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Disformal transformations of Friedmann-Lemaître-Robertson-Walker and Bianchi geometries are
analyzed in the context of scalar-tensor gravity. Novel aspects discussed explicitly are the 3þ 1 splitting,
the effective fluid equivalent of the gravitational scalar, Bianchi models, stealth solutions, and de Sitter
solutions with nonconstant scalar field (which are signatures of scalar-tensor gravity). Both pure disformal
transformations and more general ones are discussed, including those containing higher derivatives of the
scalar field recently introduced in the literature.
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I. INTRODUCTION

Einstein’s theory of gravity, general relativity (GR), is
plagued by spacetime singularities, such as those inside
black holes or the big bang singularity in cosmology [1].
There is hope that quantum mechanics and the uncertainty
principle on which it is based will someday cure these
singularities. However, as soon as one tries to quantum-
correct GR, deviations from it are introduced in the form
of extra degrees of freedom [2–6], quadratic terms in the
curvature invariants appearing in the action [7,8], and
higher-order equations of motion. For example, the first
scenario of early universe inflation, and the one currently
favored by observations [9], i.e., Starobinski inflation [10],
is due to quadratic corrections to the Einstein-Hilbert
action. The low-energy limit of the bosonic string theory,
the simplest of string theories, does not reproduce GR
but gives ω ¼ −1 Brans-Dicke gravity instead [11,12].
Therefore, it is not a matter of if, but of where, GR fails and
the study of alternative theories of gravity is motivated by
fundamental physics.
From a completely different point of view, astronomers

are also invoking modified gravity. The 1998 discovery that
the cosmic expansion accelerates today left us in the need of
an explanation. Dark energy, in the form of a fine-
tuned cosmological constant, quintessence scalar fields,
or a plethora of other models, was invoked to explain
the cosmic acceleration (see Ref. [13] for a review). The
standard model of cosmology based on GR, the Lambda–
cold dark matter (ΛCDM) model is now suffering severe
tensions and was never satisfactory because approximately
70% of the energy content of the universe is postulated to be

dark energy, which was introduced in a completely ad hoc
manner and whose nature is unknown. Dissatisfied with this
state of affairs, theorists and astronomers alike have resorted
tomodifyingEinstein gravity as an alternative to introducing
dark energy [14,15]. The most popular class of theories for
this purpose is probably fðRÞ gravity (see Refs. [16–18] for
reviews), which includes the Starobinski action and is
ultimately reduced to a scalar-tensor gravity.
Scalar-tensor gravity introduces the simplest degree of

freedom in addition to the two massless spin two modes of
GR: a massive propagating scalar field that has a gravita-
tional nature. The prototype of the alternative to GRwas the
Brans-Dicke theory, in which the gravitational scalar field
ϕ essentially plays the role of the inverse of the effective
gravitational coupling strength Geff ≃ 1=ϕ replacing
Newton’s constant G. This effective coupling strength
becomes a dynamical field sourced by the trace of the
matter stress-energy tensor [2]. The Brans-Dicke theory
was later generalized to other “first-generation” scalar-
tensor gravities. In the past decade, the search for scalar-
tensor theories containing field equations with order not
higher than second led to the rediscovery of Horndeski
gravity [19], which has been the subject of extensive
literature (e.g., [20–25] and references therein). More
recently, it was found that certain higher-order scalar-tensor
theories, when subject to a degeneracy condition, lead to
even more general second order equations of motion. These
are the so–called degenerate higher order scalar-tensor
(DHOST) theories [26–37] (see Refs. [38,39] for reviews).
The field equations ofDHOSTandHorndeski theories are

complicated, and it is very difficult to find nontrivial analytic
solutions. Many of the known exact solutions of Horndeski
and DHOST gravity have been obtained by direct integra-
tion of the field equations (e.g., [40–42]). Others, instead,
have been obtained by disformal transformations of the
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metric tensor gμν, sometimes with the disformal transfor-
mation reducing to a conformal one. A disformal trans-
formation takes a seed metric and scalar field solution
ðgμν;ϕÞ of a Horndeski theory and maps it into a DHOST
solution. Here we are interested in the disformal trans-
formation of cosmological metrics. The transformation of a
spatially homogeneous and isotropic Friedmann-Lemaître-
Robertson-Walker (FLRW) metric has been discussed in
Ref. [43] (see also [44,45] and references therein). Here we
extend that analysis and consider several aspects not
previously discussed in relation with disformal transforma-
tions, including the explicit 3þ 1 splitting, Bianchi cos-
mologies, and the effective fluid equivalent of the scalar
degree of freedomϕ. We also discuss certain exact solutions
typical of scalar-tensor gravity which are impossible in GR,
namely stealth solutions, as well as de Sitter solutions with a
nonconstant scalar field which, in a sense explained below,
generalize stealth solutions.
There is further motivation for studying the disformal

transformation of cosmological spacetimes. Black holes
interacting with their environment are dynamical, and their
horizons are not event horizons, but apparent horizons
instead, which makes them much more complicated from
the point of view of black hole mechanics and thermo-
dynamics [46,47]. Similarly, dynamical cosmological hori-
zons have thermodynamics that is far from trivial [46]. One
way to make black holes dynamical is to embed them in a
nonstatic cosmological “background.” This possibility is of
great astrophysical interest since the interaction of black
holes with the FLRW space in which they are embedded,
over cosmological timescales, has been tentatively reported
in recent observations [48,49]. If supermassive black holes
at the centers of galaxies are taken to be nonsingular objects
with an extended de Sitter core, as in most models of
regular black holes, then the possibility arises that dark
energy could be effectively segregated inside these black
hole horizons [48–53]. Aside from its cosmological
implications, the possibility of cosmological coupling
tentatively reported in [48] has already been the subject
of a lively theoretical and observational debate in the
literature [54–75]. Problem is, the theory behind this
cosmological coupling of black holes is underdeveloped
and exact solutions of the relevant field equations could
help understanding the basic physical principles behind this
phenomenon. The scarcity of relevant solutions in GR [46]
prompts the search for new solutions in more general
scalar-tensor and Horndeski theories. The easiest way to
generate new solutions is by using disformal transforma-
tions of GR “seeds.” The first step in this program consists
of understanding the transformation properties under dis-
formal transformations of the FLRW or Bianchi “back-
grounds” in which such black holes are embedded. The
present work addresses this first step.
We adopt the notations of Ref. [1]. The metric signature

is −þþþ, units are used in which the speed of light c and

Newton’s constant G are unity, and □≡ gμν∇μ∇ν is the
curved space d’Alembert operator. Greek indices run from
0 to 3 and Latin indices from 1 to 3.

II. DISFORMAL TRANSFORMATIONS

The general form of a disformal transformation with first
order derivatives of the scalar field [76] is

gμν → ḡμν ¼ Ω2ðϕ; XÞgμν þ Fðϕ; XÞ∇μϕ∇νϕ; ð2:1Þ
where

X ≡ −
1

2
gμν∇μϕ∇νϕ ð2:2Þ

and ϕ denotes the scalar field (see Ref. [77] for a summary
of the transformation properties of various geometrical
quantities under disformal transformations). In the case
Ω ¼ 1, one obtains a pure disformal transformation, to
which we restrict for most of this paper until Sec. VIII:

gμν → ḡμν ¼ gμν þ Fðϕ; XÞ∇μϕ∇νϕ: ð2:3Þ

Assuming that ∇μϕ is timelike, one can always use the
“uniform–ϕ slicing” of spacetime in which ϕ ¼ ϕðtÞ,
where t is the time coordinate. In this gauge, the line
element assumes the familiar form

ds2 ¼ gμνdxμdxν

¼ −N2dt2 þ gijðdxi þ NidtÞðdxj þ NjdtÞ; ð2:4Þ
where N and Ni are the lapse and the shift vector,
respectively. The disformed line element is

ds̄2 ¼ ḡμνdxμdxν

¼ −N̄2dt2 þ ḡijðdxi þ N̄idtÞðdxj þ N̄jdtÞ; ð2:5Þ

where N̄2 ¼ N2α2, N̄i ¼ Ni, ḡij ¼ gij in the disformed (or
barred) world, and [43]

α2 ≡ 1 − 2Fðϕ; XÞX: ð2:6Þ
To preserve the metric signature, it must be F < 1=2
everywhere throughout the spacetime manifold, which
we assume in the following.
Equation (2.5) is easily proved. Using the notation

ϕ̇≡ dϕ=dt, we have

ds̄2 ¼ ðgμν þ F∇μϕ∇νϕÞdxμdxν
¼ ds2 þ Fðϕ; XÞð∇μϕdxμÞ2
¼ −N2dt2 þ gijðdxi þ NidtÞðdxj þ NjdtÞ þ Fϕ̇2dt2

¼ −ðN2 − Fϕ̇2Þdt2 þ gijðdxi þ NidtÞðdxj þ NjdtÞ:
ð2:7Þ
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Since

X ¼ −
g00

2
ϕ̇2 ¼ ϕ̇2

2N2
; ð2:8Þ

it is

N2 − Fðϕ; XÞϕ̇2 ¼ N2½1 − 2Fðϕ; XÞX�≡ N2α2: ð2:9Þ

From

ds̄2 ¼ −ðN2α2Þdt2 þ gijðdxi þNidtÞðdxj þNjdtÞ ð2:10Þ

it then follows that

N̄2 ¼ N2α2; ḡij ¼ gij; N̄i ¼ Ni: ð2:11Þ
The inverse of the disformed metric ḡμν is [43,77]

ḡμν ¼ gμν −
F
α2

∇μϕ∇νϕ∶ ð2:12Þ

to wit,

ḡμνḡνγ ¼
�
gμν −

F
α2

∇μϕ∇νϕ

�
ðgνγ þ F∇νϕ∇γϕÞ

¼ gμνgνγ þ F

�
gμν∇νϕ∇γϕ −

1

α2
gνγ∇μϕ∇νϕ

�

−
F2

α2
ð∇νϕ∇νϕÞ∇μϕ∇γϕ

¼ δμγ þ Fðϕ; XÞ
�
∇μϕ∇γϕ −

∇μϕ∇γϕ

1 − 2Fðϕ; XÞX
�

−
F2ðϕ; XÞ

1 − 2Fðϕ; XÞX ð∇νϕ∇νϕÞ∇μϕ∇γϕ

¼ δμγ þ Fð1 − 2FX − 1Þ − F2ð−2XÞ
1 − 2FX

∇μϕ∇γϕ

¼ δμγ : ð2:13Þ

Let us proceed to adapt these transformations to FLRW
geometries.

III. FLRW UNIVERSE AND DISFORMAL
TRANSFORMATIONS

The FLRW line element in comoving coordinates
ðt; r;ϑ;φÞ is

ds2 ¼ −dt2 þ a2ðtÞ
�

dr2

1 − Kr2
þ r2dΩ2

ð2Þ

�

≡ −dt2 þ gijdxidxj; ð3:1Þ
where the constant K is the curvature index, N ¼ 1,
Ni ¼ 0, and dΩ2

ð2Þ ≡ dϑ2 þ sin2 ϑdφ2 is the line element

on the unit 2-sphere. The pure disformal transformation
(2.3) changes the FLRW line element into

ds̄2 ¼ −ð1 − 2FXÞdt2 þ gijdxidxj: ð3:2Þ

The uniform-ϕ slicing corresponds to the comoving FLRW
slicing in which ϕ ¼ ϕðtÞ. In this gauge X ¼ ϕ̇2=2 and

ds̄2 ¼ −ð1 − ϕ̇2FÞdt2 þ gijdxidxj ð3:3Þ

after the disformal transformation. By redefining the time
coordinate according to

dt2 → dτ2 ≡ ½1 − ϕ̇2ðtÞFðtÞ�dt2; ð3:4Þ
or

τðtÞ ¼
Z

dt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϕ̇2ðtÞFðtÞ

q
; ð3:5Þ

we rewrite the disformed line element as

ds̄2 ¼ −dτ2 þ gijdxidxj ð3:6Þ

and ϕ̄ðτÞ ¼ ϕðtðτÞÞ. Therefore, a pure disformal transfor-
mation of a FLRW metric written in the uniform-ϕ gauge
always generates another FLRW geometry, in addition to
preserving the uniform-ϕ slicing.1 In essence, a pure dis-
formal transformation of a FLRW metric is equivalent to a
rescaling of the comoving time [43]. For example, for
spatially flat FLRW metrics

ds2 ¼ −dt2 þ a2ðtÞðdx2 þ dy2 þ dz2Þ≡ −dt2 þ a2ðtÞdx⃗2;
ð3:7Þ

for which

ds̄2 ¼ ðgμν þ F∇μϕ∇νϕÞdxμdxν
¼ gμνdxμdxν þ Fϕ̇2dt2

¼ −ð1 − Fϕ̇2Þdt2 þ a2ðtÞdx⃗2
¼ −dτ2 þ ā2ðτÞdx⃗2: ð3:8Þ

The pure disformal transformation yields another spatially
flat FLRW line element with comoving time (3.5) and scale
factor āðτÞ ¼ aðtðτÞÞ.
Both in GR with a minimally coupled scalar field ϕ

[79–82] and in “first-generation” scalar-tensor gravity [83]
[including fðRÞ gravity [84] ], spatially flat FLRW uni-
verses are described by the dynamical variables H ≡ ȧ=a
and ϕ. That is, for these K ¼ 0 FLRW universes, the scale
factor aðtÞ enters the Einstein-Friedmann equations only

1If ðgμν;ϕÞ is a GR solution with minimally coupled scalar ϕ,
then ðḡμν;ϕÞ is a solution of “class Ia” DHOST gravity [78].
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through the Hubble function ȧ=a, which is a cosmological
observable. Hence, the phase space is the ðH;ϕ; ϕ̇Þ space
but the Friedmann equation

H2 ¼ 8π

3
ρðϕÞ ð3:9Þ

constitutes a first order constraint on the dynamics. As a
consequence, the region of the phase space accessible to the
orbits of the solutions is a two-dimensional subset of
this three-dimensional space. Effectively, these orbits move
on a curved two-dimensional subset of the three-space
ðH;ϕ; ϕ̇Þ, which may consist of multiple sheets and
possibly have “holes” inaccessible to these orbits, as
explained in Refs. [83,84]. This phase space structure
extends to spatially flat FLRW cosmology in Horndeski
gravity [85].
In both GR and scalar-tensor gravity, if fixed points exist,

with this choice of dynamical variables they are unavoid-
ably de Sitter spaces with

ðH;ϕÞ ¼ ðH0 ¼ const;ϕ0 ¼ constÞ: ð3:10Þ

The values of H0 and ϕ0 are related by the field equations
[83,84]. A disformal transformation of a K ¼ 0 FLRW
metric maps these fixed points into FLRW universes
with

ḡμν ¼ gðFLRWÞ
μν þ F∇μϕ∇νϕ; ϕ̄ðτÞ ¼ ϕðtðτÞÞ; ð3:11Þ

where dτ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2FX

p
dt but, since for fixed points

∇αϕ ¼ ∇αϕ0 ¼ 0, it is simply ḡμν ¼ gðFLRWÞ
μν . Therefore,

a pure disformal transformation (2.3) maps de Sitter fixed
points into de Sitter fixed points of the phase space of
K ¼ 0 FLRW cosmology.
de Sitter spaces with nonconstant scalar fields do not

exist in GR with minimally coupled scalar, but are a
signature of scalar-tensor gravity. They are not mapped
into de Sitter spaces, as discussed in Sec. VII.

IV. EFFECTIVE IMPERFECT FLUID OF SCALAR-
TENSOR GRAVITY AND DISFORMAL

TRANSFORMATIONS

It is well-known that the scalar field ϕ of scalar-tensor
gravity can be seen as an imperfect fluid when its gradient
∇μϕ is timelike and future-oriented, i.e., tα∇αϕ < 0, where
tμ ¼ ð∂=∂tÞμ is the time direction of observers comoving
with this effective fluid [86–89]. As is customary, we write
the vacuum field equations of scalar-tensor gravity in the
form of effective Einstein equations,

Gμν ¼ TðϕÞ
μν ; ð4:1Þ

then, we assume ∇μϕ to be timelike and future-oriented.
One can then define the effective fluid four-velocity

uμ ¼ ∇μϕffiffiffiffiffiffi
2X

p ; ð4:2Þ

which satisfies the usual normalization condition for time-
like fluids uαuα ¼ −1. The effective stress-energy tensor of
the gravitational scalar field ϕ has the form

TðϕÞ
μν ¼ ρuμuν þ Phμν þ πμν þ qμuν þ qνuμ; ð4:3Þ

where

ρ ¼ Tμνuμuν ð4:4Þ

is the effective energy density,

P ¼ 1

3
hμνTμν ð4:5Þ

is the effective isotropic pressure,

πμν ¼ Tγδhμγhνδ − Phμν ð4:6Þ

is the effective anisotropic stress tensor, and

qα ¼ −Tγδuγhαδ ð4:7Þ

is the effective heat flux density [86–89]. Here,

hμν ¼ gμν þ uμuν ð4:8Þ
is the Riemannian metric in the three-space orthogonal to
uα and the pressure P is the sum of nonviscous and viscous
contributions,

P ¼ P0 þ Pvis: ð4:9Þ

hμν, πμν, and qμ are purely spatial:

hμνuμ ¼ hμνuν ¼ πμνuμ ¼ πμνuν ¼ qμuμ ¼ 0: ð4:10Þ

Let us adapt this effective fluid analogy to FLRW
geometries.
Since a FLRW universe is spatially homogeneous and

isotropic, the shear tensor πij and the heat flux density qi

(which would introduce a preferred spatial direction if it
were nonvanishing) are identically zero and the only
dissipative quantity that can remain is the viscous pressure
Pvis. In Eckart’s thermodynamics, viscous pressure arises
because of bulk viscosity, according to the constitutive
relation Pvis ¼ −ζ∇ρuρ [90,91], where ζ is a bulk viscosity
coefficient. When one applies Eckart’s first order thermo-
dynamics to the effective fluid of the scalar field ϕ, this
relation is satisfied in the context of “old” scalar-tensor
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gravity [2–6]), but is usually invalid in more general
Horndeski gravity [89,92].
Next, one wonders how the effective ϕ-fluid quantities

transform under disformal transformations, but does this
question make sense? In general spacetimes, it does not, as
explained in the following. In general, solutions of a theory
of gravity (say, “theory A”) are mapped into solutions of a
new theory (say, “theory B”) by a disformal transformation.
Then, the effective stress-energy tensor of ϕ obtained by
recasting the field equations of theory A as effective
Einstein equations will have a different form in the new
theory B. For example, solutions of GR with a minimally
coupled scalar field, or of “first-generation” scalar-tensor
gravity (theory A), are mapped into solutions of a
Horndeski or a DHOST theory (theory B) [78]. In this

case, it no longer makes sense to consider the original TðϕÞ
μν ,

which is replaced by a more complicated expression [78].
However, if one restricts one’s attention to FLRW metrics
in the uniform-ϕ gauge, the disformal transformation
amounts to a mere time rescaling and it still makes sense

to consider the same TðϕÞ
μν . Here we restrict to the “old”

scalar-tensor theories for simplicity; however, the extension
of this analysis to the effective dissipative stress-energy
tensor of Horndeski gravity is straightforward. The deri-
vation of this effective stress-energy tensor of ϕ is rather
laborious and is performed in Refs. [88,89]. A similar
situation occurs with purely conformal transformations. In
this case, starting with a solution ðgμν;ϕÞ of the coupled
Einstein-Klein-Gordon equations, a conformally trans-
formed metric g̃μν ¼ Ω2ðϕÞgμν is no longer a solution of
the Einstein equations with the same matter content.2

However, for FLRW metrics and ϕ ¼ ϕðtÞ dependent only
on time, the conformal transformation amounts again to a
rescaling of the comoving time, and a perfect fluid is
mapped again into a perfect fluid with the same equation of
state [94].
With this caveat, let us proceed to derive the trans-

formation of the various effective fluid quantities in FLRW
spaces, which are the subject of interest in this article. The
contravariant four-velocity is

ūμ ¼
�
∂

∂τ

�
μ

¼ 1

α

�
∂

∂t

�
μ

¼ uμ

α
: ð4:11Þ

The covariant four-velocity is computed as

ūμ ¼ ḡμνūν ¼ ðgμν þ F∇μϕ∇νϕÞ
uν

α

¼ gμν
uν

α
þ F

α
uμuνð−∇γϕ∇γϕÞuν

¼ uμ
α
þ F

α
ð∇γϕ∇γϕÞuμ ¼

uμð1 − 2FXÞ
α

¼ αuμ: ð4:12Þ

Using the 3þ 1 splittings

gμν ¼ −uμuν þ hμν; ḡμν ¼ −ūμūν þ h̄μν; ð4:13Þ
the disformal transformation (2.3) gives

ḡμν ¼ gμν þ F∇μϕ∇νϕ

¼ −uμuν þ hμν þ 2XFuμuν

¼ −ð1 − 2FXÞuμuν þ hμν

¼ −α2
ūμ
α

ūν
α
þ hμν

¼ −ūμūν þ hμν; ð4:14Þ

the spatial three-metric is not affected by the disformal
transformation (2.3).
Next, we determine how TðϕÞ

μν transforms under pure
disformal transformations:

TðϕÞ
μν ¼ ρuμuν þ Phμν

¼ ρ

α2
ūμūν þ Ph̄μν

≡ ρ̄ūμūν þ P̄h̄μν ¼ T̄ðϕÞ
μν ; ð4:15Þ

where the individual fluid quantities transform as

ρ̄ ¼ ρ

α2
¼ ρ

1 − 2FX
; P̄ ¼ P: ð4:16Þ

Clearly, the scaling of the energy density with α is a
consequence solely of the scaling of time, which appears

twice because ρ̄ ¼ TðϕÞ
μν ūμūν is quadratic in the four-

velocity, which transforms according to Eq. (4.12). This
scaling of uα is responsible for the factor α2. Purely spatial
quantities, including the pressure P, are left unchanged by
time rescalings. Equations (4.16) are analogous to the well-
known transformation relations for energy density and
pressure under a purely conformal transformation of a
perfect fluid in FLRW spaces

gμν → g̃μν ¼ Ω2ðϕÞgμν: ð4:17Þ

These transformation relations are P̃ ¼ Ω−4P, ρ̃ ¼
Ω−4ρ [94].
The equation of state parameter of the

ϕ–fluid in the barred world is

2Indeed, the new metric and scalar field obtained in this way
are solutions of a different theory of gravity. Given an electro-
vacuum solution gμν of GR and an arbitrary scalar field ψ > 0,
one can always perform a conformal transformation so that
g̃μν ¼ gμν=

ffiffiffiffi
ψ

p
is a solution of an ω ¼ −3=2 Brans-Dicke theory

with that scalar ψ as its Brans-Dicke scalar [93]. This theory is
pathological since ψ is not dynamical.
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w̄≡ P̄
ρ̄
¼ α2

P
ρ
≡ α2w: ð4:18Þ

Therefore, w̄ has the same sign of w and scales only
because of the scaling of ρ with α. If α > 1, a quintessence
scalar field, which by definition has −1 < w < −1=3, can
be mapped into an effective phantom field which has
instead an equation of state parameter w̄ < −1.
To summarize, we have

ūμ ¼ uμ

α
; uμ ¼ αūμ; ð4:19Þ

ūμ ¼ αuμ; uμ ¼
ūμ
α
; ð4:20Þ

h̄μν ¼ hμν; ð4:21Þ

ρ̄ ¼ ρ

α2
¼ ρ

1 − 2FX
; P̄ ¼ P: ð4:22Þ

As an example, consider a free, minimally coupled scalar
field in GR (which is well-known to behave as a stiff
fluid [95]) in a spatially flat FLRW universe. The effective
energy density and isotropic pressure of this ϕ-fluid

ρ ¼ ϕ̇2

2
þ V; P ¼ ϕ̇2

2
− V ð4:23Þ

coincide when VðϕÞ ¼ 0, giving the effective equation of
state parameter w≡ P=ρ ¼ 1 and

ρ ¼ ρ0
a6

; aðtÞ ¼ a0t1=3; ð4:24Þ

where ρ0 and a0 are constants. The Klein-Gordon equation
satisfied by this minimally coupled scalar field

□ϕ ¼ −ðϕ̈þ 3Hϕ̇Þ ¼ 0 ð4:25Þ

has the solution ϕðtÞ ¼ ϕ0 ln ðt=t0Þ þ ϕ1, where ϕ0;1 and t0
are constants. Moreover, we have

X ¼ ϕ2
0

2t2
; Fðϕ;XÞ ¼ FðtÞ; α2 ¼ 1−

ϕ2
0F
t2

; ð4:26Þ

and

w̄ðtÞ ¼ α2w ¼ 1 −
ϕ2
0FðtÞ
t2

: ð4:27Þ

For example, the choice

FðXÞ ¼ F0

X
¼ 2F0t2

ϕ2
0

; ð4:28Þ

where F0 is a constant, gives another constant equation of
state parameter w̄ ¼ 1 – 2F0 ≠ w ¼ 1. In GR, a disformal

transformation can create any constant equation of state
with w̄ > 0 starting from a stiff fluid with w ¼ 1.

V. BIANCHI UNIVERSES AND DISFORMAL
TRANSFORMATIONS

Although not mentioned explicitly in the literature, the
previous discussion applies almost without changes to
spatially homogeneous but anisotropic Bianchi cosmolo-
gies [96]. The line element can be written in the form

ds2 ¼ −dt2 þ γijdxidxj ð5:1Þ

in the uniform-ϕ gauge, which is possible because Bianchi
cosmological models are spatially homogeneous. In this
gauge ϕ ¼ ϕðtÞ, we have

ds̄2 ¼ ḡμνdxμdxν ¼ ðgμν þ F∇μϕ∇νϕÞdxμdxν
¼ ds2 þ Fϕ̇2dt2 ¼ −ð1 − Fϕ̇2Þdt2 þ γijdxidxj; ð5:2Þ

where, again, FðϕðtÞ; XðtÞÞ ¼ FðtÞ, so

ds̄2 ¼ −dτ2 þ γijdxidxj: ð5:3Þ

As for FLRW geometries, a disformal transformation (2.3)
of a Bianchi metric is equivalent to a time rescaling,
produces another Bianchi metric, and preserves the uni-
form–ϕ gauge.
As an example, consider the spatially flat Bianchi I

geometry with line element

ds2ðIÞ ¼ −dt2 þ a21ðtÞdx2 þ a22ðtÞdy2 þ a23ðtÞdz2 ð5:4Þ

in comoving Cartesian coordinates ðt; x; y; zÞ, where aiðtÞ
(i ¼ 1, 2, 3) are the scale factors corresponding to the three
spatial directions, and ϕ ¼ ϕðtÞ. The disformal transfor-
mation of the metric (2.3) then yields

ds̄2 ¼ −ð1 − Fϕ̇2Þdt2 þ a21ðtÞdx2 þ a22ðtÞdy2 þ a23ðtÞdz2
¼ −dτ2 þ ā21ðτÞdx2 þ ā22ðτÞdy2 þ ā23ðτÞdz2 ð5:5Þ

with τðtÞ ¼ R
dt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fϕ̇2

p
and āiðτÞ ¼ aiðtðτÞÞ. Since F

and ϕ̇ depend only on t, the new time coordinate τðtÞ is

well-defined, because dτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fϕ̇2

p
dt is an exact

differential.

VI. STEALTH SOLUTIONS OF SCALAR-TENSOR
GRAVITY

Stealth solutions [97–107] cannot occur in GR but are
typical of scalar-tensor gravity.3 They have gμν ¼ ημν,

3Somehow similar solutions, i.e., hairy Schwarzschild black
holes in which the scalar field does not gravitate, are known in
more general Horndeski gravities [108–116].
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where ημν denotes the Minkowski metric, but ϕ ≠ const. In
other words, the gravitational scalar field ϕ does not
gravitate.
Two types of stealth solutions are most commonly

encountered in the literature. They have the form
(1) gμν ¼ ημν and ϕðtÞ ¼ ϕ0eα0t, or
(2) gμν ¼ ημν and ϕðtÞ ¼ ϕ0jtjβ,
where ϕ0; α0, and β are constants. Since stealth solutions

are special cases of FLRW geometries in which the scale
factor reduces to a constant, they belong to our study. We
discuss these two cases separately.

A. Stealth solutions ϕðtÞ=ϕ0eα0t

In this case X ¼ α20ϕ
2=2, yielding

ḡμν ¼ ημν þ F∇μϕ∇νϕ ¼ ημν þ α20Fϕ
2δ0μδ

0
ν ð6:1Þ

and

ds̄2 ¼ −ð1 − α20F
2ϕ2Þdt2 þ dx⃗2; ð6:2Þ

where Fðϕ; XÞ ¼ Fðϕ; α20ϕ2=2Þ ¼ FðtÞ, which produces

ds̄2 ¼ −dτ2 þ dx⃗2: ð6:3Þ

This is another Minkowski line element with time repar-
ametrized. We need 1 > α20ϕ

2Fðϕ; XÞ, or

FðtÞ < 1

α20ϕ
2
¼ e−2α0t

α20ϕ
2
0

: ð6:4Þ

B. The case ϕðtÞ=ϕ0jtjβ
In this second case we have ϕ̇ ¼ βϕ=t, with

X ¼ β2ϕ2

2t2
¼ β2ϕ2

0

2
t2ðβ−1Þ; ð6:5Þ

and the disformed line element reads

ds̄2 ¼ ðημν þ F∇μϕ∇νϕÞdxμdxν

¼ −dt2 þ dx⃗2 þ Fϕ̇2dt2 ¼ −
�
1 −

Fβ2ϕ2

t2

�
dt2 þ dx⃗2

¼ −dτ2 þ dx⃗2; ð6:6Þ

yielding another Minkowski metric with reparametrized
time τðtÞ.

VII. DE SITTER SOLUTIONS WITH
NONCONSTANT SCALAR FIELD

Typical of scalar-tensor gravity is the “stealth–de Sitter”
metric

ds2 ¼ −dt2 þ a20e
2H0tdx⃗2 ð7:1Þ

with a0,H0 constants, while the scalar field depends on the
comoving time, ϕ ¼ ϕðtÞ.
In GR with a minimally coupled scalar field, de Sitter

solutions are obtained only for a constant scalar field
ϕ ¼ ϕ0, and they are equilibrium points of the dynamical
system formed by the Einstein-Friedmann equations
describing FLRW cosmology [79–82]. In scalar-tensor
gravity, where the scalar ϕ has a gravitational nature and
couples explicitly to the Ricci scalar, de Sitter solutions
with nonconstant ϕðtÞ are possible, but they are not fixed
points of the phase space of FLRW cosmology.
For de Sitter spacetimes with nonconstant scalar ϕðtÞ in

scalar-tensor gravity, the disformed line element is

ds̄2 ¼ −dt2 þ a20e
2H0tdx⃗2 þ Fϕ̇2dt2

¼ −ð1 − Fϕ̇2Þdt2 þ a20e
2H0tdx⃗2 ð7:2Þ

or

ds̄2 ¼ −dτ2 þ a20e
2H0tðτÞdx⃗2 ð7:3Þ

with

τðtÞ ¼
Z

dt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fϕ̇2

q
; ð7:4Þ

which, in general, constitutes a nonlinear relation between
t and τ. A disformal transformation maps a stealth–de Sitter
geometry into a less symmetric FLRW geometry with

ds̄2 ¼ −dτ2 þ ā2ðτÞdx⃗2; āðτÞ ¼ a0eH0tðτÞ: ð7:5Þ

This solution is a de Sitter geometry only if Fϕ̇2 is constant,
i.e., F ¼ const=X.
In the literature there are also stealth solutions with

an inhomogeneous scalar field ϕ ¼ ϕðt; x⃗Þ and gμν ¼ ημν
(e.g., [98]), leading to

∇μϕ ¼ ϕ̇δ0μ þ ϕiδ
i
μ ð7:6Þ

and

∇μϕ∇νϕ ¼ ðϕ̇δ0μ þ ϕiδ
i
μÞðϕ̇δ0ν þ ϕjδ

j
νÞ

¼ ϕ̇2δ0μδ
0
ν þ ϕ̇ðϕjδ

0
μδ

j
ν þ ϕiδ

0
νδ

i
μÞ þ ϕiϕjδ

i
μδ

j
ν;

ð7:7Þ
where ϕi ≡ ∂ϕ=∂xi. Additionally, the disformed line
element is

ds̄2 ¼ ðημν þ F∇μϕ∇νϕÞdxμdxν
¼ −dt2 þ dx⃗2 þ Fðϕ̇2dt2 þ 2ϕ̇ϕidtdxi þ ϕiϕjdxidxjÞ

ð7:8Þ
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or

ds̄2 ¼ −ð1 − Fϕ̇2Þdt2 þ 2Fϕ̇ϕidtdxi

þ ðδij þ FϕiϕjÞdxidxj: ð7:9Þ
Now

X ¼ −
1

2
ð−ϕ̇2 þ δijϕiϕjÞ ¼

ϕ̇2

2
−
ð∇⃗ϕÞ2

2
ð7:10Þ

depends on the spatial coordinates xi. Since Fðϕ; XÞϕ̇2 now
depends on xi as well, it is not possible to redefine the time

coordinate τ as we did before because dτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Fϕ̇2

p
dt is

no longer an exact differential. The disformal transforma-
tion then sends the Minkowski metric into an inhomo-
geneous nonstationary geometry.

VIII. MORE GENERAL DISFORMAL
TRANSFORMATIONS

Instead of pure disformal transformations (2.3), one can
allow for disformal transformations of the more general
form [78]

gμν → ḡμν ¼ Aðϕ; XÞgμν þ Bðϕ; XÞ∇μϕ∇νϕ; ð8:1Þ

which we discuss in this section for FLRW and Bianchi
geometries. Several, but not all, of the results valid for pure
disformal transformations still hold.
The inverse of the disformed metric (8.1) is [77,78]

ḡμν ¼ 1

A

�
gμν −

B
A − 2BX

∇μϕ∇νϕ

�
ð8:2Þ

and the invertibility condition is [77,78]

A ≠ 0; Aþ 2XAx − 4X2Bx ≠ 0;

A − 2BX ≠ 0; ð8:3Þ

where the last equation is needed to guarantee that

X̄ ¼ X
A − 2BX

ð8:4Þ

remains well-defined. For a line element of the form

ds2 ¼ −dt2 þ gijdxidxj ð8:5Þ

in the uniform-ϕ gauge, we have X ¼ ϕ̇2=2, Aðϕ; XÞ ¼
AðtÞ, Bðϕ; XÞ ¼ BðtÞ, and the disformed line element is

ds2 ¼ ḡμνdxμdxν ¼ ðAgμν þ B∇μϕ∇νϕÞdxμdxν
¼ −ðA − Bϕ̇2Þdt2 þ Agijdxidxj

≡ −dτ2 þ ḡijdxidxj; ð8:6Þ

where ḡij ¼ AðtÞgij and

τðtÞ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðtÞ − BðtÞϕ̇2

q
dt: ð8:7Þ

This integral is well-defined as long as A − Bϕ̇2 > 0
since the integrand depends only on time, dτ is an exact
differential, and ḡij ¼ AðtÞgij. For FLRW metrics with
gij ¼ a2ðtÞγijðxkÞ, the Hubble function in the disformed
world is

H̄ ≡ 1

ā
dā
dτ

¼ 1ffiffiffiffi
A

p
a

dð ffiffiffiffi
A

p
aÞ

dt
dt
dτ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A − Bϕ̇2

p
�
Ȧ
2A

þH
�
: ð8:8Þ

The fixed points ðH0;ϕ0Þ of the phase space are mapped
into new fixed points of the disformed phase space

ðH0;ϕ0Þ →
�
H̄0 ¼

H0ffiffiffiffiffi
A0

p ;ϕ0

�
ð8:9Þ

since X0 ¼ 0 and Aðϕ; XÞ ¼ Aðϕ0; 0Þ≡ A0.
Setting

γ2 ≡ A − Bϕ̇2 > 0; ð8:10Þ

we have X̄ ¼ X=γ2,

ūμ ¼ ḡμν∇νϕffiffiffiffiffiffi
2X̄

p ¼ uμ

γ
; ð8:11Þ

while

ūμ ¼ ḡμνūν ¼ γuμ: ð8:12Þ

The Riemannian three-metric hμν on the three-spaces
orthogonal to uμ changes under disformal mappings of the
type (8.1) according to

h̄μν ≡ ḡμν þ ūμūν ¼ Agμν þ 2XBuμuν þ γ2uμuν

¼ −Auμuν þ Ahμν þ 2XBuμuν þ ðA − 2BXÞuμuν
¼ Ahμν: ð8:13Þ

When ∇μϕ is timelike and future-oriented, the stress-
energy tensor of the effective fluid equivalent of ϕ in
FLRW universes is

TðϕÞ
μν ¼ ρuμuν þ Phμν

¼ ρ
ūμ
γ

ūν
γ
þ P

A
h̄μν

¼ ρ̄ūμūν þ P̄h̄μν; ð8:14Þ
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where

ρ̄ ¼ ρ

γ2
; P̄ ¼ P

A
: ð8:15Þ

The equation of state parameter of the effective ϕ–fluid in
the disformed world is now

w̄≡ P̄
ρ̄
¼ γ2

A
w: ð8:16Þ

On the lines of what was already done in Sec. V, consider
a Bianchi universe with line element ds2 ¼ −dt2 þ
gijdxidxj in the uniform-ϕ gauge in which ϕ ¼ ϕðtÞ.
This universe is mapped into another Bianchi universe
with line element

ds̄2 ¼ −dτ2 þ ḡijdxidxj; ð8:17Þ

where dτ ¼ γdt and ḡij ¼ AðtÞgij.
Unless A ¼ const, stealth solutions

ðgμν;ϕÞ ¼ ðημν;ϕðtÞÞ ð8:18Þ

are not mapped into stealth solutions because now the
disformal transformation maps the Minkowski line element
ds2 ¼ −dt2 þ dx⃗2 into the spatially flat FLRW geometry

ds̄2 ¼ −dτ2 þ ā2ðτÞdx⃗2: ð8:19Þ

with the rescaled comoving time defined by dτ ¼ γdt and
scale factor āðτÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðϕðtÞ; XðtÞÞp jt¼tðτÞ.

IX. HIGHER-ORDER DISFORMAL
TRANSFORMATIONS

Yet more general disformal transformations have been
introduced recently, which contain second order derivatives
of the scalar field instead of a first order one [117], and even
more general ones, containing derivatives of higher order
than second, are contemplated [118]. To extend the scope
of the previous discussion, and of the future search for exact
solutions, let us extend the previous considerations to
second order disformal transformations of the form

ḡμν ¼ Agμν þ B∇μϕ∇νϕþ 2C∇ðμϕ∇νÞX þD∇μX∇νX;

ð9:1Þ

where A, B, C, and D are functions of ϕ; X; Y; Z with4

X ≡∇μϕ∇μϕ; ð9:2Þ

Y ≡∇μϕ∇μX; ð9:3Þ

Z≡∇μX∇μX: ð9:4Þ

It is useful to define the quantity

F ≡ A½Aþ XBþ 2YCþ ZD� þ ðC2 − BDÞðY2 − XZÞ;
ð9:5Þ

which will appear in several formulas. Invertibility of the
disformal transformation corresponds to [117]

A ≠ 0; F ≠ 0; X̄X ≠ 0; X̄Y ¼ X̄Z ¼ 0; ð9:6Þ
���� ∂ðȲ; Z̄Þ
∂ðY; ZÞ

���� ≠ 0; ð9:7Þ

where [117]

X̄ ≡ ḡμν∇μϕ∇νϕ ¼ XA −DðY2 − XZÞ
F

; ð9:8Þ

Ȳ ≡ ḡμν∇μϕ∇νX ¼ X̄X
YAþ CðY2 − XZÞ

F
þ X̄ϕX̄; ð9:9Þ

Z̄≡ ḡμν∇μX∇νX ¼ X̄2
X
ZA−BðY2 −XZÞ

F
þ 2X̄ϕȲ − X̄2

ϕX̄;

ð9:10Þ

where X̄ϕ ≡ ∂X̄=∂ϕ, X̄X ≡ ∂X̄=∂X. The inverse of the
disformed metric (9.1) is

ḡμν ¼ 1

A

�
gμν −

½AB − ZðC2 − BDÞ�
F

∇μϕ∇νϕ

−2
½ACþ YðC2 − BDÞ�

F
∇ðμϕ∇νÞX

−
½AD − XðC2 − BDÞ�

F
∇μX∇νX

�
: ð9:11Þ

Let us specialize these formulas to the line element of
interest in cosmology

ds2 ¼ −dt2 þ gijdxidxj ð9:12Þ

in the uniform ϕ-gauge in which ϕ ¼ ϕðtÞ. It follows
immediately that

X ¼ −ϕ̇2; Y ¼ 2ϕ̇2ϕ̈; Z ¼ −4ϕ̇2ϕ̈2; ð9:13Þ

F ¼ AðA − Bϕ̇2 þ 4Cϕ̇2ϕ̈ − 4Dϕ̇2ϕ̈2Þ; ð9:14Þ

yielding

4For ease of comparison with Ref. [117], in this section we
define X with a different sign and normalization than in the
previous sections.
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ds̄2 ¼ ḡμνdxμdxν

¼ −ðA − Bϕ̇2 þ 4Cϕ̇2ϕ̈ − 4Dϕ̇2ϕ̈2Þdt2 þ Agijdxidxj

¼ −
F
A
dt2 þ Agijdxidxj: ð9:15Þ

To preserve the metric signature, it must be A > 0 and
F > 0. Since A, B, C, D, and ϕ and its derivatives depend

only on time, dτ≡
ffiffiffi
F
A

q
dt is an exact differential and the

time coordinate τ≡ R ffiffiffi
F
A

q
dt is well-defined. Using τ, one

rewrites the line element (9.15) as

ds̄2 ¼ −dτ2 þ ĀðτÞgijdxidxj; ð9:16Þ

where ĀðτÞ¼AðtðτÞÞ. For FLRWmetrics gij¼a2ðtÞγijðxkÞ
and

ds̄2 ¼ −dτ2 þ ā2ðτÞγijðxkÞdxidxj ð9:17Þ

with āðτÞ ¼ aðtðτÞÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðtðτÞÞp

. The Hubble function in the
disformed world is

H̄ ≡ 1

ā
dā
dτ

¼ 1ffiffiffiffi
A

p
a

dð ffiffiffiffi
A

p
aÞ

dt
dt
dτ

¼
ffiffiffiffi
A
F

r �
Ȧ
2A

þH

�
: ð9:18Þ

Here Y2 − XZ ¼ 0 and F reduces to

F ¼ A½A − Bϕ̇2 þ 4ϕ̇2ϕ̈ðC −Dϕ̈Þ�; ð9:19Þ

while

X̄ ¼ −
Aϕ̇2

F
: ð9:20Þ

Assuming ∇μϕ to be timelike and future-oriented, the
four-velocities of the ϕ fluid before and after the disformal
transformation are

uμ ≡ gμν∇νϕffiffiffiffiffiffiffi
−X

p ¼ −signðϕ̇Þδμ0 ð9:21Þ

and (see Appendix)

ūμ ≡ ḡμν∇νϕffiffiffiffiffiffiffi
−X̄

p

¼
� ffiffiffiffiffi

F
A3

r
þ ϕ̇2ffiffiffiffiffiffiffiffiffi

FA3
p ½AðB − 2Cϕ̈Þ

þ 2ϕ̈Að2Dϕ̈ − CÞ�
�
uμ; ð9:22Þ

that is, ūμ is parallel to uμ. Then, by comparing Eq. (9.15)
with

ds̄2 ¼ ḡμνdxμdxν ¼ ð−ūμūν þ h̄μνÞdxμdxν; ð9:23Þ

one obtains immediately

ūμ ¼
ffiffiffiffi
F
A

r
uμ; h̄μν ¼ Ahμν: ð9:24Þ

The fluid sourcing the homogeneous cosmological space-
time has the form

TðϕÞ
μν ¼ ρuμuν þ Phμν ¼ ρ

A
F
ūμūν þ P

h̄μν
A

¼ ρ̄ūμūν þ P̄h̄μν; ð9:25Þ

where

ρ̄ ¼ ρA
F

; P̄ ¼ P
A
: ð9:26Þ

If w≡ P=ρ is the equation of state parameter of the fluid
before the transformation, its disformed cousin is

w̄≡ P̄
ρ̄
¼ F

A2
w: ð9:27Þ

When it acts on Bianchi universes with line element

ds2 ¼ −dt2 þ gijðt; xiÞdxidxj ð9:28Þ

in the uniform–ϕ gauge, the second order disformal trans-
formation (9.1) produces the new line element

ds̄2 ¼ −
F
A
dt2 þ Agijdxidxj: ð9:29Þ

Since F=A ¼ A − Bϕ̇2 þ 4Cϕ̇2ϕ̈ − 4Dϕ̇2ϕ̈2 depends only
on the time t, one can introduce the new time coordinate

defined by dτ≡
ffiffiffi
F
A

q
dt (an exact differential) to write

ds̄2 ¼ −dτ2 þ ḡijðτ; xkÞdxidxj ð9:30Þ

with ḡijðτ; xkÞ ¼ AðtðτÞÞgijðtðτÞ; xkÞ, which is again a
Bianchi geometry with the same symmetries of the seed
metric gμν, in the uniform-ϕ gauge.
Finally, under the disformal transformation (9.1), stealth

solutions ðgμν;ϕðtÞÞ ¼ ðημν;ϕðtÞÞ of the field equations
become again the spatially flat FLRW geometries

ds̄2 ¼ −dτ2 þ AðtðτÞÞdx⃗2; ϕ ¼ ϕðtÞ ð9:31Þ

with the uniform-ϕ gauge coinciding with the comoving
gauge.
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X. CONCLUSIONS

Disformal transformations have been introduced in gravity
long ago [76], but their use has been greatly revamped only
recently in the context of Horndeski and DHOST scalar-
tensor gravity. Pure disformal transformations of FLRW
spaces have been studied in [43], whose discussion we
expand here. We have discussed disformal transformations
of cosmological spaces, making explicit the 3þ 1 splitting,
which is essential for the understandingof thedissipative fluid
equivalent of the scalar field ϕ of scalar-tensor–gravity. The
latter is well-defined onlywhen the gradient∇μϕ of the scalar
field is timelike, which is the case of FLRW and Bianchi
cosmologies. Bianchi universes and the effective dissipative
fluid were not considered explicitly in the literature on
disformal transformations. Novel aspects of scalar field
cosmology under disformal transformations presented here
include the transformation properties of de Sitter solutions as
fixed points of the phase space (which have constant scalar),
stealth solutions, and de Sitter solutions with a nonconstant
scalar field typical of scalar-tensor gravity.We have answered
the question of whether these solutions are mapped into
solutions of the same kind, first considering pure disformal
transformations, and then more general transformations.
In the phase space of spatially flat FLRW cosmology,

which is favored by observations, the physical variables can
be chosen to be ðH;ϕ; ϕ̇Þ. Then, necessarily, the fixed
points of the Einstein-Friedmann dynamical system are de
Sitter spaces with a constant scalar field. They are invariant
under pure disformal transformations. These results extend
straightforwardly to Bianchi universes.
As we have seen in Sec. IV, when its gradient ∇μϕ is

timelike and future-oriented, the gravitational scalar ϕ is
equivalent to a dissipative effective fluid. This effective
fluid is the basis for the recent formalism dubbed first-order
thermodynamics of scalar-tensor gravity in which an
effective “temperature of gravity” is introduced to describe
the deviations of gravity from GR, which is then regarded
as the state of zero temperature and thermal equilibrium
[119,120]. An equation describing the approach to equi-
librium is also provided [119,120] (see Ref. [121] for a

review). In FLRW spaces, the analysis of the 3þ 1 splitting
of FLRW spacetimes given explicitly here provides the
transformation properties of the effective ϕ-fluid quantities.
This derivation provides a parallel to well-known trans-
formation formulas of perfect fluids (including scalar field
fluids) under conformal transformations.
Stealth solutions and de Sitter solutions with nonconstant

scalar fields are forbidden in GR and are typical of scalar-
tensor gravity. They can be regarded as degenerate cases of
FLRW universes and can, therefore, be analyzed in the
same way, as done here in Secs. VI and VII.
Finally, most of the results derived here for pure

disformal transformations survive under more general
(i.e., not “pure”) disformal transformations of the form
(8.1). We have extended the study to the disformal trans-
formations containing second order derivatives of ϕ
recently introduced in [117,118].
This study adds to the current knowledge of disformal

transformations in scalar-tensor theories of gravity, which
has seen a very significant increase in the past decade and are
useful when searching for examples and counterexamples
related to disformal transformations in cosmology.
Furthermore, we have in mind the application of disformal
transformations to the search for exact solutions of the
scalar-tensor field equations which describe black holes and
other objects embedded in cosmological spacetimes. Such
solutions are difficult to find in GR and “first-generation”
scalar-tensor gravity [46] and will be searched for in more
general scalar-tensor theories using disformal transform-
atons of GR “seeds.” The first step to understand their
properties will be the knowledge of how the FLRW or
Bianchi “backgrounds,” in which they are embedded,
behave under disformal transformations. This first step
has been completed here.
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APPENDIX: CALCULATION OF THE DISFORMED FOUR-VELOCITY ūμ

ūμ¼ ḡμν∇νϕffiffiffiffiffiffiffi
−X̄

p

¼ 1

A

�
gμν−

½AB−ZðC2−BDÞ�
F

∇μϕ∇νϕ−2
½ACþYZðC2−BDÞ�

F
∇ðμϕ∇νÞX−

½AD−XðC2−BDÞ�
F

∇μX∇νX

� ∇νϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ̇2A=F

p

¼
ffiffiffiffiffi
F
A3

r
gμν∇νϕffiffiffiffiffiffiffi

−X
p −

1

jϕ̇j
ffiffiffiffiffiffiffiffiffi
FA3

p
�
½AB−ZðC2−BDÞ�X∇μϕþ2½ACþYðC2−BDÞ�∇

μϕ∇νX∇νϕþX∇μX
2

þ½AD−XðC2−BDÞ�∇μX∇νX∇νϕ

�
: ðA1Þ
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