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It is known that the four-dimensional effective field theory arising from heterotic string theory is general
relativity with both a Chern-Simons and Gauss-Bonnet term. We study the propagation of gravitational
waves in this combination of Chern-Simons and Gauss-Bonnet gravity, both of which have an associated
scalar field, the axion and the dilaton respectively, that are kinetically coupled. We review how the
combination of dynamical Chern-Simons and Gauss-Bonnet gravities can arise from string theory as
corrections to general relativity and show how the gravitational wave waveform is modified in such a
theory. We compare our results to a novel framework recently introduced for parametrizing the parity-
violating sector (Chern-Simons), and use that to guide our construction of a similar parametrization for
the parity-conserving (Gauss-Bonnet) sector. In general, we find that the contributions from the parity-
violating and parity-conserving sectors are similar. Moreover, the kinetic coupling between the axion and
dilaton introduces an extra contribution to the parity-violating sector of the gravitational waves. Using our
parametrization, we are able to comment on initial constraints for the theory parameters, including the time

variations of the axion and dilaton.
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I. INTRODUCTION

Einstein’s theory of general relativity (GR) has been
shown to agree remarkably well with observations [1-4].
However, theoretical and observational challenges suggest
that GR may be modified in the strong field regime [5].
These corrections are generally motivated from a high-
energy ultraviolet (UV) theory that, at low energies, leads
to corrections to GR in an effective field theory (EFT).l

GR has been very well constrained in the weak field
regime (see, e.g., [7,8]), and with the ability to detect
gravitational waves (GWs) in the last decade, it has become
possible to probe the strong field regime of gravity directly
using compact objects, such as black holes and neutron
stars [9-12]. Thus, GWs have opened up a new avenue for
testing potential modifications of GR.

There are a wide range of modified gravity theories and
extensions to GR (see, e.g., [13,14] for a review), which may
be motivated from the fact that, at high energies, GR is
nonrenormalizable in a quantum theory of gravity.
Modifications to GR have also been proposed as alternatives
to inflation, dark matter, and dark energy (e.g., [14-17]).
Modified gravity theories are either parity-conserving, which
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remain invariant under a parity transformation, or parity-
violating, which are not invariant under such a transformation.

Many well-studied modifications to GR incorporate
higher curvature terms. Some well-studied parity-conserving
theories are Gauss-Bonnet [18-23] and Starobinsky inflation
as a specific type of f(R) gravity [24,25]. Examples
of parity-violating theories include Chern-Simons gravity
[26-29], parity violating extensions to teleparallel gravity
[30,31], Horava-Lifshitz [32,33], and ghost-free scalar-
tensor gravity [34]. Recent work has also shown that
parity-violating gravitational interactions can be constructed
from the Kalb-Ramond field [35].

Two well-studied modified gravity theories are Chern-
Simons and Gauss-Bonnet gravity. Chern-Simons gravity
can be motivated from the context of particle physics
[36,37] and leptogenesis [38—40], as well as in other
areas such as string theory [41-43], loop quantum gravity
[44-46] and effective field theories [6,47]. Furthermore,
from a phenomenological perspective, such a theory could
give rise to parity violation in the cosmic microwave
background (CMB) [48-52] and in the gravitational sector
[26,27,53-55]. Notably, parity violation in the gravitational
sector can lead to birefringence in GW propagation, in
which the right- and left- handed polarization modes evolve
differently in their amplitude and/or Velocity.2

*For recent work on how birefringence can lead to condensate-
induced inflation in Chern-Simons gravity, see [56].

© 2024 American Physical Society
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Gauss-Bonnet gravity is another well-motivated modified
gravity theory, initially arising from an attempt to generalize
GR [57-60]; it has also been suggested to arise from string
theory [61-65]. Its phenomenological implications have
been extensively studied, including its predicted effect
on compact objects such as black holes and neutron stars
[66-75], and its implications for inflation [76-85].

One avenue to find modifications to GR that are
mathematically well-motivated is string theory, a candidate
for a quantum theory of gravity and a unified description of
the fundamental forces of Nature [43,86—89]. In general,
constructions of string theory require more than four
dimensions. Upon compactification from a higher-
dimensional theory to four dimensions, string theory
predicts GR plus perturbative corrections in the string
tension o = £2 [62,90-92], and some of these corrections
are quadratic curvature terms [61,93]. In general, correc-
tions to the Einstein-Hilbert action are represented locally
by higher derivative additions, and coordinate invariance
implies that they must consist of second and higher powers
of curvatures, and their derivatives [94].

A natural question to ask then, is what would be
precisely the effective four-dimensional gravity theory
predicted from string theory. In string theory, the heterotic
string is a mixture of the right-moving sector of the
superstring and the left-moving sector of the bosonic
string. The two sectors need different spacetime dimensions
to cancel the anomalies; the matching of dimensions is
achieved by compactifying the extra dimensions on a
compact manifold. Heterotic string theory (HST) possesses
a number of attractive features, including that it is chiral
and includes gauge fields [95,96]. The two possible gauge
groups for the heterotic string are Eg x Eg and SO(32) [95];
furthermore, the superstring’s spectrum contains no tachy-
ons and has a graviton [97].

For a long time, it has been theorized that the four-
dimensional effective action from HST is captured by GR
plus a Gauss-Bonnet term. However, this lacks an axion
field; the field strength of the Kalb-Ramond 2-form
satisfies the Bianchi identity dH = @R A R, and hence
this term cannot be truncated out. Upon compactification to
four dimensions, this term results in a correction to GR
that can be precisely identified as the Pontryagin term of
Chern-Simons gravity, which is typically coupled to an
axion field. Thus, for HST, the 4D gravity theory cannot be
Gauss-Bonnet or Chern-Simons gravities alone, but rather a
combination of the two as corrections to GR, a result that
does not depend on the choice of compactification [98].

GWs are a powerful probe of modified gravity theories.
It is well known that the effects of deviations from GR on
GWs can generally be characterized by modifications to the
GW amplitude and phase, for example by using the
parametrized post-Einsteinian formalism (ppE) [99-106].
In this paper, we study Chern-Simons-Gauss-Bonnet
(CS-GB) gravity by computing the equations of motion

of GW propagation for such a theory, which contains both
terms and includes a kinetic coupling between the two
associated scalar fields, the axion and the dilaton. We map
our analytic expressions to the parity-violating framework
put forth in [107] and provide an explicit extension to the
parity-invariant sector. This extension maps to ppE and
provides a framework to explicitly parameterize parity-
violating and parity-conserving corrections to GR in
GW propagation. From this framework and our mapping
of the CS-GB parameters to GW observables, we are able
to use the constraints on the GW propagation speed, as
well as the coupling constant ¢/, to provide initial
constraints on the theory.

The outline of this paper is as follows: after presenting
the basics of CS and GB gravities in Sec. II, we review
in Sec. IIl how both theories can arise from HST by
summarizing the stringy derivation from [98] of the 4D
effective action, which showed that the result is a combi-
nation of CS and GB gravities. In Sec. IV we compute the
modified field equations, and in Sec. V we calculate the
equations of motion for GWs in an FLRW background.
From there, we generalize the parametrization of [107]
by including the parity-conserving sector, and use the full
parametrization to place initial constraints on the CS-GB
theory parameters, including the time derivatives of the
axion and dilaton, in Sec. VI. We briefly discuss other
effects, directions for future work, and conclude in Sec. VII.

Throughout this paper, we use geometric units such that
G = ¢ = 1, and we assume a (—,+,+,+) metric signature;
Greek letters (u,v,...) range over all spacetime coordi-
nates, Latin letters (i, j, ...) range over spatial indices, and
square brackets denote antisymmetrization over indices.

II. BASICS OF CHERN-SIMONS AND
GAUSS-BONNET GRAVITIES

In this section, we review the basics of Chern-Simons
(Sec. IT A) and Gauss-Bonnet (Sec. II B) gravities indi-
vidually, before turning to the combined theory for the
remainder of the paper.

A. Chern-Simons gravity

The CS modification of GR arises in different contexts,
including in particle physics [36,47] and in string theory,
where it arises from the Green-Schwarz anomaly cancella-
tion mechanism [41-43]. In other words, in HST, a
quantum effect due to a gauge field induces a CS term
in the effective low energy 4D action of GR.

CS gravity is a 4D deformation of GR that can generally
be written as

S = Sgu + Scs + Sy + Smas (1)

3For more discussion and derivation of this, the reader is
referred to the review [28].
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where Sgy is the usual Einstein-Hilbert action of GR

Sgn = /d“x\/ —gR, (2)
the CS term is given by
SCS = ﬁ/d“.X(p*RR, (3)
4k

with k¥ = (162)~!, and @ is a coupling parameter. The
pseudo-scalar field, ¢, is coupled to the Pontryagin density
of the spacetime, which is defined as

*RR = ,R¥,”°R" )5, (4)

where the Hodge dual of the Riemann tensor is
U po 1 poaf pi
S Ee R vap» (5 )

with €”°% the antisymmetric Levi-Civita tensor. The scalar
field term is

s, =4 / d*xy/=glg" (Vup) (Vo) + 2V (g)]. (6)

and lastly we can have an additional matter contribution
described by

Smat = /d4xv_g'cmat7 (7)

where L, is a matter Lagrangian density that does not
depend on ¢.

If a nonzero potential V(¢) is chosen in Eq. (6), then a
mass for the scalar field usually has to be generated, which
would render the field short-ranged. However, Eq. (1) has a
shift symmetry, and theories with a shift symmetry do not
allow mass terms, hence the field must be long-ranged.
Thus, we choose to set V(@) = 0 and neglect the poten-
tial term.

The pseudo-scalar ¢ is known as the CS coupling field,
which can generically be a function of space and time.
If @ = constant, CS gravity reduces to GR, since the
Pontryagin term can be expressed as the divergence of
the CS topological current K,,

1
VMK” = E*RR’ (8)
where

2
K# — cmwrorn (a,,r;",, + gr;;f,rfm), (9)

with I" being the Christoffel connection. Upon integration
by parts, Scg becomes

-5 | vk, (10)

Scs = “((PK”) )
oV

and the first term can be discarded because it is evaluated
on the boundary of the manifold, while the second term
clearly vanishes if ¢ is constant [28].

The addition of the CS terms modifies the Einstein

equations by the addition of the C-tensor, C,,, as

a 1
Gﬂy—i_zcﬂy:ﬂTm/' (11)
The C-tensor is a 4D generalization of the 3D Cotton-York
tensor; it is given by

CcHr — (va(p)eaﬂy(ﬂvym)ﬂ + [V(avﬂ)(p]*Rﬂ(/‘”)“. (12)

Furthermore, we get an extra equation of motion for ¢
from the variation of the action:

a
plo = ——

“RR, 13
: (13)

which is the Klein-Gordon equation in the presence of a
source term.

Here we note that there are two formulations of CS
gravity [Eq. (1)]: the nondynamical formulation (o arbi-
trary, f = 0) and the dynamical formulation (o and f
arbitrary but nonzero). These are two distinct theories,
because in the dynamical case the scalar field introduces
stress-energy into the field equations, which forces vacuum
spacetimes to possess a certain amount of “scalar hair,” a
feature which is absent in the nondynamical formulation.
In this paper, we will be considering the dynamical
formulation of CS gravity, appropriately called dynamical
Chern-Simons (dCS) gravity.

B. Gauss-Bonnet gravity

Gauss-Bonnet gravity has been well studied and it has
been found to exhibit a rich phenomenology (see, e.g.,
[75,108-113]), from producing viable models of inflation
to spontaneous scalarization in compact objects, as well as
admitting novel black hole solutions that evade the no-hair
theorems [114]. At the classical level, string theory predicts
that Einstein’s field equations receive next-to-leading-order
corrections that are usually described by higher-order
curvature terms in the action. In particular, GB terms occur
in HST in the 1-loop effective action of the 4D theory, in the
Einstein frame [61-65].

The GB action is another deformation of GR that can be
written as

S = Seu + Sa> (14)
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with Sgy given in Eq. (2) and

Sou = [ ¢xa |- 000 ar@). (9

where a is a coupling constant, X is the 4D GB density,

Xy =R —4R, R" + R, ,,R""7, (16)

and we have included a kinetic term for the scalar field.*

A standard variation of Eq. (14) yields the field
equations [115]:

O = af'(¢)Xs. (17)

0,p0,p — g,,y 0up0p — aDl) + 8xT,,,  (18)

where G, is the Einstein tensor, T, is the matter stress-
energy tensor, and

D) = (900 + Guo9up) €V R, 01 ()] (19)

For D = 4, one can see that, when varying Eq. (14) with
respect to the inverse metric, the contributions of the GB
density to the field equations vanish identically. However, if
there is a dynamical scalar field ¢ which is coupled to the
GB density, the GB term will have nonvanishing contri-
butions to the field equations, even in four dimensions. This
scalar field ¢ is conventially referred to as the dilaton.

The combination of the Einstein-Hilbert and GB terms in
the gravitational action is known as Einstein-Gauss-Bonnet
gravity, and with the inclusion of the dilaton it is referred to
as Einstein-dilaton-Gauss-Bonnet (EAGB) gravity, which is
what we consider in this paper.

III. DERIVATION OF 4D EFFECTIVE
STRING ACTION

Here we review how CS-GB gravity can arise from HST,
a result which was derived in [98]. We outline the most
important steps in this section, with more intermediate steps
and explanations provided in Appendix A.

Our starting point is the ten-dimensional heterotic super-
string effective action at first order in . We will use the
action given by [116], which is obtained upon super-
symmetrization of the Lorentz-Chern-Simons terms:

2
e__ Y9 10, /17 ,~20 | B A
§=— 9% [y R—4(0 iy
16nG(A}°)/ *Vlgle { P+ 12
0/ N ~uvab 3
+§R(—)ﬂvabR(_) +0(a ) ’ (20)

*One can include a potential term V(¢) as well; however due
to shift symmetry we set V(¢) = 0, just like for CS gravity.

where k(_) is the curvature of the torsionful spin con-
nection, Q“(_)b:

a 1 a
(_)b—a) b—EHM bdx”, (21)
with @“;, being the usual spin connection, and a and b are
Lorentz indices. H is the 3-form field strength associated
with the Kalb-Ramond 2-form B,

(22)

with a)( ) being the Lorentz-Chern-Simons 3-form of the

torsionful spin connection, and all of the gauge fields are
already truncated. The asymptotic vacuum expectation
value of the dilaton is related to the string coupling constant
as g, = e, and GE\}O) = 87%¢2¢? is the ten-dimensional
gravitational constant, with £ being the string tension.

We want to find the simplest compactification and
truncation of this theory down to four dimensions. The
minimal consistent truncation possible is a direct product
compactification on a six-torus, M, x T®, where the metric
takes the form

ds? = ds® + d7'd7’, i=1,...6, (23)

where d5? is the 4D metric in the Jordan frame, the six-
torus is parametrized by the coordinates z; ~ z; + 2z2¢,, and
all the Kaluza-Klein vectors and scalars are taken to be
trivial. One can check that this compactification ansatz
solves all of the 10D equations of motion once the lower-
dimensional ones are satisfied, making this a consistent
truncation.

This compactification yields the same theory as Eq. (20),
except in four dimensions and with a gravitational constant

G\ = G\\" /2x¢®. After introducing the Bianchi identity
in the action along with a Lagrange multiplier ¢ to promote
H to be the dynamical field instead of B, we obtain

_ 1 A - ~
S:—(4>/d4x |g|{ 2P0 {R—4(a¢)2
162Gy,
1 2 1 vpo (X/ 3
+12H §H,w,,eﬂﬂ 0640+§£Rz+0(a’) . (24)

where

‘CRZ =e 2=t )R(—)ﬂD/)GR’ZK/)}H - (pR(—)ﬂy/mR?iF)w' (25)
We can vary Eq. (24) in terms of H to get a relation
between H and ¢, thus allowing us to remove H from
the action. The variation of Eq. (24) with respect to H
can be solved by doing an expansion in o, i.e.,
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H=H9 + ¢H"Y + ¢?H® 4 ... After doing so and
plugging H(gp) back into the action, we find that
Eq. (24) can be written as’

- 1
S /
167zG(4)

N

| 3
+ 5 e29=0=) (9g)? + 3 Lg2| o + O(a?) }v (26)

g|{ 2-bo) R — 4(0)?

where

Hvpo

w 7
Lo |y = e 29=0x) [R R + 6G,, AFAY + 4A4

_2T,A, T A — (V,,Au)z} R, R

QDR HUpo

+ total derivatives, (27)

where A, = ¢2#=?<)9,¢ and G, is the Einstein tensor.
At this point, we note that Eq. (26) is in the so-called

Jordan frame, or equivalently the string frame. To transform

it into the Einstein frame, we need to rescale the metric:

g/,w = 62@5_{7)&)9#1/' (28)
Equation (26) then becomes
1 4 o2 2
S=—— [ d'x\/|g||R+5 (045) (9p)
167
o -
(X = R R £ O, (29)

where we have set Gy =1, X'y = R? —4R, R" + R, ,,R*"°

Hvpo
is the 4D GB density, and we have 1ntr0duced the 4D
dilaton ¢ = 2(¢ — o, ). We see in Eq. (29) that GB and CS
gravities are corrections to GR at linear order in o/, with a
kinetic coupling between the two scalar fields; we will call
@ the axion, with ¢ being the aforementioned dilaton.

A comment on this stringy derivation is in order,
particularly regarding our choice of compactification in
Eq. (23). The multitude of possible compactification
choices, together with a plethora of massless 4D moduli
fields originating from the deformation modes of the
extra dimensions, leads to vacuum degeneracy and moduli
problems [117]. There has been recent progress in achiev-
ing moduli stabilization (see, e.g., [117-121] and refer-
ences therein, as well as [122,123] for recent reviews);
while these results need to be combined with viable string
constructions of particle physics, the emergence of the CS
and GB terms as corrections to GR in a low-energy EFT is a
general prediction of string theory [28,61].

*More details provided in Appendix A.

It is also worth noting that it is rather nontrivial that
the only higher derivative corrections of Eq. (29) are the
CS and GB terms; there are in principle higher derivative
terms that could be present in the action. However, Eq. (29)
is a general result, and these terms are not neglected by
assuming that the scalar fields are of order «'; these terms
are just simply not present [98].

IV. FIELD EQUATIONS

We find the field equations for CS-GB gravity by varying
Eq. (29) with respect to the dilaton, axion, and inverse
metric, respectively, which yields:

a/
V2 = e*(0p)?* — ge_‘/’/\,q, (30)
V(e Vig) = — gkﬂ,,p,,mm (31)
/
G +5 (D) +2C,) = 8x(Ti) + T0)). (32)

where

D;(gj) = (gypgm + gpﬁgup)eomlyvk [*R/)K/ly(e_(l))/]’ (33)

= (Vu)eP"WN RV s + [V (V] RFWI - (34)

;w =V ¢vv¢ g/w( a¢va¢)v (35)

1
Tl(llqj) = 62¢vﬂ(pvy(p - Egﬂuezqsva(pva(p' (36)
We see that Eqs. (30)—(32) are a combination of the CS
and GB field equations in Sec. I, as expected since in our
theory, the CS and GB terms appear as a linear combination

at first order in «, in addition to the Kkinetic coupling

between the dilaton and the axion. D,(;{:) comes from the GB

term, and C* is the C-tensor that was introduced in
Sec. ITA.

Equation (30) tells us that the dilaton is sourced by the
GB term and the axidilaton coupling, in Eq. (31) the
Pontryagin term sources the axidilaton kinetic coupling,
and in Eq. (32) a linear combination of CS and GB modifies
the GR gravitational field equations.

V. GWS IN FLRW BACKGROUND

Having derived the equations of motion in the previous
section, we now study how the propagation of GWs on a
cosmological background is modified from GR in CS-GB
gravity. We consider the tensor perturbation

ds? =g, dx*dx* = a®(n)[—dn? + (5;;+ h;j)dx'dx’],  (37)
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where h;; satisfies the transverse-traceless conditions
' h; i =h; =0.

Perturbing Eq. (32) using Eq. (37), and expanding in o
as well as the scalar fields, we obtain the linearized
equations

a . d
<1 T2 4’") Ol + 55 € ((¢" = 2Hg' )9, b
+ (P,apthi] =0, (38)

where primes denote derivatives with respect to conformal
time. Here we take the probe limit of ¢ and ¢, assuming
that the effects are small enough such that there is no
backreaction onto the metric.

We can write Eq. (38) in terms of the right- and left-
circular basis (R/L) of the two helicity-2 polarizations of
GWs:

\/%(hL + hg) —ﬁ(hL —hg) 0
hij=| =25 —hg) —J5(h+he) O |- (39)
0 0 0

Using Eq. (39), we find that Eq. (38) can be written as

Ah%L + Bth,L + Cl’lR.L - O, (40)
where
a o a?
A = 1 _raij” _AR,L 2 kg{/, (41)

/ /!
B—2H+ ;‘?Hw — gk <a2H¢’ + (22> . (42)

/
C = I =212 + 61 + S (4} — 12H — &)
a

! 2 VA
. %k [a2¢’(4H2 1)+ Hj” ] , (43)
a

and Ag ; = %1. Since the right-hand side of Eq. (40) is 0,
we can divide by A to rewrite it as

where B = B/A and C = C/A.
Taylor expanding B and C to linear order in o (see

Appendix B for the explicit form of the expansions), and
using the evolution of the background scalar fields,

P =21 + 20", (45)

o' =2Hoy =24/, (46)

we have
_ H
B =2H — 2ARLa/k<Z(pl - ¢/§0l> s (47)
~__ 12 _1/ ﬂ ! 2
C—k[l 2(a¢ + @ )} (48)

Moreover, we have assumed that k > H (i.e., that GW
wavelengths are short compared to the expansion of the
universe), and ¢” < (¢'). Note that we are keeping terms
quadratic in the scalar fields, even though we are treating
them to be small.

For B, we see that we have two overall terms; the first is
the background, and the second is the parity-violating
modification.® Notice that in CS gravity alone, only the
term proportional to H¢' is present, while in GB alone
there is no correction to B. In C, we see that we only have
parity-invariant corrections. We note that the axidilaton
coupling actually shows up in C as e*?¢, but in our
expansion of the scalar fields, the coupling terms show up
beginning at third order in the fields, so the leading order
contribution is simply ¢?. Similarly here, in CS gravity
alone, there is no correction to C, while in GB gravity one
obtains only the first correction proportional to H¢'.

From the propagation equations, we can find the explicit
corrections to /g ;. The linear perturbations of GW's can be
expressed in spatial Fourier space as

he(n) = Ag. (n)e 0=k, (49)
Plugging Eq. (49) into the equations of motion Eq. (44),
we find the modified dispersion relation

a

0" + 6 + i€/ [271 ~ 20 0k (H ¢ - M’ﬂ

(X/ 1 / /. .
—k2[1—5<5H¢ —|—(p2>] =0. (50)

From here, we can linearize the equations of motion by
taking @ — @ + 66, where the background 6 is the usual
GR solution, ¢ = k — iH. Applying this to Eq. (50), and
performing a series expansion assuming that 6 < 6, 8" <
(0)% and 50" < 056’ [124], we get that

d'k

1
69’:iﬂRLa’k<E(p’—¢’(p’> ——(—Hd)’—l—(p'z). (51)
’ a 4 \a
We see that 66 has both real and imaginary parts, which
are associated with velocity birefringence and amplitude
birefringence terms, respectively. We can write Eq. (51)

SThere is a parity-conserving modification to B, but those
terms are highly suppressed, of order 7> and Hg'.
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accordingly as

59 == _I}'R,L59A + 59‘/, (52)
where
80, = —ka' <%(p’ — qﬁ’q)’) , (53)
'k (1
56, = _aT (;'H(ﬁ' + (p’2> . (54)

and the A and V subscripts denote the amplitude and
velocity contributions, respectively.

To simplify Egs. (53) and (54) further, we will assume
that ¢’ and ¢’ vary slowly with respect to the expansion of
the universe, and can thus be well approximated by their
current values via a Taylor expansion, e.g. ¢'= .
Furthermore, we will use that df = —dz/[H(z)(1 + z)],
as well as the fact that k is a constant in conformal time.
Using all of this, we can write the integrals of Eqgs. (53)
and (54) as

dz
56A :—k(ll((pé/dZ—QbE)qOE)/E),
dk dz

We can now define an effective distance, D,, as in [100,106],

(55)

(56)

(1+2z)%2
D, = 1+zl_“/—'dz 57
=g S ()
34
24
— 1 A AR , AR
2 i 4 i " i i ! H i !
AN A AN AT AN AT AT AN AT A A I A AL
— [ I i
X 0 ‘ ‘
= YRV YEYE! YRYRIBTRIATAN
< YRRV W |
—14 \ \
_2<
— GR
_g{ | CSGB
2440 2442 2444 2446 2448 2450  24.52
t[s]
FIG. 1.

as well as an effective redshift parameter, z,,, such that [107]

lg = (1 +Z)_a/ (1 +d§)1—a'

We note that D = Dy, where Dy is the look-back distance,
and D, = (14 z)~™'D¢e = D,, where D¢ and D, are the
comoving and angular-diameter distances, respectively.
We can see that 7o = In(1 + z) and z; = z(1 +z)7.
With these definitions, we can write Egs. (55) and (56) as

(58)

30, = d'k(1 + 2)(D2bopy — 219)s (59)
dk(1 +z
ooy = -0 Dy gy o0)
and we have
hry = hg o exp[F k(1 + 2)(D2dypl — 219%))]
idk(l+z
cexp| - U D g pg)|. )

where A .z 18 the usual GR expression for the right and left-
handed modes.

We show an example of this modification to the
waveform of a binary black hole in Fig. 1. We can see
that both the right and left polarizations have the same
phase shift as a result of the parity-invariant correction
to the phase. The amplitude attenuates for hp and is
amplified for h; due to the parity-violating amplitude
corrections.

0.10

005
g
: N
X 0.00
~
=
—0.05
—-0.101 —— @GR
----- CSCGB
2440 2442 2444 2446 2448 2450  24.52
t[s]

Example modification to a binary black hole waveform for iy (left) and /; (right). We see a constant phase shift across both

polarizations due to the parity-invariant modification to the phase, and an attenuation/enhancement of the amplitude for sy and h;,
respectively, due to the parity-violating modification to the amplitude. To generate the waveform, we employ the GW Analysis Tools
code [125]. For the source parameters we take m; =20M, my =18M, 1 = 2.6 rad, y = 3.14 rad, RA = 3.45 rad, Dec = —3968 rad.
For computational ease we rescale f/100 Hz, and D,/Gpc. The modification parameters are chosen to be artificially large in order to
visually see the effects; in dimensionless units ¢ = 3 and @[, = 5.
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Furthermore, we can see how the GW velocity is
modified for CS-GB gravity. From Egs. (44) and (48),
the GWs satisfy the dispersion relation

/

1
Wy = K [1 -2 (;Hqﬁ’ + (p'ﬂ . (62)

From Egq. (62), we can find the group and phase velocities
of a GW, which are given by v, = dw/dk and v, = w/k,
respectively. We have

' (1
vg‘L = vﬁ‘L =1- e (5 He' + (PQ)' (63)

In Appendix C, we show how Eq. (63) can be generalized
for any extension to GR, using the framework that is
presented in the next section.

VI. EXTENSION OF PARITY-VIOLATING
PARAMETRIZATION AND CONSTRAINTS

In this section, we place our work in a broader context
by making contact with the parametrization in [107] in
Sec. VI A and then discussing observational constraints on
the theory in Sec. VIB.

A. Parametrization

We would like to place our work in the context of the
parametrization in [107], in which it was shown that
generic parity-violating corrections to the GW propagation
equations can be written in a theory-agnostic way using
dimensionless parameters; a particular theory will then
correspond to specific values of these parameters. A similar
parametrization to [107] for describing parity-violating
propagation effects was also introduced in [126-128].

In our expression Eq. (44), because we have contributions
from both the CS and GB corrections, we have both parity-
even and parity-odd terms. Thus, we can extend the para-
metrization in [107] to also account for parity-invariant terms
such that the GW propagation equation can be written as

i+ {27-{ + nﬁ:;(ﬂR.Lk)" {&gl H+ (f’;(;)_l} }hfre.L

el e [fs ] o

=0, (64)

where {a,,, f,,, Y m» 6, } are the dimensionless parameters that
depend on the specific theory in consideration, and A is the
cutoff scale of the theory. When a ==y =0=0, we
recover the propagation equation for GWs in GR. In CS
gravity, for example, the parameter a; # 0 with all other
parameters vanishing.

Here m and n are integers; this extends the para-
metrization in [107] in which n and m were constrained
to be odd and even integers, respectively, as to consider
only parity-violating effects. With this extension, one can
now explicitly see the propagation effects of theories with
both parity-violating and parity-invariant contributions.
This extension also cleanly maps to ppE [99] and can be
easily used in data analysis.

Comparing Eq. (64) with Egs. (47) and (48), we can

make the identification that a; = =2d'¢/, B, =2d'¢'¢/,
y1 =—3d¢ and 5, = — L', with all other parameters

being zero, where we have introduced a rescaling of the
scalar fields by A such that ¢ = pA and p = pA.

B. Constraints

While a full data analysis will be necessary to rigorously
constrain ¢’ and ¢’, as a first step, we can consider initial
constraints based on previously existing work in the
literature. Significant work has been done to constrain
birefringent effects from a variety of GW sources,
e.g., [129-133]. Here, we consider both the velocity
constraints from the GW170817/GRB170817 coincident
event and birefringence specific constraints in the literature
from binary black hole events.

The coincident GW/gamma ray burst event from the
binary neutron star merger GW170817 has provided a tight
constraint on the speed of GWs, c¢r, compared to the speed
of light, c. We have [12]

—-7x1071% <1 —c; <3 x 1071, (65)

The constraint in Eq. (65) rules out many beyond-
GR theories that induce a modification to the GW
speed [134-138]. While it has been shown that the GW
speed in CS gravity is equal to the speed of light [139], this
is not the case for GB gravity.” As a result, CS-GB gravity
also induces modifications to the GW speed which are thus
constrained by Eq. (65). We can map this constraint to our
parametrization Eq. (64) to constrain the CS-GB theory
parameters such that the CS-GB modified GW speed does
not violate the observational bound Eq. (65).
From Eq. (63), we have

o (1.
v, — 1| _Z(EH¢ +(p2>. (66)

Taking the weaker constraint of Eq. (65), and neglecting the
term that is suppressed by H/Apy in Eq. (66), we have

—d¢?| <3x1075. (67)

1//2
4

7However, with modifications to the scalar GB potential, the
GW speed in GB gravity will equal the speed of light [140,141].
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One can combine Eq. (67) with constraints on o from
GB gravity (see, e.g., [142,143]) to obtain a bound on ¢/,
which is roughly ¢’ < 10~'% eV? (in natural units).®

We can then use the constraint from [131] via [107],

12d gyp| < 0.7 x 10720, (68)

and combining Eq. (68) with Eq. (67) allows one to place a

constraint on ¢}, which is roughly ¢{ < 10722 eV2.

VII. DISCUSSION AND CONCLUSIONS

In this work, we have studied the propagation of GWs in
CS-GB gravity. We have reviewed the derivation of CS-GB
gravity from HST and derived how GW propagation is
modified in such a theory. We have furthermore extended
the parametrization first introduced in [107] for the parity-
violating sector to include the parity-even sector. The
framework presented in this paper thus allows one to study
any correction to GR in explicitly parity-violating and
parity-invariant contributions. Moreover, we have used this
parametrization to map the CS-GB modifications to GW
observables, which allows us to place constraints on the
theory parameters.

As we have seen, CS-GB gravity (and modified gravity
theories in general) will modify both the amplitude and
phase of a GW. Most of this paper has focused on these
modifications for the propagation of a GW, but these
modifications can also arise in the generation of GWs.
In compact binary coalescences, the presence of the axion
and dilaton will extract energy from the binary, leading to a
modification of the chirp mass (see, e.g., [29,54,144,145]).
The two effects can be considered independently, with the
generation effects being of O(a’?), making them subdomi-
nant to the propagation effects, which are of O(a’) [132].

Furthermore, CS-GB gravity can impact GWs during
inflation. For example, tensor perturbations of the space-
time metric source primordial GWs, which encode impor-
tant information of the early Universe and provide
an important test of GR. During inflation, the Pontryagin
term associated with CS gravity can lead to the resonant
amplification of GWs on small scales [146], and one
can study the energy spectrum associated with these
GWs [147]. It would be interesting to determine how these
scenarios would be modified in CS-GB gravity. We leave
this study for future work.”

8Upon converting Eq. (67) from geometric to natural units
(¢ = A = 1), we multiply ¢’ by the cutoff scale Apy, which has a
lower bound Apy = 10 eV [107]. We do the same for ¢, to get
the constraint on q% from Eq. (68).

Primordial GWs arising from CS-GB gravity have been
previously studied in [148], but with a single scalar field
associated to both the CS and GB terms instead of two separate
scalar fields, like we are considering in this paper.

The gravitational field in the exterior of supermassive,
spinning black holes (BHs) is crucial in the emission
of GWs. In GR, such a field is described by the Kerr
metric [149], which is a stationary and axisymmetric
solution, parametrized in terms of the mass of the BH
and its angular momentum. However, in modified theories
of gravity, the Kerr metric does not need to be a solution to
the field equations. For example, in the case of GB gravity,
slowly rotating BH solutions have been found that
differ from Kerr [69]. A measured deviation from the
Kerr metric, whether from electromagnetic or GW obser-
vations [150-153], can therefore provide insight into
extensions of GR, or lack thereof.

One can ask what metric represents a spinning BH in
CS-GB gravity. For CS, the metric and scalar field
perturbations describing the leading order corrections to
the Kerr metric are known [29,154,155]. The leading order
corrections for GB have been analyzed as well [70,72,73].
We leave an in-depth analysis of the BH solution in CS-GB
gravity for future work.

ACKNOWLEDGMENTS

The authors thank Heliudson Bernardo and
Tucker Manton for helpful comments and discussion,
including reviewing an early draft. T. D. and S. A. are
supported by the Simons Foundation, Award
No. 896696. L.J. is supported by the Kavli Institute
for Cosmological Physics at the University of Chicago
via an endowment from the Kavli Foundation and its
founder Fred Kavli.

APPENDIX A: STRINGY DERIVATION

In this appendix, we provide more details on the
derivation of the 4D effective action Eq. (29) in Sec. III,
following [98].

With the CS term in the 10D heterotic superstring
effective action [Eq. (20)], H satisfies the modified
Bianchi identity,

a2 g »oa » b
dH = R(_) b A R(_) .

a

(A1)

INIISR

Upon compactifying Eq. (20) on a six-torus in Eq. (23),
Eq. (A1) can be written as

1 vpo ] a 5 HUVPO
ﬁeﬂ P vﬂHypo‘ + §R<_)’/P5R’(l—§ =0, (A2)
where
HHUPC 1 nvapf p po
R(_) - Ee R(_)aﬁ . (A3)
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After integrating by parts, we get Eq. (24):

_ 1 / _ . 1
5oL A 2[R 40002 + 5 1]
162G\, 12

1 o 5
- yHﬂvpeﬂypaaa(/’ + g Lp +0(@7) ¢, (A4)
where
Lz = e~20-0) Ry, pgR’(‘”ﬁ" (pR(_)ngR’(‘Z’)’”. (A5)

Now, from the variation of H, we have that

o200 1 1
6

—, (Z 6£R2
Hyp = 6 Z€upoV P+ S SHHP

=0, (A6)

and as explained in Sec. III, to solve it we expand H in o’
H=HO9 +dHY + o2H? 1 ..., (A7)

which after plugging the expansion Eq. (A7) into Eq. (A4),
we arrive at Eq. (26),

s 1 [ -0
> 16ﬂG§;‘>/dx{ k- 4(007)

1 .

g + 0(0{/2) } (AS)

To evaluate the four-derivative term L2, we have to
substitute in the expression for H%), which is

VIl o = V9] {e-z@-@w) [RR +4R"™ (40,80, + A,A,) + R[4V ) — 4(0¢)?

Hfj;; — 24 Ve, (A9)

€uvpo

and use the fact that the curvature f%(_> can be written in
terms of A as well as the Riemannian curvature R:

R =R, -Vl - 0

HY & 124 c

(A10)

Evaluation of the four-derivative term yields Eq. (27),

] _ 7
Rr7 4 6G, AVAY + S AY

uvpo

‘CR2|H(°) = 6_2(‘?’_‘?"”) |:R

- 2V,A,VFAY — (V,,Aﬂ)z] — @R, R""”

+ total derivatives. (A11)
Upon transforming our theory from the Jordan frame to
the Einstein frame via the conformal rescaling Eq. (28), the
effect on the two-derivative terms in the Lagrangian is
rather straightforward to compute:

1 ..
Vgl [R+2(09)° +5.¢40-0=) (09

VgL, =

(A12)

On the other hand, the effect of the conformal rescaling on
the four-derivative term Lz requires a lengthier calcula-
tion; we need to take into account the transformation of the
Riemann tensor and the covariant derivative, and integrate
by parts multiple times. The end result is

— 342 + 12(9)*

+ 12(V2p)? + %A“ — 12(9,pA")? — 24%(3¢)? — 8A2V2 — 160,pA*V , A% — 3(V0,A”‘)2] - goRWRﬂW}

+ total derivatives,

which we can rewrite as

\/5£ R2 | HO) =

where X, = R* — 4R, R* + R,,,,R*’° is the 4D GB
density, and we have collected the remaining terms in £'.
Now, let us consider the zeroth order equations of motion

=00 X, — R, R+ L], (A14)

uvpo

P |
Ew =Ry + 20,00, + ZA”A'” (A15)

.1
€)=V - A, (A16)

(A13)

£, = VA" +20,pA". (A17)

After some algebra, £’ can be written in terms of
Egs. (A15)—(A17) as follows:

ﬁ’ e e_2<$_$oo){4gﬂvgﬂy —_
+2E,[A% — 4(0)’]

£+ 1265 +46€; - 38,

—48,0,pA"}. (A18)

We see that all the terms in £’ are proportional to the zeroth-
order equations of motion, which means if we redefine the
fields
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g/w - g/w + a,A/wv <A19)
b —P+dAp, (A20)
7 —>(p+a’Aq), (AZ])

then we introduce terms linear in o' that are proportional to
the zeroth order equations of motion, which we can
therefore use to cancel all the terms in £’ [98].

Thus, introducing the 4D dilaton ¢ = 2(¢ — o), we
end up with Eq. (29), a very simple form of our action in
four dimensions:

_ 1
T l6rx

/

a ~
+ § (€_¢X4 - (/)R;wpo'RMDlm) + O(a/z) .

1 1
s de/1d] [R+5<a¢>2+5e2¢<a¢>2

(A22)

APPENDIX B: TAYLOR EXPANSION FOR GW
PROPAGATION COEFFICIENTS

Here we show the steps in expanding the B and C
coefficients in Eq. (44) to linear order in «'.
For B, we have

)

- o da o
Br|1+—¢" Ap k@' ) |2 ——Ho"
< +4a2¢ + 2 R.L ¢>|:H+2612H¢
(p//
— gk (az'Hgo' + —2>] (B1)
: a
o o
zZH + ?Hqs// - ?kﬂR‘Lwﬁ, <B2)

where we have assumed that k> H. We can then use
Egs. (45) and (46) to obtain

/

_ 2
B=2H gk~ (o' =) (B3)

Now, we need to correct for the factors of a, since
(1/a)(da/dn) = da/dt. Thus, the conformal time deriva-
tives in Eq. (B3) pick up an extra factor of a. So, we have

B =2H -2, d'k <H ¢ - 45'(,0'),

a

(B4)

which is Eq. (47).

For C, we have

ada?

2

/
C% <1 +4iaz¢”+/1R’L k(p/>{k2—2H2+6Hl

(X’ /1
¢ (AH2 - 12H — K
o (@ = 120~ i)

/ 2H /!
—dpL % k |:a2(p/(4H2 TR+ aj” ] } (B5)
a'k?
o2 =2 g . (B6
! (B6)

where in going from Eq. (B5) to (B6) we have again
assumed that k > H. Furthermore, we can assume that ¢
and ¢ are small to retain terms that are at most second-order
in the scalar fields in Eq. (B6).

Plugging Eq. (45) into Eq. (B6) yields

C=k [1 - 2%/2 (He' + (p’z)] . (B7)

and again noting that (1/a)(da/dn) = da/dt to correct the
factors of a in the conformal time derivatives, we end up
with

which is Eq. (48).

APPENDIX C: GENERALIZATION OF MODIFIED
DISPERSION RELATION

The discussion in Sec. V from Eq. (50) onward can be
generalized for any modification to GR by extending the
discussion in [107] to include the parity-even sector. From
Eq. (19) of [107] and Eq. (64), it is straightforward to see
that the effective modified dispersion relation Eq. (50) can
be parametrized as

Oy

™ G |

1)
—k2{1+/1 m+1km—1|: Vm H+ m :|}
(e.) (Apya)” (Apya)™!

-0, (C1)

0" +07+ iQ’{ZH + (Ag.Lk)" [

where we are keeping the sums over n and m implicit.
From Eq. (20) of [107], we can see that the generali-
zation of Eq. (52) is
80 = —i(Ar.L)" 504 + (Ag.L)" ' 66y, (C2)
where the amplitude and velocity birefringence contribu-
tions are

124012-11



DANIEL, JENKS, and ALEXANDER

PHYS. REV. D 109, 124012 (2024)

k'l a, P }
80, = — H + s C3
"= [(APV‘Z)" Appay1) &)
k" 4 1)
50, = — " H+ m ] C4
) {(AP\/“W (Apya)™! ()

Equations (C3) and (C4) can be rewritten as
|

Py

n—1
APV

59A = T +

Kk +2)" (ano

D C5
D) A%V n+l>’ ( )

59‘/ —

[k(1 +2)"] <}’mo

5
™_p , C6
T (e D). (C6)

m—1
APV

such that the right and left-handed polarization modes are
modified in the following way

A [k(l + Z)]n @y ﬁn . [k(l + Z)]m Vm 5m
h = h —(2 n 0 3 0 Dn y) m—+1 0 " 0 Dm ,

where BRAL is the usual GR expression for the right and
left-handed modes.
Via the generalized modified dispersion relation

0
2 —k2d p) m+1 pm—1 Ym m ,
it { ¥ Uns) (APva)mH—i—(APva)m_l}}
(C8)

the modified group and phase velocities are then

(C7)
[
y) )m+1 ¥ S
UR'L -1 +( R,L mk’”_l[ m H+ m i
! 2 (alpy)" (alpy)"!
(€9)

p) )m+1 % S
RL _ 4 ( R,L -1 m m .
o " 2 (ahpy)™ e (aAPV)m_l

(C10)
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