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The superradiant stability of asymptotically flat D-dimensional nonextremal Reissner-Nordström black
holes under charged massive scalar perturbation is analytically studied. In previous works, it was proved
that there are no black hole bombs for five- and six-dimensional nonextremal Reissner-Nordström black
holes against charged massive scalar perturbation. In this work, we extend the previous discussions to the
D-dimensional case (D ≥ 7) and find that the same conclusion holds in arbitrary higher dimensional case.
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I. INTRODUCTION

Black holes are important objects in both theoretical and
observational physics. Linear (in)stability analysis of black
holes plays an important role in many topics, such as the
(in)stability of black hole solutions, the black hole ring-
down phase after binary merger and astrophysics [1–3].
When a charged rotating black hole is scattered off by a
charged bosonic field, the electromagnetic or (and) the
rotational energy of the black hole may be extracted by the
external field under certain conditions. This phenomenon is
called superradiance [4–6]. In order to trigger the super-
radiance, the angular frequency ω of the scattered field
should satisfy the following superradiance condition:

ω < mΩH þ eΦH; ð1Þ
where e and m are the charge and azimuthal number of the
bosonic wave mode,ΩH is the angular velocity of the black
hole horizon and ΦH is the electromagnetic potential of the
black hole horizon. The superradiant scattering was studied
a long time ago [7–12] and has broad applications in
various areas of physics (for a comprehensive review, see
Ref. [4]). If there is a “mirror” between the black hole
horizon and spatial infinity, the amplified perturbation will
be scattered back and forth between the “mirror” and black
hole horizon, and this will lead to the superradiant
instability of the system. This is the so-called black hole
bomb mechanism [13–16].
The superradiant (in)stability of four-dimensional rotat-

ing Kerr black holes under massive scalar or vector

perturbation has been studied in [17–31]. Rotating or
charged black holes with certain asymptotically curved
space are proved to be superradiantly unstable under
massless or massive bosonic perturbation [32–43], where
the asymptotically curved geometries provide natural
mirror-like boundary conditions. The four-dimensional
asymptotically flat extremal or nonextremal Reissner-
Nordström (RN) black hole has proved superradiantly
stable against charged massive scalar perturbation [44–49].
The argument is that the two conditions for the possible
superradiant instability of the system, (i) existence of a
trapping potential well outside the black hole horizon and
(ii) superradiant amplification of the trapped modes, cannot
be satisfied simultaneously in the RN black hole and scalar
perturbation system [44,46].
The linear stability of higher dimensional black holes has

also been studied in the literature (for an incomplete list, see
Refs. [50–60]). In Ref. [52], the asymptotically flat RN
black holes in D ¼ 5,6,..,11 are shown to be stable by
studying the time-domain evolution of the massless scalar
perturbation with a numerical method. In Ref. [53], the
authors provided numerical evidence that asymptotically
flat extremal RN black holes are stable for arbitrary D
under massless perturbation.
Recently, an analytical method based on the Descartes’

rule of signs has been used to study the superradiant
stability of higher dimensional RN black holes under
charged massive scalar perturbation [61–63]. It proved
that there is no black hole bombs for five- and six-
dimensional (non)extremal RN black holes under charged
massive scalar perturbations and the system is super-
radiantly stable. It is also found that the above conclusion*huangjh@m.scnu.edu.cn
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still holds for the D-dimensional extremal RN black hole
case [64].
In this work, we will use the above mentioned analytical

method to study the superradiant stability ofD-dimensional
(D ≥ 7) nonextremal RN black hole against charged
massive scalar perturbation. We show that there is no
potential well for the effective potential experienced by the
scalar perturbation. The conditions for the possible black
hole bomb cannot be satisfied simultaneously, so there is no
black hole bomb for the D-dimensional nonextremal RN
black hole and charged massive scalar perturbation system.
The paper is organized as follows: In Sec. II, we present

the description of the model and the asymptotic analysis of
boundary conditions. In Sec. III, the effective potential of
the radial equation of motion is given, and the asymptotic
behaviors of the effective potential at the horizon and
spatial infinity are discussed. In Sec. IV, we give a brief
description of the proof of our main result that there is no
potential well outside the black hole horizon for the
superradiant bound modes. The details of the proof are
in the Appendix. The final section is devoted to the
summary.

II. MODEL DESCRIPTION

In this section, we present the model in which we
are interested, i.e. a D-dimensional nonextremal RN
black hole against charged massive scalar perturbation.
The metric of the D-dimensional nonextremal RN black
hole [61,62,65] is

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2dΩ2
D−2: ð2Þ

The function fðrÞ reads

fðrÞ ¼ 1 −
2m
rD−3 þ

q2

r2ðD−3Þ ; ð3Þ

where the parameters m and q are related with the
Arnowitt-Deser-Misner mass M and electric charge Q of
the RN black hole,

m ¼ 8π

ðD − 2ÞVolðSD−2ÞM;

q ¼ 8πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðD − 2ÞðD − 3Þp

VolðSD−2ÞQ: ð4Þ

Here VolðSD−2Þ ¼ 2π
D−1
2 =ΓðD−1

2
Þ is the volume of unit

(D − 2) sphere. dΩ2
D−2 is the common line element of a

(D − 2)-dimensional unit sphere SD−2 and can be written as

dΩ2
D−2 ¼ dθ2D−2 þ

XD−3

i¼1

YD−2

j¼iþ1

sin2ðθjÞdθ2i ; ð5Þ

where the ranges of the angular coordinates are taken as
θi ∈ ½0; π�ði ¼ 2;…; D − 2Þ; θ1 ∈ ½0; 2π�. The inner and
outer horizons of this RN black hole are

r� ¼
�
m�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

q �
1=ðD−3Þ

: ð6Þ

The event horizon of the black hole is located at rh ¼ rþ.
We introduce two symbols u, v, defined as u ¼ rD−3þ ;
v ¼ rD−3

− . It is obvious that we have the following two
equalities:

uþ v ¼ 2m; uv ¼ q2: ð7Þ

The electromagnetic field outside the black hole horizon is
described by the following 1-form vector

A ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D − 2

2ðD − 3Þ

s
q

rD−3 dt ¼ −cD
q

rD−3 dt: ð8Þ

The equation of motion for a charged massive scalar
perturbation in this D-dimensional nonextremal black hole
background is governed by the covariant Klein-Gordon
equation

ðDνDν − μ2Þϕ ¼ 0; ð9Þ

where Dν ¼ ∇ν − ieAν is the covariant derivative and μ, e
are the mass and charge of the scalar field, respectively.
Since the RN black hole is stationary, the solution of the
above equation with definite angular frequency can be
written as

ϕðt; r; θiÞ ¼ e−iωtRðrÞΘðθiÞ: ð10Þ

The angular eigenfunctions ΘðθiÞ are (D − 2)-dimensional
scalar spherical harmonics and the corresponding eigen-
values are given by −lðlþD − 3Þ; ðl ¼ 0; 1; 2; ::Þ [66–70].
The radial equation of motion is described by

Δ
d
dr

�
Δ
dR
dr

�
þUR ¼ 0; ð11Þ

where

Δ ¼ rD−2fðrÞ;
U ¼ ðωþ eAtÞ2r2ðD−2Þ − lðlþD − 3ÞrD−4Δ − μ2rD−2Δ:

ð12Þ

The physical boundary conditions needed here are
purely ingoing wave at the outer horizon and exceptionally
decaying wave at spatial infinity, which means we discuss
the quasibound states. Thus, the asymptotic solution of the
radial equation (11) at the outer horizon is
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lim
r→rh

RðrÞ∼ðr−rhÞ−iσ; σ¼ rD−2
h ðω−ωcÞ

ðD−3ÞðrD−3
h −rD−3

− Þ; ð13Þ

where

ωc ¼ eΦh ¼ cD
eq
rD−3
h

ð14Þ

is the critical superradiance frequency andΦh is the electric
potential of the outer horizon of the RN black hole.
The asymptotic solution of the radial equation (11) at the

spatial infinity is

lim
r→þ∞

RðrÞ ∼ r
−D−2

2

h e−
ffiffiffiffiffiffiffiffiffiffi
ω2−μ2

p
r: ð15Þ

The superradiance condition and the bound state condition
are, respectively,

ReðωÞ < eΦh ¼ cD
eq
rD−3þ

; ð16Þ

ReðωÞ < μ: ð17Þ

III. EFFECTIVE POTENTIAL AND ITS
ASYMPTOTIC BEHAVIORS

In order to analyze the superradiant stability of the RN
black hole and scalar perturbation system, we define a new
radial function ψ ¼ Δ1=2R, then the radial equation of
motion (11) can be written as a Schrodinger-like equation

d2ψ
dr2

þ ðω2 − VÞψ ¼ 0; ð18Þ

where V is the effective potential, which is the main object
we will discuss. The explicit expression for the effective
potential V is V ¼ ω2 þ B1

A1
and

A1 ¼ 4r2ðr2D−6 − 2mrD−3 þ q2Þ2; ð19Þ

B1 ¼ 4ðμ2 − ω2Þr4D−10 þ ð2lþD − 2Þð2lþD − 4Þr4D−12 − 8ðmμ2 − cDeqωÞr3D−7

− 4mð2λl þ ðD − 4ÞðD − 2ÞÞr3D−9 þ 4q2ðμ2 − c2De
2Þr2D−4

− 2ð2m2 − q2ð2λl þ 3ðD − 4ÞðD − 2Þ þ 2ÞÞr2D−6 − 4mq2ðD − 4ÞðD − 2ÞrD−3 þ q4ðD − 4ÞðD − 2Þ; ð20Þ

where λl ¼ lðlþD − 3Þ.

A. Asymptotic behaviors of the effective potential

Defining D1 ¼ D2 − 6Dþ 8 ¼ ðD − 2ÞðD − 4Þ, the derivative of effective potential V reads

V 0ðrÞ ¼ −
CðrÞ

2r3ðr2ðD−3Þ − 2mrD−3 þ q2Þ3 ; ð21Þ

CðrÞ ¼ a6r6ðD−3Þ þ a05r
5D−13 þ a5r5ðD−3Þ þ a04r

4D−10 þ a4r4ðD−3Þ

þ a03r
3D−7 þ a3r3ðD−3Þ þ a02r

2D−4 þ a2r2ðD−3Þ þ a1rD−3 þ a0; ð22Þ

where

a6 ¼ 4λl þD1; a05 ¼ 4ðD − 3ÞðcDeqωþmμ2 − 2mω2Þ;
a5 ¼ 2m½ð2D − 14Þλl − 3D1�;
a04 ¼ −4ðD − 3Þ½2m2μ2 − 2cDmeqωþ q2ðμ2 − 2ω2 þ c2De

2Þ�;
a4 ¼ −½4m2ðð2D − 10Þλl þ ðD − 2ÞðD2 − 9Dþ 21ÞÞ þ q2ðð4D − 20Þλl − ðD − 2Þð4D2 − 21Dþ 24ÞÞ�;
a03 ¼ 12ðD − 3Þðmμ2 − cDeqωÞq2; a02 ¼ 4ðD − 3Þðc2De2 − μ2Þq4;
a3 ¼ ½8m3 þ 4mq2ðð3D − 13Þλl − 5ðD − 2ÞðD − 4Þ − 2Þ�;
a2 ¼ ðD − 4Þq2½ð4D2 − 12Dþ 12Þm2 − ð4λl þ 4D2 − 27Dþ 42Þq2�;
a1 ¼ −6ðD − 2ÞðD − 4Þmq4; a0 ¼ ðD − 2ÞðD − 4Þq6: ð23Þ
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When D ≥ 7, the effective potential V and its derivative
V 0ðrÞ have the following asymptotic behaviors,

r→ rh; V→−∞;

r→þ∞; V→μ2;

r→þ∞; V 0ðrÞ→−
ð2lþD−2Þð2lþD−4Þ

2r3
<0: ð24Þ

From the above asymptotic behaviors, we conclude that the
effective potential VðrÞ has at least one maximum outside
the event horizon rh and there is no potential well near the
spatial infinity. In the next section, we will prove that in fact
there is no potential well between the event horizon and
spatial infinity for superradiant bound states by analyzing
the derivative of the effective potential V.

IV. FURTHER ANALYSIS OF THE EFFECTIVE
POTENTIAL V

In this section, we show that there is only one extreme for
the effective potential outside the RN black hole horizon by
analyzing the real roots of the derivative of the effective
potential. Explicitly, it is shown that only one real root
exists for the following equation:

V 0ðrÞ ¼ 0; ð25Þ

when r > rh. Since we are interested in the real roots of
V 0ðrÞ, we just consider the numerator of V 0, i.e. CðrÞ,
which is a polynomial of r.
Making a change of variable from r to z ¼ r − rh, CðrÞ

is changed to a polynomial of z, Cðzþ rhÞ, which can be
expanded as

Cðzþ rhÞ ¼
X6D−18

i¼0

bizi: ð26Þ

After the change of variables, a real root for CðrÞ ¼ 0 with
r > rh corresponds to a positive real root forCðzþ rhÞ ¼ 0
with z > 0. In order to analyze the number of positive real
roots for Cðzþ rhÞ ¼ 0, we will use a method based on
Descartes’ rule of signs, i.e. we will consider the sign
changes of the sequence of the following coefficients:

b6D−18; b6D−19; b6D−20;…; b2; b1; b0: ð27Þ

Remember that u ¼ rD−3þ ; v ¼ rD−3
− and they satisfy

uþ v ¼ 2m; uv ¼ q2. u; v will be often used in the later
discussion. The constant term in Cðzþ rhÞ is

b0 ¼ a0 þ a1rD−3
h þ a2r2D−6

h þ a02r
2D−4
h þ a3r3D−9

h

þ a03r
3D−7
h þ a4r4D−12

h þ a04r
4D−10
h þ a5r5D−15

h

þ a05r
5D−13
h þ a6r6D−18

h : ð28Þ

Plugging Eq. (23) into the above equation, we can obtain

b0 ¼ −ðD − 3Þu3ðu − vÞ
× ½ðD − 3Þ2ðu − vÞ2 þ 4r2hðcDeq − uωÞ2� < 0: ð29Þ

It is easy to see that a6 ¼ D1 þ 4λl > 0. Considering the
two conditions, Eqs. (16) and (17), it is also easy to prove

a05 ¼ 4ðD − 3ÞðcDeqωþmμ2 − 2mω2Þ > 0: ð30Þ

So we can immediately obtain that

b6D−18 ¼ a6 > 0;

b6D−19 ¼ a6C6D−19
6D−18rh > 0;

…;

b5D−12 ¼ a6C5D−12
6D−18r

D−6
h > 0;

b5D−13 ¼ a6C5D−13
6D−18r

D−5
h þ a05 > 0;

b5D−14 ¼ a6C5D−14
6D−18r

D−4
h þ a05C

5D−14
5D−13rh > 0: ð31Þ

Let us see the coefficient bk (4D − 9 ≤ k ≤ 5D − 15),
which is

bk ¼ a6Ck
6D−18r

6D−18−k
h þ a05C

k
5D−13r

5D−13−k
h

þ a5Ck
5D−15r

5D−15−k
h : ð32Þ

The term involving a05 is positive. Next, we prove the sum
of the left two terms are also positive. This sum can be
written as

a6Ck
6D−18r

6D−18−k
h þ a5Ck

5D−15r
5D−15−k
h

¼ Ck
5D−15r

5D−15−k
h

�
a6u

Ck
6D−18

Ck
5D−15

þ a5

�
;

¼ Ck
5D−15r

5D−15−k
h

�
D1

�
−3ðuþ vÞ þ u

Ck
6D−18

Ck
5D−15

�

þ λl

�
2ðD − 7Þðuþ vÞ þ 4u

Ck
6D−18

Ck
5D−15

��
: ð33Þ

The λl term in the sum is obviously positive when D ≥ 7.
Since

Ck
6D−18

Ck
5D−15

¼ 6D − 18

5D − 15

6D − 19

5D − 16
� � � 6D − 18 − kþ 1

5D − 15 − kþ 1

>

�
6

5

�
k
>

�
6

5

�
19

> 31 ð34Þ

and 31u > 6u > 3ðuþ vÞ, the D1 term in the above sum is
also positive. So we have

bk > 0; ð4D − 9 ≤ k ≤ 5D − 15Þ: ð35Þ
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The signs of the other coefficients are not so easy to prove
as the above. Then, we will compare the signs of two
adjacent coefficients. For example, since b4D−9 > 0, when
b4D−10 > 0, we have

signðb4D−9Þ ¼ signðb4D−10Þ;

and when b4D−10 < 0, we have

signðb4D−9Þ > signðb4D−10Þ:

Thus, we have

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 4D − 10Þ: ð36Þ

In fact, it is hard to find certain features of sign relations
between adjacent coefficients by directly computing their
difference. However, it is found that, after properly normal-
izing the coefficients with positive factors, we can obtain a
feature of the sign relations of the coefficients. With the
results in Eqs. (36), (A8), (B8), (B12), (C12), (C20), (D10),
(D21), (E6), (E11), (F9), (F7), (G6) and (G7), we prove that

signðbpþ1Þ ≥ signðbpÞ; ð1 ≤ p ≤ 4D − 10Þ: ð37Þ

Together with the results that b0 < 0 and bk > 0
(4D − 9 ≤ k ≤ 6D − 18), we find that the sign change
for the sequence (b6D−18; b6D−19; b6D−20;…; b2; b1; b0) is
always 1. According to Descartes’ rule of signs, there is at
most one positive real root to the equation Cðzþ rhÞ ¼ 0;
i.e. there is at most one extreme for the effective potential
outside the horizon rh. And, we already know that there is
at least one maximum for the effective potential from the
asymptotic analysis of the effective potential. Thus, there is
only a potential barrier outside the event horizon and no
potential well exists for the superradiant bound modes.

V. SUMMARY

In this work, superradiant stability of D-dimensional
(D ≥ 7) nonextremal RN black hole under charged massive
scalar perturbation is studied analytically. Based on the

asymptotic analysis of the effective potential VðrÞ experi-
enced by the scalar perturbation, it is known that there is at
least one maximum for the effective potential outside the
black hole event horizon. Then we analyze the numerator of
the derivative of the effective potential Cðzþ rhÞ, which is
a polynomial of z ¼ r − rh. We find that

b0 < 0; bk > 0ð4D − 9 ≤ k ≤ 6D − 18Þ: ð38Þ

We also prove that

signðbpþ1Þ ≥ signðbpÞ ð1 ≤ p ≤ 4D − 10Þ: ð39Þ

So the sign change in the following sequence of the real
coefficients of Cðzþ rhÞ,

b6D−18; b6D−19;…; bpþ1; bp;…; b1; b0; ð40Þ

is always 1. Then according to Descartes’ rule of signs, we
know there is at most 1 positive root for the equation Cðzþ
rhÞ ¼ 0 [i.e. V 0ðrÞ ¼ 0 when r > rh]. Thus, there is only
one maximum for the effective potential and there is no
potential well outside the horizon for the superradiant
bound modes. Namely, there is no black hole bomb for
D-dimensional nonextremal RN black hole against charged
massive scalar perturbation.
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APPENDIX A: signðbp+ 1Þ ≥ signðbpÞ, 0 < p ≤ D− 4
A frequently used identity in the proof is

Cmþ1
n ¼ n −m

mþ 1
Cm
n : ðA1Þ

When 0 < p ≤ D − 3, the coefficient bp of zp in Eq. (26) is

bp ¼ a6C
p
6D−18r

6D−18−p
h þ a5C

p
5D−15r

5D−15−p
h þ a4C

p
4D−12r

4D−12−p
h þ a3C

p
3D−9r

3D−9−p
h þ a2C

p
2D−6r

2D−6−p
h þ a1C

p
D−3r

D−3−p
h

þ a05C
p
5D−13r

5D−13−p
h þ a04C

p
4D−10r

4D−10−p
h þ a03C

p
3D−7r

3D−7−p
h þ a02C

p
2D−4r

2D−4−p
h ;

¼ r−ph ða6u6Cp
6D−18 þ a5u5C

p
5D−15 þ a4u4C

p
4D−12 þ a3u3C

p
3D−9 þ a2u2C

p
2D−6 þ a1uC

p
D−3Þ

þ r−pþ2
h u2ða05u3Cp

5D−13 þ a04u
2Cp

4D−10 þ a03uC
p
3D−7 þ a02C

p
2D−4Þ; ðA2Þ

¼ r−ph
X6
i¼1

aiuiC
p
iðD−3Þ þ r−pþ2

h u2
X5
j¼2

a0ju
j−2Cp

jðD−3Þþ2
; ðA3Þ

¼ r−ph Ǎp þ r−pþ2
h u2B̄p: ðA4Þ
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The normalized coefficient is defined as

b0p ¼ rph
f̄p

bp ¼ Ǎp

f̄p
þ r2hu

2
B̄p

f̄p
¼ ǍL

p

f̄p
λl þ

ǍR
p

f̄p
þ r2hu

2

�
B̄M
p

f̄p
ðμ2 − ω2Þ þ B̄R

p

f̄p

�
; ðA5Þ

where ǍL
p is the coefficient of λl in Ǎp, Ǎ

R
p denotes the remaining terms in Ǎp, B̄M

p is the coefficient of ðμ2 − ω2Þ in B̄p, B̄R
p

denotes the remaining terms in B̄p and

f̄p ¼ uðuþ vÞCp
5D−13 þ ðu2 þ v2ÞCp

4D−10 − 3vðuþ vÞCp
3D−7 þ 2v2Cp

2D−4;

ǍL
p ¼ 2u4ð2u2Cp

6D−18 þ ðD − 7Þuðuþ vÞCp
5D−15 − ðD − 5Þðu2 þ 4uvþ v2ÞCp

4D−12

þ ð3D − 13Þvðuþ vÞCp
3D−9 − ð2D − 8Þv2Cp

2D−6Þ;
ǍR
p ¼ u3ððD − 2ÞðD − 4Þu3Cp

6D−18 − 3ðD − 2ÞðD − 4Þu2ðuþ vÞCp
5D−15

þ uðð4D3 − 29D2 þ 66D − 48Þuv − ðD3 − 11D2 þ 39D − 42Þðuþ vÞ2ÞCp
4D−12

þ ðuþ vÞððuþ vÞ2 − 2ð5D2 − 30Dþ 42ÞuvÞCp
3D−9

þ ðD − 4ÞvððD2 − 3Dþ 3Þðuþ vÞ2 − ð4D2 − 27Dþ 42ÞuvÞCp
2D−6

− 3ðD − 2ÞðD − 4Þðuþ vÞv2Cp
D−3Þ;

B̄M
p ¼ 2u2ðD − 3ÞðCp

5D−13uðuþ vÞ − Cp
4D−10ðu2 þ 4uvþ v2Þ þ 3Cp

3D−7ðuþ vÞv − 2Cp
2D−4v

2Þ;
B̄R
p ¼ 2ðD − 3Þuð−uf̄pω2 þ 2cDequðCp

5D−13uþ Cp
4D−10ðuþ vÞ − 3Cp

3D−7vÞω
− 2c2De

2q2ðCp
4D−10u − Cp

2D−4vÞÞ: ðA6Þ

Now we prove the normalization factor is positive, i.e.

f̄p > 0ðp ≥ 1Þ: ðA7Þ

When p ¼ 1,

f̄1 ¼ ð9D − 23Þu2 − 4ðD − 2Þuv − ðD − 3Þv2 > ð9D − 23 − 4ðD − 2ÞÞuv − ðD − 3Þv2 > ð4D − 12Þv2 > 0:

When p ≥ 2,

f̄p ¼ uðuþ vÞCp
5D−13 þ ðu2 þ v2ÞCp

4D−10 − 3vðuþ vÞCp
3D−7 þ 2v2Cp

2D−4

>

�
Cp
5D−13 þ Cp

4D−10
Cp
3D−7

− 3

�
vðuþ vÞCp

3D−7 > 1.2vðuþ vÞCp
3D−7 > 0:

Thus, we finish the proof of Eq. (A7).
In the following four subsections, we will prove b0pþ1 > b0p, (0 < p ≤ D − 4), and obtain

signðbpþ1Þ ≥ signðbpÞ; ð0 < p ≤ D − 4Þ: ðA8Þ

This will be achieved by, respectively, proving

ǍL
pþ1

f̄pþ1

>
ǍL
p

f̄p
;

ǍR
pþ1

f̄pþ1

>
ǍR
p

f̄p
;

B̄M
pþ1

f̄pþ1

>
B̄M
p

f̄p
;

B̄R
pþ1

f̄pþ1

>
B̄R
p

f̄p
: ðA9Þ
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1. Proof of
ǍL
p + 1

f̄ p + 1
> ǍL

p

f̄ p
We first prove

ǍL
p > 0ðp ≥ 1Þ: ðA10Þ

When p ¼ 1, 2, 3, 4, the explicit expressions of ǍL
p are

ǍL
1 ¼ 2ðD − 3Þ2u4ðu − vÞ2; ǍL

2 ¼ 3ðD − 3Þ2u4ðu − vÞðð3D − 8Þu − ðD − 2ÞvÞ;

ǍL
3 ¼ ðD − 3Þ2u4

3
ðð440þDð−333þ 61DÞÞu2 − 10ð25þDð−24þ 5DÞÞuvþ ð−82þDð21þDÞÞv2Þ;

ǍL
4 ¼ ðD − 3Þ2u4

12
ðð−7000þDð8274þDð−3083þ 369DÞÞÞu2

− 4ð370þDð228þDð−232þ 39DÞÞÞuvþ ð3728þDð−2682þ ð619 − 45DÞDÞÞv2Þ: ðA11Þ

Since u > v > 0, it is easy to prove directly they are positive whenD ≥ 7. When p ≥ 5, it is easy to see that the sum of the
Cp
3D−9 term and the Cp

2D−6 term in ǍL
p are positive, i.e.

ð3D − 13Þvðuþ vÞCp
3D−9 − ð2D − 8Þv2Cp

2D−6 > 0: ðA12Þ

Since 2u2 > uðuþ vÞ and u2 þ 4uvþ v2 < 3uðuþ vÞ, for other terms in ǍL
p, we have

2u2Cp
6D−18 þ ðD − 7Þuðuþ vÞCp

5D−15 − ðD − 5Þðu2 þ 4uvþ v2ÞCp
4D−12

>
�
Cp
6D−18 þ ðD − 7ÞCp

5D−15
Cp
4D−12

− 3ðD − 5Þ
�
uðuþ vÞCp

4D−12

> ð6=4Þ5 þ ð5=4Þ5ðD − 7Þ − 3ðD − 5Þ > 0.05Dþ 1.23 > 0: ðA13Þ

Thus, ǍL
p > 0 when p ≥ 1.

Now we prove

ǍL
pþ1

f̄pþ1

>
ǍL
p

f̄p
ðp ≥ 1Þ: ðA14Þ

For p ¼ 1, since u > v > 0 and D ≥ 7 it is easy to see

ǍL
2

f̄2
−
ǍL
1

f̄1
¼ 4ðD − 3Þ2

f̄2f̄1
uðu − vÞ½ð5D − 13Þðð2D − 5Þu2 − ðD − 1ÞuvÞ þ ðD − 2ÞðD − 1Þv2� > 0: ðA15Þ

For p ¼ 2,

ǍL
3

f̄3
−
ǍL
2

f̄2
¼ ðD − 3Þ2

2f̄3f̄2
ðα0u4 þ α1u3vþ α2u2v2 þ α3uv3 þ α4v4Þ; ðA16Þ

where

α0 ¼ 400D4 − 4137D3 þ 15730D2 − 25977Dþ 15640;

α1 ¼ −150D4 þ 762D3 þ 954D2 − 9888Dþ 12714;

α2 ¼ −36D4 þ 888D3 − 5736D2 þ 14214D − 12138;

α3 ¼ 2D4 − 6D3 − 166D2 þ 924D − 1258;

α4 ¼ −27D3 þ 234D2 − 657Dþ 594: ðA17Þ
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Since u > v > 0,

α0u4 þ α1u3vþ α2u2v2 þ α3uv3 þ α4v4

> ðα0 þ α1Þu3vþ α2u2v2 þ α3uv3 þ α4v4

> ðα0 þ α1 þ α2Þu2v2 þ α3uv3 þ α4v4

> ðα0 þ α1 þ α2 þ α3Þuv3 þ α4v4

> ðα0 þ α1 þ α2 þ α3 þ α4Þv4 > 0: ðA18Þ

In the above inequalities, we use the facts that α0 > 0,
α0 þ α1 > 0, α0 þ α1 þ α2 > 0, α0 þ α1 þ α2 þ α3 > 0,
α0 þ α1 þ α2 þ α3 þ α4 > 0 for D ≥ 7, which can be
checked directly. So we have

ǍL
3

f̄3
−
ǍL
2

f̄2
> 0: ðA19Þ

In the same way, we can also explicitly prove that

ǍL
pþ1

f̄pþ1

−
ǍL
p

f̄p
> 0 ðp ¼ 3; 4; 5; 6Þ: ðA20Þ

When p ≥ 7, we first rewrite ǍL
p

f̄p
as ǍL

p

f̄p
¼ ǍL

p=C
p
5D−13

f̄p=C
p
5D−13

. Then,

using the Eq. (A1), we have

f̄p
Cp
5D−13

−
f̄pþ1

Cpþ1
5D−13

¼ D − 3

ð5D − 13 − pÞCp
5D−13

ðCp
4D−10ðu2 þ v2Þ − 6Cp

3D−7ðuþ vÞvþ 6Cp
2D−4v

2Þ

>
D − 3

ð5D − 13 − pÞCp
5D−13

ððCp
4D−10 − 6Cp

3D−7Þðuþ vÞvþ 6Cp
2D−4v

2Þ > 0; ðA21Þ

where we use the fact
Cp
4D−10

Cp
3D−7

> 7.4 for p ≥ 7 in the last inequality. And, we also have

ǍL
pþ1

Cpþ1
5D−13

−
ǍL
p

Cp
5D−13

¼ 2u4

ð5D − 13 − pÞCp
5D−13

ðβ0u2 þ β1uvþ β2v2Þ;

>
2u4

ð5D − 13 − pÞCp
5D−13

ððβ0 þ β1Þuvþ β2v2Þ > 0; ðA22Þ

where

β0 ¼ Cp
4D−12ðD − 5ÞðD − 1Þ þ 2Cp

6D−18ðD − 5Þ − 2Cp
5D−15ðD − 7Þ;

β1 ¼ −2Cp
3D−9ðD − 2Þð3D − 13Þ þ 4Cp

4D−12ðD − 5ÞðD − 1Þ − 2Cp
5D−15ðD − 7Þ;

β2 ¼ 2Cp
2D−6ðD − 4Þð3D − 7Þ − 2Cp

3D−9ðD − 2Þð3D − 13Þ þ Cp
4D−12ðD − 5ÞðD − 1Þ: ðA23Þ

In the above inequalities, we use the facts that β0 > 0,

β2 > 0, β0 þ β1 > 0 since Cp
4D−12

Cp
3D−9

> 7.4 and
Cp
6D−18

Cp
5D−15

> 3.5 for

p ≥ 7. With the results in Eqs. (A21), (A22), we conclude
that

ǍL
pþ1

f̄pþ1

¼ ǍL
pþ1=C

pþ1
5D−13

f̄pþ1=C
pþ1
5D−13

>
ǍL
p=C

p
5D−13

f̄p=C
p
5D−13

¼ ǍL
p

f̄p
ðp≥7Þ: ðA24Þ

Thus, we finish the proof of Eq. (A14) with the results in
Eqs. (A15), (A19), (A20) and (A24).

2. Proof of
ǍR
p+ 1

f̄ p+ 1
> ǍR

p

f̄ p
In this subsection, we prove

ǍR
pþ1

f̄pþ1

−
ǍR
p

f̄p
> 0 ðp ≥ 1Þ: ðA25Þ

We rewrite f̄p as

f̄p ¼ y5 þ y4 − y3 þ y2; ðA26Þ

where

y5 ¼ uðuþ vÞCp
5D−13; y4 ¼ ðu2 þ v2ÞCp

4D−10;

y3 ¼ 3vðuþ vÞCp
3D−7; y2 ¼ 2v2Cp

2D−4; ðA27Þ

and rewrite ǍR
p as

ǍR
p ¼ u3

X6
i¼1

giC
p
iðD−3Þ; ðA28Þ

where
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g6 ¼ ðD − 2ÞðD − 4Þu3; g5 ¼ −3ðD − 2ÞðD − 4Þu2ðuþ vÞ;
g4 ¼ −ðD − 2Þ3uðu − vÞ2 þ F2ðuþ vÞ2u − F1u2v;

g3 ¼ ðu − vÞ2ðuþ vÞ − 10ðD − 2ÞðD − 4Þðuþ vÞuv;
g2 ¼ ðD − 2Þ2ðD − 4Þvðu − vÞ2 þ ðD − 4ÞvðG1uvþG2ðuþ vÞ2Þ;
g1 ¼ −3ðD − 2ÞðD − 4Þðuþ vÞv2; ðA29Þ

and

F1 ¼ 5D2 − 18Dþ 16; F2 ¼ 5D2 − 27Dþ 34;

G1 ¼ 11D − 26; G2 ¼ D − 1: ðA30Þ

Now consider g1 term and let us prove

u3g1C
pþ1
D−3

f̄pþ1

>
u3g1C

p
D−3

f̄p
; ðA31Þ

i.e.

Cpþ1
D−3

f̄pþ1

<
Cp
D−3
f̄p

⇔ ðD − 3 − pÞf̄p < ðpþ 1Þf̄pþ1

⇔ ð4D − 10Þy5 þ ð3D − 7Þy4 − 2ðD − 2Þy3
þ ðD − 1Þy2 > 0: ðA32Þ

Since y5=y3 > 1.5=3, y4=y3 > 1.2=3, the above inequality
holds.
Similarly, let us consider the ðD − 2ÞðD − 4Þ term in g3,

and prove

u3
−10ðD − 2ÞðD − 4Þðuþ vÞuvCpþ1

3D−9

f̄pþ1

> u3
−10ðD − 2ÞðD − 4Þðuþ vÞuvCp

3D−9
f̄p

; ðA33Þ

i.e.

Cpþ1
3D−9
f̄pþ1

<
Cp
3D−9
f̄p

⇔ ð3D − 9 − pÞf̄p < ðpþ 1Þf̄pþ1

⇔ ð2D − 4Þy5 þ ðD − 1Þy4 − 2y3 − ðD − 5Þy2 > 0:

ðA34Þ

Since y5=y3 > 1.5=3, y4=y2 > 1, the above inequality
holds. Then, let us consider the F1 term in g4 and prove

u3
−F1u2vC

pþ1
4D−12

f̄pþ1

> u3
−F1u2vC

p
4D−12

f̄p
; ðA35Þ

i.e.

Cpþ1
4D−12
f̄pþ1

<
Cp
4D−12
f̄p

⇔ ð4D − 12 − pÞf̄p < ðpþ 1Þf̄pþ1

⇔ ðD − 1Þy5 þ 2y4 þ ðD − 5Þy3 − 2ðD − 4Þy2 > 0:

ðA36Þ

Since y3=y2 > 3; y5 > y2, the above inequality holds.
Next, consider the sum of the ðu − vÞ2 terms in g4, g2 and

for p ≥ 3 let us prove

u3
−ðD − 2Þ3uðu − vÞ2Cpþ1

4D−12 þ ðD − 2Þ2ðD − 4Þvðu − vÞ2Cpþ1
2D−6

f̄pþ1

> u3
−ðD − 2Þ3uðu − vÞ2Cp

4D−12 þ ðD − 2Þ2ðD − 4Þvðu − vÞ2Cp
2D−6

f̄p
; ðA37Þ

i.e.

−ðD − 2ÞuCpþ1
4D−12 þ ðD − 4ÞvCpþ1

2D−6
f̄pþ1

>
−ðD − 2ÞuCp

4D−12 þ ðD − 4ÞvCp
2D−6

f̄p

⇔ Cp
4D−12½−2ðD − 4Þy2 þ ðD − 5Þy3 þ 2y4 þ ðD − 1Þy5�

> Cp
2D−6½2y2 − ðD − 1Þy3 þ ð2D − 4Þy4 þ ð3D − 7Þy5�: ðA38Þ
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Since y3=y2 > 3, the sum of y4, y3, y2 terms on the left-hand side is positive and the sum of y3, y2 terms on the right-hand
side is negative. When p ≥ 3,Cp

4D−12=C
p
2D−6 > 8 and the y5 term on the left-hand side is greater than the sum of y4, y5 terms

on the right-hand side. Thus, we finish the proof of Eq. (A37).
Finally, let us consider all other terms in ǍR

p, which is

Sp ¼ u3ðg6Cp
6D−18 þ g5C

p
5D−15 þ F2ðuþ vÞ2uCp

4D−12

þðu − vÞ2ðuþ vÞCp
3D−9 þ ðD − 4ÞvðG1uvþ G2ðuþ vÞ2ÞCp

2D−6Þ: ðA39Þ

The second line of Sp is obviously positive. Then we prove the first line of Sp is positive for p ≥ 7 in the following:

g6C
p
6D−18 þ g5C

p
5D−15 þ F2ðuþ vÞ2uCp

4D−12 > 0

⇔ ðD − 2ÞðD − 4ÞCp
6D−18u

2 − 3ðD − 2ÞðD − 4ÞCp
5D−15uðuþ vÞ þ F2C

p
4D−12ðuþ vÞ2 > 0: ðA40Þ

It is known that uþ v ¼ 2m. To simplify the expression in
following proof, hereafter, we take the mass of the black
hole to be 1=2, i.e. uþ v ¼ 1. This simplification just leads
to a difference of an overall positive factor, and does not
change the positivity or negativity of a homogeneous
expression of u, v. Replacing u with 1 − v, the above
inequality is equivalent to

η2v2 þ η1vþ η0 > 0; ðA41Þ
where

η2¼ðD−2ÞðD−4ÞCp
6D−18;

η1¼ðD−2ÞðD−4Þð3Cp
5D−15−2Cp

6D−18Þ;
η0¼ðD−2ÞðD−4ÞðCp

6D−18−3Cp
5D−15ÞþF2C

p
4D−12:

ðA42Þ

When p ≥ 7,Cp
6D−18=C

p
5D−15 > 3, so η0 > 0. The quadratic

function of v,η2v2 þ η1vþ η0, opens upwards. The sym-
metric axis satisfies

vs ¼
1

2

2Cp
6D−18 − 3Cp

5D−15
Cp
6D−18

>
1

2
for p ≥ 7: ðA43Þ

The lower bound of η2v2 þ η1vþ η0 is at v ¼ 1
2
, i.e.

1

4
ððD − 2ÞðD − 4ÞCp

6D−18 þ 4F2C
p
4D−12

− 6ðD − 2ÞðD − 4ÞCp
5D−15Þ: ðA44Þ

It is easy to check the above is positive when p ≥ 7. Thus,
Sp > 0 when p ≥ 7. Then, let us prove

Spþ1

f̄pþ1

>
Sp
f̄p

for p ≥ 8: ðA45Þ

The above inequality is equivalent to

Spþ1=C
pþ1
5D−13

f̄pþ1=C
pþ1
5D−13

>
Sp=C

p
5D−13

f̄p=C
p
5D−13

: ðA46Þ

Consider the following difference

Spþ1

Cpþ1
5D−13

−
Sp

Cp
5D−13

¼ ðpþ 1ÞSpþ1 − ð5D − 13 − pÞSp
ð5D − 13 − pÞCp

5D−13
:

ðA47Þ

When p ≥ 8, the numerator of the above difference is
positive, i.e.

ðpþ 1ÞSpþ1 − ð5D − 13 − pÞSp ¼ u3½ðD − 5ÞðD − 2ÞðD − 4ÞCp
6D−18u

3

þ 6ðD − 2ÞðD − 4ÞCp
5D−15ðuþ vÞu2 − ðD − 1ÞF2ðuþ vÞ2uCp

4D−12

− 2ðD − 2Þðu − vÞ2ðuþ vÞCp
3D−9 − ð3D − 7ÞðD − 4ÞvðG1uvþG2ðuþ vÞ2ÞCp

2D−6� > 0; ðA48Þ

where we use u > 1=2, ðD−2ÞðD−4ÞCp
5D−15ðuþvÞu2>2ðD−2Þðu−vÞ2ðuþvÞCp

3D−9, vðG1uvþ G2ðuþ vÞ2Þ <
15uðD − 2Þ=4, and

ðD − 5ÞðD − 2ÞðD − 4ÞCp
6D−18=4þ 5ðD − 2ÞðD − 4ÞCp

5D−15=2
ðD − 1ÞF2C

p
4D−12 þ 15ð3D − 7ÞðD − 4ÞðD − 2ÞCp

2D−6=4
> 1.2 for p ≥ 8: ðA49Þ

Then, together with Eq. (A21), we prove Eq. (A46), i.e. Eq. (A45).
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With the results in Eqs. (A31), (A33), (A35), (A37) and
(A45), we prove that

ǍR
pþ1

f̄pþ1

−
ǍR
p

f̄p
> 0 ðp ≥ 8Þ: ðA50Þ

For 1 ≤ p ≤ 7, we can check directly that
ǍR
pþ1

f̄pþ1
− ǍR

p

f̄p
> 0

holds. When p ¼ 1, the difference
ǍR
pþ1

f̄pþ1
− ǍR

p

f̄p
is

2ðD − 3Þ3ðu − vÞ2ððD − 1Þuþ ðD − 3ÞvÞ
× ðð2D − 5Þð5D − 13Þu2
− ðD − 1Þð5D − 13Þuvþ ðD − 2ÞðD − 1Þv2Þ: ðA51Þ

Since u > v, it is obviously positive when D ≥ 7. When
p ¼ 2, the difference satisfies

1

2
ðD − 3Þ3ðu − vÞ2ðk3u3 þ k2u2vþ k1uv2 þ k0v3Þ

>
1

2
ðD − 3Þ3ðu − vÞ2ððk3 þ k2 þ k1Þuv2 þ k0v3Þ

>
1

2
ðD − 3Þ3ðu − vÞ2ðk3 þ k2 þ k1 þ k0Þv3 > 0; ðA52Þ

where

k3 ¼ DðDð2Dð4Dð25D − 281Þ þ 4789Þ − 18799Þ þ 15881Þ − 3586;

k2 ¼ ðDðDð2DðDð101D − 1523Þ þ 8984Þ − 51829Þ þ 73117Þ − 40354Þ;
k1 ¼ −ðD − 2ÞðDð2Dð4D2 þD − 255Þ þ 2143Þ − 2525Þ;
k0 ¼ −ðD − 3ÞðD − 2Þð2DðDð5D − 53Þ þ 175Þ − 353Þ; ðA53Þ

and we also use the results: k3 > 0; k2 > 0, k3 þ k2 þ k1 > 0, k3 þ k2 þ k1 þ k0 > 0 for D ≥ 7. When p ¼ 3, the similar
argument can be used to prove the difference is positive. When p ¼ 4, the difference is

1

1440
ðD − 3Þ4ð1 − 2vÞðn4v4 þ n3v3 þ n2v2 þ n1vþ n0Þ; ðA54Þ

where

n0 ¼ 80000D8 − 1445688D7 þ 9955851D6 − 27463065D5 − 19290150D4

þ 336996048D3 − 928280156D2 þ 1138695960D − 545407200;

n1 ¼ −307992D8 þ 5330579D7 − 33196467D6 þ 58112421D5 þ 317588127D4

− 2036657124D3 þ 4908514212D2 − 5709234656Dþ 2657836800;

n2 ¼ 2ð180912D8 − 2705933D7 þ 10350693D6 þ 49629585D5 − 609429207D4

þ 2467053018D3 − 5154998928D2 þ 5589738800D − 2495614080Þ;
n3 ¼ −8ð16460D8 − 111888D7 − 1939017D6 þ 30813387D5 − 187841085D4

þ 621263463D3 − 1176724838D2 þ 1203712368D − 517001280Þ;
n4 ¼ 96ð6032D7 − 129296D6 þ 1179584D5 − 5934980D4 þ 17778503D3

− 31693094D2 þ 31117416D − 12974640Þ: ðA55Þ

Consider the following linear function of v

24n4vþ 6n3: ðA56Þ

It is easy to check the above function is negative for
0 < v < 1

2
when D ≥ 7. Then, the following integral of the

above function

12n4v2 þ 6n3vþ 2n2 ðA57Þ
is monotonically decreasing in the domain 0 < v < 1

2
when

D ≥ 7. Its lower bound is at v ¼ 1
2
and is positive when

D ≥ 7. Then, the following integral of the above function

4n4v3 þ 3n3v2 þ 2n2vþ n1 ðA58Þ
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is monotonically increasing in the domain 0 < v < 1
2
when

D ≥ 7. Its upper bound is at v ¼ 1
2

and is negative
when D ≥ 7. Then, the following integral of the above
function

n4v4 þ n3v3 þ n2v2 þ n1vþ n0 ðA59Þ

is monotonically decreasing in the domain 0 < v < 1
2
when

D ≥ 7. Its lower bound is at v ¼ 1
2
and is positive when

D ≥ 7. Thus, it is easy to see that the difference in Eq. (A54)
is positive, i.e.

ǍR
5

f̄5
−
ǍR
4

f̄4
> 0: ðA60Þ

We can use the same strategy to prove differences of the
p ¼ 5, 6, 7 cases are also positive. Thus, we finish the proof
of Eq. (A25).

3. Proof of
B̄M
p+ 1

f̄ p + 1
> B̄M

p

f̄ p
We first prove

B̄M
p > 0 ðp ≥ 1Þ: ðA61Þ

Since 2u2ðD − 3Þ is positive, we just consider the rest
factor of B̄M

p , i.e.

Cp
5D−13uðuþ vÞ − Cp

4D−10ðu2 þ 4uvþ v2Þ
þ 3Cp

3D−7ðuþ vÞv − 2Cp
2D−4v

2: ðA62Þ

Replacing u with (1 − v), we obtain

2v2ðCp
4D−10 − Cp

2D−4Þ þ vð3Cp
3D−7 − 2Cp

4D−10 − Cp
5D−13Þ

þ Cp
5D−13 − Cp

4D−10: ðA63Þ

The above quadratic function of v has a positive inter-
section and opens upwards. Its symmetric axis satisfies

vs ¼
1

2

Cp
5D−13 þ 2Cp

4D−10 − 3Cp
3D−7

2ðCp
4D−10 − Cp

2D−4Þ
≥
1

2
: ðA64Þ

Proof of the above inequality. It is easy to see that Cp
5D−13 þ

2Cp
4D−10 − 3Cp

3D−7 > 0 and 2ðCp
4D−10 − Cp

2D−4Þ > 0. Then,
their difference is

ðCp
5D−13 þ 2Cp

4D−10 − 3Cp
3D−7Þ − 2ðCp

4D−10 − Cp
2D−4Þ

¼ Cp
5D−13 þ 2Cp

2D−4 − 3Cp
3D−7: ðA65Þ

When p ≥ 3,
Cp
5D−13

Cp
3D−7

> 3, the above expression is positive.

When p ¼ 1, the above expression is zero. When p ¼ 2,
the above expression equals to 3ðD − 3Þ2, which is
positive.
Since 0 < v < 1=2, the lower bound of Eq. (A63) is at

v ¼ 1=2, which is

1

2
ðCp

5D−13 − 3Cp
4D−10 þ 3Cp

3D−7 − Cp
2D−4Þ: ðA66Þ

When p ¼ 1, 2, 3, 4, 5, the values of the above lower bound
are, respectively, f0; 0; ðD − 3Þ3; ðD − 3Þ3ð7D − 20Þ=2;
ðD − 3Þ3ð5D − 16Þð5D − 14Þ=4g, which are all positive.

When p ≥ 6,
Cp
5D−13

Cp
4D−10

> 3 and the above lower bound is also

positive. So we prove Eq. (A61).
Now we prove

B̄M
pþ1

f̄pþ1

−
B̄M
p

f̄p
> 0 ðp ≥ 1Þ: ðA67Þ

For p ¼ 1, 2, 3, we calculate the differences directly and
prove they are positive. When p ¼ 1, we have

B̄M
2

f̄2
−
B̄M
1

f̄1
¼ 2ðD − 3Þuðu − vÞ

f̄2f̄1
ðð10D2 − 51Dþ 65Þu2 þ ð−5D2 þ 18D − 13Þuvþ ðD2 − 3Dþ 2Þv2Þ

>
2ðD − 3Þuðu − vÞ

f̄2f̄1
ðð5D2 − 33Dþ 52Þuvþ ðD2 − 3Dþ 2Þv2Þ > 0; ðA68Þ

where we use the facts that u > v > 0 and 10D2 − 51Dþ 65 > 0; 5D2 − 33Dþ 52 > 0 for D ≥ 7. When p ¼ 2, we have

B̄M
3

f̄3
−
B̄M
2

f̄2
¼ ðD − 3Þu

3f̄3f̄2
ðγ0u3 þ γ1u2vþ γ2uv2 þ γ3v3Þ >

ðD − 3Þu
3f̄3f̄2

ððγ0 þ γ1Þu2vþ γ2uv2 þ γ3v3Þ

>
ðD − 3Þu
3f̄3f̄2

ððγ0 þ γ1 þ γ2Þuv2 þ γ3v3Þ > 0; ðA69Þ

where
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γ0 ¼ 200D4 − 2130D3 þ 8501D2 − 15069Dþ 10010;

γ1 ¼ −3ð25D4 − 210D3 þ 612D2 − 681Dþ 182Þ;
γ2 ¼ −3ð6D4 − 84D3 þ 401D2 − 801Dþ 574Þ;
γ3 ¼ D4 − 12D3 þ 46D2 − 69Dþ 34; ðA70Þ

and we also use the facts that u > v > 0 and γ0 > 0; γ0 þ γ1 > 0; γ0 þ γ1 þ γ2 > 0; γ3 > 0 for D ≥ 7. The proof of p ¼ 3
case is similar to the proof of p ¼ 2 case. When p ≥ 4, we have

B̄M
pþ1

f̄pþ1

−
B̄M
p

f̄p
¼ 2ðD − 3Þu

ðpþ 1Þf̄pþ1f̄p
ð−6Cp

5D−13vðuþ vÞð−Cp
2D−4vþ Cp

3D−7ðuþ vÞÞ

þCp
4D−10ð−8Cp

2D−4v
3 þ 6Cp

3D−7v
2ðuþ vÞ þ Cp

5D−13ðuþ vÞ3ÞÞ: ðA71Þ

Replacing u with 1 − v in the above equation, and since v < 1=2, we obtain

B̄M
pþ1

f̄pþ1

−
B̄M
p

f̄p
¼ 2ðD−3Þu
ðpþ1Þf̄pþ1f̄p

ðCp
4D−10C

p
5D−13−6Cp

3D−7C
p
5D−13vþ6ðCp

3D−7C
p
4D−10þCp

2D−4C
p
5D−13Þv2−8Cp

2D−4C
p
4D−10v

3Þ

>
2ðD−3Þu

ðpþ1Þf̄pþ1f̄p
ðCp

4D−10C
p
5D−13−6Cp

3D−7C
p
5D−13vþ6ðCp

3D−7C
p
4D−10þCp

2D−4C
p
5D−13Þv2−4Cp

2D−4C
p
4D−10v

2Þ:

ðA72Þ

Since 2ðD−3Þu
ðpþ1Þf̄pþ1f̄p

> 0 we just consider the rest factor, i.e.

Cp
4D−10C

p
5D−13−6Cp

3D−7C
p
5D−13v

þ6ðCp
3D−7C

p
4D−10þCp

2D−4C
p
5D−13Þv2−4Cp

2D−4C
p
4D−10v

2:

Taking it as a quadratic function of vð0 < v < 1
2
Þ, it is

obvious that this function has a positive intersection and
opens upwards. The symmetric axis is at

vs¼
1

2
·

6Cp
3D−7C

p
5D−13

6ðCp
3D−7C

p
4D−10þCp

2D−4C
p
5D−13Þ−4Cp

2D−4C
p
4D−10

:

ðA73Þ

Since 1 − Cp
4D−10

Cp
5D−13

− Cp
2D−4

Cp
3D−7

> 0.3 for p ≥ 4 we have vs > 1
2
.

The lower bound of the quadratic function is at v ¼ 1
2
,

which is

Cp
4D−10

�
3

2
Cp
3D−7 − Cp

2D−4

�
þ 3

2
Cp
2D−4C

p
5D−13

þ Cp
5D−13ðCp

4D−10 − 3Cp
3D−7Þ:

Because
Cp
4D−10

Cp
3D−7

> 3 for p ≥ 4, the above lower bound is

positive. Then, Eq. (A72) is positive. We finish the proof of
Eq. (A67).

4. Proof of
B̄R
p+ 1

f̄ p + 1
> B̄R

p

f̄ p
Now we prove

B̄R
pþ1

f̄pþ1

−
B̄R
p

f̄p
> 0 ðp ≥ 1Þ: ðA74Þ

An important observation is that the difference
B̄R
pþ1

f̄pþ1
− B̄R

p

f̄p
is

linear in ω. In order to prove the positivity of the difference,
we just need to check the ω ¼ 0 and ω ¼ cDeq

u cases
(remember the superradiance condition 0 < ω < cDeq

u ).
When ω ¼ 0, the difference is

�
B̄R
pþ1

f̄pþ1

−
B̄R
p

f̄p

�
ω¼0

¼ 4ðD − 3Þ2uðuþ vÞc2De2q2
f̄pþ1f̄p

× ðδ0u2 þ δ1uvþ δ2v2Þ; ðA75Þ

where

δ0 ¼ Cp
4D−10C

p
5D−13;

δ1 ¼ 2ðCp
3D−7 − Cp

2D−4ÞCp
4D−10

þ Cp
3D−7C

p
4D−10 − 3Cp

2D−4C
p
5D−13;

δ2 ¼ Cp
2D−4ð3Cp

3D−7 − 2Cp
4D−10Þ: ðA76Þ

For p ¼ 1,
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δ0¼2ð2D−5Þð5D−13Þ; δ1¼−2ðD−1Þð5D−13Þ;
δ2¼2ðD−1ÞðD−2Þ: ðA77Þ

Since u > v > 0 we have δ0u2 þ δ1uvþ δ2v2 >
ðδ0 þ δ1Þuvþ δ2v2 > 0. For p ≥ 2, we have

δ0u2 þ δ1uvþ δ2v2 > ðδ0 þ δ1Þuvþ δ2v2

> ðδ0 þ δ1 þ δ2Þv2 > 0; ðA78Þ

where we use the facts that
Cp
4D−10

Cp
2D−4

> 3 and
3Cp

3D−7
4Cp

2D−4
> 1.5. So

we obtain

�
B̄R
pþ1

f̄pþ1

−
B̄R
p

f̄p

�
ω¼0

> 0: ðA79Þ

When ω ¼ cDeq
u , we find that

�
B̄R
pþ1

f̄pþ1

−
B̄R
p

f̄p

�
ω¼cDeq

u

¼ 4ðD − 3Þ2uðu − vÞc2De2q2
f̄pþ1f̄p

× ðδ0u2 þ δ1uvþ δ2v2Þ > 0:

ðA80Þ

Then we finish the proof of Eq. (A74).

APPENDIX B: signðbp+ 1Þ ≥ signðbpÞ, D− 3 ≤ p ≤ 2D− 7
When D − 2 ≤ p ≤ 2D − 6, the coefficient of zp is

bp ¼ a6C
p
6D−18r

6D−18−p
h þ a5C

p
5D−15r

5D−15−p
h þ a4C

p
4D−12r

4D−12−p
h þ a3C

p
3D−9r

3D−9−p
h þ a2C

p
2D−6r

2D−6−p
h

þ a05C
p
5D−13r

5D−13−p
h þ a04C

p
4D−10r

4D−10−p
h þ a03C

p
3D−7r

3D−7−p
h þ a02C

p
2D−4r

2D−4−p
h

¼ r−ph ða6u6Cp
6D−18 þ a5u5C

p
5D−15 þ a4u4C

p
4D−12 þ a3u3C

p
3D−9 þ a2u2C

p
2D−6Þ

þ r−pþ2
h u2ða05u3Cp

5D−13 þ a04u
2Cp

4D−10 þ a03uC
p
3D−7 þ a02C

p
2D−4Þ: ðB1Þ

Define the normalized coefficient as

b0p ¼ rph
f̄p

bp ¼ Ãp

f̄p
þ r2hu

2
B̄p

f̄p
¼ ÃL

p

f̄p
λl þ

ÃR
p

f̄p
þ r2hu

2
B̄p

f̄p
; ðB2Þ

where

ÃL
p ¼ 2u4ð2u2Cp

6D−18 þ ðD − 7Þuðuþ vÞCp
5D−15 − ðD − 5Þðu2 þ 4uvþ v2ÞCp

4D−12

þ ð3D − 13Þvðuþ vÞCp
3D−9 − ð2D − 8Þv2Cp

2D−6Þ;
ÃR
p ¼ u3ððD − 2ÞðD − 4Þu3Cp

6D−18 − 3ðD − 2ÞðD − 4Þu2ðuþ vÞCp
5D−15

þ uðð4D3 − 29D2 þ 66D − 48Þuv − ðD3 − 11D2 þ 39D − 42Þðuþ vÞ2ÞCp
4D−12

þ ðuþ vÞððuþ vÞ2 − 2ð5D2 − 30Dþ 42ÞuvÞCp
3D−9

þ ðD − 4ÞvððD2 − 3Dþ 3Þðuþ vÞ2 − ð4D2 − 27Dþ 42ÞuvÞCp
2D−6Þ: ðB3Þ

Since ÃL
p ¼ ǍL

p, according to the proof in Appendix A 1, we have

ÃL
pþ1

f̄pþ1

>
ÃL
p

f̄p
: ðB4Þ

According to the proofs in Appendices A 3 and A 4, we also have

r2hu
2
B̄pþ1

f̄pþ1

> r2hu
2
B̄p

f̄p
: ðB5Þ
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The difference between ÃR
p and ǍR

p is the g1 term in
Eq. (A28). In the proof in Appendix A 2, the g1 term
and other terms are discussed separately, so we have

ÃR
pþ1

f̄pþ1

>
ÃR
p

f̄p
: ðB6Þ

Thus, we prove

b0pþ1 > b0p; ðD − 2 ≤ p ≤ 2D − 5Þ; ðB7Þ

and obtain

signðbpþ1Þ≥ signðbpÞ; ðD−2≤p≤2D−5Þ: ðB8Þ

When p ¼ D − 3, we need prove b0D−2 > b0D−3, i.e.

ÃD−2

f̄D−2
þ r2hu

2
B̄D−2

f̄D−2
>

ǍD−3

f̄D−3
þ r2hu

2
B̄D−3

f̄D−3
: ðB9Þ

Based on the proof of Eq. (B7), it is easy to deduce

ÃD−2

f̄D−2
þ r2hu

2
B̄D−2

f̄D−2
>

ÃD−3

f̄D−3
þ r2hu

2
B̄D−3

f̄D−3
: ðB10Þ

According to the definitions of Ǎp and Ãp, we have

ǍD−3¼ ÃD−3−3ðD−2ÞðD−4Þu3ðuþvÞv2Cp
D−3<ÃD−3;

ðB11Þ

and then

ÃD−2

f̄D−2
þ r2hu

2
B̄D−2

f̄D−2
>

ǍD−3

f̄D−3
þ r2hu

2
B̄D−3

f̄D−3
:

Thus, we have

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ D − 3Þ: ðB12Þ

APPENDIX C: signðbp + 1Þ ≥ signðbpÞ, p= 2D− 6; 2D− 5
The coefficient bp (p ¼ 2D − 4; 2D − 5) is

bp ¼ a6C
p
6D−18r

6D−18−p
h þ a5C

p
5D−15r

5D−15−p
h þ a4C

p
4D−12r

4D−12−p
h þ a3C

p
3D−9r

3D−9−p
h

þ a05C
p
5D−13r

5D−13−p
h þ a04C

p
4D−10r

4D−10−p
h þ a03C

p
3D−7r

3D−7−p
h þ a02C

p
2D−4r

2D−4−p
h ;

¼ r−ph ða6u6Cp
6D−18 þ a5u5C

p
5D−15 þ a4u4C

p
4D−12 þ a3u3C

p
3D−9Þ

þ r−pþ2
h u2ða05u3Cp

5D−13 þ a04u
2Cp

4D−10 þ a03uC
p
3D−7 þ a02C

p
2D−4Þ: ðC1Þ

Define the normalized coefficient as

b0p ¼ rph
f̄p

bp ¼ Āp

f̄p
þ r2hu

2
B̄p

f̄p
¼ ĀL

p

f̄p
λl þ

ĀR
p

f̄p
þ r2hu

2
B̄p

f̄p
; ðC2Þ

where

ĀL
p ¼ 2u4ð2u2Cp

6D−18 þ ðD − 7Þuðuþ vÞCp
5D−15 − ðD − 5Þðu2 þ 4uvþ v2ÞCp

4D−12

þ ð3D − 13Þvðuþ vÞCp
3D−9Þ;

ĀR
p ¼ u3ððD − 2ÞðD − 4Þu3Cp

6D−18 − 3ðD − 2ÞðD − 4Þu2ðuþ vÞCp
5D−15

þ uðð4D3 − 29D2 þ 66D − 48Þuv − ðD3 − 11D2 þ 39D − 42Þðuþ vÞ2ÞCp
4D−12

þ ðuþ vÞððuþ vÞ2 − 2ð5D2 − 30Dþ 42ÞuvÞCp
3D−9Þ: ðC3Þ

Now, let us prove

b02D−5 ¼
ĀL
2D−5

f̄2D−5
λl þ

ĀR
2D−5

f̄2D−5
þ r2hu

2
B̄2D−5

f̄2D−5

> b02D−6 ¼
ÃL
2D−6

f̄2D−6
λl þ

ÃR
2D−6

f̄2D−6
þ r2hu

2
B̄2D−6

f̄2D−6
: ðC4Þ
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Since 2D − 6 > 7 for D ≥ 7, according to the proof in
Appendix A 1, we have

f̄2D−5

C2D−5
5D−15

<
f̄2D−6

C2D−6
5D−15

; ðC5Þ

and

ĀL
2D−5

C2D−5
5D−15

−
ÃL
2D−6

C2D−6
5D−15

>
2u4

ð3D − 7ÞC2D−6
5D−13

ððβ0 þ β1Þuvþ β2v2Þ

> 0; ðC6Þ

where β0, β1, β2 are defined in Eq. (A23) with p ¼ 2D − 6.
Thus, we get

ĀL
2D−5

f̄2D−5
λl >

ÃL
2D−6

f̄2D−6
λl: ðC7Þ

Similarly, according to the proof in Appendix A 2, we can
also prove

ĀR
2D−5

f̄2D−5
>

ÃR
2D−6

f̄2D−6
: ðC8Þ

Two points should be emphasized here. One is that g1 term
and other terms separately satisfy the required inequality in
the proof in Appendix A 2. The second is that in the proof
in Appendix A 2, all the Cpþ1

� is rewritten as �−p
pþ1

Cp
� , and

then formally we have

ĀR
2D−5 ¼ ÃR

2D−5 ðC9Þ

since

ĀR
2D−5 ¼ ÃR

2D−5 − u3g2C2D−5
2D−6 ¼ ÃR

2D−5 − u3g2
0

2D − 5

¼ ÃR
2D−5: ðC10Þ

According to the proofs in Appendices A 3 and A 4, we
have

r2hu
2
B̄2D−5

f̄2D−5
> r2hu

2
B̄2D−6

f̄2D−6
: ðC11Þ

Thus, we have b02D−5 > b02D−6 and

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 2D − 6Þ: ðC12Þ

Then, let us prove

b02D−4 ¼
ĀL
2D−4

f̄2D−4
λl þ

ĀR
2D−4

f̄2D−4
þ r2hu

2
B̄2D−4

f̄2D−4

> b02D−5 ¼
ĀL
2D−5

f̄2D−5
λl þ

ĀR
2D−5

f̄2D−5
þ r2hu

2
B̄2D−5

f̄2D−5
: ðC13Þ

According to the proofs in Appendices A 3 and A 4, we
have

r2hu
2
B̄2D−4

f̄2D−4
> r2hu

2
B̄2D−5

f̄2D−5
: ðC14Þ

By taking the Cp
2D−6 term to zero in the proof of Eq. (A22)

in Appendix A 1, it is easy to get

ĀL
2D−4

f̄2D−4
>

ĀL
2D−5

f̄2D−5
: ðC15Þ

Then, for the term including ĀR
p, we have

ĀR
p¼u3

X6
i¼3

giC
p
iðD−3Þ; ðp¼2D−5; 2D−4Þ; ðC16Þ

where

g6 ¼ ðD− 2ÞðD− 4Þu3; g5 ¼ −3ðD− 2ÞðD− 4Þu2ðuþ vÞ;
g4 ¼ −ðD− 2Þ3uðu− vÞ2 þF2ðuþ vÞ2u−F1u2v;

g3 ¼ ðu− vÞ2ðuþ vÞ− 10ðD− 2ÞðD− 4Þðuþ vÞuv;
ðC17Þ

and

F1¼5D2−18Dþ16; F2¼5D2−27Dþ34: ðC18Þ

The proofs for the negative terms in g3, g4 are the same as
that in Eqs. (A33), (A35). The proof for other terms is the
same as that for Eqs. (A45), (A46). It is easy to check that
after taking theCp

2D−6 term to zero, all the inequalities in the
proof of Eqs. (A45), (A46) still hold. So, we obtain

ĀR
2D−4

f̄2D−4
>

ĀR
2D−5

f̄2D−5
: ðC19Þ

Thus, we have b02D−4 > b02D−5 and

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 2D − 5Þ: ðC20Þ
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APPENDIX D: signðbp + 1Þ ≥ signðbpÞ, 2D− 4 ≤ p ≤ 3D− 10
For 2D − 3 ≤ p ≤ 3D − 9, The coefficient of bp is

bp ¼ a6C
p
6D−18r

6D−18−p
h þ a5C

p
5D−15r

5D−15−p
h þ a4C

p
4D−12r

4D−12−p
h þ a3C

p
3D−9r

3D−9−p
h

þ a05C
p
5D−13r

5D−13−p
h þ a04C

p
4D−10r

4D−10−p
h þ a03C

p
3D−7r

3D−7−p
h ;

¼ r−ph ða6u6Cp
6D−18 þ a5u5C

p
5D−15 þ a4u4C

p
4D−12 þ a3u3C

p
3D−9Þ

þ r−pþ2
h u2ða05u3Cp

5D−13 þ a04u
2Cp

4D−10 þ a03uC
p
3D−7Þ: ðD1Þ

The normalized coefficient is defined as

b0p ¼ rph
f̂p

bp ¼ Āp

f̂p
þ r2hu

2
B̂p

f̂p
¼ ĀL

p

f̂p
λl þ

ĀR
p

f̂p
þ r2hu

2

�
B̂M
p

f̂p
ðμ2 − ω2Þ þ B̂R

p

f̂p

�
; ðD2Þ

where

f̂p ¼ uðuþ vÞCp
5D−13 þ ðu2 þ v2ÞCp

4D−10 − 3vðuþ vÞCp
3D−7;

B̂p ¼ a05u
3Cp

5D−13 þ a04u
2Cp

4D−10 þ a03uC
p
3D−7;

B̂M
p ¼ 2u2ðD − 3ÞðCp

5D−13uðuþ vÞ − Cp
4D−10ðu2 þ 4uvþ v2Þ þ 3Cp

3D−7ðuþ vÞvÞ;
B̂R
p ¼ 2ðD − 3Þuð−uf̂pω2 þ 2cDequðCp

5D−13uþ Cp
4D−10ðuþ vÞ − 3Cp

3D−7vÞω − 2c2De
2q2uCp

4D−10Þ; ðD3Þ

and ĀL
p; ĀR

p are defined in Eq. (C3).
According to the proof of Eq. (A7), it is easy to know that f̂p > 0. According to the proof of Eq. (A61), it is easy to know

that B̂M
p > 0. Based on the proof in Eq. (A72) and taking the Cp

2D−4 term to zero, we have

B̂M
pþ1

f̂pþ1

−
B̂M
p

f̂p
¼ 2ðD − 3Þu

ðpþ 1Þf̂pþ1f̂p
ðCp

4D−10C
p
5D−13 − 6vCp

3D−7C
p
5D−13 þ 6Cp

3D−7C
p
4D−10v

2Þ > 0; ðD4Þ

where we use
Cp
4D−10

Cp
3D−7

> 17 when p ≥ 2D − 3 ≥ 11. Based

on the proof in Appendix A 4, it is easy to deduce

B̂R
pþ1

f̂pþ1

−
B̂R
p

f̂p
> 0; ðD5Þ

since δ0, δ1, δ2 defined in Eq. (A76) are all positive in this
case.
Following the proof in Eq. (A21), it is easy to deduce

f̂p
Cp
5D−13

>
f̂pþ1

Cpþ1
5D−13

: ðD6Þ

Following the proof in Eq. (A22), it is easy to deduce

ĀL
pþ1

Cpþ1
5D−13

>
ĀL
p

Cp
5D−13

; ðD7Þ

since β0, β1 defined in Eq. (A23) preserve the same form
and β2 is still positive. So, we have

ĀL
pþ1

f̂pþ1

>
ĀL
p

f̂p
: ðD8Þ

Following the proof in Appendix A 2, and taking terms
proportional toCp

D−3; C
p
2D−6 andy2 as zero, it is easy todeduce

ĀR
pþ1

f̂pþ1

>
ĀR
p

f̂p
: ðD9Þ

Thus, we have b0pþ1 > b0p and

signðbpþ1Þ≥ signðbpÞ; ð2D−3≤p≤3D−10Þ: ðD10Þ

Now, let us prove b02D−3 > b02D−4, i.e.

ĀL
2D−3

f̂2D−3
λlþ

ĀR
2D−3

f̂2D−3
þr2hu

2

�
B̂M
2D−3

f̂2D−3
ðμ2−ω2Þþ B̂R

2D−3

f̂2D−3

�

>
ĀL
2D−4

f̄2D−4
λlþ

ĀR
2D−4

f̄2D−4
þr2hu

2

�
B̄M
2D−4

f̄2D−4
ðμ2−ω2Þþ B̄R

2D−4

f̄2D−4

�
:

ðD11Þ
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Since f̄2D−4 > f̂2D−4 > 0 and ĀL
2D−4 > 0, we have

ĀL
2D−4

f̄2D−4
<

ĀL
2D−4

f̂2D−4
<

ĀL
2D−3

f̂2D−3
; ðD12Þ

where we use the result in Eq. (D8) in the last inequality. Similarly, since f̄2D−4 > f̂2D−4 > 0 and B̂M
2D−4 > B̄M

2D−4 > 0,
we have

B̄M
2D−4

f̄2D−4
<

B̂M
2D−4

f̂2D−4
<

B̂M
2D−3

f̂2D−3
: ðD13Þ

The difference B̂R
2D−3

f̂2D−3
− B̄R

2D−4
f̄2D−4

is linear in ω. For ω ¼ 0,

�
B̂R
2D−3

f̂2D−3
−
B̄R
2D−4

f̄2D−4

�
ω¼0

¼ 4c2De
2q2ðD − 3Þu

f̂2D−3f̄2D−4
ðf̂2D−3ðC2D−4

4D−10u − vÞ − f̄2D−4C2D−3
4D−10uÞ

¼ 4c2De
2q2ðD − 3Þ2u

f̂2D−3f̄2D−4ð2D − 3Þ ðϵ0u
3 þ ϵ1u2vþ ϵ2uv2 þ ϵ3v3Þ

>
4c2De

2q2ðD − 3Þ2u
f̂2D−3f̄2D−4ð2D − 3Þ ððϵ0 þ ϵ1 þ ϵ2Þuv2 þ ϵ3v3Þ

>
4c2De

2q2ðD − 3Þ2u
f̂2D−3f̄2D−4ð2D − 3Þ ðϵ0 þ ϵ1 þ ϵ2 þ ϵ3Þv3 > 0; ðD14Þ

where

ϵ0¼C2D−4
4D−10C

2D−4
5D−13;

ϵ1¼−2C2D−4
4D−10þ3C2D−4

3D−7C
2D−4
4D−10−3C2D−4

5D−13þC2D−4
4D−10C

2D−4
5D−13;

ϵ2¼3C2D−4
3D−7−4C2D−4

4D−10þ3C2D−4
3D−7C

2D−4
4D−10−3C2D−4

5D−13;

ϵ3¼3C2D−4
3D−7−2C2D−4

4D−10; ðD15Þ

and we also use the inequalities ϵ0 > 0; ϵ1 > 0; ðϵ0 þ ϵ1þ
ϵ2Þ > 0; ðϵ0 þ ϵ1 þ ϵ2 þ ϵ3Þ > 0, which are easy to check.
For ω ¼ cDeq

u ,

�
B̂R
2D−3

f̂2D−3
−
B̄R
2D−4

f̄2D−4

�
ω¼cDeq

u

¼4c2De
2q2ðD−3Þ2uðu−vÞ

f̂2D−3f̄2D−4ð2D−3Þ ðζ0u2þζ1uvþζ2v2Þ

>
4c2De

2q2ðD−3Þ2uðu−vÞ
f̂2D−3f̄2D−4ð2D−3Þ ððζ0þζ1Þuvþζ2v2Þ

>
4c2De

2q2ðD−3Þ2uðu−vÞ
f̂2D−3f̄2D−4ð2D−3Þ ðζ0þζ1þζ2Þv2>0; ðD16Þ

where

ζ0 ¼ C2D−4
4D−10C

2D−4
5D−13;

ζ1 ¼ ð−2þ 3C2D−4
3D−7ÞC2D−4

4D−10 − 3C2D−4
5D−13;

ζ2 ¼ 3C2D−4
3D−7 − 2C2D−4

4D−10; ðD17Þ

and we also use the inequalities ζ0 > 0; ζ0 þ ζ1 > 0;
ζ0 þ ζ1 þ ζ2 > 0, which are easy to check. So, we
obtain

B̂R
2D−3

f̂2D−3
>

B̄R
2D−4

f̄2D−4
: ðD18Þ

In the proof of Eq. (C19), we always rewrite Cpþ1
� in

ĀR
pþ1 and f̄pþ1 as �−p

pþ1
Cp
� , e.g.
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f̄pþ1 ¼
1

pþ 1
ðuðuþ vÞCp

5D−13ð5D − 13 − pÞ þ ðu2 þ v2ÞCp
4D−10ð4D − 10 − pÞ

− 3vðuþ vÞCp
3D−7ð3D − 7 − pÞ þ 2v2Cp

2D−4ð2D − 4 − pÞÞ;

f̂pþ1 ¼
1

pþ 1
ðuðuþ vÞCp

5D−13ð5D − 13 − pÞ þ ðu2 þ v2ÞCp
4D−10ð4D − 10 − pÞ

− 3vðuþ vÞCp
3D−7ð3D − 7 − pÞÞ: ðD19Þ

From the above equations, we can see that after the rewriting, f̂2D−3 is formally equal to f̄2D−3. Then, according to the proof
of Eq. (C19), we have

ĀR
2D−3

f̂2D−3
>

ĀR
2D−4

f̄2D−4
: ðD20Þ

Thus, we have b02D−3 > b02D−4 and

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 2D − 4Þ: ðD21Þ

APPENDIX E: signðbp + 1Þ ≥ signðbpÞ, p= 3D− 9; 3D− 8
The coefficient bp (p ¼ 3D − 7; 3D − 8) is

bp ¼ a6C
p
6D−18r

6D−18−p
h þ a5C

p
5D−15r

5D−15−p
h þ a4C

p
4D−12r

4D−12−p
h

þ a05C
p
5D−13r

5D−13−p
h þ a04C

p
4D−10r

4D−10−p
h þ a03C

p
3D−7r

3D−7−p
h ;

¼ r−ph ða6u6Cp
6D−18 þ a5u5C

p
5D−15 þ a4u4C

p
4D−12Þ

þ r−pþ2
h u2ða05u3Cp

5D−13 þ a04u
2Cp

4D−10 þ a03uC
p
3D−7Þ: ðE1Þ

Define the normalized coefficients b0p

b0p ¼ rph
f̂p

bp ¼ Âp

f̂p
þ r2hu

2
B̂p

f̂p
¼ ÂL

p

f̂p
λl þ

ÂR
p

f̂p
þ r2hu

2

�
B̂M
p

f̂p
ðμ2 − ω2Þ þ B̂R

p

f̂p

�
; ðE2Þ

where

ÂL
p ¼ 2u4ð2u2Cp

6D−18 þ ðD − 7Þuðuþ vÞCp
5D−15 − ðD − 5Þðu2 þ 4uvþ v2ÞCp

4D−12Þ;
ÂR
p ¼ u3ððD − 2ÞðD − 4Þu3Cp

6D−18 − 3ðD − 2ÞðD − 4Þu2ðuþ vÞCp
5D−15

þ uðð4D3 − 29D2 þ 66D − 48Þuv − ðD3 − 11D2 þ 39D − 42Þðuþ vÞ2ÞCp
4D−12Þ: ðE3Þ

Now let us prove b03D−8 > b03D−9, i.e.

ÂL
3D−8

f̂3D−8
λl þ

ÂR
3D−8

f̂3D−8
þ r2hu

2

�
B̂M
3D−8

f̂3D−8
ðμ2 − ω2Þ þ B̂R

3D−8

f̂3D−8

�

>
ĀL
3D−9

f̂3D−9
λl þ

ĀR
3D−9

f̂3D−9
þ r2hu

2

�
B̂M
3D−9

f̂3D−9
ðμ2 − ω2Þ þ B̂R

3D−9

f̂3D−9

�
:

ðE4Þ

After rewriting Cpþ1
� as �−p

pþ1
Cp
� , formally, we have

ÂLðRÞ
3D−8 ¼ ĀLðRÞ

3D−8: ðE5Þ

Then, with the results in Appendix D, we immediately
obtain

b03D−8 > b03D−9;

and
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signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 3D − 9Þ: ðE6Þ

Then, let us prove b03D−7 > b03D−8, i.e.

ÂL
3D−7

f̂3D−7
λl þ

ÂR
3D−7

f̂3D−7
þ r2hu

2

�
B̂M
3D−7

f̂3D−7
ðμ2 − ω2Þ þ B̂R

3D−7

f̂3D−7

�

>
ÂL
3D−8

f̂3D−8
λl þ

ÂR
3D−8

f̂3D−8
þ r2hu

2

�
B̂M
3D−8

f̂3D−8
ðμ2 − ω2Þ þ B̂R

3D−8

f̂3D−8

�
:

ðE7Þ

Following the proof of Eq. (A24) and taking terms
including y2; C

p
D−3; C

p
2D−6; C

p
3D−9 as zero, all the inequal-

ities in Eqs. (A21)–(A23) still hold, and we obtain

ÂL
3D−7

f̂3D−7
>

ÂL
3D−8

f̂3D−8
: ðE8Þ

Taking terms including y2; CD−3; C2D−6; C3D−9 as zero and
following the proof in Appendix A 2, it is easy to deduce

ÂR
3D−7

f̂3D−7
>

ÂR
3D−8

f̂3D−8
: ðE9Þ

Based on the general results in Eqs. (D4), (D5), we can get

B̂MðRÞ
3D−7

f̂3D−7
>

B̂MðRÞ
3D−8

f̂3D−8
: ðE10Þ

Thus, we prove

b03D−7 > b03D−8;

and obtain

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 3D − 8Þ: ðE11Þ

APPENDIX F: signðbp+ 1Þ ≥ signðbpÞ, 3D− 7 ≤ p ≤ 4D− 13
The coefficient bp (3D − 6 ≤ p ≤ 4D − 12) is

bp ¼ a6C
p
6D−18r

6D−18−p
h þ a5C

p
5D−15r

5D−15−p
h þ a4C

p
4D−12r

4D−12−p
h

þ a05C
p
5D−13r

5D−13−p
h þ a04C

p
4D−10r

4D−10−p
h þ a03C

p
3D−7r

3D−7−p
h ;

¼ r−ph ða6u6Cp
6D−18 þ a5u5C

p
5D−15 þ a4u4C

p
4D−12Þ þ r−pþ2

h u2ða05u3Cp
5D−13 þ a04u

2Cp
4D−10Þ: ðF1Þ

Define the normalized coefficients b0p as

b0p ¼ rph
fp

bp ¼ Âp

fp
þ r2hu

2
Bp

fp
¼ ÂL

p

fp
λl þ

ÂR
p

fp
þ r2hu

2

�
BM
p

fp
ðμ2 − ω2Þ þ BR

p

fp

�
; ðF2Þ

where

fp ¼ uðuþ vÞCp
5D−13 þ ðu2 þ v2ÞCp

4D−10;

BM
p ¼ 2u2ðD − 3ÞðCp

5D−13uðuþ vÞ − Cp
4D−10ðu2 þ 4uvþ v2ÞÞ;

BR
p ¼ 2ðD − 3Þuð−ufpω2 þ 2cDequðCp

5D−13uþ Cp
4D−10ðuþ vÞÞω − 2c2De

2q2uCp
4D−10Þ;

ÂL
p ¼ 2u4ð2u2Cp

6D−18 þ ðD − 7Þuðuþ vÞCp
5D−15 − ðD − 5Þðu2 þ 4uvþ v2ÞCp

4D−12Þ;
ÂR
p ¼ u3ððD − 2ÞðD − 4Þu3Cp

6D−18 − 3ðD − 2ÞðD − 4Þu2ðuþ vÞCp
5D−15

þ uðð4D3 − 29D2 þ 66D − 48Þuv − ðD3 − 11D2 þ 39D − 42Þðuþ vÞ2ÞCp
4D−12Þ: ðF3Þ

Following the proof of Eq. (A24) and taking terms including y2; y3; C
p
D−3; C

p
2D−6; C

p
3D−9 as zero, all the inequalities in

Eqs. (A21)–(A23) still hold, and we obtain

ÂL
pþ1

fpþ1

>
ÂL
p

fp
; ð3D − 6 ≤ p ≤ 4D − 13Þ: ðF4Þ

Taking terms including y2; y3; C
p
D−3; C

p
2D−6; C

p
3D−9 as zero and following the proof in Appendix A 2, it is easy to deduce

ÂR
pþ1

fpþ1

>
ÂR
p

fp
; ð3D − 6 ≤ p ≤ 4D − 13Þ: ðF5Þ
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Based on the proofs in Eq. (A72) and in Appendix A 4, and
taking terms including y2; y3; C

p
D−3,C

p
2D−6; C

p
3D−9 as zero, it

is easy to deduce

BMðRÞ
pþ1

fpþ1

>
BMðRÞ
p

fp
; ð3D − 6 ≤ p ≤ 4D − 13Þ: ðF6Þ

Thus, we prove

b0pþ1 > b0p; ð3D − 6 ≤ p ≤ 4D − 13Þ

and obtain

signðbpþ1Þ≥ signðbpÞ; ð3D−6≤p≤4D−13Þ: ðF7Þ

After rewriting Cpþ1
� as �−p

pþ1
Cp
� , formally, we have

f3D−6 ¼ f̂3D−6; B3D−6 ¼ B̂3D−6: ðF8Þ

Following the proof of b03D−7 > b03D−8, we have

b03D−6 > b03D−7

and

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 3D − 7Þ: ðF9Þ

APPENDIX G: signðbp+ 1Þ ≥ signðbpÞ,
p= 4D− 11; 4D− 12

The three coefficients b4D−10,b4D−11,b4D−12 are

b4D−10¼ r−ð4D−10Þ
h ða6u6C4D−10

6D−18þa5u5C4D−10
5D−15Þ

þr−ð4D−12Þ
h u2ða05u3C4D−10

5D−13þa04u
2Þ;

b4D−11¼ r−ð4D−11Þ
h ða6u6C4D−11

6D−18þa5u5C4D−11
5D−15Þ

þr−ð4D−13Þ
h u2ða05u3C4D−11

5D−13þa04u
2C4D−11

4D−10Þ;
b4D−12¼ r−ð4D−12Þ

h ða6u6C4D−12
6D−18þa5u5C4D−12

5D−15þa4u4Þ
þr−ð4D−14Þ

h u2ða05u3C4D−12
5D−13þa04u

2C4D−12
4D−10Þ: ðG1Þ

We define the normalized coefficients,

b04D−10 ¼
r4D−10
h b4D−10

f4D−10
¼ A4D−10

f4D−10
þ r2hu

2
B4D−10

f4D−10
; ðG2Þ

b04D−11 ¼
r4D−11
h b4D−11

f4D−11
¼ A4D−11

f4D−11
þ r2hu

2
B4D−11

f4D−11
; ðG3Þ

b04D−12 ¼
r4D−12
h b4D−12

f4D−12
¼ Â4D−12

f4D−12
þ r2hu

2
B4D−12

f4D−12
: ðG4Þ

After rewriting Cpþ1
� as �−p

pþ1
Cp
� , formally, we have

A4D−11 ¼ Â4D−11: ðG5Þ

Following the proof of Eq. (F7), we have

b04D−11 > b04D−12;

and

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 4D − 12Þ: ðG6Þ

Following the proof in Appendix A, and taking terms
including y3, y2, C

p
D−3,C

p
2D−6, C

p
3D−9; C

p
4D−12 as zero, it is

easy to check

b04D−10 > b04D−11;

and we have

signðbpþ1Þ ≥ signðbpÞ; ðp ¼ 4D − 11Þ: ðG7Þ
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