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Rotating metrics and new multipole moments from scattering amplitudes
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We compute the vacuum metric generated by a generic rotating object in arbitrary dimensions up to third
post-Minkowskian order by computing the classical contribution of scattering amplitudes describing the
graviton emission by massive spin-1 particles up to two loops. The solution depends on the mass, angular
momenta, and on up to two parameters related to generic quadrupole moments. In D = 4 spacetime
dimensions, we recover the vacuum Hartle-Thorne solution describing a generic spinning object to second
order in the angular momentum, of which the Kerr metric is a particular case obtained for a specific mass
quadrupole moment dictated by the uniqueness theorem. At the level of the effective action, the case of
minimal couplings corresponds to the Kerr black hole, while any other mass quadrupole moment requires
nonminimal couplings. In D > 4, the absence of black-hole uniqueness theorems implies that there are
multiple spinning black hole solutions with different topology. Using scattering amplitudes, we find a
generic solution depending on the mass, angular momenta, the mass quadrupole moment, and a new stress
quadrupole moment which does not exist in D = 4. As special cases, we recover the Myers-Perry and the
single-angular-momentum black ring solutions, to third and first post-Minkowksian order, respectively.
Interestingly, at variance with the four-dimensional case, none of these solutions corresponds to the
minimal coupling in the effective action. This shows that, from the point of view of scattering amplitudes,

black holes are the “simplest” general relativity vacuum solutions only in D = 4.

DOI: 10.1103/PhysRevD.109.124018

I. INTRODUCTION

Despite being nonrenormalizable, general relativity can
be treated as a consistent quantum field theory if viewed
as the leading-order, low-energy effective field theory
arising from a quantum theory of gravity. Specifically,
the Einstein-Hilbert action is considered as the initial term
in a higher-derivative expansion, where higher-order oper-
ators are suppressed at low energy through inverse powers
of the Planck mass. Within this view, the gravitational
interactions can be computed through the exchange of spin-
2 gravitons, giving rise to graviton vertices and matter
interactions order by order in a perturbative expansion in 7,
as in ordinary quantum field theories [1-7].

Remarkably, loop corrections in this expansion give rise
not only to Planck-suppressed quantum terms, but also to
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entirely classical terms that survive in the 7 — 0 limit[7-15].
Specifically, the Schwarzschild metric at first order in a post-
Minkowskian (i.e., in powers of the gravitational coupling G)
expansion can be obtained from the scattering amplitude
of amassive scalar field emitting gravitons at tree level, while
next order post-Minkowskian corrections are obtained
by the classical contributions of each n-loop amplitude
containing graviton vertices [9]." This result generalizes
to the case of charged and/or spinning geometries by
computing the scattering of particles with electric charge
and/or spin, reproducing the post-Minkowskian expansion of
the Reissner-Nordstrom, Kerr, and Kerr-Newman metrics in
D = 4 spacetime dimensions [9,17-19].

In a more recent development, a systematic method for
extracting the classical component of loop amplitudes
involving massive scalars interacting with gravitons in
any dimension was introduced in [12]. This procedure
not only demonstrates the agreement of these computations
with the earlier work of [20] at the second post-
Minkowskian order (see also [21,22]), but also reveals
that the Schwarzschild-Tangherlini metric [23] in generic
D dimensions at fourth order in the post-Minkowskian

1Recently, the authors of [16] managed to resum the post-
Minkowskian series and obtain the exact Schwarzschild solution.
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expansion emerges from gravitational scattering amplitudes
of massive scalars up to three loops [24].

In this paper we extend this program to the case of
spinning geometries both in D = 4 and D > 4 dimensions.
The motivation for such computation is twofold. First, in
D = 4, unlike the case of spherically symmetric spacetimes,
the absence of Birkhoff’s theorem in axisymmetry implies
that the vacuum region outside a spinning object is not
necessarily described by the Kerr geometry. Within a post-
Minkowskian expansion, the leading-order (linear) angular
momentum term is universal, but different spinning objects
may have different mass quadrupole moments [25-27].
Since the spin-induced quadrupole moment is quadratic in
the black-hole spin,2 in order to extend the analysis of [9] it is
necessary to perform computations up to quadratic order in
the angular momentum. We shall show that the computation
based on the scattering amplitudes provides the post-
Minkowskian expansion of the vacuum Hartle-Thorne
solution [25,26], which describes the spacetime of a generic
spinning object up to quadratic order in the spin. The Kerr
black hole is a particular case of this family, wherein the mass
quadrupole moment is fixed by regularity at the horizon and
by the black-hole uniqueness theorem [28-35]. As we shall
discuss, at the level of the effective quantum field theory, the
Kerr black hole corresponds to the case of minimal cou-
plings, while any other choice of the quadrupole moment
requires nonminimal couplings in the action. The authors
of [36] proved that in D = 4 the simplest massive S matrix,
defined as the term in the three-point amplitude which
behaves well in the UV, reproduces the Kerr metric in limit
in which the spin s — +o0. Furthermore, the authors of [37]
proved that a spin-s field minimally coupled to gravity also
reproduces the dynamics of Kerr black holes, suggesting a
correspondence between the simplest massive S matrix and
the minimally coupled action in a quantum field theory
(QFT) description for generic spin s. In this sense, one can
interpret the minimality of the quantum field theory as the
scattering-amplitude counterpart of the celebrated black-hole
no-hair theorems in D = 4 general relativity [30,32,33,35].

Our second motivation is that the black-hole uniqueness
theorems do not hold in D > 4 [38], and therefore also in
this case it is interesting to compute the metric obtained
from the scattering amplitudes and compare it with known
solutions. In particular, spinning black hole solutions in
D > 4 belong to different families and can have different
topologies [38]. Using scattering amplitudes, we find the
generic solution up to third post-Minkowskian order. This
solution depends on the mass (i.e., mass monopole
moment), angular momenta (i.e., current dipole moments),
mass quadrupole moment, and, interestingly, on a new
quadrupole moment parameter that we dub stress

*Note that, in this paper, we occasionally refer to “spin” both
for the spin s of quantum fields and for the angular momentum J
of the compact object (e.g., a black hole).

quadrupole moment and is absent in D = 4. For specific
choices of the parameters, we explicitly check that this
general solution reduces to the Myers-Perry black hole [39]
in D =5 up to third post-Minkowskian order, and to the
black ring [40] with single angular momentum in D = 5 up
to first post-Minkowskian order. Remarkably, at variance
with the four-dimensional case, none of these solutions
corresponds to the minimal coupling in the effective action.
This provides strong evidence that black holes are not the
“simplest” solutions, from a scattering-amplitude viewpoint,
to higher-dimensional general relativity. A more fundamen-
tal explanation for this intriguing result may deserve further
investigation. We explicitly obtain the metric corresponding
to the minimal coupling up to third post-Minkowskian order,
which is then likely sourced by some matter configuration,
similarly to the D = 4 Hartle-Thorne solution.

In order to obtain the above results we need to compute
the metric from the scattering amplitudes of a massive spin-
1 field up to the quadrupole order in a post-Minkowskian
expansion. We performed our computations up to two loops
(i.e., up to third post-Minkowskian order). The full result is
provided in the Supplemental Material [41].

Recently Ref. [42] worked out a generalization in D = 5
of the Thorne formalism [43] for the multipole description
in D = 4 general relativity. As we shall discuss in detail,
the generalization is based on constructing a suitable
coordinate system in which the multipole moments can
be read off the asymptotic behavior of the metric compo-
nents. Reference [42] identified the analog of the standard
mass and current multipole moments defined by Thorne [43]
which are related to the falloff of the temporal part of the
metric. While we agree with their identification of mass and
current moments, in any D > 4 we prove the existence of a
new multipole moment associated with the asymptotic
behavior of the spatial part of the metric. For this reason
we call this a stress multipole moment, in analogy with the
mass and current moments. We expect that in D > 4 stress
multipole moments appear at any order starting from the
quadrupolar one, and we define a generalization in arbitrary
dimension of the multipole expansion 4 la Thorne, including
the new tower of stress moments. We show that the new
stress quadrupole moment is precisely associated to one of
the free parameters of our solution and is nonzero already for
the Myers-Perry metric.

The rest of the paper is organized as follows. In Sec. II
we review the general approach to compute the metric of a
rotating object from scattering amplitudes in arbitrary
dimensions. In Sec. III we explicitly apply this approach
to the scattering of massive spin-1 particles, obtaining the
post-Minkowskian metric up to two loops, including the
quadrupole moments quadratic in the object angular
momentum. This metric is given and discussed in
Sec. IV in arbitrary dimensions, with a specific focus on
the multipole moments in D = 4 and D = 5. In Sec. V we
show that the general solution recovers the cases of the
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Hartle-Thorne vacuum metric in D =4 and the Myers-
Perry solution as well as the single-angular-momentum
black ring in D = 5. Besides, we give an explicit expres-
sion for the “simplest” metric, i.e., the one associated with
the minimally coupled action, in any dimension. Some
details on the multipolar expansion and on these solutions
are given in various Appendixes. We conclude in Sec. VI
with a discussion and future prospects.

We work in mostly negative signature with 75, = +1 and
in natural units, 2 = ¢ = 1, keeping G # 1. The number of
spacetime dimensions is D = d + 1, and the Ricci tensor is
defined as R, = R, . Greek indices y, v, ... =0,1,....d
are meant to be contracted either by g, or 77, depending on
the context, while Latin indices i,j,...=1,...,d are
contracted with the Euclidean 6;;.

II. METRIC FROM AMPLITUDES

In this section we review the general approach to recover
the metric of a rotating object in arbitrary dimension from
scattering amplitudes describing the graviton emission by
massive spin-s particles [18,24]. Consider an action of a
generic massive spin-s field @, coupled to gravity’

s:/ddﬂx(—%w_gRJrEm(d%,gﬂy)), (1)

where k*> = 327G. Expanding the metric in a post-
Minkowskian (PM) series as

+o0
9w = M + Kh/u/ = Nw + K Z h/(«l’ll/)a (2)

n=1

in harmonic gauge the Einstein equations can be rewritten as

1

—nﬂyrw-”(x)), 3)

n K n—1
00 = =5 (170 - 41

where [ =9,d,#" is the flat d’Alambertian operator
and T = »*T,,. In this expression Tf}l) (x) is the actual

stress-energy tensor of the matter source, while T,(l",) (x) for
n > 0 contain graviton self-interaction terms. Then, moving
to momentum space, Eq. (3) becomes

(n) K [ dG eTT () L

e p—" T8 () =17, T .

w (%) 2/(2ﬂ)d 7 </4 (@) == (9)
(4)

The idea now is to compute the stress-energy tensor in
momentum space by means of three-point off shell scatter-
ing amplitudes describing the graviton emission from a
massive source in the classical limit. The quantization
procedure requires the introduction of a gauge-fixing term

1
Lok = FF'lFa’ha (5)

in the Lagrangian, where F* is chosen as
1
F* = (1 -a)ko, (h’M - 217’”h> + ag“Th,,  (6)

with & = #*h,,, and where I’ ﬁ,, are the Christoffel symbols.
This gauge choice allows us to move continuously from the
de Donder gauge (¢ = 0) to the harmonic gauge (@ = 1)
keeping fixed the expression of the graviton propagator [22]

1 2
P;w.po' = 5 7]/4/)’71/6 + ’7/46’71//7 - m”l,wﬂpa . (7)

Considering a massive spin-s particle as the source of
gravitational field, the diagrams that contribute to the
classical limit are the ones in which cutting the internal
massive lines results in tree-level diagrams involving only
gravitons [12,20].

It is therefore possible to compute the classical gravi-
tational conserved current as

*Notice that we are labeling the massive fields as one does for an object with the same index structure in d = 3. In higher dimensions
more representations are allowed, but this will not be taken into account in our analysis.
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where ¢ = 1 for boson sources and € = 0 for fermions,4 and
where ¢ = p; — p, is the transferred momentum. From
Eq. (8) itis clear that ) ! | #; = ¢ and the order of the PM
expansion (n) and the one of the loop series (¢) are related
by n = ¢ + 1. This can be directly seen from the form of

the loop integrals. Indeed, defining the /-loop ‘“‘sunset”
master integral
/@)= e )
<2ﬂ 17§61 —=2))

as pointed out in [18,24], one can show that T,(,Q(q) I
J(1)(g*), and the metric in the long-range expansion is given
by the Fourier transform

G T(@) e (o))
[am g e =)

d_ 1\gl-d/2
o) =TT (1)

with

Notice that we are using a set of Cartesian coordinates in
which x7 + - 4+ x3 = r2.

A. Spinning vertices

Starting from Eq. (8), we have to exploit the classical
limit in order to simplify the amplitude calculation. First of
all, since we are dealing with spinning particles, the
Feynman vertex

1 = (o), 5(q) ,  (12)

will have, besides graviton indices uv, spin indices a and b,
depending on the particular representation of the particles.
In the amplitude (8), while the graviton is off shell, the
massive particles are on shell, meaning that in order to get
the stress-energy tensor we have to contract the amplitude
with the external polarizations of the particles. From the
vertex, at tree level one directly reads the amplitude as

ik e(0 a a
=5 @m) TR (@)8,0 = “(pi5.0'|(za2n)i |P1:5.0)",

(13)
*This is due to the fact that bosons and fermions have a

different mass dimension; hence the normalization of the stress-
energy tensor is different.

where it is important to notice that since the source particle
can be either a fermion or a boson, the polarizations can be
described either by a tensor or a spinor, so a and b can be a
collection of Lorentz indices or spinor indices.

Following an approach based on Feynman diagrams [44],
which takes into account spin effects in gravity from the
classical limit of scattering amplitudes, we now show how to
obtain an explicit expression for the tree-level amplitude in
Eq. (13). To this aim, it is convenient to define

P+

Pt =
2

(14)
so that

py =P +%¢1” and p) =P —%‘]" (15)
We are interested in the case in which the source is
stationary, meaning that ¢° = 0 and hence the energy is
conserved. Then, since p? = p3 = m?, just by stationarity
one has that P#* = Eu* = mu* + O(q), where u* = & is the
velocity of the source, and E is its energy. Following [13] to
schematically obtain the classical limit out of scattering
amplitude calculations, for a process involving a particle
with spin s and transferred momentum ¢, the algorithm is to

write the amplitude in terms of the spin tensor S, and then
make the replacement
1
q - hqg and S—>%S, (16)

keeping only the terms O(#°), i.e., those that survive in the
limit 2 — 0. Therefore, terms O(g") with n > 0 are quan-
tum, while terms O((Sq)") are classical. Crucially, the
presence of the spin compensates for the transferred
momentum and gives rise to classical terms with higher
powers in g. Notice that since the two external momenta are
equal up to the transferred momentum, using the results
in [36,44] it turns out that in the stationary limit we can
expand the polarization state as

|p2) = |p1) + O(n), (17)

and then define the dressed vertex

<P2§S7GI|(T¢2h)W|P1§S,0'>
=(p1:5,0'|(zg2)"*| P13 5,0) + O(h)
_Tjglh(q’s)&ou’ + O(h)’ (18)

where the spin-index structure is left understood.

Now, in order to extract such classical spin pieces, let us
consider a field in a particular representation of the Lorentz
group, satisfying the algebra
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[M/w’ Mpa] — _l'(],lprvo‘ _ ],Ipr;m + l,lz/aM;tp _ ’,]/wMyp) ,
(19)

with M the generators of the group. Considering then “in”
and “out” states of spin s and polarizations ¢ and o',
generalizing the argument in [44] to arbitrary dimension, in
the stationary limit we have

(P23s.0'|p13s,0) = (p1:s5.0’| p1is.o)
+ O(h‘) = C(S)a(m/?
(P235,0'|MF|pyss,0) =S C(5)8,0 + O(R°),

1
(235,05 AM*. MO} py55.0) = $S7C(s)d,+ O(h™).
(20)

where {-,-} stands for the anticommutator, the external
state can be either a fermion or a boson, C(s) is the
normalization of the states which depends on the particular
representation of the Lorentz group, and we now interpret
S as the spin tensor of the classical source of the
gravitational field. It is important to observe that the
stationary limit defined above corresponds to the source
being in the rest frame; hence in this frame the temporal
part of the spin tensor vanishes, i.e., S0 — 0,

Finally, we observe that for a massive particle with spin s
the dressed vertex contains powers up to 2s of the spin tensor.
As we will see, this implies that the resulting metric describes
an object with only the first 2s multipoles turned on.

B. Loop amplitudes for any spin

We now want to discuss how, starting from the analysis
above, one can construct loop amplitudes in such a way that
the spin structure arising from the massive spin-s particles
is entirely given as a tensor dependence of the dressed
vertex. More specifically, in the classical limit the massive
line of Eq. (8) factorizes in the product of n dressed vertices
in such a way that the loop calculation is formally the one
of a scalar process. We will first discuss explicitly the one-
loop case, and then naturally extend it to all loops.

The contribution to the amplitude arising from the
massive line in Eq. (8) for n =2 is

. / Yoz lp(p] B f)
(P23 s, 0" |(Ta2s)" (€) (p1 - f)z “m2+ie
X (1g24)"(q = €)|p13 s, 0), (21)

where P is the numerator of the matter propagator which
depends on the spin of the massive field. For a massive
spin-s particle, we can always rewrite the operator P in
terms of the sum of the polarization states as

P(p1=¢)=(2m)' =Y |p1=£55.6") (p1=E55.0"]. (22)

o'

Plugging this back in Eq. (21) we end up with

i(2m)'=¢ )
o f)z_m2+i8;<pz;s,a/|<r¢zh>ﬂ (4)|pr—¢35.0")
x(p1=¢15,0"|(1424)" (g =€) | p135.0). (23)

Finally, using the classical limit as in Eq. (17) we get
i(2m)'-¢

(p1 =€) —m? +ie

< (p1:5.0"|(te2,)" (¢ = £)|p1is.o) + O().  (24)

Z<P1;S, o'|(ze2p)" (€) |13 5, 6")

o

from which we derive the expression written in terms of the
dressed vertices as

i(2m)'— "
(py =€) —m? +ie @

(£.8)2%,(q—€.8)8,y.  (25)

To summarize, after this dressing procedure the classical
limit of a spinning three-point one-loop amplitude in the
stationary regime completely reduces to an amplitude in
which the spin contribution arises solely from the tensor
structure of the dressed vertex, up to a normalization factor
depending on whether one considers fermions or bosons.
This can be naturally generalized to any loop, which means
that we can use all the machinery of [18,24] in order to
write down the /-loop amplitude related to the stress-energy
tensor, which is

(_l-)lH l ddfi
g _(l+1)!/“ (27)?

Hl+l FHiLi (fi’ S)
X

I+1
i=1 "¢ -1 P

= Hili i
I+1 72
i1 Ci

X Mo, (26)

where M®Pr1@buiv contains the sum over all the tree-
level graviton diagrams as shown in Eq. (8), and in our
signature #2 = —£7, since it is possible to show that #9 = 0
in the classical and stationary limit.

From Eq. (26) we can systematically compute the stress-
energy tensor, and inserting it back into Eq. (4) we can read
off the metric at any PM order n. Since the dressed vertex
contains powers up to 2s in the spin tensor and an /-loop
amplitude contains n dressed vertices, as can be seen from
Eq. (26), this implies that the highest power of S in the
stress-energy tensor is 2ns. Hence, the resulting metric at
PM order n is expanded as

2ns
ha =" h?, (27)
j=0
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where j is the order of the expansion in powers of S 3 This
is consistent with the fact that all multipoles starting from
2s + 1 order vanish.

What remains to be done in this procedure is to
determine the explicit expression of the dressed vertex
z,, for a given spin-s field. In the next subsection we will
show as an example how the O(S) terms are derived
considering spin-1/2 spinors, while in the next section we
will construct the dressed vertex for a spin-1 field.

C. Spin-1/2 case
Here we review the work of [9], and we extend it to
arbitrary dimensions by employing the formalism dis-
cussed in the last section. Let us consider a massive
spin-1/2 particle as a source of gravitational field. Its
action reads as

S= /d“xel/"/(ie”ay“Dﬂ —m)y, (28)

J— a
where g,, = e“,e,, and

1
D;ﬂl/ = oy + - w/mbyabw’ (29)

4
with M = iy generators of the Lorentz group in the
spin-1/2 representation, @,,, the spin connection, and a
and b flat indices.

The action in (28) gives rise to the trilinear interaction
vertex

v ik (1 1
T’sz‘hﬂ@) =5 (ZV"(Pl + p2) +ZV (p1+ p2)!

(504 ) -m))", (30)

which can be rewritten using the definition in (14) as

ety (L .
v (Q)——E 37 +§7’ - (ip-m)| , (31)

where a and f are spinor indices. We now want to compute
the dressed vertex. Using the Dirac equations in momentum
space,

it(py. o' )(P —mu(py.o) =0, (32)
where u and # are the spinor polarizations, we obtain

For instance, hf,L’l) will be 1PM and linear in the spin, h,(,:,'z)

will be 1PM and quadratic in the spin, and so on.

%’J,”zh(q,S)éwr = L't(pz,d’)fg,yzh(Q)MPhG)

Z—i—Kﬁ(p o) ly”P”+ly”P" u(py.0)
2 WP\ o 2 Ben

(33)

where we keep understood the spinor indices. Now, since
we are dealing with on shell massive states, we can simplify
the vertex by means of the Gordon identity, which reads as

_ . 1 i
i(py.0 )y u(py.0)=i(ps.0) <EP” _ZM””%> u(p,,0),

(34)

and finally we get
P (4,58, = — Nia(py.o’) (PP
y/zh(q’ )o‘a’_ Eu(vao-) E
o (PP M) ulpo). (39
m

Then, using the relations established in (20) with the
normalization C(1/2) = 1, we rewrite the dressed vertex
in terms of the classical spin tensor as

ik (1 i
ApV _ v__ A puv VA
# (q.5) = 2(mw g (P S Pﬂ)). (36)

Finally, in the stationary limit in which P* = m&j, + O(h),
the resulting vertex reads as

(0.8 = -3 (mé’aés —50:(8" 5 + S"*é‘é)). (37)
Notice that the dressed vertex defined above holds in
arbitrary dimensions since we have never used any explicit
representation of the gamma matrices.

From the vertex, it is now straightforward to obtain the
metric. At tree level, the stress-energy tensor reads as

v 21'\ v 4 i 4 v
T’(lo)(CI) :;Tg,zh(‘bs) :m5’650 _E‘IA(SMao"‘S /15/(;)» (38)

and using Eqgs. (4) and (10) we get for the scalar part of
the metric

d
o' (r) = === Gmp(7).
hy ¥ (r) =0,
45,
(1,0) i
ij (r) = _d—ll Gmp(r), (39)

which is exactly the Schwarzschild-Tangherlini metric at
1PM, and for the dipole part we obtain
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1,1
h(()o )<”) =0,
oy () = -

() = 0. (40)
Notice that while Greek indices are meant to be contracted
by the Minkowski metric, from now on repeated Latin
indices will indicate an Euclidean contraction. This means
in particular that there is no difference between upper and
lower Latin indices.

Finally, we know from general relativity that at dipole
order, the expansion in the far field limit is unique, and
therefore we expect the metric to be independent of any
arbitrary coefficients other than the spacetime mass and the
spin tensor. From an amplitude perspective, this means that
there are no additional nonminimal couplings that can
modify the classical vertex at dipole order. In the next
section we will consider a massive spin-1 field, and we will
construct the nonminimal effective action giving rise to the
most general vertex at quadrupole order. This analysis,
which can be extended to fields of arbitrary spin, will
consistently show that there are no nonminimal terms linear
in S that can modify the vertex.

III. SPIN-1 SCATTERING AMPLITUDES
IN ARBITRARY DIMENSION

In this section we will compute the metric arising from
the graviton emission by a massive spin-1 field. This
|

produces terms up to quadrupole order in the multipole
expansion of (27). We know from general relativity that
these are the first terms in the expansion that discriminate
between different solutions of the Einstein equation.
Therefore, from our amplitude perspective, we expect that
the dressed vertex will not be uniquely defined, corre-
sponding to the presence of nonminimal couplings in the
action. We will first compute the dressed vertex arising
from the minimally coupled action, and then we will
include the contribution of nonminimal couplings, resulting
in the most general stress-energy tensor up to quadrupole
order. Finally, we will compute the resulting metric up to
two loops.

A. Minimal vertex

Let us consider a massive spin-1 field minimally coupled
to gravity, also known as a Proca field:

1 1
——F, F" + EmZVﬂVﬂ) (41)

Smin:/dd+lxv_g( 4

where F,, =9,V,—9d,V, is the usual antisymmetric
strength tensor. Our aim now is to compute the minimal
dressed vertex associated to the action (41). In order to do this,
consider the trilinear vertex associated to this action [45]:

ep(P2) Tyl ea(p1) = —% (e(p1) - p2(Pe(p2) + Pie*(p2)) + &(pa) - p1(Phe? (p1) + phe (1))

—e(p1) - e(p2) (P Ps + PhpY) = (p1 - po — m?) (e(p1) e(pa)” + e(p2)'e(p1)")
+1((p1 - p2 —m*)e(py) - €(p2) — p1 - €(p2)p2 - €(p1))). (42)

where &,(p) are the real polarization vectors satisfying the
transversality condition &(p) - p = 0, due to the on shell-
ness of the massive states.

We now have to manipulate the above expression in
order to write it in terms of the Lorentz generators, which in
this particular representation take the form

M0 = (= o), #3)

which holds in arbitrary dimensions. The strategy is to strip
off the polarization vectors from Eq. (42) and massage the
Lorentz structure in order to rewrite everything in terms of
M#+e gt and P*. Up to terms proportional to p{ and pg,
that vanish when contracted with the polarization vectors,
from Eq. (42) one thus obtains

[
Eﬂ(pZ)T/\l/l;lening(l(pl )

iK 1 1
=5 €(p2) (ﬂ”” <2P"P” 5 =5 q”q”>
_ iq;L(P”MM’ﬂa + PDM;M,ﬂa)
1
ey (0 7Y e (), (44)

from which, employing the relations in (20) and the
definition in Eq. (18), the minimal dressed vertex in the
stationary limit reads as

SHV ik v H v v,
Tezh,min(Q) =73 (2m*8,84 — imq, (55 + &)

= 4,4,98"), (45)
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where we have normalized the polarization vectors as
C(1) = —1. We can see that the scalar and dipole terms
in Eq. (45), up to the normalization factor, exactly coincide
with Eq. (36), as expected from the fact that such terms are
uniquely fixed in the metric. The remaining terms are
O(S?) and constitute the quadrupole contribution for the
minimally coupled spin-1 field.

B. Nonminimal vertex

Once the dressed vertex associated to the Proca action is
computed, it is natural to consider what happens for a
nonminimally coupled theory. The effective action will be
constructed with several nonminimal terms with uncon-
strained couplings, that we expect to enter in the expression
of the general dressed vertex as unfixed numerical param-
eters. In general such effective action is more involved than
the minimally coupled one, and therefore the trilinear
vertex associated to it will be more complicated with
respect to (42). This means that carrying out the procedure
outlined in the last subsection to get the dressed vertex is
not viable.

Following the idea of [44], we can define a covariant
generalization of the spin tensor in order to build non-
minimal operators with an explicit spin dependency,
instead of stripping it out as we did in the last subsection.
To this end, we define S#¥, a well defined covariant
antisymmetric tensor, such that

Sk, = 85, + O(x). (46)

where a and b are the spin indices depending on the
representation of the field over which such operator acts.
Before constructing the nonminimal effective action,
we notice that since we are only interested in the long
range pieces of the metric, every local term can be
neglected. In particular, this means that at tree level we
can neglect terms that contain the squared modulus
of the transferred momentum, i.e., T,(g)(q) = 0(|g),
since they lead to local terms in the metric. This
implies that also the dressed vertex is defined up to terms
2.(9) = O(G2).

Now we can construct the nonminimal effective
action as

Shonmin = / de\/ _g(KORDM VagaﬂDﬂ 4
+ Ky RVY(S"S,,) ,,V*
+ Ky Ry, VE(SMS,) VP
+ K3 Rpw/m V{I(S”USI)”)aﬁ V/}
+ K4 Ry, D¥ V“(SMSA")aﬁD"Vﬂ

+ K5 D*DR,,,,, V(S*S,7) 45 V7). (47)

It can be shown that every other term® not included in
Eq. (47) is either O(x?), local contributions to the metric,
or related to the terms above by symmetry properties of
the spin operator or the curvature tensor. In order to
extract from Eq. (47) a vertex that survives and does not
diverge in the classical limit, we must assign the correct
dependence on 7 to the paramenters. While K, K,, and
K5 are dimensionless parameters, K, K4, and K5 have a
mass dimension M2, and we observe that combining G
and m, there are only two ways to build such terms with a
positive integer power of the gravitational coupling,
namely

[1/m?] =M=2 and [%(Gm)d_zz} = M2 (48)

In particular, the second term leads to an integer power of
G only for d =3, 4.

By computing the vertex, one observes that for the term
proportional to K, the leading contribution in the trans-
ferred momentum is O(g?), while for the one proportional
to K5 it is O(g*S?). According to Eq. (16), in order to get
a classical contribution from both terms we have to
compensate for the extra power of A, and this implies
that both coefficients must be proportional to (Gm)z=2.
On the other hand, the leading term proportional to K,
is 0(q*S?), and therefore this parameter must be propor-
tional to 1/ m?. To summarize, we can redefine the free
parameters in the action in terms of dimensionless
quantities as

1 1
Ko——QI(Gm)J%, KIZ—ch, Kz——§C2,
1-H H
K3 = ! s K4 = 22, KS :Qz(Gm)ﬁ (49)
8 2m

Explicitly, expanding (47) at O(k), we obtain the dressed
vertex associated to the nonminimal effective action

T iK Vo
T"l/l;h.nonmin(q> = _E <_(H1 - 1)QpQ0SW)S
+ Hy8,504,4:58:° + C157°S 04" 4"
+ Cy (19,9557,

— q*(q"S;,8" + q”SMS""))), (50)

as well as the “higher-loop” dressed vertex

®This includes higher curvature and higher derivative terms.
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_ ~pw

. 2 v v o
= M (@) = iR(Gm)T2 [ Qm? ¢"q” + Q2 ¢"¢" 4,055, | (51)

. . o . . AUV
In particular, in d = 3 a tree-level insertion of r’sz RHL

contributes to 3PM, while in d = 4 it contributes starting from 2PM.

Notice that the Q; piece in Eq. (51) exactly corresponds to the counterterm defined in [24].
Considering both the minimal and nonminimal action, the dressed vertex

(q) + 7

V2 h,nonmin (q)

t2,(0) =

V V2h,min

ik
= — 7 (2m2065 — imq; (864 + S84) = Hy 0,4, 85" + Ho0465,4,5S)°

+ C1878,6q"q" + Ca(14,9,5*5°) = 4*(q"S,55*" + fJ”SMS’“’))> (52)

is associated to the stress-energy tensor of the matter
source, and describes the most general stationary rotating
matter distribution at second order in the angular momen-
tum, which is spherically symmetric in the nonrotating
limit. Since we have no free parameters in the scalar and
dipole terms (other than the mass and angular momentum),
such dressed vertex shows that at order O(S) the geometry
is uniquely defined, as we commented in Sec. IIC.
Moreover, the dimensionless coefficients are normalized
in such a way that we recover the minimal dressed vertex in
Eq. (45) by setting

H,=0, C;=0, C,=0. (53)
Hereafter, we will refer to Eq. (53) as the minimal limit. As
we will show in detail, while the C; coefficients are a gauge
artifact, the H; coefficients are physical, in the sense that
they determine the multipole structure of the source. On the
other hand, the higher-loop dressed vertex in Eq. (51) does
not correspond to the stress-energy tensor ng) of the matter
distribution. Indeed, we will see how it contributes only to
the renormalization of gauge-dependent singularities in the
metric that arise only in d = 3, 4.

Finally, one can check that both dressed vertices are
conserved up to local terms, in the sense that qﬂAV”zh =
O(|gl) and q,2, ., = O(|g|*), as they should be. This
fixes the relative coefficients of the terms proportional to C,
in Eq. (50), and does not allow for any other terms. In fact,
even neglecting the QFT underlying the dressed vertex, we
could have written the stress-energy tensor associated to
Eq. (50) just by constructing the most generic conserved
symmetric rank-2 tensor with the objects we have at our
disposal. This means that, without considering the field
interpretation of the matter source, this procedure can be
easily generalized to arbitrary multipoles to build metrics in

any dimensions at any order in the PM expansion. In this
sense, the results above are universal as far as terms up to
quadrupole order are concerned. Considering a field of spin
s, we expect that the nonminimal couplings will produce
exactly the same vertex as the spin-1 case at quadrupole
level. In other words, a spin-s field will give rise to the most
general vacuum metric generated by a rotating object with
multipoles up to 2s order, and with all the higher multipoles
vanishing.

C. Loop amplitudes

As already mentioned, the dressed vertex in Eq. (50) is

directly related to the stress-energy tensor T,(,(p(q) of the

matter source, which through Eq. (4) leads to the metric at
IPM. In order to get higher-order terms, one has to
compute self-interaction contributions to the stress-energy
tensor, which are produced by the loop amplitudes in
Eq. (8). At the one-loop level the only diagram that

contributes is the one in Fig. 1, while at the two-loop

level the diagrams that contribute to T,(lzy)(q) are shown in

Fig. 2. The computation is performed following the
procedure outlined in Sec. IT A.

The loop amplitudes exhibit infrared divergences for
specific values of d, and although in general the compu-

tation of h,(,"y) (x) by means of the Fourier transform in

Eq. (4) smears them, they lead to singularities in the metric
in d =3 and d = 4. These divergences have to be renor-
malized by the insertion of diagrams involving the higher-
loop vertex in Eq. (51) used as counterterms, depending on
the specific value of d as explained in the last subsection.
At 2PM the only dimension in which a singularity appears
in the metric is d = 4, and the singularity is cured by the
tree-level insertion of %J“/”z - In this case, we can redefine
the coefficients in (51) as
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(1)

FIG. 1. One-loop Feynman diagram that contributes to T, (q).

FIG. 2. Two-loop Feynman diagrams that contribute to T,(i) (q).

renorm

Qs = —d]— T Qfe,
Qs = ﬁ + Qfe, (54)

where Q°"°™ is the term that has to be fixed to cancel the
poles, and QI is the remaining free parameter. Then,
within our conventions we have to fix

Hy+2H, -1
607 ’

renorm __ _— renorm __
Q] = and Q5 =

(55)

such that the metric is now finite in d =4 and some
logarithmic terms arise in the radial dependence of the
metric.

At the two-loop level, the metric is divergent in both
d =3 and d = 4. As we already discussed, in d = 4 the
3PM metric is renormalized by a one-loop insertion of the
higher-loop vertex, as in Fig. 3. Consistently, the param-
eters defined in Eq. (55) renormalize the 3PM metric in
d = 4, and the final result is finite. In the d = 3 case, the
metric is renormalized by a tree-level insertion of the
higher-loop vertex. However, even if the same renormal-
ization procedure that we carried out for d =4 can be
pursued, obtaining a result for every value of the gauge
parameter o, we notice that in d = 3 the harmonic gauge
(¢ = 1) naturally eliminates every pole, and the metric

FIG. 3. One-loop insertion of the higher-loop vertex that
renormalizes the 3PM metric in d = 4.

becomes finite.” We checked this explicitly up to two loops,
and to the best of our knowledge there is no principle for
which such gauge guarantees finiteness at every PM and
multipole orders. In fact in d =4 at one loop, one can
define a particular gauge choice (choosing a specific value
of a) in which h,(fjo)(r) is finite, but hf,zy’z)(r) is not.
From the point of view of the Einstein equations, the
divergences discussed above are interpreted as a conse-
quence of the fact that, for a specific gauge choice,
imposing that the metric is a series expansion in powers
of p(r) is not consistent. Similarly, the presence of the
free parameters Q¢ is interpreted as a redundancy of the
gauge defined in Eq. (6). In the next section we will
discuss in detail the properties of the metric and give its
full expression at 1PM. Although we have also managed
to perform such calculation up to two loops and for an
arbitrary value of a, higher orders in the PM expansion do
not give any more physical information than the leading
order, and since the full expressions are quite involved, we

only provide the analytic form of h,(,z,) (r) and hf,i) (r) in the
Supplemental Material [41].

IV. ROTATING METRICS
IN ANY DIMENSIONS

From Eq. (52), by considering the Fourier transform in
Eq. (4), we can compute the metric induced by the most
generic rotating matter distribution (which is spherically
symmetric in the nonrotating case) at quadrupole order at
1PM. At tree level we have already computed the metric up
to O(S) in Sec. IIC, so we just need to determine the
quadrupole part, which reads as

"In this case the tree-level insertion of the higher-loop vertex
only adds two gauge redundancies to the metric.
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h(l.Z)(r) _ 2(d - 2)(H2(d - 2) + Hl) rzsklkzsklkz — dxklxk2Sk1k3Sk2k3 G <r)
00 d—-1 mr* PAT);
hey? (r) = 0,
2 2(d -2
hl(jl )( ) = _7<d(— l)m)r4 (—Cl(d— l)dX[XjSklkZSklkz - I‘z(d— 1)(2C2 +H1>Siijk

+ 2 (Cy(d = 1) + Hy = Hy)Sy, 1, S51%26,; + dCy(d — 1)xM1 8y 1, (x5 + x;:8%2)
+ dxhxb ((d = 1) Hy Sy, Sjv, + (Ho = H1)5k1k35k2k35ij)>Gﬂ(r)- (56)

We notice that, at this level, the metric does not depend on
the gauge parameter a introduced in Eq. (6) since the
differences between the de Donder and the harmonic gauge
start to appear at 2PM in the expression of the self-
interacting graviton vertices.

A. Eliminating redundant parameters

In the last subsection we recovered the metric induced by
arotating matter source at quadrupole order, which depends
on four free parameters. However, it can be shown that
some of these are gauge artifacts, which can be eliminated
by an infinitesimal coordinate transformation.

Let us restrict to the case of @ = 1 (harmonic gauge),
even though the same argument can be generalized.
Consider a generic infinitesimal coordinate transformation
x, = x, + &,(x), such that the metric perturbation in the
new frame reads as

h;/u/ = h;w - (aﬂél/ + avéy)' (57)
By definition, in the harmonic gauge
Ox* =0, (58)

and if we want to make a coordinate transformation
preserving this gauge, we just have to impose

Ox* =0 — 0O& = 0. (59)

Moreover, in order to preserve stationarity the infinitesimal
shift & must be time independent, and in addition we
choose it such that & =0, so that only the spatial
components of the metric are transformed. With these
choices, since in arbitrary dimension

Op(r) =0, (60)

the most generic harmonic shift is

+00
g = T, p(r) (61)
=0

where 7 is a generic constant tensor, and we will use
hereafter the shorthand notation A, = a;---a,, with

0p, = 04, -+ 0,,. Finally, since & must have the dimen-
sions of a length, at a certain order in the derivatives of the
harmonic function we have to define a dimensionful
quantity that compensates for the extra length dimensions.

The most generic harmonic function linear in G that
parametrizes a coordinate transformation at quadrupole
order inside the gauge reads as

G i
&= (AS™*S,J + BS"™S,,,67)0,0(r). (62)

Choosing the dimensionless coefficients as

A=2C, and B=C (63)
and computing Eq. (57) we will end up with a metric
independent of C; and C,. This means that such coef-
ficients in Eq. (56) are only a gauge artifact, while H; and
H, are physical because there is no transformation inside
the gauge that can cancel them.

There are two additional shifts that can be defined at
higher PM order up to quadrupole terms. In particular, at
order O(S°) one can consider

& = (Gm)#Q,9p(r), (64)

while at order O(S?) one gets
. 1 i~ .
& = — (Gm)=2Q,8/481,,0'0'9"p(r).  (65)
m

From Eqgs. (64) and (65) one can repeat the previous
argument and show that the coefficients ; and Q, in
Eq. (51) are a gauge artifact.

In summary, besides the spacetime mass m and spin
tensor $*, the solution depends on two further physical
parameters, namely H; and H,, while every other free
coefficient parametrizes a gauge redundancy. This means
that in the nonminimal action in Eq. (47) every term can be
reabsorbed by a coordinate transformation except for the
terms proportional to K5 and K,, which are physical and
are not associated with a gauge transformation. However, in
d = 3 this is not the end of the story. Indeed, such a case is
special since we can write SV = €'/kS,, where S¥ is the
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angular momentum vector and €% is the Levi-Civita
symbol. Replacing this relation inside the metric in d =
3 and fixing

1
and B=--H|, (66)

A:Hz—Hl 2

we find that the entire metric depends on H; and H, only
through the combination H; + H,, showing that the D = 4
metric effectively depends only on one extra parameter. The
physical interpretation of H; and H,, as well as their
degeneracy in four dimensions, will be discussed in the
next subsection.

B. Multipole moments

Having identified the physical parameters of the solu-
tion, we now turn our attention to their physical interpre-
tation. The metric in Eq. (56), in which the coefficients H
and H, enter, is truncated at the leading quadrupole order in
a multipole expansion, and so it is natural to think that such
coefficients are associated with the quadrupole moment(s)
of the source.

The concept of multipole expansion in general relativity
has along history, pioneered by Geroch and Hansen [46-48],
who defined a multipole expansion in a gauge invariant
framework. Later, Thorne introduced the so-called asymp-
totically Cartesian mass centered (ACMC) coordinates, a
particular reference frame in which it is possible to unam-
biguously extract the multipole moments directly from
the asymptotic behavior of the metric [43]. Albeit not
gauge invariant, Thorne’s formalism is more intuitive,
and it can be shown that the two definitions of multipole
moments coincide [49]. While most of the knowledge on this
topic is limited to the D = 4 case (see Refs. [50,51] for a
review), there have been attempts to generalize the multipole
expansion formalism to D = 5 in the Geroch-Hansen frame-
work [52] and using the ACMC coordinates a la Thorne [42].

Let us discuss the original formalism of Thorne [43],
which is also used in [42]. Considering the linearized
metric

G = My + KR+, (67)

_ 1
}’00|§;% = M{alaz}STFaa]aaz <;) s

which is nothing but Eq. (2) truncated at first order, and
defining the trace-reversed perturbation as

1 K
Yw = Khl(ﬂf) - En;wh(l)’ (68)

the harmonic gauge condition and the Einstein equations
respectively are

Y, =0 and Oy, =0. (69)

As we already noticed in Sec. IV A, we can build harmonic
functions in arbitrary dimensions at any order by means of
derivatives of the harmonic function p(r). In this frame-
work, the most generic solution of the linearized vacuum
Einstein equations can be written as

+0o0
Yoo = ZMAfaAfP(V),
£=0

+o0
Yoi = Zji,AfaAfP(r),
£=0

“+00
Vij = Z Gija,0a,p(1), (70)
£=0

where M 4 o Tia o and G, j.A, are generic constant tensors
which are completely symmetric and trace-free (STF) in the
indices A,, and following [42,43] we will denote these
indices as {A, }gr; moreover, G;; 4, is also symmetric with
respect to ij but not traceless, so in a shorthand notation we
express all these symmetries by writing G;j) (4, )¢, 10
particular, in d spatial dimensions, these multipole tensors
are SO(d) tensors, and they can be decomposed in
irreducible representations of such rotation group. For
the moment, let us restrict to the quadrupole case
(Z =2) and d =3 spatial dimensions. We can rewrite
the trace-reversed perturbation in terms of irreducible
representations as (see Appendix A)

=3 _ 71 ! G) !
Yoile=2 = Ja aa'a’< > + ‘7{”11‘12}STF0’1‘aa2 (;) + eia‘azj{alaz}STFaazaa3 <;) '

1
Vij 'f 2 - 5Ug{alaz}5TFaalaaz <;> " g(z)ala

i
< ) + Gl s O % (?)

1 1
+9 tjalaz}STFaala%( > t+e \alazgal a(126\1 < ) +e \alazg{alaﬂj }STFaazaa3 <;) ’ (71)
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where all the tensors are constant and the superscripts are
just labeling the different tensors. Now imposing the
harmonic gauge condition in Eq. (69) one has to fix

J@ =0, g“):—%g@, g¥=0, ¢gO=0. (72)

Moreover, as we did in the last subsection, we can define a
coordinate transformation inside the harmonic gauge where

7/;“, =Y — aﬂfl/ - ayfy + nﬂyaaia' (73)

We can exploit this gauge freedom to choose

1
50 = ngl])aal (_> )
r

W 1 1 (5) 1 1 1
gi - jalaal (;) +§€ja102ga| aa2 (;) +§g(2)aj ; s

(74)
obtaining a trace-reversed perturbation that reads as
=3 _ 1
700‘5’:2 - ‘/\/l{alaz}sTFa‘“ale ; ’
d=3 _ ©) d.0 1
Yoilg=2 = eialazj{a1a3}s—rp ayYas ; ’
Vij\?j =0. (75)

. 1
700|?;3 = 'A/l{alaz}sTFaalaa2 <p> ’

—4 _ ) 1 2
voil4=5 = T oy 04,0; (p) +J

{iayay}grp~ @172

This argument can be generalized to arbitrary multipole
orders, exactly as in [43], and the final outcome is that in
d =3 there are two independent towers of multipole
tensors, namely the mass multipoles My, , = and the

current multipoles J g)/}w, which are gauge invariant

within ACMC transformations.

Let us now discuss the quadrupolar case (Z = 2) but
in d=4. In this case we have to decompose the
perturbation in terms of SO(4) irreducible representations
and, besides STF tensors, there will appear two more
structures (see Appendix A for details). Following [42],
we will indicate as ASTF (antisymmetric and trace-free) a
tensor 7y, 4,1, ¢r» Which is STF with respect to Az,
antisymmetric on the b’s, and trace-free with respect to all
indices. Furthermore, irreducible representations of
SO(4) lead to another kind of tensor (not recognized
in [42]) that we call RSTF (Riemann symmetric and
trace-free), and we indicate them as 7 fij, jn, A, }psre- LDEY
have the same symmetries of the Riemann tensor for the
first four indices, are STF with respect to A,’s, and are
trace-free with respect to all indices. We can now express
the trace-reversed metric perturbation in terms of irre-
ducible representations as

1 3) 1
(p) +€ib1b2a1j{blbzﬂz}ASTFaalaaz p ’

=4 _ 5. G Y eoga (L) L o® as
Vifle=2 = 619 4,0y} 91 s <mz> + G900, (ﬂrz + G112 O O 2
(4) 1 (5) !
+ g{ijalaz}STFaalaaz (7?) + e(i‘blbzalg{b]bZ}ASTFaal am (p)

(6) ! (7) !
T €Gilbibray g{blbz-“zU)}Asn:a“] aaz (m) + g{ibleﬂ?z}RSTFablab2 <F) : (76)

Notice that G7) is not manifestly symmetric in ij since it
has a Riemann-like symmetry; however, once symmetrized
in byb, (due to the contraction with the derivatives), it
becomes symmetric also with respect to ij.

Comparing this result with the work in [42], one can
notice that in Eq. (76) there is an extra structure, namely
G7). The existence of such a new tensor is very clear from a
group theory point of view (see Appendix A), in which by
counting the number of degrees of freedom one gets

00 469

{iby1.jbs frstr {b1by,a1as} pstr

} =40,  (77)

conversely to what is discussed in [42], in which 40
components are assigned to G(© only.

As done previously for the d = 3 case, after imposing the
harmonic gauge condition, we can find a suitable coor-
dinate transformation inside the gauge such that the
perturbation finally reads as

3 1
700|g;3 = '/\/l{alaz}sTFaa'aa2 (?)5
d—t _ (3) 1
Y0il2=2 = €ibibs01 T b,y 0y} 30 91 O <—2)

—4 _ A7) !
Vij g:AZL - g{ibl.jbz}RSTFah'ahz (?) ‘ (78)

124018-13



GAMBINO, PANI, and RICCIONI

PHYS. REV. D 109, 124018 (2024)

Since now y;; # 0, we have an extra degree of freedom at
quadrupole order with respect to the d =3 case. This
argument can be generalized to arbitrary dimensions and to
any multipole order, showing the existence of a new tower
7
f{iglvijvAf}RSTF
stress multipoles.8 To summarize, Eq. (78) shows that at
each multipole order the spacetime is characterized by
three independent multipole tensors, which however in the
case of D =4 reduce to two only, due to group theory
properties of SO(3) and the specific form of the Einstein
equations.

Inspired by the above argument and by the metric in
Eq. (56), we conjecture the possibility of defining an
ACMC coordinate system in arbitrary dimensions and
the existence of a new independent multipole tensor
associated with the spatial part of the metric. To this end
we give the generic expression of a stationary metric in
arbitrary dimensions expanded in a multipole series as

of independent multipole tensors G that we call

4(d-2
900:1—%(;””/7(”)
<R2(d—-2)Gmp(r) @)
+f=1 d—1 7 My Na+oo
Gmp(r) (1 . x
g0 =—2(d~2) ,,” %S%)
+00
Gmp(r
+2(d-2)>" rf()JJfQKNA/+ :
=2
9ij 5ij_d_le/)(r)51]
{22(d=2)Gmp(r) (0
+; 7 BNt (79)

with Ny, = X‘r# and where the ellipses stand for non-
gauge invariant contributions. Indeed, in order to assure
gauge invariance, it is important to define the quadrupole
tensors up to terms &, , ,J;,, OF §j, . Loosely speaking, in
Eq. (79) we are neglecting terms in which N, ’s contract
some §’s. Therefore, within a “generalized” ACMC coor-
dinate transformation in arbitrary dimensions, the expres-

sion written in Eq. (79) is conjectured to be invariant. M/(f;)

are the standard mass multipoles, J]Xi) correspond to the so-

called current multipoles, and Ggﬁf

multipole tensors that we have just discovered, whose
expression is

contain the new

G _ o

1 £ =
iia, = Gija, + 551'1(’“’1]2; - Gl(dc,)A,;)’ (80)

The name is inspired by the fact that g;; is induced by T
which is the stress part of the matter source.

ij

as can be easily derived from the definition (68). Since the
latter multipoles are associated with the spatial part of the
metric, it is natural to dub them stress multipole moments.

It is important to notice that in Eq. (79) the explicit
dependence on G is included for dimensional reasons, and
that in general the multipole tensors themselves can have an
explicit dependence on the Newton constant. The formal-
ism described above is indeed completely general, and
takes into account also the possibility of having intrinsic,
i.e., not necessarily spin-induced, multipoles.9 In that case,
in addition to the mass and the angular momenta, a new
length scale is present, and it is always possible to rewrite it
in units of the fundamental scale Gm, thus introducing
extra powers of G in the multipolar expansion (an example
of this case is the black ring discussed in Sec. V C). In order
to consider such intrinsic multipoles in a bottom-up
approach, from the amplitude perspective one can consider
a nonminimal action that, instead of terms quadratic in the
spin tensor like in Eq. (47), contains new independent
tensors for each term, defined similarly to Eq. (46).

Let us now restrict to spin-induced multipole moments.
In the specific case in which the matter source is axis
syrnmetric,10 the mass and the new stress multipoles
contain only even orders of the spherical harmonics (even
?), while the current multipoles are formed only by odd
orders of them (odd ). The metric in Eq. (56) describes the
most generic stationary axis-symmetric matter configura-
tion at quadrupole order, and therefore, according to our
definitions, we can write the spin-induced mass and stress
quadrupoles of a generic rotating source in arbitrary
dimensions as

1
2
Mgll)uz = _ﬁd(Hl + (d - 2)H2)Sa1ksazk’ (81)

G

ijayay —

1
_Wd(d_ DH S (ija,S|j)ay - (82)

It is now evident that the parameters H; and H, of our
generic solution are actually related to the mass quadrupole

moment M,(JZILZ and to the new stress quadrupole moment

Giiana,
the case for the Myers-Perry and black ring solutions,
which have a nonvanishing stress quadrupole moment.
In order to see the degeneracy that occurs in d =3 in a
“gauge invariant” way, we just need to rewrite the spin

tensor as a spin vector, and the result reads as

. In the next section we will show that this is indeed

“This is the case, for example, of a static body deformed away
from spherical symmetry [27,53].

"In D = 4 this corresponds to the usual symmetry along the
rotational axis; in D > 4 one can define a similar symmetry in
which every rotational axis can be exchanged.
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3
MslzlllzNa|uz|d:3 = W(Hl +Hy)(S-x)?+---,  (83)

=(2 2
GEi,L,azNa|a2|d:3 = 5ijM511)azNa|az|d:3 + e (84)

where again the ellipses indicate that the expressions are
equal up to terms that contain contraction of the coordinates

and some 6’s. Note that, only in this d = 3 case, GEJZ',L]@

fixed in terms of M,(flg and therefore G\~ = 0. This
result generalizes to all orders in the multipole expansion.

is

ij.aja,

V. PARTICULAR CASES

In this section we compare the metric obtained with our
amplitude-based approach to the PM expansion of known
vacuum solutions in D > 4, and discuss their multipolar
structure. We will see that, in D = 4, in order to reproduce a
specific solution at quadrupole order we only need to fix a
combination of H; and H,, while in D = 5 we have to fix
both of them independently, proving explicitly the exist-
ence of the stress multipole moment. Furthermore, we
define the “simplest” metric as the metric associated with a
minimally coupled theory. We put it in relation with
specific cases, proving that Kerr black holes are the
simplest solution in D = 4, while Myers-Perry black holes
and black rings in D =5 are not.

A. Hartle-Thorne metric in D=4

The Hartle-Thorne metric [25,26] is the metric induced
by the most generic rotating matter distribution in D = 4
up to spin-induced quadrupole order. As shown in
Appendix B, we can rewrite the Hartle-Thorne metric in
harmonic coordinates in order to compare it with the
amplitude result. This transformation introduces some free
numerical coefficients due to gauge redundancies that can
be mapped to the free parameters of our solution. With such
an identification, up to 3PM, we have proved that the
Hartle-Thorne metric and the amplitude-based one match
exactly. Such comparison has been done in the special
frame in which the Hartle-Thorne metric is defined, namely
with the angular momentum aligned with the z axis. In
order to move to such frame, in terms of the spin tensor we
have to choose

S;=|-J 0 0], (85)

where J = a/m can be identified with the physical angular
momentum of the spacetime through an expansion in the
far-field limit.

The temporal component of the Hartle-Thorne metric in
harmonic coordinates reads as

2Gm

uT a’Gm¢
Joo =1 T T

. G§—0+0whﬂ, (86)

r

where { parametrizes the mass quadrupole.“ By setting
Hl + H2 - Z:, (87)

the amplitude-based metric fully reproduces the Hartle-
Thorne solution. Therefore, in agreement with Eq. (83),
only the combination H; + H, enters in the definition of
the mass quadrupole, and since the stress quadrupole is not
independent of it, as shown in Eq. (84), there is only
1 degree of freedom. Indeed, as previously discussed, one
can find a coordinate transformation such that the entire
metric depends on H; and H, only through the combina-
tion H, + H,.

However, since the Hartle-Thorne metric describes the
most generic rotating object in D = 4, it contains the case
in which such an object is a black hole. In this special
scenario, no-hair theorems in D = 4 state that the only
vacuum solution with a regular horizon is the Kerr metric,
which has a well-defined tower of multipole moments only
determined by the mass and spin [47,48]. In the Hartle-
Thorne formalism, the Kerr metric corresponds to the
solution with { = 1 and, in terms of Eq. (56), this means
that a Kerr black hole is reproduced by fixing

From the amplitude perspective, this condition is satisfied
by an infinite number of nonminimally coupled theories,
since H; and H, can be chosen freely as long as the Kerr
condition in Eq. (88) is satisfied. This can be associated to
the degeneracy occurring in D =4, that reduces the
number of physical degrees of freedom to 1, still having
two independent free parameters. In addition to nonmini-
mal QFTs, the minimally coupled theory, that gives rise to
what we define the simplest metric, ~ also satisfies the Kerr
condition. Thus, from the point of view of the effective
QFT, the scattering amplitude computation unveils that
the simplest vacuum solution in D = 4 is the Kerr black
hole. This is analogous to what was shown in [18,24],
namely that there exists a reference frame in which the
Schwarzschild-Tangherlini metric is induced by the min-
imally coupled scalar action.

B. Myers-Perry black holes in D=5

Let us now consider higher-dimensional solutions in
general relativity, and in particular Myers-Perry black holes
in D = 5 [39]. First of all notice that in D = 5 the number

llOwing to the axisymmetry, the quadrupole moment tensor is
defined by a single parameter.

This name is inspired by the fact that a minimally coupled

theory is the simplest possible theory from a QFT perspective.
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of Casimir associated to the rotation group SO(4) is 2;
namely an object can rotate independently with respect to
two independent axes. This means that the Myers-Perry
metric in D =5 has two independent angular momenta,
and since the classical metric is written in terms of
(x1,¥1,%2,y,) coordinates, defined in such a way that
the plane (x;, y;) is orthogonal to the angular momentum J,
we have to block diagonalize the spin tensor as

Sy = , (89)

where the match between the physical angular momenta J;
and the spin parameter of the Myers-Perry metric a;
[written in Eq. (C1)] is given by"

D-2
mai:T.li. (90)

Hence, rewriting the metric in harmonic coordinates as
shown in Appendix C, and fixing the physical parameters
as

15
and H, RT3 (91)

3

H 1= 3

8

this metric matches exactly with our solution obtained from

amplitudes up to the order of our expansion (3PM; we
believe this is true at all PM orders).

Furthermore, we can see that in this case the degrees of
freedom manifestly match, and H; and H, are independ-
ently fixed to a specific numerical value. From the
discussion of the previous sections, this corresponds to
having independent mass and stress multipole moments

9

2

Mgll)az 2/[:])4 = _Wsalksazk’ (92)

G MP _ —is(-‘ S|, (93)
ij,aja | d=4 2m2 tay=\)az

This also shows that, from a QFT point of view, the Myers-
Perry solution does not correspond to a minimally coupled
theory. From this perspective, unlike the Kerr black hole,
the Myers-Perry black hole is not the simplest vacuum
solution in general relativity for D = 5; indeed Eq. (91)
does not coincide with the minimal limit in (53). Since the
Myers-Perry solution is the natural generalization of the
Kerr solution in arbitrary dimensions [38], one can con-
clude that, generally speaking, black holes are not the

PNotice that with respect to Appendix C a; = a and a, = b.

simplest vacuum solutions in arbitrary dimensions from a
scattering amplitude perspective.

Finally, since when J; =J, the full Myers-Perry
metric features an enhanced symmetry becoming cohomo-
geneity-1 [39], one can observe that, in terms of multipole
expansion, in the limit of equal angular momenta the mass
quadruple vanishes [42]. Explicitly, it is possible to see that

. (2) _
Jllgr}ZM“laz{?l/[:PAlNalaz =0, (94)

while the stress quadrupole does not vanish. This is not
only true for the Myers-Perry metric [39], but actually for
the general metric obtained from the amplitudes for any odd
spacetime dimension D when all the angular momenta are
the same. This means that, in general,

lim M., N, =0. (95)
Y 142

‘d:even

We interpret this as a generic property of the gravitational
field sourced by a spinning pointlike mass.

C. Black rings

As we already mentioned, in D > 4 Myers-Perry black
holes are not the only vacuum solutions with horizons. One
solution beyond the Myers-Perry black holes is the black
ring solution [54], which has ring topology at the horizon
(at variance with the Kerr and Myers-Perry solutions that
instead have spherical topology).

Let us consider for simplicity the case with only one
angular momentum, where S,; = —S;, = J are the only
nonvanishing components of the spin tensor. The original
solution is written in terms of three parameters (R, v, 1)
with 0 < v < 1, which encode mass, spin, and shape of the
ring. As shown in Appendix D, we can replace R and v in
favor of m and J, which are respectively the mass and the
spin of the solution. In terms of (m, J, 1), we can write the
metric in harmonic coordinates in a PM expansion. For a
generic value of 4, the black ring solution has a naked
conical singularity unless

 2u(m,J)
A= 1+v*(m,J)’ (96)

which in turn implies that mass and spin are not indepen-
dent. This condition also corresponds to the existence of
equilibrium solutions in the absence of external forces, and
sets a lower bound on the angular momentum. However, we
keep 0 <A <1 as a free parameter, thus describing a
family of solutions, of which only one is free of naked
conical singularities for a given m and J. The Myers-Perry
solution is then recovered from the black ring if 1 — 1,
keeping fixed m and J (this is outside the equilibrium curve
of the ring).
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With the aim of comparing the black ring metric with
Eq. (56), consider the quadrupole structure described
in (79). Both mass and stress quadrupole moments have
a dimension of a length squared (in 7# = c =1 units),
meaning that in D =5 they can be written in terms of
dimensionful quantities S2/m? or Gm."* If a new funda-
mental length scale A is present in the gravitational source,
schematically the intrinsic quadrupole reads as

M®@ ~ A = 6Gm, (97)

where ¢ is a dimensionless parameter. This means that, if
one writes A in units of Gm, such non-spin-induced
moment would enter at 2PM in the expansion of the
metric, even though it is associated with a tree-level
scattering amplitude. This is the case for the black ring
solution, which has a ring topology and hence a non-
vanishing intrinsic quadrupole moment even in the non-
spinning limit. However, since the amplitude-based
approach presented in this paper focuses on spin-induced
multipole moments, we cannot match the metric at the
quadrupole level including intrinsic moments. We restrict
in this case to 1PM order, in which only spin-induced
moments are present, and we expect to be able to fully
reconstruct the metric and its spin-induced multipoles.

Then, from the results of Appendix D, fixing the physical
parameters as

3 _3(64—1)
"o M Tsawn Y

we have verified the agreement of the black ring metric
|

2(D _ 3) r2SklkZSklk2 — (D _ l)xk]xkzsklk35k2

with the amplitude-based one, up to 1PM. Indeed, we can
easily check that for 4 = 1 we recover exactly the expected
coefficients H; and H, of the Myers-Perry solution in
Eq. (91). As in the Myers-Perry black holes, in Eq. (98) for
a given value of A, the parameters H; and H, are
independently fixed, and so also black rings in D =5
have independent mass and stress quadrupole moments.
For completeness, their explicit expression is

@ 1182

Malaz S:RAL o _Wmsalksazk + O(Gm)’ (99)

g pmr __ 1 9 o 0(G 100
ijayay ld=4 — _$1 + (ila;®1j)a; + ( m)’ ( )

where we are neglecting the intrinsic (i.e., non-spin-
induced) quadrupole moments. Given the extra parameter
A (in addition to the mass and angular momentum), one
could check whether there exists a particular black ring
solution corresponding to the simplest metric generated by
the minimal vertex of the QFT. However, it is easy to verify
that there is no value of 4 such that H; = 1 and H, = 0 at
the same time. This shows that all black ring solutions with
single angular momentum are generated by nonminimally
coupled theories from the scattering amplitude perspective.

D. The simplest metric in any
spacetime D dimensions

For completeness, we give here the explicit form of the
simplest solution in generic spacetime D dimensions,
obtained from the minimal vertex in (45) and correspond-
ingto Hy =1 and H, =0:

1,2 k
h (1) = =55 — “Gp(r).
o (r) =0,

12 2(D-13)
hf} )(7") = —W(—VZ(D—Z)Siijk+r25klszk'k25,~j

+ (D = 1)xfix*2 (D = 2)Sy, Six, — Sk]k3Sk2k35ij))Gp(r)'

We stress again that the 1PM order contains all the physics
that we want to capture, and we consider only the quadru-
pole term because monopole and dipole moments are
uniquely fixed. In this regard the quadrupole moments
of this solution are

simplest D-1

2
M’(ll)“z - _Vsalksazkv

(102)

"“We recall that in higher dimension [Gm] = LP3.

(101)

(D—1)(D-2)
oz StlaShae

G

simplest
ij.ayay | -

(103)

As previously discussed, in D = 4 this solution corre-
sponds to the Kerr metric. However, when considering
D =5, it does not match either the Myers-Perry metric or
the black ring with a single angular momentum. Since our
analysis shows that the minimal solution is not a black hole,
we leave it as an interesting open problem to identify
whether an exact solution exists that corresponds to this
metric, and possibly what is the matter content sourcing
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such solution, similarly to the Hartle-Thorne metricin D = 4.
Moreover, one could in principle still construct a black hole
solution whose spin-induced part of each multipole matches
the one of the simplest metric. At tree level the theory is linear,
and this could be done by superimposing various solutions
and their corresponding moments. However, in general such
superposition is invalid beyond the linear level, so construct-
ing such solution (if it exists) is highly nontrivial.

Another interesting possibility is the existence of differ-
ent simplest solutions in D > 4. As we briefly mentioned in
Sec. II, when we refer to spin-s fields we are assuming a
completely symmetric and traceless field representation of
the Lorentz group, but in higher dimensions there are more
possible representations, and for example in D = 5 we can
build an action that couples an antisymmetric field with
gravity. The minimal vertex associated to this theory could
be either equal to (45), thus suggesting the fundamental
nature of the simplest metric, or different, leading to an
another simplest solution that can be compared to Myers-
Perry or other black hole solutions. Likewise, one could
consider a theory for a minimally coupled field with spin
s > 1 and check whether the simplest metric is universal, at
least up to the quadrupole order.

Finally, it is important to stress that Eq. (52) (and therefore
the most generic metric in D dimensions) could also be
derived without the use of scattering amplitudes, but simply
by constructing the most generic stress-energy tensor com-
patible to its symmetries in momentum space. However,
having an underlying QFT allows us to identify the simplest
solution among the general family, and gives to us the
possibility to interpret black holes from a different point of
view. The fact thatin D = 4 the simplest solution corresponds
to the Kerr metric seems to resemble the no-hair theorem in a
QFT language, in which the absence of hair corresponds to the
absence of extra coupling in the effective action. In D > 4 the
story is more complicated, and the absence of black hole
uniqueness theorems seems to spoil the connection between
simplest metrics and black holes solutions, although our work
suggests further investigations along this line.

VI. CONCLUSIONS

In this work we computed the vacuum solution describ-
ing the metric of a generic rotating object in arbitrary
dimensions, up to spin-induced quadrupole order and
within a PM expansion. Our computation is based on
the classical contributions of scattering amplitudes describ-
ing the emission of gravitons out of massive spin-1 particles
and provides valuable insights into the nature of spinning
compact objects in arbitrary dimensions.

In the context of D =4 spacetime dimensions, our
computations have successfully recovered the PM expan-
sion of the well-known vacuum Hartle-Thorne solution,
describing the metric of a spinning compact object in
general relativity up to second order in the angular
momentum. The Kerr metric describing a spinning black

hole is a special case arising for a specific choice of the mass
quadrupole moment. At the level of the effective quantum
field theory, this choice corresponds to the case of a Proca
field minimally coupled to gravity. This reaffirms black holes
as the simplest solutions to general relativity in four
dimensions also from a scattering-amplitude perspective.
However, our investigation reveals that the situation is
different and richer in higher (D > 4) dimensions. Here,
through our scattering amplitude analysis up to two-loop
calculations, we have obtained the generic solution including
quadrupole-moment terms quadratic in the object’s angular
momentum. Interestingly, at variance with the D = 4 case,
we have found that the solution depends on two quadrupole
moment parameters, namely the standard mass quadrupole
and a new stress quadrupole; the latter does not exist in
D = 4 and was previously missed in the analysis of [42].
We have successfully identified and characterized different
D > 4 black-hole solutions, such as the Myers-Perry and the
black ring metrics, as particular cases obtained for specific
choices of the parameters of our general PM solution.
Notably, unlike the four-dimensional case, none of these
solutions corresponds to the choice of minimal couplings in
the effective action, highlighting that the nature of black
holes in higher dimensions is more intricate. In this direction
our work could be important to extend the analysis of four
and five-point classical gravitational scattering amplitudes
involving spinning bodies [55-61] to higher dimensions.
It would be interesting to assess whether this property is
somehow linked to the absence of a black-hole uniqueness
and no-hair theorem in higher-dimensional general rela-
tivity. Nevertheless, it is known that the Myers-Perry
solution is the unique stationary, nonextremal, asymptoti-
cally flat, vacuum black hole solution with spherical
topology [38,62], which are exactly the hypotheses behind
our simplest metric. This means that if the Myers-Perry
solution is not the simplest one, strictly speaking no other
solution can be within our framework. However, an
interesting follow-up is to understand whether the concept
of simplest metric is universal in D > 4; for example by
constructing the metric arising from a minimally coupled
theory other than Proca, in this case it could happen that
another simplest solution matches the Myers-Perry one.
Even though we focused on the case of solutions with
spin-induced multipole moments, it should be possible to
extend our framework to describe generically deformed
compact objects (an example being the black ring solution
that has intrinsic moments in addition to the spin-induced
ones), also featuring higher-order multipole moments or
moments that break the Kerr symmetries (e.g., current
quadrupoles, mass and stress octupoles that break the
equatorial symmetry, or generically moment tensors that
break the axisymmetry) [27,63-67].
Another interesting avenue of exploration would be to
identify the solution corresponding to the minimal coupling
in D > 4 at the full nonlinear level. Our results suggest that
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such a solution (if it exists) should be stellarlike, i.e., it
requires matter fields coupled to gravity, or perhaps it
corresponds to black holes with complex topology as those
obtained by “superimposing” different black hole solutions
using the inverse scattering method, as in the case of the
black saturn [68], multiring, or other [69,70], possibly yet
unknown, solutions [38]. The study of compact objects
other than black holes and their multipolar structure in
higher dimensions is seldom explored and worth inves-
tigating to address this question.

We conclude by highlighting that the discovery of stress
multipoles opens several interesting avenues for future
investigation, both at the phenomenological level and for
a more fundamental understanding of gravity. Although we
have shown that the stress moments do not exist in D =4
general relativity, it would be very interesting to assess
whether this happens also for other gravity theories. We
expect that other gravitational theories with more degrees of
freedom (e.g., massive gravity or generic metric theories
propagating up to six polarizations at the linearized level)
should indeed have nonvanishing stress multipoles. If this is
the case, it would be interesting to understand the phenom-
enology associated to these new moments. This might also
change the way in which we build stationary solutions
beyond general relativity or perform tests of exotic compact
objects (see, e.g., [71]). Furthermore, in higher dimensions
these considerations have to be taken into account already
within general relativity, potentially impacting the way in
which we look for new solutions and study their linearized
dynamics. For example, even for a spherical object the new
multipole moments can be induced by an external tidal field,
giving rise to stress Love numbers, associated with tensor
perturbations of compact objects in D > 4 [72], which are
indeed absent in D = 4 (see [73-75] for a discussion of the
tidal Love numbers in higher dimensions).

Finally, even though the stress multipoles could have been
found within a classical general relativity framework, con-
sidering scattering amplitudes was really key to identifying
their existence. In particular, we realized that working in
momentum space it is relatively easy to write down the most
generic stress-energy tensor at arbitrary high order in the
multipole expansion, at variance with working in position
space (the natural setting of general relativity), in which
deriving the most generic expression of 7', would be more
and more tedious as the order of multipoles increases. This is a
perfect example of how recovering classical gravity from
scattering amplitudes not only can give us insights on the
phenomenology, but can also open new perspectives to deepen
our understanding of gravity at a more fundamental level.

Note added during proof. After the completion of this
work, we became aware of [76], which performs a multi-
pole expansion of the long-wavelength effective action for
radiative sources in higher dimensions. The authors find a
new set of Weyl-type moments, which coincide with the
stress moments of a stationary object defined in this work.
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APPENDIX A: QUADRUPOLE MOMENTS IN
FOUR AND FIVE SPACETIME DIMENSIONS

In this Appendix we perform in detail the decomposition
in irreducible SO(d) representations of the constant tensor
Gij.ap Which enters the expansion in Eq. (70), and it is
relevant for the analysis of the quadrupole moments. As
observed in Sec. IV B, the tensor is symmetric in the indices
ij and ab, and it is also traceless in ab. We will consider
explicitly the five-dimensional case, but the same results
apply in any dimension D > 4. To highlight the difference
with the four-dimensional case, we will first quickly review
how the latter works, and then move to D = 5.

In four dimensions the tensor G;;,, belongs to the
(50 1)®5 of SO(3). This decomposes in irreducible
representations as

5D1)R5=90702x503d1, (Al
which correspond to symmetric traceless tensors with 4, 3,
2, 1, and 0 indices of SO(3), respectively. It is straightfor-
ward to recognize these representations as those of the
tensors G4, G, G G3) GO and G, respectively, that
appear in Eq. (71).

We can now move to five dimensions. In this case
the indices belong to SO(4), which is isomorphic to
SU(2) x SU(2). We can then label the representations in
terms of those of each of the two SU(2)’s, and in particular
the tensor G;;,, belongs to ((3.3)® (1.1)) ® (3.3),
which decomposes in irreducible representations as

((3.3)@ (1.1)) ® (3.3)
=(5,5) @ (5,3) ® (3,5)
©(5.1)® (L5 ®2x(3.3) @ (3.1)

@ (1,3) d (1,1). (A2)

We want to identify such representations with the index
structure and constraints of the tensors in Eq. (76). The
(5,5) representation corresponds to the four-index sym-

metric traceless tensor G, while the (3,3)’s correspond to
the two-index symmetric traceless tensors g<1> and 9(3), and
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the (1,1) is the singlet G?). The (3,1) @ (1,3) identifies
the antisymmetric tensor G©). The remaining representa-
tions, namely (5,3) @ (3,5) and (5,1) & (1,5), corre-
spond to tensors with mixed symmetry.

The tensor G in the (5,3) @ (3,5) is the one identified
in [42] as the ASTF tensor H,, ., with four indices,
antisymmetric in the first two and symmetric traceless in
the last two. Such a tensor, being irreducible, satisfies the
additional constraints'

5hcg£3)).cd =0 6‘abcegifb),cd =0. (A3)
To show that these constraints lead to 30 surviving
components16 we can start by observing that the number
of components of the tensor before imposing the con-
straints is 6 x 9 = 54. The first constraint in Eq. (A3)
removes 15 components, because both the indices a and d
can take any value, but the trace in ad of the constraint is
identically zero. The second constraint in Eq. (A3) removes
nine additional components. Indeed, given the previous

constraint, eabcegﬁ) 4 18 symmetric traceless in ed. The fact

that it is traceless is due to the symmetry in cd, while the
fact that it is symmetric can be seen using the Fierz identity

which implies that the antisymmetric part of eabcegﬁcd
vanishes identically. We are thus left with 54 — 15 -9 =
30 components.

The tensor G7) in the (5,1) & (1,5), which is missing
in [42], is antisymmetric in both the pairs ab and cd, which
makes in total 36 components. Besides, it satisfies the
constraints

O Gunea =0 € “Geg=0.  (A3)
Using arguments similar to the ones above, one can
show that the first constraint removes 16 components
and the second removes ten components, leaving in total
36 — 16 — 10 = 10 components.

The analysis performed here in five dimensions can be
generalized to any D > 4, implying that only in four dimen-
sions one can choose a gauge such thaty;; = 0 as in Eq. (75).

APPENDIX B: HARTLE-THORNE METRIC
IN HARMONIC COORDINATES

The most generic rotating object in D = 4 is described
up to spin-induced quadrupole order by the Hartle-Thorne
metric, which is exact in G [25,26]. Given a spherical set of
coordinates (z, r, 8, ¢), the explicit expression of the metric

aoce (6) d] —
el Gabe =0 (A4)| up to 3PM order is
2Gm  a*Gm{ (3 cos(20) + 1)
9u=1- , + 2,3
N @2G2m?((3¢ - 2) 203(29) +¢-2) N G m(4¢ — 1 1)5(3 cos(20) + 1) L O(Gh ),
2r Tr
2aGm sin(0
g =+ 2290 o6t ),
2Gm  (a*Gml(3cos(20) + 1))  4G*m>  a*>G*m?(=5¢ —3(5¢ — 8) cos(20) + 4)
9rr = -1- + 3 - 5 - 7
r 2r 2r
_ 8G33m3 _dGn? (—60¢ — 9(20@5— 27) cos(20) + 25) L 0(Ga).
r Tr
,  a*Gm{(3cos(20) +1)  a*G*m? (5 - 1)(3cos(20) 4 1)
Joo = —F + + 3
2r 4r
18a°G*m>(¢ — 1) (3 cos(26) + 1
| BatGIm(C 7)3( CO+Y) | ot a,
e

(a?G*m?(5¢ = 1)(3 cos(20) + 1) sin(0)) a*

:_2'29
9po rsin*(0) + >

a*Gm{ (3 cos(20) + 1) sin?(0) N

N 18(a?G*m* (¢ — 1)(3 cos(20) + 1) sin*(6))

753

457

+ O(G*, d3), (B1)

To avoid overburderning with notation, in this Appendix we leave the STF, ASTF, and RSTF notation implicit; for instance

6)  _ ~(6) (7 — )
Gabed = g{ab,(rd} e and Gabea = g{ab.cd}RSTF'

"“Note that [42] ascribes 40 components to this tensor. We believe this is a mistake. Indeed, the 40 components correspond to the 30
components of G© plus the 10 components of the tensor G7) described below.
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where a = J/m is the angular momentum per unit mass
and ¢ is the quadrupole mass moment normalized such that
for { = 1 we have the Kerr limit.

In order to compare such metric with the one derived by
scattering amplitudes, we have to impose the harmonic
gauge. The reason why this reference frame is particularly
suitable is twofold: on one hand this is a “universal gauge,”
in the sense that there exists a gauge fixing term at the level of
the action such that every metric can be put in this frame, and
on the other hand it is classically defined by the covariant
d’Alambertian of the associated Cartesian coordinates,
which makes it possible to define the transformation on
both the original and the transformed metric. Defining the
spherical harmonic coordinates as (7, R,0,®), and the
associated Cartesian coordinates as

X = Rsin(0®) cos(D),

y = Rsin(®) sin(®),
zZ = Rcos(0),

(B2)

the equation that the metric in harmonic spherical coordi-
nates has to satisfy is

¢*“D,0,(T,x,y,z) =0, (B3)

where each coordinate is treated as a scalar. Noticing that the
metric in (B1) does not depend on the azimuthal angle ¢, we
can define a coordinate transformation as

T=t, R=r(R.©), ©O=0(R.0),

d=¢. (B4)

We can now define an ansatz for the relation between the
two sets of coordinates as

nPM ; [nPole/2| a\ 2 j
r(R,0) RZ( ) Z <> ZC 1 P2k (cos®),

=0 k=0

(BS)

nPM Gm ; [nPole/2] a\ 2
cwm&@:am@0+§:cg) Z:(ﬂ
i=0

=1
J
X ZC i 1P (cos @)) (B6)
=0

where P, are the Legendre polynomials and |-] stands for
the integer part. The ansatz is motivated as follows:

(1) In the limit in which R — 400 the two reference
frames must coincide, which implies Cé{e&o =1.

(2) In the nonspinning limit (a — 0), the Schwarzschild
metric must be recovered, and so in (B6) for a =0
we have to impose 6 = ©.

(3) In the original metric at a given spin power, the
order of the Legendre polynomials is always equal
or lower than the spin power itself; hence we
set k < j.

(4) Since we have to respect the time-reversal symmetry
in which t -» —f and ® — —®, only even powers of
the angular momentum are allowed.

Finally, performing the coordinate transformation and

imposing Eq. (B3), we end up with

R R R e) ¢}
Cé),o),oz 1, 082)2:0, Céz)ozo’ C((),z),z =0, C(() 2)0 =0,
R c) R c) R
Cg,o),o =1, Cg,z),z = _C(l 2),2» Cg.z),o = C(1,2>,0’
" o _¢—4 4-¢
Cg,o).o =0, Cgﬁz).z — 5 > C?z,o 75 >
3 3
R 7 R 1
C<2,2)2:§’ Cg,z).o:_g’
o 6 ® 2.r ) 64 ®R 2 .r
Cg,z),z = 3 - C(1 2)2 +_Cg,2),2v Cg,z),o = _34' C(1,2>,2 _gcg,z),z’
R 2 3
= §+§C§ Do (B7)

Once the coordinate transformation is fixed, we can find the
metric in harmonic gauge at the chosen perturbative order
by means of (B4). We notice that the coordinate trans-
formation has some gauge redundancies since there are
coefficients which are unfixed. At 1PM and 2PM the
redundancy is parametrized by two coefficients, namely

C@.o and (25{‘22. At 3PM a new redundancy arises by means
of the unfixed coefficients Cg{eo).o and cg"?’z. While the full
3PM result is given in the Supplemental Material [41], at

1PM the explicit expression of the Hartle-Thorne metric in
harmonic gauge reads as

+0(G?, a%),

D¢ +2¢R),)

=1 2Gm N a*Gm{ (3 cos(20) + 1)
1t R 2R3
2aGm sin%(©
Jo = T() + 0(G*.a?),
_ ., _2Gm + 2Gm 86(11,32),0 + (3cos(20) +
9RR R

R + 0(G?,a?),
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£(3¢0s(20) + 1) +C\¥), (3 cos(20) — 1) —4c)

Joo = —R* —2GmR + a*Gm

(R)

3Gma? sin?(0®)C
©) 122 L 0(G2, a3),

4R?
oo = —R? sin?(®) — 2GmR sin*(O)

9gre = —

+ a’Gm sin®(0)

{(3cos(20) + 1) —4C\®) + 20,

0G29 39
R +0(G%,a)

+0(G?, a%),

2R

and moving to Cartesian coordinates such metric can be
directly compared with the amplitude-based one.

This perturbative approach to the harmonic coordinate
transformation can be compared directly with [77], in
which a similar procedure is described. Considering only
terms up to 3PM and spin-square orders, we find disagree-
ment with the number of gauge redundancies present in the
metric after the transformation. In particular at 1PM we find
two free parameters, while in the mentioned work there is
only one present. Our result is also confirmed by the
amplitude approach, in which as we showed in Sec. VA
there are 2 gauge degrees of freedom coming from the
dressed vertex in D = 4.

APPENDIX C: MYERS-PERRY
BLACK HOLES IN D=5 IN
HARMONIC COORDINATES

Myers-Perry black holes are a class of stationary vacuum
solutions of general relativity built to be the generalization
of the Kerr metric in arbitrary dimensions [39]. In D =5
the metric reads as

ds? = df* — % (dt + asin® 0dg, + bcos® Odep,)?
e

T — pr

— (r? + b*) cos? 0d¢p3,

5dr? — 2d6* — (r* + a?) sin® Odep7

where

|
T=r’+a’cos’0+b*sin?0, Tl=(r*+a?)(r*+b?),

(C2)

and a and b are two independent angular momenta and
162Gm

U= C3

(D205 )

with Qp the surface of a D sphere. As we did in the
D =4 case, we can define a set of Cartesian harmonic
coordinates as

x; = Rsin(®) cos(P,),
= Rsin(®) sin(®d,),
y1 = Rsin(©) sin(®,) s
Xy = Rcos(0®) cos(P,),
¥2 = Rcos(0) sin(®,),
related to the original coordinates through
T=t, R=r(R,0), O=0(R,0),
q)1:¢1’ q)2:¢2’ (CS)
and such that
gleyau(Tvxl’yl X2, ¥,) = 0. (Co)

Motivated by the same reasons of Appendix B, the
ansatz for the perturbative coordinate transformation is the
following:
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nPM [nPole/2|
cosé(R,0) :cOSQZ (Gmp(R))'
i=0 =0 k=0
nPM [nPole/2| j
£RY (Gmp(R)) Tog(mGp(R)) ¢
i— =0 k=0

Notice that differently from the D = 4 case, here we have to
consider logarithmic pieces starting from 2PM. This is
consistent with the amplitude-based approach in which we
observe the presence of singularities in D = 5 even in the
harmonic gauge, renormalized by the insertion of higher-
loop vertices giving rise to logarithmic terms. Moreover the
coordinate transformation in Egs. (C7) takes into account
the symmetries of the original metric, such that the
symmetry a - b and ® - © + 7/2.

As we did in the Hartle-Thorne case, replacing Eq. (C7)
in the harmonic equation, one is able to fix the coefficients
of the coordinate transformation. In this case the equivalent
of Eq. (B7) for the Myers-Perry solution is way more
involved, and since there is no physical information in it,

8G 8Gm(a® — b? 20
m m(a ) cos(20) Lo

/ a a\?% b\ % .
Z(Cl(%z)k (E) sz(cos®)+C§2f2)k (§> PZk(smG))>

log.0.a) @\ % l0g.0.6) [ b\ % .
z(',zjg,zk )(R) sz(COS®)+CE,2Jg,2k )<R> sz(51n®)>- (C7)

we provide it in the Supplemental Material [41]. However,
it is worth mentioning that coherently to what we know
from the amplitude calculation, the coordinate transforma-
tion develops two independent gauge redundancies at
orders O(Ga?), and two more at orders O(G*a’) and
O(G?a?). In particular the redundancies at 2PM are related
to the logarithmic terms and are the classical counterpart of
the higher-loop vertex in Eq. (51).

Finally, we report the 3PM Myers-Perry metric in
harmonic coordinates in the Supplemental Material [41],
giving here for the sake of clarity only the expression at

1PM in the case in which C@'O = Oand CY.?Z),Z = —2/9 such
that grg = 0, resulting in the simplified expression

gu=1- 37R? 3zR* (Gz’ a3),
G, = —SaG?;Iij(Q) + 0(G?,d%),
g, =~ LITO) | (62, ),
o = —1 — ;1;;1:; 4Gm(a® ;,5:2 cos(20) L 0G.a).
Joo = —‘f—ﬂm R+ ;f;; (a2 + b2 + 3(a? — b?) cos(20)) + O(G2. @),
G, = —% — R2sin(@) — ZG%Z‘;@) (a2 + b2 - 3(3a — b?) cos(20)) + O(G2. a?),
Io,0, = —w — R?cos?(@) — 2(;#‘;:;(@) (a* + b* = 3(a* — 3b%) cos(20)) + O(G*, ),
Jo0, = —MG;';—S;‘;Z(M +0(G2. d%). (C8)

To the best of our knowledge, there is no other derivation of the Myers-Perry metric in such coordinates in the literature to
be compared with Eq. (C8). However, moving to Cartesian coordinates, we can directly match it with the amplitude-based
metric, finding a perfect agreement up to the order of our calculation, i.e., 3PM. Even though all the physical information is
contained in the tree-level part of the metric, higher-order calculations are an important and nontrivial consistency check
that this approach passes perfectly.
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APPENDIX D: BLACK RINGS WITH
ONE ANGULAR MOMENTUM IN
HARMONIC COORDINATES

It is known that in D >4 there is no black hole
uniqueness theorem, meaning that if one considers non-
spherical topologies, the Myers-Perry black hole is not the
only solution with a horizon. Black rings are indeed another
black hole solution in D = 5 [40]. Limiting to the case of
one angular momentum along the ¢, direction, in the so-
called black ring coordinates (x,y,@;,®,) the explicit
metric reads as [40]

ds? = - Ag; (d—CR;(—i_)yd >2
) (-5 gt -
+§(—);+%d¢§), (D1)
where
A(z) =1+ Az, B(z) = (1 =2))(1 +vz),
C= l(l—u)%, (D2)

and 0 < v < 1 < 1 are dimensionless parameters, while R
is a dimensionful radius. To avoid naked conical singular-
ities in Eq. (D1), one needs to impose

2v
A=—, D3
1+ 2 (D3)

and since 4 and v are parameters related to the shape and
angular momentum of the ring, the physical interpretation
of such a condition is to require that the centrifugal force
exactly compensates the gravitational self-attraction.
Therefore, one can refer to Eq. (D3) as the equilibrium
condition. As explained in the main text, we will not
enforce such a condition, so the black ring solution is
described by three parameters.

Our goal now is to move from ring coordinates to
harmonic coordinates. In order to do so, we need an
intermediate step in which we simply consider asymptoti-
cally flat coordinates through the transformation [42]

2

o <1 - ,1) 2(1=)R2cos?(0) 7

1-v r
<1 —/1) 2 4 2(=4)R?sin?(0)
y=- 1 — D B
v r
(p192) =72 (91.). (D4)

in which one may now express the metric in terms of the
coordinates (¢, r, 0, ¢, ¢, ). Furthermore, it is convenient to
make the dependence on the mass m and the angular
momentum J manifest in the black ring metric. Considering
the asymptotic long-range behavior of the solution, the
mass monopole and the spin dipole, i.e., the mass and the
spin itself, respectively read as

37R?
m=-—,

AR\ —v)(1+2)
4G ’

- 2G (1-v)?

(D5)

Keeping 1 a free parameter, in the metric written in
asymptotically flat coordinates we can now replace
(R, v) in favor of (m, J), having finally a metric described
by three independent parameters (m, J, 4).

We can finally move to harmonic coordinates by con-
sidering the transformation (C5), that through the definition
of harmonic Cartesian coordinates in Eq. (C4) have to
satisfy the relation (C6). The ansatz for the harmonic
coordinate transformation is different from the Myers-
Perry one since the topology is more complicated.
Moreover, for the reasons explained in Sec. V C, we will
consider only terms up to 1PM and second order in the
spin, so that the coordinate transformation reads as!’

r(R,0) =

i=0 Jj=0 k=0

x (%) 2jP2k(cos @)+ 0(G*,d%),  (D6)

where now the coefficients that have to be fixed will be
functions of the free parameter A. Notice that among all the
constraints to impose to this ansatz, we have to ensure that
the monopole term in the space part of the metric is
independent of 4, since it must carry only the information of
the physical mass. This extra constraint, which is not
a priori satisfied from Eq. (D6), fixes to two the total
number of gauge redundant parameters at 1PM, exactly as
the previous cases.

Finally, considering the explicit expression of Eq. (D6)
(reported in the Supplemental Material [41]), the black ring
metric in harmonic coordinates (in a suitable gauge), in
which we are neglecting quadrupoles that are not spin
induced, reads as

"Notice that at higher PM orders one should include loga-
rithmic pieces as in the D = 5 Myers-Perry case.
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8Gm  12Gma*icos(20)

g = e T T R 0(G*. %),
Go, = MG’Z;I;P“O) + 0(G?, a%),
R
9ee = —43%” - R 2Gma2ﬂ(11ez—(lei;(;s(2®)) + 0(G?, @),
Jo,0, = —%;2(@) — R%sin?(©) + w (=14 3(1+32)cos(20)) + O(G*, a%),
90,0, = —46%(:2(@) — R%cos?(®) + % (=1+3(=1432)cos(20)) + O(G*,a%). (D7)

This metric can be now compared directly with the amplitude-based one, obtaining a perfect match up to the order we are

considering.
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