b2C−

�
16

ffiffiffi
3

p
−
4

ffiffiffi
3

p
rH

r
−

172r2H
25

ffiffiffi
3

p
r2

−
26

ffiffiffi
3

p
r3H

25r3
þ � � �

�
− b2C−

�
16

ffiffiffi
3

p
r2H

5r2
þ 24

ffiffiffi
3

p
r3H

5r3
þ � � �

�
ln

�
r
rH

�
; ðC20Þ
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Ψ̃−
2ndjr→∞ ¼ b21C

−
�
−32þ 40rH

r
þ 1608r2H

5r2
−
968r3H
3r3

þ � � �
�
þ b22C

−
�
6912r2Hð8ζð3Þ − 9Þ

5r2
þ 384r3Hð24ζð3Þ − 29Þ

r3
þ � � �

�
;

ðC21Þ

Ψ̃þ
2ndjr→∞ ¼ b1b2C−

�
−
1728

7
þ 208rH

7r
þ 6r2Hð129024ζð3Þ− 154439Þ

35r2
þ � � �

�
þ b1b2C−

�
1536r2H
7r2

þ 512r3H
7r3

þ � � �
�
ln

�
r
rH

�
:

ðC22Þ

In the limits of the sGB gravity (b2 ¼ 0) or the dCS gravity (b1 ¼ 0), the odd mode (C21) does not include the logarithmic
terms. In those cases, using the definition of the tidal Love numbers in [84], we obtain

sGB case∶ kB2 ¼ 12032

15
b21ϵ

2; ðC23Þ

dCS case∶ kB2 ¼ 18432

5
f8ζð3Þ − 9gb22ϵ2: ðC24Þ

In the limit of the dCS gravity (b1 ¼ 0), our result coincides with that in [84].

3. Even-led case

We study solutions led by the even parity external tidal field. The lowest-order growing solution is given by Eq. (68) as

Ψ̃þ
Sch ¼

Cþ

4þ 3rH=r

�
−6

r3

r3H
− 4

r2

r2H
þ 3

�
: ðC25Þ

Through the scalar-even coupling Vsþ
1st in (31), the first-order solutions are given by

Ψ̃s
1st ¼

1

rr3Hð4rþ 3rHÞ
4

ffiffiffi
3

p
b1Cþ

�
48r2ð4rþ 3rHÞð6r2 − 6rrH þ r2HÞLi2

�
1 −

r
rH

�
þ 608r2r3H þ 8π2r2ð4rþ 3rHÞð6r2 − 6rrH þ r2HÞ − 1152r4rH − 24rr4H þ 5r5H

þ 24r2ð4rþ 3rHÞ ln
�

r
rH

��
ð6r2 − 6rrH þ r2HÞ ln

�
r
rH

�
þ 6rHðrH − 2rÞ

��
; ðC26Þ

Ψ̃−
1st ¼ 0; ðC27Þ

Ψ̃þ
1st ¼ 0: ðC28Þ

Via the new even-odd gravitational coupling V−þ
2nd in Eq. (31), the second-order solutions are

Ψ̃s
2nd ¼ 0; ðC29Þ

Ψ̃−
2nd ¼ Xeven−led

− ; ðC30Þ

Ψ̃þ
2nd ¼ Xeven−ledþ ; ðC31Þ

where the functions Xeven−led
− and Xeven−ledþ are defined as the solutions of the master equations for Ψ̃−

2nd and Ψ̃þ
2nd with the

regularity at the horizon. The asymptotic forms of the nonvanishing solutions are given by

Ψ̃s
1stjr→∞ ¼ b1Cþ

�
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ffiffiffi
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p
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ffiffiffi
3

p
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r
−

613r2H
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�
; ðC32Þ
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Ψ̃−
2ndjr→∞ ¼ −b1b2Cþ
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−
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