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It has been proven that nonlinear electromagnetic fields can result in regular black holes without
singularities in the origin. Consequently, even if the event horizon disappears, this spacetime will not lead
to the problem of naked singularities but, instead, becomes a regular spacetime. Thus, it is interesting to
study the scalar field evolution in nonlinear electromagnetic regular anti—de Sitter spacetimes in order to
analyze its stability. In these regular anti—de Sitter spacetimes, the tortoise coordinate transformation r, has
an upper and lower limit, respectively, and the effective potential of scalar perturbation diverges at
maximum r,, so that the wave cannot penetrate this boundary. On the other hand, at the center of the regular
spacetime, the value of the effective potential even with L = 0 does not diverge, so the reflection at the
center of the wave is equivalent to the reflection on one side of the wave-spreading medium, resulting in a
phenomenon of half-wave loss. It means that the process of scalar perturbations in this spacetime is similar
to the standing wave vibrations with fixed boundaries in wave mechanics. We will calculate the scalar field
normal modes of oscillation and demonstrate the phenomena of standing waves and half-wave loss of

nonlinear electromagnetic regular anti—de Sitter spacetimes.

DOI: 10.1103/PhysRevD.109.124019

I. INTRODUCTION

The past decade has undoubtedly been a significant period
of development in astronomy in this century. In 2015, LIGO
achieved the first direct detection of gravitational waves [1],
confirming their existence and validating the presence of
merging black holes as sources of gravitational waves. Sub-
sequently, the LIGO-Virgo Collaboration discovered dozens
of black hole merger events [2-9]. Additionally, in 2019, the
EHT Collaboration announced the first photograph of the
central black hole in the M87 galaxy, marking humanity’s
first image of a black hole. Later, in 2022, the same collabo-
ration presented the imaging of the black hole at the center of
our Milky Way. This series of astronomical accomplish-
ments has provided empirical evidence for theoretical
physics models that were previously confined to general
relativity textbooks, propelling humanity into the era of
gravitational wave astronomy and black hole observations.
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Moreover, exciting news about new astrophysical phe-
nomena connected with fast radio bursts [10] and their
observations [11] opens a new era for the search of types of
solutions of general relativity which might explain such
phenomena, especially via instabilities [12].

According to general relativity, black holes have singu-
larities. Therein, spacetime curvature becomes infinite and
physical theories fail. Fortunately, most black hole sol-
utions in general relativity have an event horizon surround-
ing the singularity, which is a one-way membrane that
prevents the effects of the singularity from reaching regions
outside the event horizon. Based on this aspect, Penrose
proposed the famous cosmic censorship hypothesis, which
suggests that real black hole singularities in the Universe
are always enclosed by an event horizon, preventing the
singular nature within the event horizon from affecting the
outside world [13]. This alleviates the awkward situation
for observers. However, the singularity problem has not
been fundamentally solved yet, leading to various alter-
native approaches proposed to address this issue. In 1968,
Bardeen first introduced a regular black hole metric [14]
that avoids the presence of a singularity, remaining finite at

© 2024 American Physical Society
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the center and matching the Schwarzschild spacetime at
infinity. Later on, it was discovered that Bardeen’s regular
black hole solution can be constructed using nonlinear
electromagnetic theory [15]. Subsequently, a series of
regular black hole solutions were proposed [14-21].
More recently, an extensive and complete discussion about
proprieties of regular black holes sourced by phantom
scalar field and nonlinear electrodynamics was presented
in [22] and references therein.

Typically, a four-dimensional static regular black hole
can be written in the following form:

2

ds® = —f(r)di* + dr + r*(d6* + sin® 0dg?*)  (1.1)

1)
and
fn=1-2M0 Moo az

where M is the Arnowitt-Deser-Misner (ADM) mass of the
black hole; thus, we impose that C); — 1 as r — oo, and it

is requested that CMf(’) is finite at » = O such that the black
hole spacetime does not display singularities. In this paper,
we choose the natural coordinates ¢ = G = 1. So far,
within the framework of general relativity, there are several
possible ways to construct the regular black holes. The
most common approach is to use nonlinear electromagnetic
fields. For this purpose, we can consider the potential of a
magnetic charge as

(1.3)

With this choice, it is possible to express the specific form
of the action L(F) for the nonlinear electromagnetic field
and obtain the explicit metric describing the regular black
hole spacetime.

On the another hand, we can also obtain a regular black
hole by directly constructing the form of the energy-
momentum tensor of matter.

It requires satisfying the condition for the energy-
momentum tensor [20]: T!=p, T:.=—p,, and Tz =
Ty = —p,, and the equations of state relating pressure
p and the energy density p are p,=—p and p; =
—p —45p'. It leads to the following relation:

A, = Q,,cos(0)5].

_4:7 r

=/ (1.4)

Cy(r) p(x)x*dx.

Then, after setting the form of p, we can get the metric of a
regular black hole. Many static regular black holes have
been proposed through the method. Some works have
studied the stability of regular black holes [23-27] analyz-
ing the quasinormal modes, i.e., complex frequencies
of oscillation of perturbed spacetime or of probe fields
evolving around the black hole. Details about different

approaches to calculate quasinormal modes can be obtained
in a series of reviews [28-31].

It is worth noting that the advantage of a regular black
hole is that the absence of an internal singularity makes the
Penrose cosmic censorship hypothesis somewhat redun-
dant in this type of spacetime. Hence, in this spacetime, the
magnetic charge can be large enough to make the event
horizon disappear, transforming the regular black hole into
a whole regular horizonless spacetime.

On the other hand, there is a correspondence between the
properties of anti—de Sitter (AdS) spacetime and conformal
field theory, the so-called AdS-CFT correspondence [32].
It provides possible insights for physicists to explore
quantum gravity and grand unified theories. It also offers
a potential platform for experimentalists to study quan-
tum effects in flat spacetime using gravitational theory
methods. As a result of the correspondence, the study
of AdS spacetime has attracted the attention of many
researchers [33].

This paper investigates the perturbative properties of
regular horizonless anti-de Sitter spacetime observing a
probe scalar field evolving in this geometry. Since there is
no event horizon in this spacetime, the tortoise coordinate,
denoted as r, = [J %, exists in the range of [0, r™],
where r"* is a finite positive number. Consequently, the
perturbations in this spacetime exhibit significant
differences with respect to those in black holes and ordinary
stars in asymptotically flat spacetime.

In Sec. II, we will review how to derive the general
relationship between C,; and L(F) by using nonlinear
electromagnetic theory. We will take several common
regular spacetimes as examples to show the behavior of
Cy; when r — oco. In Sec. III, we construct the scalar field
perturbations in regular horizonless anti—de Sitter space-
time and show the corresponding boundary conditions.
Numerical calculations and analysis are performed in
Sec. IV. In Sec. V are included discussions and conclusions.

II. REGULAR BLACK HOLE SOLUTION
AND NONLINEAR ELECTRODYNAMICS

After Bardeen proposed the idea of regular black holes, it
was discovered that Bardeen black holes could be obtained
by choosing, appropriately, the form of the nonlinear
electromagnetic field in nonlinear Einstein-Maxwell
theory. Subsequently, the metrics of different regular black
holes have been derived by selecting different forms of
nonlinear electromagnetic fields. In four-dimensional gen-
eral relativity, the action with a nonlinear electromagnetic
field is given by

S

dGR-LF). (20)

~ l6n

where the nonlinear electromagnetic term L(F) is a
function of F=F WF’”’. From the action, the Einstein
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field equations (or gravitational field equations) and non-
linear Maxwell equations (nonlinear electromagnetic equa-
tions) are

1 oL 1

R/,w _Egm/R = 26_Fga/}FaﬂF[)’u _Eg/wﬁ(F)?

oL
w |
v, L}FF ] = 0. (2.2)

According to the static spacetime metric with magnetic
charge, we substitute Egs. (1.1)—(1.3) into the gravitational
field equations and electromagnetic field equations and
find that the electromagnetic field equation is satisfied
automatically and the gravitational field equations yield the
following relationship:

dcC
C), = dCulr) _ r2L(F), (2.3)
dr
where
F=20}/r*
or r= 21/4an/2/F1/4. (2.4)

By comparing Egs. (2.3) and (1.4), we find L(F) = p
in a static spacetime metric with magnetic charge, where
L(F) plays the role of the energy density p.

Getting the linear form L(F) = F, we find that the factor

2
Cy =1-22 and

(2.5)

It is no other than a metric of Reissner-Nordstrom-like
spacetime with static magnetic charge Q,,. This spacetime
is singular at » = 0, so it implies that £(F) cannot be linear
in a regular spacetime.

Although it is not very difficult to obtain the form of f(r)
for a regular spacetime metric from the assumption of
L(F), asimpler method is to use Eq. (2.3), which allows us
to conveniently determine the form of L(F) by choosing
the form of C,,.

Let us take Hayward regular spacetime as an example.
The C); in the metric is written as

3

Cu

By substituting Egs. (2.4) and (2.6) into Eq. (2.3), we
obtain

6\/§Mﬂ2F3/2
(an/Z + 2'/4ﬂ2F3/4)2 ’

L(F) = (2.7)

To eliminate Q,, and M from the equation, we set

0:* = yp* = 20M, (2.8)
and, therefore,
LZ(F) = ﬂ (2 9)
oy + 21/4F3/4)2’ :

where y and o are undetermined parameters in the action
L(F). Thus,

2M, 4ol QY2
r r3 + 27_1Q3m/2 ’

f=1- (2.10)

In Eq. (2.10), Mapy = Mo + My = My + 2, where
Mgy is the electromagnetic mass caused by electromag-
netic interactions. When M = 0 in the equation above, the
black hole metric reduces to the Hayward regular metric
without divergent curvature at r = 0.

Looking at it from another viewpoint, according to
Eq. (2.8), we can choose

2Mr?
f=1 P dy oM (2.11)
In this case, although M can be interpreted as the ADM
mass of the black hole, Q,, and $* are determined after
L(F) is given. Here, in this paper, we will adopt this
viewpoint to explain the regular horizonless spacetime
metric derived from the nonlinear Einstein-Maxwell theory.
Therefore, it is important to note that, while Q,, and > in
the metric contain y and o, these two parameters are fixed
once the action is determined. Once the action is fixed,
0, = Q0,,(M) and = (M) depend on only the space-
time mass M.

In general, when selecting a regular black hole in a regular
spacetime, we aim for the black hole metric to match the
Schwarzschild metric at infinity. This is because the space-
time must satisfy the requirements of the post-Newtonian
approximation. However, at r =0, f(r) remains finite.
Therefore, Cj; needs to satisfy the conditions
Cy(r) { 0,

r=20,
’ 1

P r — 0.

(2.12)

However, the regular spacetime solution should satisfy
more conditions. As we all know, regular spacetime requires
that there are no singularities at center r = 0 and at radial
infinity » — oo, so the three scalar quantities about curva-
tures R = ¢*“R,,, R = R,sR™, and Z = R,5,,R*’"* must
remain finite.

In the case of a static spacetime with magnetic
charge, when we substitute Egs. (1.1) and (1.2) into the

2 afiyo
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aforementioned scalar quantities, and we have

R =" ac, + rcy),
!

2M?
R="F (4Ch + 7 Ci7),

B aMm?
=%

+ r2(r’Cy} — 4rCy, Chy +8CH) .

R [12C3; 4 4rCy (rC}y — 4C)y)

(2.13)

On the other hand, if we require the action to be finite,
the scalar £(F) must also remain finite at any position.
Near r = 0, we assume Cy, ~ r§ + O and substitute this
expression into the scalar quantities. By expanding around
r = 0, we find that if the scalar fields do not diverge, then
must satisfy the condition a > 3. At infinity, considering
that in an asymptotically flat spacetime the nonlinear
electromagnetic field effects are not significant, we can
assume L(F)/F = F¢|,_», Where F is a finite constant.
If Fc#0, it implies that the nonlinear electromagnetic
field effect in curved spacetime and the nonlinear electro-
magnetic field reduces to a linear electromagnetic field
in asymptotically flat spacetime. If F- = 0, it signifies that
the nonlinear electromagnetic field completely vanishes
at infinity. Therefore, let us assume that, at infinity,
Cy — 1 ~ r%t 4 O. Substituting this into the scalar quan-
tities, we require a;,r < —1 at infinity.

In conclusion, we obtain the conditions for regular
spacetime as follows:

Cu(r)
W A

r—

[CM(r) - l]r‘r—»oo 7> o0.

(2.14)

By choosing a function Cy,(r) that satisfies Egs. (2.12)
and (2.14), we can obtain a metric of a static regular
spacetime with magnetic charge. Subsequently, we can
determine the specific form of the nonlinear electromag-
netic field £(F) based on Egs. (2.3) and (2.4). For example,

we can choose
Cyy = Erf3 <L>

where Erf(r) = \/%for e™dy is the error function, so the

(2.15)

regular black hole is given by

2M r

By using the method, we can even transform various
regular spacetime with metric forms satisfying Eq. (1.1)
into regular spacetime with magnetic charge. For example,
Ref. [20] proposed a regular black hole without magnetic
charge. Nevertheless, we can still use the above procedure
with nonlinear electrodynamics to obtain a regular black
hole with magnetic charge, and the metric has the same
form as compared to this black hole.

In Table I, we have listed several common black hole
metrics, which can be derived by the corresponding non-
linear electromagnetic field action £(F) using the afore-
mentioned procedure.

Finally, let us discuss the properties of the event horizon
in a regular black hole. If the regular spacetime still
represents a black hole, it is necessary for the spacetime
to possess an event horizon. Let us assume the position of
the event horizon is at r = r), > 0. Therefore, the metric of
the regular black hole can be rewritten as

(2.16)

TABLE I. The metrics of some famous regular black holes.

Authors Cy(r) Reference L(F) M and Q,,
Bardeen W [14] 6(\/57621;57_?—/:‘/[_7)5/2 32— g = 26M
Ayon-Beato and Garcia (rz+/;2)3/2 _ 2M(rziﬁ2)2 [16] - ﬂy&y{jﬁ;ﬁW 03 — 1B} = 26M

e 3
Hayward ﬁ [17] 6(y3+\/57f;§4)2 32—y = 20M
Berej et al. 1— tanh(%r) [18] ﬂ%sech(%)z 0)* = ypP? = 26M
Dymnikova 2 {arctan (7’0) - rz’i’ré} [19] 5<2,4/z,,+2\/8§;z/3\/f+ﬁ> W2 =yr =20M
Dymnikova 1= e /mrg [20] %e—%y 32 _ yrir, = 26M
Lin ez al. 1—e "/ with n >0 [21] . ’ e 32 — yATT = 26M
3 2'*?5;;;1)7“*' e (?)
The example in this paper Erf3 (ﬂ%) Eq. (2.15) 6—j \/%e_%%Erfz K%) %} o2 = ¥ = 206M
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rpCM<r)

f(r)zl—m-

(2.17)

The above equation requires Cy(r,,) > 0 as a regular black
hole, and the temperature of the black hole is given by

l-r,C,

Ty = , (2.18)

where C), = C},/Cy|
The discussion above refers to the metric of asymptoti-

cally flat spacetime. If we add a cosmological constant term
to the action, the action becomes

r=r,*

S = lé dx4\/_[R+ (F)} (2.19)

% = —A, so we can obtain asymptotically (anti—)de
Sitter solutions. For 1(2) > 0, it corresponds to anti—de Sitter
spacetime, while lg < 0 corresponds to de Sitter spacetime
case. The (anti—)de Sitter solutions are obtained simply by

adding a term % to Eq. (1.2) [34-37], namely,

where

72

. (2.20)
lO

far)=1-22 ) +

However, the relation between Cj, and L£(F) remains
unchanged. Additionally, curvature scalars quantities are

12
1_27
12M
12 2 (

8M 24
%A:%O—W@Cﬁw—l—rcx[) +E’

RA:RO_

RA = RO 2Cl rCX,,) +

E7
(2.21)

where Rj, R,, and %, are the curvature invariants as
derived from asymptotically flat spacetime (2.13).
Following the same idea as before, we find that C,, still
satisfies the conditions Egs. (2.12) and (2.14).

III. SCALAR PERTURBATION IN REGULAR
ANTI-DE SITTER SPACETIME

In this section, we study the dynamical behavior of
scalar field perturbations in spacetimes with a negative
cosmological constant obtained using the method previ-
ously discussed. They are the Hayward solution, Bardeen
solution, Berej solution, and Erf solution asymptotically
anti—de Sitter, respectively. The component of metrics for
these four types of regular spacetimes are

2Mr? r?
fHayward = _W‘Fg’
2Mr? r
S Bardeen = 1 _m+l_2,
2M B
SBerej = 1 = , [1 _tanh<2M ):| +l_27

2M r
fErf—l——Erf?)(ﬁ)—'—g. (31)
Choosing M =1/2 and A = -3, for example, these
regular spacetimes become horizonless, i.e., without

event horizon, if we require that f > 0.196625 for the
Hayward case, f > 0.327414 for the Bardeen -case,
f > 0.496927 for the Berej case, and f > 0.696562 for
the Erf case.

Without loss of generality, we set M =1/2, Q,, = 1,
A=-3 (lp=1), and y=0=1, so p=1. Thus, the
horizonless condition is satisfied by all four solutions.

We will display the plots of f = fx(r), r, = r.(r), and
Cy = Cy(r) for this case in Fig. 1. It can be seen that, in
the spacetime metrics for these cases, there is no event
horizon present. Therefore, they are regular horizonless

I ' has

spacetimes, and the tortoise coordinate r, = RO

upper and lower bounds for its values.

Here, it has been considered the simplest case of scalar
field perturbation. Therefore, substituting the regular hori-
zonless spacetime metrics into the massless scalar field

equation,
0
— & | =0,
ox¥ )

we get the equation of motion as

1 9

(o

0 Py
v,
ot or?

= V(r(r.))y =0,

where

r dy
o faly)

fA( ) [L(L+ )—f—r%f[\(r) :

r.(r) = € [0, r],

V(r) =

(3.4)

Figure 2 shows the effective potential V = V(r,) with
L =0,1, 2, 3. It can be observed that V — oo as r — oo
(namely, r, — r®*). On the other hand, as r — 0 (namely,
r, = 0), for L = 0 the value of V(r, = 0) remains finite,
while for L > 1 it diverges.
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M=0.5, =1, A=-3
fa (r)
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N\ Tt S e Bardeen Case
= 1
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' .
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A
4
070 KR
n 1 1 1 1 1 r
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FIG. 1. fp = fa(r), r, = r.(r), and Cy; = Cy(r) at the Hay-

ward case, Bardeen case, Berej case, and Erf case, respectively. In
order to show the differences between the four types of regular

horizonless spacetime, we display the functional form of {A(’Q
+r

the top of the panel. It is observed that ', (r) # 0 within the range
of values. The figure of C; = C);(r) indicates that the values of
the metrics f = f(r) are limited within a finite range.

at

In order to study the asymptotic behavior of the regular
horizonless spacetime at its center and at infinity, we can
expand V at r =0 and r - oo and obtain the following
expressions:

w(r—0) = Cyrtt + Cyrt,

w(r = o0) = Cor 2+ Cyr. (3.5)

In order to ensure that the wave function is finite at these
two points, we set Cz = C;, = 0. Therefore, the boundary
conditions for Eq. (3.3) are

w(r—0) -0,

w(r = o) = 0. (3.6)
Let us analyze Eq. (3.3) further. It can be observed that, if
V vanishes, the equation becomes a standard wave equation

. . —1(\dr —dr. _ . _ i
w1th velocity of waves f (r) & =G =c=1.Ttis worth
noting that r, € [0, ¥™*|, which means that the wave can
propagate to any position in r, within a finite amount of
time. Furthermore, considering that » — rJ™* corresponds

to infinity in anti—de Sitter spacetime, the scalar field phase
dr,

velocity v =49 = f,(r(r.)) % goes to infinity at radial
infinity.

Now let us qualitative study Eq. (3.3) with the potential
function V. First, by using the Fourier transform, we can
set y = e ¥(r,) and expand the effective potential
around a point r,=ry as V=V(ry) +O(V'(ry)) =
Vo + O(V'(rg)). After neglecting higher-order terms and
substituting it into Eq. (3.3), we have

-1
—iw |t 2 &
W= e—imlii\/mz—Vor* — e |: <\/ “’2_‘/0) :| . (37)

This means that, for a wave with frequency w, the wave
: : dr —1 dr w
speed is given by v, =T = f1'(r) 4= T When

*=V,

Vo =0, the wave speed v, = c = 1. When V, > 0, the
wave speed v, is greater than ¢ = 1. When V = »?, the
wave speed goes to infinite, indicating the scalar field
becomes an action at a distance. When V,, > ?, not only
does the action not require time to propagate, but its
perturbation amplitude may also goes to zero or diverge.
Based on the values of V shown in Fig. 2, we can conclude
that any scalar perturbation at any position can propagate to
any position in r € [0, r®*] in a finite time.

Given that the range of r, <0 and r, > rJ™* is physi-
cally meaningless, it can be effectively regarded as

w(r, <0)=w(r, > r"™) =0. (3.8)

This is exactly the boundary condition for an infinite
potential well in quantum mechanics. Therefore, the Klein-
Gordon equation of a regular horizonless anti—de Sitter
spacetime can be considered as a quantum mechanical
problem with an asymmetric infinite potential well, whose
boundary condition is given by Eq. (3.8), and its corre-
sponding effective potential function can be equivalently
written as

124019-6
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M=0.5, B=1, A=-3, L=1

M=0.5, B=1, A=-3, L=0 v
v 50
“f ! 1 Hayward Case
[ p k
' ! | Bardeen Case
sl ! ' 40}
r ! ' T - Berej Case
1 1
! ! i
30} Hayward Case ! ! 30l Erf Case
b 1 b
------- Bardeen Case Y
N 1
[ i/
Iy - Berej Case S 20l
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o
0 L L N ’
0.5 1.0 15
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FIG. 2. The effective potential V = V(r,) for the scalar field with L =0, 1, 2, 3.
o <0 and whose eigenvalues are w,, # ®,, and eigenfunctions are
o ¥, # ¥,,. Therefore,
V)= LILIL+1)+rfy] 0=r.2rm (39
0 r, > roa, i
A Q= / {¥,L,[¥,r,]-"Y,L,[¥Y,r.]}dr,
0
Under the assumptions made above, Eq. (3.3) can be put in ) s pmex
the format of an eigenvalues equation, resulting in = —(w; — o) A Y, ¥,dr.. (3.12)

A’y . . .
= (r,) + [a)Q _ V(r(r*))]‘P(r*) =0, (3.10) We can obtain, by integrating by parts,
: ) i a¥y, de, ™"
whose eigenfunctions are denoted by ¥ and eigenvalues by Q=1Y¥, - v, T
* * 10

of the above equation using the Sturm-Liouville theory. ; a¥. L oy

The orthogonality of Eq. (3.10) with the boundary dr., " dr, "
condition (3.8) can be proved by taking two different
solutions of Eq. (3.10), which are given by

@?. Let us first analyze the orthogonality and completeness
= [dY, d¥
- =0 (3.13)
0

because of the boundary conditions (3.8) ¥(r, =0) =
Y(r, =r™) =0 and d¥, = %dr*. From the above

d? .
L[ r)= d—rElP" - V(r)¥, = —02¥,, relation, we have

d? e Q
L,[¥, r|= ﬁ‘{’m -V(r,)¥,, = -0V, (3.11) / Y,V dr,=-———>=0 forn#m. (3.14)
r 0 n— Wm

*
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L=0, M=0.5, B=1, A=-3, N=25, r,€[0, 1.70]

WhaywardCase

1.0

0.5

-1.0
L=0, M=0.5, g=1, A=-3, N=25, r,€[0, 1.65]

Waerejcase

1.0

05F <

-0.5

FIG. 3.

On the other hand, we can set

IHE/* Y2dr,
0

max
L

(3.15)

so that

v, ¥,dr,

J

It means that the eigenfunctions set {¥;} satisfying an
orthogonality condition.

Next, let us prove that the eigenfunction set {¥;} is
complete, which means that any function ®(r,) can be
expanded as

Suml - (3.16)

o(r) = S C,¥,(r.) (3.17)

with constant coefficients C,. In order to find C,, we can
calculate the integral as follows:

J

max

o max

v, odr, =3 C, / "
n 0

= Cobunln = 1nC,

¥ W dr,

(3.18)

L=0, M=0.5, g=1, A=-3, N=25, r,€[0, 1.73]

WaardeenCase

1.0

0.5

-1.0
Wercase
1.0 - o w,
Paet AR ¢ * -
’ e e . K4 “
AR ) . Ad . .
0 Y . S o .
LN L N ’ ‘
05k o> (S ] 0 S,
. l!: LY o ' '-“ .
- - ' R ‘s
= s [ ¢ " .
Ly LY 1 N .,
5 ) . ' ’ ' .
PR o P “ L - r
A sl
' 05 -t 10~ 15 0
' /) ) .
1 p i - N ’
wps2.33. . : ) )
' . ' ' “ B
—0.5F srvraaan w1=4_15 . ' '~ N I
v - ., '
) A ) “ N L4
..... - w,=5.88 g R X .
S =,
s, e .
----- = - v - .
1ol w3=7.60 . ..t

Matrix method for scalar normal modes of Hayward, Bardeen, Berej, and Erf regular horizonless AdS spacetimes with L = 0.

or

G, (3.19)

1 rl;ﬂ'dx
— / Y, odr,.
In 0

Therefore, the eigenfunction set {¥;} is complete in the
range 0 > r > rI"*. Finally, Eq. (3.10) can be written as

LY + o*¥ = 0, (3.20)
where £ is a linear operator given by
d (d
=—|—)-V 3.21
dr, <dr*> (r.) (3:21)

and w? are the eigenvalues. In this format, we can treat the
eigenvalue problem in the Hilbert space L*([0, r™], dr,)
with the scalar product given by

(hy, hy) = / " Rhadr,. (3.22)
0

In the next section, we will perform numerical calculations
for above wave equation with potential V = V(r(r,)).
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L=0, M=0.5, B=1, A=-3, N=25, r,€[0, 1.70]

Whaywardcase

1.0

0.5

-1.0
L=2, M=0.5, B=1, A=-3, N=25, r,€[0, 1.70]

WhaywardCase

1.0

0.5F

L=1, M=0.5, p=1, A=-3, N=25, r,€[0, 1.70]

Whiaywardcase

1.0

0.5

L=3, M=0.5, B=1, A=-3, N=25, r,€[0, 1.70]

qJHaywardCase

1.0F

0.5

FIG. 4. Matrix method for scalar normal modes of Hayward regular horizonless AdS spacetime with L = 0, 1, 2, 3, respectively.

IV. NUMERICAL RESULTS

We can use either the matrix method [38—46] or the finite
difference method [47-52] to calculate Eq. (3.3).

The matrix method requires one to rewrite the wave
function as y = ¢7¥(r,) and introduces a variable
transformation x = r,/ri™ €0, 1], so that we have

P (x) + [(rw)? = (rM)?V (r(x))]¥(x) = 0. (4.1)

According to the matrix method, we can uniformly
choose N+ 1 points in a grid, x;€X =xy=0,x,
X3, ..., Xy = 1 within the interval x € [0, 1]. Let us define
F={Fy.F,,....Fy} and F" = {Fj§,F},...,F}\} [where
F; = ¥(x;) and F! = ¥ (x;)]. We can find the relationship
between F and F” through a high-precision difference
method [38], F” = M,F, where M, isan (N+1)x(N+1)
square matrix, and let M, be the (N + 1)-dimensional
identity matrix. Thus, the above equation can be written as
a matrix equation:

{M, + [(r™w)? — (r™)2V(r(X))| My} F = M(w)F = 0.
(4.2)

Therefore, we can determine the eigenfrequency w by
solving the determinant equation det (M(w)) = 0. Then,
we can solve for the column matrix F = {¥(x;)} and
finally obtain the solution of the function ¥ = ¥(x) =
¥(r,/r™) by interpolation.

Figures 3 and 4 show the time evolution of the scalar
field by the matrix method. It is obvious that, in contrast to
the case of asymptotically flat spacetimes or black hole
spacetimes, the eigenfrequencies of the wave equation
are real in the regular horizonless anti—de Sitter spacetime.
This means that these oscillations do not decay over time,
making them normal modes instead of quasinormal modes.
The physical reason for this is that, when viewed in terms of
the r, coordinate, the region where these oscillations occur
is finite. Moreover, the effective potential function Eq. (3.9)
implies that all energy is completely confined within
the range 0 > r, > ri"™*. Consequently, the energy of the
oscillations does not decrease, what is consistent with the
results of an infinite potential well in quantum mechanics.
Next, we can use these eigenfunctions as initial values to
study the dynamics of scalar perturbations as they evolve
over time.

In order to check the results, we use Pdschl-Teller
potential Vpr = Vpr(r,) to fit V(r(r,)), where
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TABLE 1II. Hayward regular spacetime’s normal modes
frequency @ by Poschl-Teller approximation and matrix
method, respectively, where M =0.5, =1, A= -3, and
r, €10, 1.70086].

n Matrix method Poschl-Teller approximation
L=0 N=25 K =0.994637, 2 = 2.00013
0 2.64698 2.76576
1 4.56353 4.61282
2 6.42852 6.45988
3 8.28425 8.30694
L=1 N =25 K =1.99766, 1 = 2.00082
0 3.61016 3.69272
1 5.49785 5.53978
2 7.35689 7.38684
3 9.21051 9.2339
L=2 N =25 K =2.99793, 2 =2.00219
0 4.57049 4.61776
1 6.43288 6.46482
2 8.28593 8.31188
3 10.1373 10.1589
L=3 N =25 K =3.99781, 1 = 2.00424
0 5.53713 5.54307
1 7.37234 7.39013
2 9.21749 9.23719
3 11.0656 11.0843
K(K-1) A(4-1)
Vpr(r,) = o |— 5 3 )
sin*(ar,) = cos*(ar,)
/2
et =— 4.3
% (4.3)

The eigenfunction and eigenvalue of above equation are
given, respectively, by

¥, (r,) = sin (ar,) cos* (ar,)
1
X F(—n,K—i-/l—i—n,K—i—E;sin2 (ar*)>,

w, = a(K + 1+ 2n), (4.4)
where F(a,f,7;z) is a hypergeometric function. After
determining the parameters K and A, we can obtain
approximate values of the normal modes frequency showed
in Table II and Fig. 5.

In order to study the dynamics of scalar perturba-
tions over time, we need to apply finite difference
methods to solve Eq. (3.9). For this purpose, we set t; =
ty + iAt, r,; = jAr,, l,Uj- =y(t=t,r.=ry),and V; =
V(r, = r,;). Then, the master equation (3.9) becomes

il ] Ar i i
v =Y +m(l/]j—l+l//j+l)

Af? .
+ (2 - ZP - AIZVj> l//;

*

(4.5)

Considering that r, € [0, r"], we discretize this range with
n+ 1 grid points, so Ar, = r™*/(n + 1). Now, the boun-
dary conditions become

wh =yl =0. (4.6)
After discretizing the initial conditions, we have
w9 = dolx)),
wh =yl + Atghy(x;). (4.7)

Therefore, the calculation using the finite difference
method can be performed by specifying the initial con-
ditions ¢ (x;) and ¢(x;).

We first take the eigenfunctions calculated using the
matrix method as the initial function 1;/9 = ¢po(x;) and set
po(x;) = 0,50y =y} = o(x;). We then plot the results
in Fig. 6, which shows that it corresponds to a standing
wave. Since the energy carried by the wave cannot
propagate into the regions of r, <0 and r, > ri', the
amplitude does not decrease. Additionally, the initial
waveform represents an eigenfunction, which corresponds
to a normal mode of the system. Hence, it matches the
system’s inherent vibration modes, resulting in the occur-
rence of standing waves.

If we change the initial condition to a Gaussian wave
packet ¢y (x;) = e712500=05)" and set ¢hy(x;) = 0, we can
obtain Fig. 7. In this case, since the energy is always within
the range [0, r™], the wave packet bounces back and forth
within this range. This process illustrates two properties
of the regular horizonless AdS spacetimes: (i) When r is
very large (i.e., when r, approaches r'®*), the velocity v =
dr/dt goes to infinity and bounces back as r — oo (i.e., at
r, = ri®). (ii) The Gaussian wave packet can clearly be
decomposed into a linear combination of many eigenfunc-
tions, implying that the eigenvalues ¥,, (n =0,1,2,3,...)
of the system form a complete set.

In Fig. 7, we notice a very interesting phenomenon: For
the case of L = 0, there is a half-wave loss in the reflection
of the Gaussian beam at r, = 0, while in all other cases,
there is no such half-wave loss in the reflections. To explain
this phenomenon, let us consider the form of the potential
function in Fig. 2 and Eq. (3.9). We know that the reflection
interface of the Gaussian wave packet in this system is
located at r, = 0 and r, = ri**. When L = 0, in the region
0>r,>r™ V(r, »0)=0, while V(r, <0) - .
This is clearly a boundary between a low-density medium
and a high-density medium, and the Gaussian wave packet
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FIG. 5. Poschl-Teller approximation for scalar normal modes of Hayward regular horizonless AdS spacetime with L =0, 1, 2, 3,
respectively.

124019-11



KAI LIN, ALAN B. PAVAN, and ELCIO ABDALLA PHYS. REV. D 109, 124019 (2024)

r’

T
15 15
0.760 0.760
0.532 0.532
0.304 0.304
1.0 0.076 10 0.076
-0.152 -0.152
-0.380 -0.380
-0.608 -0.608
0.5 -0.836 0.5 -0.836
2 4 6 8 ! 2 4 6 8 !
Il &
15 15
0.760 0.84
0532 0.60
0.304 0.36
1.0 0076 10 0.12
-0.152 -0.12
-0.380 -0.36
-0.608 -0.60
05 -0.836 05 -0.84
2 4 6 8 ! 2 4 6 8 !

FIG. 6. Scalar standing waves of Hayward regular horizonless AdS spacetime with L = 0, n = 0 (upper left), L =0, n = 1 (upper
right), L =0, n = 2 (bottom left), and L = 0, n = 3 (bottom right), respectively.
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FIG. 7. The reflection process of scalar wave in Hayward regular anti-de Sitter spacetime, where L = O (upper left), L = 1 (upper
right), L = 2 (bottom left), and L = 3 (bottom right). We can clearly see that, in the case of L = 0, there is a significant half-wave loss in

the reflected wave at the center.

reflects on the side of the low-density medium, resulting in
the occurrence of half-wave loss. On the other hand, for the
case of L > 1 or at the interface r, = ri®, although
V(r, <0) »> 0 and V(r, > r™) — oo, in the region
0>r,>2r™, V(r,=0) > o0 and V(r, - r™) - .
Therefore, when the wave reaches the boundary, it is no
longer a case of a low-density medium entering a high-
density medium, and, thus, the phenomenon of half-wave
loss cannot be observed.

V. CONCLUSION

In this work, we have studied scalar perturbations in the
regular horizonless AdS spacetimes. We find that the range

of the tortoise coordinate r, = fO’ ff—(yy) is limited in this

spacetime, and the wave of the scalar field perturbation can
propagate to any radial position in a finite amount of time,
suggesting that these spacetimes allow the action at a
distance in some region. Considering the physical inter-
pretation of the tortoise coordinate, we can equivalently
treat the scalar field perturbation problem in the ¢ —r,
coordinates as an infinite asymmetric potential well prob-
lem in quantum mechanics, giving rise to eigenfrequencies
of normal mode solutions. Because of energy conservation,
these eigenfrequencies have not an imaginary part. Initial
perturbations oscillating at these eigenfrequencies lead to
the appearance of standing wave phenomena. Additionally,
we also observe a phenomenon of half-wave loss in
reflection at r =r, =0 as L =0 case. This is due to
the low potential being equivalent to a low-density medium
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and the high potential being equivalent to a high-density
medium in electrodynamics. When the wave propagates
from the low-density medium side and reflects at the
interface, a half-wave loss occurs.

These unique oscillations and wave propagation phe-
nomena in the regular horizonless AdS spacetime are
clearly a result of the limited range of the tortoise
coordinate r,. If we consider an asymptotically flat
spacetime where r,(r — o00) — oo, then waves with a finite
speed of dr,/dt cannot propagate to infinity in a finite
amount of time. Therefore, the waves cannot be reflected at
infinity within a finite time, and energy in a certain region

will be consumed in a finite time, preventing the formation
of standing waves. As a result, there are no normal modes,
but, instead, we have quasinormal modes with complex
eigenfrequencies.
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