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We recently hypothesized that a distortion parameter exists such that its signed sum for all images of
singular gravitational lensing of a source vanishes identically [K. S. Virbhadra, Phys. Rev. D 106, 064038
(2022)]. We found a distortion parameter (the ratio of the tangential to radial magnifications) that satisfied
the hypothesis for the images of Schwarzschild lensing with flying colors. We now show that another
distortion parameter (the difference of tangential and radial magnifications) also magnificently supports our
hypothesis when we perform computations with the primary-secondary and relativistic images. The
distortion parameters, which satisfy the aesthetically appealing hypothesis, will likely aid in developing
gravitational lensing theory. Finally, we discuss the conservation of distortions of images in gravitational
lensing.
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I. INTRODUCTION

In 1959 (around two decades before the first gra-
vitationally lensed images were observed), Sir Charles
Darwin [1] pioneered gravitational lensing (GL) research
due to the light deflection in the vicinity of a Schwarzschild
photohole [2]. He found that those images were too
demagnified to be observed, and it seems that he referred
to them as “ghosts” because of this. Research on GL due to
light deflection in a very strong gravitational field remained
almost stagnant for nearly four decades until we [3]
obtained a new gravitational lens equation. This equation
enables the study of light deflection in weak and strong
gravitational fields, including those near photon spheres.
Unaware of Darwin’s work, we studied GL due to light
deflection near the photon sphere of Schwarzschild “black
hole.” Like Darwin, we also found images that were very
demagnified and termed them “relativistic images” (lensed
images due to light deflection α̂ > 3π=2). Despite the
discouraging theoretical results of very demagnified relativ-
istic images, our work revived theoretical research on
gravitational lensing by massive compact objects, such as
black holes and other compact esoteric objects (see in [4–18]
and references therein.) The monumental success of the
EventHorizonTelescope (EHT) project in 2019 (surprisingly
around one hundred years after the first light deflection was
observed under the leadership of Eddington) [19] as well as
the ongoing development of the Next Generation Event
Horizon Telescope ngEHT [20,21] project have generated
significant theoretical interest in GL due to black holes and
their mimickers (see [22–65] and references therein.)

The theory of GL and its implications for astrophysics
and cosmology are well discussed in [66,67]. We [4]
proved important theorems on photon surfaces that have
significant implications for GL. In our recent paper [68], we
hypothesized that a distortion parameter exists such that its
signed sum for all images of a singular GL of a source
identically vanishes. We provided a distortion parameter
and demonstrated that our hypothesis is valid. Toward the
end of the paper, we proposed another distortion parameter.
We now show that the second distortion parameter also
satisfies the distortion hypothesis with all images, including
relativistic images, and this is the plan for this paper.
Similar to our previous paper on the distortion hypothesis
[68], we use the geometrized units so that the ADM
(Arnowitt-Deser-Misner) mass parameter M ≡MG=c2,
where G is the universal gravitational constant and c is
the speed of light in vacuum. We use Mathematica [69] for
computations.

II. LENS EQUATION AND DISTORTION
HYPOTHESIS

A gravitational lens equation that allows arbitrarily
large as well as small deflection angles of light rays is
given by [3]

tan β ¼ tan θ − α; ð1Þ

where

α ¼ D½tan θ þ tan ðα̂ − θÞ� ð2Þ

with a dimensionless distance parameter*shwetket@yahoo.com
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D ¼ Dds

Ds
∈ ð0; 1Þ: ð3Þ

The symbols have the samemeaning as in our previous paper
[68]: Ds, Dds, and Dd, represent, respectively, the observer-
source, deflector (lens)-source, and observer-deflector angu-
lar diameter distances, whereas β and θ stand for the angular
source and image positions, respectively. For 0.5 < D < 1,
the source is farther (from the lens) compared to the observer,
and for 0 < D < 0.5, it is nearer. For D ¼ 0.5, the lens is
halfway between the observer and the source.
The total magnification of an image of circularly

symmetric gravitational lensing, which can have positive
or negative values, is given by [66]

μ ¼ μrμt; ð4Þ

where the radial μr and tangential μt magnifications are,
respectively, given by

μr ¼
�
dβ
dθ

�
−1

and μt ¼
�
sin β
sin θ

�
−1
: ð5Þ

The following line element describes the exterior gravita-
tional field of a Schwarzschild black hole:

ds2 ¼
�
1 −

2M
r

�
dt2 −

�
1 −

2M
r

�
−1
dr2

− r2ðdϑ2 þ sin2 ϑdϕ2Þ: ð6Þ

The constant parameter M≡MG=c2 is the ADM mass of
the black hole. Defining the scaled radial distance and the
scaled closest distance of approach, respectively, by

ρ ¼ r
2M

; and ρo ¼
ro
2M

ð7Þ

(r0 is the closest distance of approach), the Einstein
bending angle α̂ and the impact parameter J of a light
ray [3,70,71]:

α̂ðρoÞ ¼ 2

Z
ρo

∞ dρ

ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ρρoÞ2ð1 − 1

ρo
Þ − ð1 − 1

ρÞ
q − π ð8Þ

and

JðρoÞ ¼ 2Mρo

�
1 −

1

ρo

�
−1=2

: ð9Þ

Around two years ago, we [68] hypothesized that a
distortion parameter exists such that its signed sum for
all images of a singular GL of a source identically vanishes.
To demonstrate the correctness of this hypothesis, we
introduced a distortion parameter for a gravitationally
lensed image:

Δ ¼ μt
μr

ð10Þ

and the signed sum of distortions of all images of a given
source

Δsum ¼
Xk
i¼1

Δi; ð11Þ

where k, the upper limit of the summation, represents the
total number of images. (Hereafter, we will call Δ the first
distortion parameter.) We carried out computations for
primary-secondary as well as relativistic images and
showed that the hypothesis is correct. We mentioned that
there could be more than one such distortion parameter and
we [68] proposed another one (henceforth, we will call it
the second distortion parameter) as follows:

Δ
⋆ ¼ μt − μr: ð12Þ

Then we computed this quantity for the primary as well
as the secondary images under weak-field approximation:

Δ
⋆
p ¼ −Δ

⋆
s ¼

8D M
Dd

β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16D M

Dd
þ β2

q : ð13Þ

(The subscript p and s, respectively, stand for the primary
and secondary images.) Thus, the signed sum of these
distortions

Δ
⋆
sum ¼

Xk
i¼1

Δ
⋆
i ¼ Δ

⋆
p þ Δ

⋆
s ¼ 0; ð14Þ

where k ¼ 1, 2, Δ
⋆
1 ¼ Δ

⋆
p, and Δ

⋆
2 ¼ Δ

⋆
s. (Note that in our

previous paper [68], we did not put ⋆ as overscripts.) The
subscripts p and s, respectively, stand for the primary (also
called the direct) and secondary images. Though this is
encouraging, it is not enough to support the distortion
hypothesis. Therefore, we perform numerical computations
without weak- or strong-field approximation for the pri-
mary-secondary and relativistic images. We do this in the
next section. To conveniently compare distortions of
images of several orders, we define a logarithmic distortion
parameter of an image:

δ
⋆ ¼ log10jΔ

⋆ j: ð15Þ

The images of the same order are on opposite sides of the
optic axis and their distortions have opposite signs. To test
whether images of the same order have the same absolute
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distortions, we now define percentage difference in dis-
tortions of images of the same order as follows:

P
⋆
ps ¼

jΔ⋆pj − jΔ⋆ sj
jΔ⋆pj

× 100;

P
⋆
1p1s ¼

jΔ⋆ 1pj − jΔ⋆ 1sj
jΔ⋆ 1pj

× 100;

P
⋆
2p2s ¼

jΔ⋆ 2pj − jΔ⋆ 2sj
jΔ⋆ 2pj

× 100: ð16Þ

The subscripts ps, 1p1s, and 2p2s, respectively, stand
for the primary-secondary, relativistic image pairs of the
first order and of the second order. (The subscripts 1 and 2
represent relativistic images of the first and second orders,
respectively.)

III. COMPUTATIONS AND RESULTS

In [68], we modeled M87⋆ (the potential M=Dd ≈
1.84951 × 10−11) as the Schwarzschild lens with dimen-
sionless distance parameter D ¼ 0.005. For several values
of the angular source position β, we performed computa-
tions for the tangential and radial magnifications of the

primary-secondary and relativistic images of orders 1 and
2. We repeated these computations with the fixed angular
source position β ¼ 1mas and M=Dd ¼ 1.84951 × 10−11

for a large number of values for the distance parameter D.
Finally, we modeled the galactic centers of 40 galaxies as
the Schwarzschild lenses and repeated the computations
with β ¼ 1mas and D ¼ 0.005. Now, using these results
for the tangential and radial magnifications (μt and μr), we

compute the second logarithmic distortion δ
⋆
for images. In

Fig. 1, we plot the logarithmic distortions δ
⋆
against β

(D ¼ 0.005 andM=Dd ≈ 1.84951 × 10−11 fixed), δ
⋆
against

D (β ¼ 1mas and M=Dd ≈ 1.84951 × 10−11 fixed), and δ
⋆

against the potential M=Dd (β ¼ 1mas and D ¼ 0.005
fixed) for the set of six images (primary-secondary as well
as relativistic images of order 1 and 2 on both sides of the
optic axis). These plots show that the logarithmic distor-

tions δ
⋆
of images of the same order are too close to be

resolved, supporting the distortion hypothesis. The figures

also show that logarithmic distortions δ
⋆
are higher for the

lower order of images. (This is contrary to the case
logarithmic distortion δ of the first type.) For example,

the primary-secondary pair (images of order zero) δ
⋆
is the

highest. The δ
⋆
vs β graph shows that δ

⋆
first decreases fast

FIG. 1. Left: the Schwarzschild lens model describes the supermassive dark object at the galactic center of M87 with the distance
parameter D ¼ 0.005. The lens has mass M ≈ 6.5 × 109M⊙ and is at the distance Dd ≈ 16.8 Mpc. The logarithmic distortions (of the

second type) of the primary image δ
⋆
p (red dashed), secondary image δ

⋆
s (green dotted), the first-order relativistic image on the primary

side δ
⋆
1p (magenta dashed), the first-order relativistic image on the secondary side δ

⋆
1s (blue dotted), the second-order relativistic image

on the primary side δ
⋆
2p (brown dashed), and the second-order relativistic image on secondary side δ

⋆
2s (black dotted) are plotted against

the angular source position β. Middle: for the same lens but the angular source position β ¼ 1mas, the exact six quantities (as for the
figure on the left) are plotted against the parameter D. Right: the galactic centers of 40 supermassive dark objects are modeled as
Schwarzschild lenses. For the distance parameter D ¼ 0.005 and the angular source position β ¼ 1mas, the exact six quantities (as for
the figures on the left and the middle) are plotted against the potential M=Dd. The colors of symbols and graphs are kept the same to
identify graphs.

CONSERVATION OF DISTORTION OF GRAVITATIONALLY … PHYS. REV. D 109, 124004 (2024)

124004-3



and then slowly with the increase in the value of the angular
source position β and curves are concave up. This is the

same as the case for the first logarithmic distortion δ). δ
⋆
vs

D graphs show that δ
⋆
increases fast for small values of D

and then slowly, and all curves are concave down. This is
similar to the case of the first logarithmic distortion

variations. The δ
⋆
vs the potential M=Dd curves increase

fast and then slowly; all curves are concave down. These
results are again similar to the case of the first logarithmic
distortion.
Figure 1 shows that the magnitudes of logarithmic

distortions of images of the same order are very close.

As Δ
⋆ ¼ μt − μr for images of the same order have opposite

signs, this strongly supports the distortion hypothesis.
Now, we would like to know the percentage difference
in magnitudes of distortions to explore whether these are
due to assumptions involved in the lens equation and
approximations in numerical methods. Therefore, we

now compute P
⋆
ps, P

⋆
1p1s, and P

⋆
2p2s given in Eq. (16)

for the same six images. In Fig. 2, we then plot P
⋆
ps vs β

(keeping D ¼ 0.005 and M=Dd ≈ 1.84951 × 10−11 fixed),

P
⋆
1p1s vs D (keeping β ¼ 1mas and M=Dd ≈ 1.84951 ×

10−11 fixed), and P
⋆
2p2s vs M=Dd (keeping β ¼ 1mas and

D ¼ 0.005 fixed) for the same six images. As the percent-
age differences are too small, these seem to be due to lens

approximation and approximations with numerical meth-
ods. We argue that these should be zero if we used an
exact lens equation and exact analytical methods were
available. Thus, our second distortion parameter also
supports the distortion hypothesis with flying colors.
Henceforth, we will refer to any function of radial and
tangential magnifications as a distortion parameter if it
satisfies our hypothesis.

IV. DISCUSSION AND SUMMARY

In theoretical physics, in addition to matching exper-
imental/observational facts and predicting results, we
also consider the logical beauty of the laws when discov-
ering laws of physics. In view of this, our distortion
hypothesis originated as follows. We assigned distortion
of an unlensed source zero. [The second distortion param-

eter δ
⋆
is clearly zero for an unlensed source. However, we

need to slightly modify the first distortion parameter as
δ ¼ ð−1Þl log10 ðμt=μrÞ, where l is the parity of image.]
When a source is lensed by a spacetime, it may give rise to
multiple images. Because the unlensed source has zero
distortion, we came up with the idea that the signed sum
of the distortion of all images remains zero. Based on
this thought, we hypothesized: There exists a distortion
parameter such that the signed sum of all images of
a singular gravitational lensing of a source identically
vanishes [68]. Fortunately, we found a distortion parameter
Δ ¼ μt=μr that satisfied the distortion hypothesis with the

FIG. 2. Left: the supermassive dark object at the center of M87 is modeled as the Schwarzschild lens, which has mass M ≈ 6.5 ×
109M⊙ and is at a distance Dd ≈ 16.8Mpc. The dimensionless parameterD ¼ 0.005 gives the source position. The absolute percentage

difference in distortions (of the second type) for the primary-secondary images pair jP⋆psj, the first-order relativistic images pair jP⋆1p1sj,
and the second-order relativistic images pair jP⋆2p2sj vs the angular source position β are plotted. Middle: the exact three quantities (as for
the figure on the left) against the parameter D are plotted. The lens is the same; however, the angular source position β ¼ 1mas. Right:
the exact three quantities are plotted against the potential M=Dd as for the figure in the left and in the middle. The supermassive dark
objects at the centers of 40 galaxies are modeled as Schwarzschild lenses with the angular source position β ¼ 1mas and the distance
parameter D ¼ 0.005.
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primary-secondary images under the weak-field approxi-
mation. This result encouraged us to conduct computations,
including relativistic images without weak or strong gravi-
tational field approximations, and our hypothesis won with
flying colors. However, we were still determining if only
one distortion parameter could exist. We attempted and

discovered a second distortion parameter Δ
⋆ ¼ μt − μr (the

difference of the tangential and radial magnifications) and
noticed that the signed sum for the primary-secondary
images under the weak-field approximation identically
vanishes. However, we needed to determine whether the
hypothesis holds well if we carried out computations
without weak- or strong-field approximations, including
relativistic images. Our second distortion parameter also
succeeds with flying colors, so such a distortion parameter
is not unique. These aesthetically appealing results are
likely to have significant implications for astronomy and
astrophysics, especially in the development of gravitational
lensing theory. We usually identify images of the same
source by similar spectra, knots, and the same radio and
optical wave-band flux ratio. However, as pointed out in
our previous paper, there is no way to know if there are any
missing images, and our distortion hypothesis might help
locate those. We found that distortions of images of the
same order on the opposite sides of the optic axis have
equal magnitudes with opposite signs. These results

suggest that images of the same order on the opposite
sides of the optic axis might have quite different magni-
fications but have “similar” shapes with opposite parities.
The geometrical implications for both distortion parameters
are worth studying. The hypothesis should also be tested
with the Kerr-Newman metric. Any linear combination of
distortion parameters is obviously a distortion parameter. It
is still to be determined whether there can be more than two
linearly independent distortion parameters that we have
discovered. As we assign the distortion of an unlensed
source to be zero, the signed sum of distortions of the
source plus images is zero. Let us call this conservation of
distortion of images. To analytically prove or disprove our
distortion hypothesis, we need to develop advanced-level
mathematics, which is worth doing to improve the gravi-
tational lensing theory. We used the term “singular”
gravitational lensing in our distortion hypothesis, which
means that our hypothesis applies to singular GL, and may
not be true for nonsingular lensing. If the conservation of
distortion of images is indeed a physical law, then we need
to find a distortion parameter that works for all gravitational
lenses.
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